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Luminiţa Grecu

12
QoS analysis at the level of network nodes 153

Olesia Groza

13
Aspects of Ethernet Traffic Analysis 161

Monica Iacob, Corina Săraru
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THEORETICAL ASPECTS OF CREDIBILITY
THEORY
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Virginia Atanasiu
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virginia atanasiu@yahoo.com

Abstract The paper presents the mathematical theory of some credibility models, in-

volving complicated properties of conditional expectations and of conditional

covariances. This gives more insight and understanding of the theoretical as-

pects and points the way to the practical possibilities of the credibility models.

In Section 1 we give Bühlmann’s original model and derive the optimal lin-

earized credibility estimate for the risk premium for this case. In Section 2

we introduce the classical Bühlmann model, which consists of a portfolio of

contracts satisfying the constraints of the original Bühlmann model and derive

the best linearized credibility estimators for this model. The model ”Recur-

sive credibility estimation” is introduced in Section 3. The credibility model

incorporating risk volumes, of Bühlmann & Straub is introduced in Section

4. Section 5 contains a description of the Hachemeister regression model al-

lowing for effects like inflation. Credibility models were designed to cope with

heterogeneity, and give good estimates for the individual risk premiums. In

credibility models, the heterogeneity is characterized by introducing a risk pa-

rameter θ or a structure random variable θ, giving a different value of the risk

parameter θj for each contract j, where j = 1, k. So, the heterogeneity in a

portfolio of k contracts can be formulated as: θ1 6= θ2 6= . . . 6= θk (the portfolio

can be considered to be heterogeneous because of the different realizations of

the risk parameter θj for each contract j, with j = 1, k). The heterogeneity

between contracts can be illustrated, using the following classical statistical

methods: 1) the likelihood ratio test; 2) the χ2 test.

Keywords: the risk premium, the credibility calculations.

2000 MSC: 62P05.

1



2 Virginia Atanasiu

SECTION 1

In this section we first give Bühlmann’s original model, which involves only

one isolated contract. We derive the optimal linearized credibility estimate

for the risk premium for this case. It turns out that this procedure does not

provide us with a statistic computable from the observations, since the result

involves unknown parameters of the structure function. In order to obtain

estimates for these structure parameters, for the Bühlmann’s classical model

we embed the contract in a collective of contracts, all providing independent

information on the structure distribution (Section 2). In the original credibility

model of Bühlmann, we consider one contract with unknown and fixed risk

parameter θ, during a period of t years. The yearly claim amounts are denoted

by X1, . . . , Xt. The risk parameter θ is supposed to be drawn from some

structure distribution U(·). It is assumed that, for given θ = θ, the claims

are conditionally independent and identically distributed with known common

distribution function FX|θ(x, θ). For this model we want to estimate the net

premium µ(θ) = E[Xr|θ = θ], r = 1, t as well as Xt+1 for a contract with risk

parameter θ.

Theorem 1.1 (Bühlmann’s optimal credibility estimator). Suppose

that X1, . . . , Xt are random variables with finite variance, which are, for given

θ = θ, conditionally independent and identically distributed with known com-

mon distribution function FX|θ(x, θ). The structure distribution function is

U(θ) = P [θ ≤ θ]. Let D denote the set of non-homogeneous linear combina-

tions g(·) of the observable random variables X1, X2, . . . , Xt

g(X ′) = c0 + c1X1 + c2X2 + . . .+ ctXt (1.1)

Then the solution of the problem

Min
g∈D

E{[µ(θ)− g(X1, . . . , Xt)]
2} (1.2)

is

g(X1, . . . , Xt) = zX + (1− z)m (1.3)
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where X
′
= (X1, . . . , Xt) is the vector of observations, z = at/(s2 + at) is the

resulting credibility factor, X =
1

t

t∑

i=1

Xi is the individual estimator, and a,

s2 and m are the structural parameters defined as

m = E[Xr] = E[µ(θ)], r = 1, t,

a = Var{E[Xr|θ]} = Var[µ(θ)], r = 1, t,

σ2(θ) = Var[Xr|θ = θ], r = 1, t,

s2 = E{Var[Xr|θ]} = E[σ2(θ)], r = 1, t.





(1.4)

Remark 1.1. If µ(θ) is replaced by Xt+1 in (1.2), exactly the same solution

(1.3) is obtained, since the covariances with X are the same.

Applications of Theorem 1.1. 1) Suppose the claims are integer-valued

and Poisson (θ) distributed, so

dFX|θ(x, θ) = θxe−θ/x!, x = 0, 1, . . . (1.5)

and suppose the structure distribution of θ to be a Gamma distribution

u(θ) = θβ−1e−αθαβ/Γ(β), θ > 0. (1.6)

In this case the best linearized credibility estimator for µ(θ) can be written as

zx̄+ (1− z)m = (v + β)/(t+ α). (1.7)

Since in this case m = E[X] = E{E[X|θ]} = E[θ] = β/α, and for the ratio of

the structure parameters a and s2 we have

s2/a = E{V ar[X|θ]}/V ar{E[X|θ]} = E[θ]/V ar[θ] = (β/α)/(β/α2) = α,

we find z = at/(s2+at) = t/(t+α), so the best linearized credibility estimator

for µ(θ) can be written in the form (1.7), where v =
t∑

i=1

xi.

2) Suppose the claims are a Negative Binomial (θ) distribution, so

dFX|θ(x, θ) = θx(1− θ)1−x, x ∈ {0, 1} (1.8)
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and suppose the structure distribution of θ to be a Beta distribution

u(θ) = θα−1(1− θ)β−1/β(α, β), θ ∈ (0, 1). (1.9)

In this case the best linearized credibility estimator for µ(θ) can be written as

zx+ (1− z)m = [t/(t+ α+ β)x] + [α/(t+ α+ β)]. (1.10)

Since in this case m = E[X] = E{E[X|θ]} = E[θ] = α/(α + β), and for the

ratio of the structure parameters a and s2 we have

s2/a = E{V ar[X|θ]}/V ar{E[X|θ]} = E[θ(1−θ]/V ar[θ] = [E(θ)−E(θ2)]/V ar(θ) =

= {[α/(α+ β)]− [α(α+ 1)/(α+ β + 1)]}/{[(αβ)/(α+ β)2(α+ β + 1)]} =

= [αβ/(α+ β + 1)]/[αβ/(α+ β)2(α+ β + 1)] = α+ β,

we find z = at/(s2 + at) = at/{a[(s2/a) + t]} = t/(t + α + β), so the best

linearized credibility estimator for µ(θ) can be written in the form (1.10).

3) Suppose the claims are a Exponential (θ) distribution, so

dFX|θ(x, θ) = θe−θx, x > 0 (1.11)

and suppose the structure distribution of θ to be a Gamma distribution

u(θ) = θβ−1e−αβαβ/Γ(β), θ > 0. (1.12)

In this case the best linearized credibility estimator for µ(θ) can be written as

zx+ (1− z)m = (v + α)/(t+ β − 1), if β > 2. (1.13)

Since in this case m = E[X] = E{E[X|θ]} = E[1/θ] = α/(β − 1), if β > 1,

and for the ratio of the structure parameters a and s2 we have

s2/a = E{V ar[X|θ]}/V ar{E[X|θ]} = E[1/θ2]/V ar(1/θ) = β − 1,

if β > 2, we find

z = at/(s2 + at) = at/{a[(s2/a) + t]} = [t/(t+ β − 1)][v/t] = v/[t+ β − 1],
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if β > 2, so the best linearized credibility estimator for µ(θ) can be written in

the form (1.13), where v =
t∑

i=1

xi.

4) Suppose the claims are a Normal (θ, σ2) distribution, so

dFX|θ(x, θ) =
1

σ
√

2π
e−

1
2(

x−θ
σ )

2

, x ∈ R (1.14)

and suppose the structure distribution of θ to be a Normal (µ0, σ
2
0) distribution

u(θ) =
1

σ0

√
2π
e
− 1

2

�
x−µ0

σ0

�2

, θ ∈ R. (1.15)

In this case the best linearized credibility estimator for µ(θ) can be written as

zx+ (1− z)m =

[
ν

σ2
+
µ0

σ2
0

]
/

[
t

σ2
+

1

σ2
0

]
. (1.16)

Since in this case m = E[X] = E{E[X|θ]} = E(θ) = µ0 and for the ratio of

the structure parameters a and s2 we have

s2/a = E{V ar[X|θ]}/V ar{E[X|θ]} = E(σ2)/V ar(θ) = σ2/σ2
0,

we find z = at/(s2 + at) = at/{a[(s2/a) + t]} = t/[(σ2/σ2
0) + t], so the best

linearized credibility estimator for µ(θ) can be written in the form (1.16),

where ν =
t∑

i=1

xi.

5) Theorem 1.2 (Credibility estimator minimizes mean squared er-

ror for exponential family with natural parametrization and prior).

Consider the exponential family of distributions with natural parametrization

fX|θ(x, θ) = p(x)e−θx/q(θ), x > 0, θ > 0 (1.17)

together with the natural conjugate priors with density

u(θ) = q(θ)−t0e−θx0/c(t0, x0), θ > 0 (1.18)

where p(x) is an arbitrary non - negative function, t0 and x0 are positive con-

stants, and c(t0, x0) is a normalization constant. For this case, the linearized
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credibility estimator is

zx+ (1− z)m =

(
x0 +

t∑

i=1

xi

)
/(t0 + t), (1.19)

where m = E[µ(θ)] = x0/t0, s
2/a = t0, z = t/(t+ t0).

Indeed, by Theorem 1.1, we only have to prove that the optimal estimator

E[µ(θ)|X] =

[∫
µ(θ)

t∏

i=1

fX|θ(xi, θ)dU(θ)

]
/

[∫ t∏

i=1

fX|θ(xi, θ)dU(θ)

]
.

(1.20)

First we express E[µ(θ)] in the prior parameters x0 and t0, then the theorem

follows because of the special form of the posterior distribution. Because q(θ)

is the normalizing constant of the distribution (1.17) one has

q(θ) =

∫ +∞

0
p(x)e−θxdx. (1.21)

So

q′(θ) = −
∫ +∞

0
xp(x)e−θxdx = −q(θ)E[X|θ = θ], (1.22)

since

E[X|θ = θ] =

∫ +∞

0
xfX|θ(x, θ)dx =

[∫ +∞

0
xp(x)e−θxdx

]
/q(θ).

Therefore the risk premium when θ = θ equals

µ(θ) = E[X|θ = θ] = −q′(θ)/q(θ). (1.23)

Taking the first derivative of (1.18) with respect to θ gives, using (1.23),

u′(θ) = [−t0q(θ)−t0−1q′(θ)e−θx0 ]/c(t0, x0) + [q(θ)−t0e−θx0(−x0)]/c(t0, x0) =

= t0[−q′(θ)/q(θ)]̌[q(θ)−t0e−θx0/c(t0, x)0)]− x0[q(θ)
−t0e−θx0/c(t0, x0)] =

= t0u(θ)− x0u(θ) = [t0µ(θ)− x0]u(θ).

So

u′(θ) = [t0µ(θ)− x0]u(θ). (1.24)
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Integrating this derivative over θ gives zero for the left-hand side, since

∫ +∞

0
u′(θ)dθ = u(+∞)− u(0) = 0. (1.25)

So the right-hand side of (1.24) results in

m = E[µ(θ)] =

∫ +∞

0
µ(θ)u(θ)dθ = x0/t0, (1.26)

since: (1.24) ∧ (1.25) ⇒
∫ +∞

0
[t0µ(θ)− x0]u(θ)dθ = 0⇔ t0E[µ(θ)]− x0

∫ +∞

0
u(θ)dθ = 0⇔

⇔ t0E[µ(θ)]− x0 · 1 = 0⇔ E[µ(θ)] = x0/t0.

The conditional density of θ, given X = x (posterior density) is, apart from a

normalizing function of x1, . . . , xt,

fθ|X(θ, x) = fX|θ(x, θ)fθ(θ)/fX(x) ::

u(θ)
t∏

i=1

{p(xi)e−θxi/q(θ)} :: q(θ)−(t0+t)e−(x0+
P

i xi).
(1.27)

Density (1.27) is of the same type as the original structure density (1.18),

with x0 replaced by

(
x0 +

∑

i

xi

)
and t0 by (t0 + t). So, by (1.26), the

posterior mean (1.20), which is the mean squared error - optimal estimator

for µ(θ), is

E[µ(θ)|X1, . . . , Xt] =

(
x0 +

∑

i

xi

)
/(t0 + t). (1.28)

This is, indeed, a non - homogeneous linear combination of X1, . . . , Xt. By

(1.26) we have m = x0/t0, and comparing (1.28) and (1.3) we see that t0 =

s2/a and z = t/(t+ t0).

Remark 1.2. The parametrization is called natural because the exponent

part is a linear function of θ and, by taking a natural conjugate prior the

posterior distribution, is of the same type as the prior distribution. We restrict

ourselves to x > 0 and θ > 0, and suppose furthermore that at the end



8 Virginia Atanasiu

point of the intervals the densities are zero. These restrictions are not strictly

necessary.

Remark 1.3. It should be noted that the solution (1.3) of the linearized

credibility problem only yields a statistic computable from the observations,

if the structure parameters m, s2 and a are known. Generally, however, the

structure function U(·) is not known. Then the ”estimator” as it stands is not

a statistic. Its interest is merely theoretical, but it will be the basis for further

results on credibility. In the following section we consider different contracts,

each with the same structure parameters a,m and s2, so we can estimate these

quantities using the statistics of the different contracts.

SECTION 2

The estimators obtained in Section 1 contained structure parameters. In

this section we assume the structure parameters are unknown, so the expres-

sions for these (pseudo-)estimators are no longer statistics. But since the

contracts are embedded in a collective of identical contracts, we now have

more than one observation available on the risk parameter θ, so we can re-

place the unknown structure parameters by estimates. Of course, in this way,

the attractive property of unbiasedness is lost but we can still expect the re-

sulting estimators to be good. For instance when an estimator is a maximum

likelihood estimator for a parameter, so are functions of it for these functions

of the parameter.

For this estimation, assume that we have a portfolio of k identical and

independent policies that have been observed for t(≥ 2) years, and let Xjr

denote the total claim amount of policy j in year r. Let

Mj = Xj =
1

t

t∑

s=1

Xjs, j = 1, k, M0 = X .. =
1

k

k∑

j=1

Mj . (2.1)

For m we propose the unbiased estimator

m̂ = M0 = X .. (2.2)
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For each policy j, the empirical variance

1

t− 1

t∑

r=1

(Xjr −Mj)
2 (2.3)

is an unbiased estimator of V ar(Xjr|θj), and thus

ŝ2 =
1

k(t− 1)

k∑

j=1

t∑

r=1

(Xjr −Mj)
2 (2.4)

is an unbiased estimator of s2. The empirical variance

1

k − 1

k∑

j=1

(Mj −M0)
2 (2.5)

is an unbiased estimator of V ar(Mj) and, as

V ar(Mj) =
ŝ2

t
+ a, (2.6)

we introduce the unbiased estimator

â =
1

k − 1

k∑

j=1

(Mj −M0)
2 − ŝ2

t
(2.7)

for a. This estimator has the weakness that it may take negative values

whereas a is non - negative. Therefore, we replace a by the estimator

a∗ = max(0, â), (2.8)

thus losing unbiasedness, but gaining admissibility. Note that m̂, ŝ2 and a∗

are consistent as k → +∞.

SECTION 3

The credibility estimator (1.3) has been criticized because it gives the claim

amounts from all previous years the same weight; intuitively one should be-

lieve that new claims should have more weight than old claims. However, as

the claim amounts of different years were assumed to be exchangeable, it was
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only reasonable that the claim amounts should have equal weights. The fol-

lowing model (which is called ”Recursive credibility estimation”) is an

attempt to amend for this intuitive weakness, and thus an application

of the model from Section 1. We assume that X1, X2, . . . are conditionally

independent given an unknown random sequence θ = {θi}+∞i=1 and that, for all

i, Xi depends on θ only through θi. This means that for each year i there is

a separate risk parameter θi containing the risk characteristics of the policy

in that year. The model of Section 1 appears as a special case by assuming

θi = θ1 for all i. We assume that

E(Xi|θi) = µ(θi)

with the function µ independent of i. Assumption

Cov[µ(θi), µ(θj)] = ρ|i−j|λ (3.1)

with 0 < ρ < 1 and λ > 0 (λ greater than zero), means that the correlation

between claim amounts from different years decreases when the time distance

between the years increases, which is intuitively appealing. Furthermore that

µ = E[µ(θi)]

ϕ = E[V ar(Xi|θi)]

λ = V ar[µ(θi)]

for all i.

Our motivation for introducing the present model was that we

wanted new claims to have more weight than older claims. The

following theorem shows that this wish has been satisfied.

Theorem 3.1. Let the coefficients αt0, αt1, . . . , αtt be defined by

µ̂(θt+1) = αt0 +
t∑

j=1

αtjXj

and assume that ρ < 1. Then

0 < αt1 < αt2 < . . . < αtt < 1. (3.2)
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SECTION 4

In the simple model of Section 1 we assumed that the risk volume was the

same for all years. Often, in particular in reinsurance, one wants to allow for

varying risk volumes, and for that purpose we will introduce the credibility

model incorporating risk volumes. We consider a ceded insurance portfo-

lio. Let Sj denote the total claim amount of year j and Pj some measure of the

risk volume in year j. By the loss ratio of year j we shall mean Xj = Sj/Pj .

We assume that X1, X2, . . . are conditionally independent given an unknown

random risk parameter θ, that

E(Xj |θ) = µ(θ)

independent of j, and that

V ar(Xj |θ) =
s2(θ)

Pj
, j = 1, t. (4.1)

We introduce the structural parameters

µ = E[µ(θ)], ϕ = E[s2(θ)], λ = V ar[µ(θ)].

The assumption (4.1) is perhaps the most reasonable if Pj is the number

of risks in the portfolio in year j. If we assume that the claim amounts

Yj1, . . . , PjPj
of the Pj risks in year j are conditionally independent and iden-

tically distributed given θ, then

V ar(Xj |θ) = V ar


 1

Pj

Pj∑

k=1

Yjk|θ


 =

V ar(Yj1|θ)
Pj

,

and (4.1) boils down to the assumption that

V ar(Yj1|θ) = s2(θ)

independent of j. We have the following result.

Theorem 4.1. The credibility estimator µ̂(θ) of µ(θ) based on

X ′ = (X1, X2, . . . , Xt) is given by

µ̂(θ) =
P

P +K
Xt +

K

P +K
µ (4.2)
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with P =

t∑

j=1

Pj , Xt =
1

P

t∑

j=1

PjXj , K =
ϕ

λ
.

SECTION 5

In Section 4 we allowed E[V ar(Xi|θ)] to vary. In the present section we

are going to allow E(Xj) to vary. Let X = (X1, . . . , Xt)
′ be an observed

random (t× 1) vector and θ be an unknown random risk parameter. Instead

of assuming time independence in the net risk premium

µ(θ) = E(Xj |θ), j = 1, t (5.1)

one could assume that the conditional expectation of the claims on a contract

changes in time, as follows

µj(θ) = E(Xj |θ), j = 1, t. (5.2)

Section 5 contains a description of the credibility regression model

allowing for effects like inflation. Often it is unrealistic to assume that,

given θ, the X ′ = (X1, . . . , Xt) are i.i.d. To avoid this restriction, we will

introduce the regression technique. The variables describing the contract are

(θ,X ′). Using the conventions for matrix and vector notation, we have as a

direct generalization of the Bühlmann hypothesis

µj(θ) = E(Xj |θ), j = 1, t

or

µ(t,1)(θ) = E(X|θ) = (µ1(θ), . . . , µt(θ))
′. (5.3)

We restrict the class of admissible functions µj(·) to

µ(t,1)(θ) = x(t,n)β(n,1)(θ) (5.4)

where x(t,n) is a matrix given in advance, the so - called design matrix, having

full rank n ≤ t and where the β(n,1)(θ) are the unknown regression constants.

It is assumed that the matrices

Cov[β(n,1)] = a = a(n,n) (5.5)
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E[Cov(X|θ)] = Φ = Φ(t,t) (5.6)

are positive definite. We finally introduce

b = b(n,1) = E[β(n,1)(θ)]. (5.7)

So, let

µj(θ) = x′jβ(θ), (5.8)

where the non - random (1 × q) vector x′j is known, and let µ̂j(θ) be the

credibility estimator of µj(θ) based on X ′, with j = 1, t.

Theorem 5.1. The credibility estimator µ̂j(θ) is given by

µ̂j(θ) = x′j [Zb̂+ (I − Z)b], j = 1, t, (5.9)

with

b̂ = b̂
(q,1)

= (x′Φ−1x)x′Φ−1X ← is the best linear θ−unbiased estimator of β(θ),

Z = Z(q×q) = ax′Φ−1x(I + ax′Φ−1x)−1 ← the resulting credibility factor.

Remark 5.1. Zb̂+ (I − Z)b is the credibility estimator of β(θ).
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sité Pierré et Marie Curie, Paris, 1990.

[6] B. Sundt, An introduction to non-life insurance mathematics, Veroffentlichungen des

Instituts für Versicherungswissenschaft der Universität Mannheim, 28 , VVW, Karl-

sruhe, 1984.





GEOMETRICAL DYNAMICS ON CONCRETE
EXAMPLES

ROMAI J., 3, 2(2007), 15–20

Dumitru Bălă
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Abstract Consider a physical system the behaviour of which is described by the au-

tonomous system

dx

dt
= X (x) , x = (x1, x2, ..., xn) ∈ D ⊂ R

n
, (1)

X being a vector field of a suitable class on an open set D. The vector field

X describes locally the evolution of the systems; X(x) represents the speed.

In this paper we study the stability of some dynamics occurring in concrete

examples. We apply the method of the Lyapunov function and first integrals

(if we know a Lagrangian for the dynamical system we can determine a first

integral applying the Noether theorem). More precisely, we apply the theory

from [6], in order to obtain a more detailed description of the dynamics by

means of the Riemann manifold and building the Lagrange extension.

Consider the autonomous system

dxi
dt

= Xi (X1, X2, ..., Xn) , i = 1, n (2)

and let the function

f =
1

2

n∑

i=1

X2
i (3)

represent the energy density associated with the vector field and Euclidian

structure. The geometric dynamics associated with the system is described by

the second order differential system

d2xi
dt2

=
∂f

∂xi
+
∑

j

(
∂Xi

∂xj
− ∂Xj

∂xi

)
dxj
dt
, i, j = 1, n, (4)

15
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which proves to be an Euler-Lagrange extension. In other words the La-

grangian

L =
1

2

n∑

i=1

(
dxi
dt
−Xi

)2

(5)

or

L =
1

2

n∑

i=1

(
dxi
dt

)2

−
n∑

i=1

Xi
dxi
dt

+ f (6)

determines this system. Its trajectories also contain the solutions of the sys-

tem (1). This system describes a pregeodesic movement in a gyroscopical

field force, which represents a conservation force. In order to see that the

trajectories are pregeodesic we build the associated Hamiltonian

H =
1

2

n∑

i=1

(
dxi
dt

)2

− f (7)

and the geometric structure formed of Riemann metrics

gij = (H + f) δij (8)

and of the nonlinear connection

N i
j = Γijk − F ij (9)

which is the Riemann connection induced by metrics.

The sqew-symmetric matrix of entries

F ij = δihFjh, (10)

Fij =
∂Xi

∂xj
− ∂Xj

∂xi
(11)

corresponds to the rotor (curl) in the case of the three dimensional space.

The solutions of the system (4) are horizontal pregeodesics on the Riemann-

Jacobi-Lagrange manifold, where is situated the set of equilibrium points, and

is a nonlinear connection.
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Theorem 1. Any nonconstant trajectory of the dynamic system (4 ) which

has the total energy H (constant) is a reparametrized horizontal pregeodesic of

the Riemann-Jacobi-Lagrange manifold
(
Rn\Ω, gij = (H + f) δij , N

i
j = Γijk − F ij

)
.

Example 1. Let X : R2 → R2, where

X(x, y) = (−y + x3 + xy2,+x+ y3 + x2y). (12)

The X field defines the differential system

ẋ = −y + x3 + xy2, ẏ = x+ y3 + x2y, (13)

The Hurwitz matrix method cannot be applied to this differential system,

because we have roots with zero real part [1]. For the system of the first

approximation

ẋ = −y, ẏ = x (14)

the first integral

G (x, y) =
x2

2
+
y2

2
(15)

was built in [1]. We have

V (x, y) =
x2

2
+
y2

2
(16)

as a Lyapunov function for (13). V (0, 0) = 0, V (x, y) > 0,∀(x, y) 6= (0, 0).

Applying Lyapunov’s theorem regarding the instability of the autonomous

differential systems, results that system (13) is unstable at (x, y) = (0, 0). For

the system (13) we have

f =
1

2

(
x2 + y2

) [
1 +

(
x2 + y2

)2]
(17)

L =
1

2

(
dx1

dt

)2

+
1

2

(
dx2

dt

)2

−
(
−y + x3 + xy2

) dx1

dt
− (18)

(
x+ y3 + x2y

) dx2

dt
+

1

2

(
x2 + y2

) [
1 +

(
x2 + y2

)2]
,

H =
1

2

(
dx1

dt

)2

+
1

2

(
dx2

dt

)2

− 1

2

(
x2 + y2

) [
1 +

(
x2 + y2

)2]
. (19)
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Example 2. Let us study the stability of the second order differential

system

ẍ1 + cẋ1 + ω2x1 = 0, ẍ2 + ωẋ1 = 0 (20)

It is known that the variational principle given by Hamilton does not hold

for any dynamical system, as a special example being the system of E. T.

Whittaker, S. Hojman, L. F.Urrutia. The system (20) is a dynamical system

with two degrees of freedom which does not admit an integrating factor, so it

does not possess a variational principle. The system (20) is an oscillating and

very dissipating system, that generalizes the Hojman - Urrutia system [2]. It

does not possess a Lagrange function of the form (16). In [2] it is determined

a set of first integrals, without knowing the general solution of the system.

With the substitutions

y1 = x1, y2 = x2, y3 = ẋ1, y4 = ẋ2 (21)

we obtain a first order system

ẏ1 = y3, ẏ2 = y4,

ẏ3 = −cy3 − ω2y1, ẏ4 = −ωy3,
(22)

which is defined by the vector field

X : R4 → R4, X(y1, y2, y3, y4) = (y3, y4,−cy3 − ω2y1,−ωy3). (23)

In [2] it is given the first integral

G(y1, y2, y3, y4) = y4 + ωy1 (24)

for (22). We choose V (y1, y2, y3, y4) = (y4 + ωy1)
2 as the Lyapunov function.

We have V (0, 0, 0, 0) = 0. The set on which V is positively defined is

M =
{
(y1, y2, y3, y4)/(y1, y2, y3, y4) ∈ R4, (y1, y2, y3, y4) 6= (0, 0, 0, 0) , y4 + ωy1 = 0

}

(25)

We study the stability on the set M . Applying the Lyapunov theorem for

the autonomous system (22), it follows that it is stable at (y1, y2, y3, y4) =
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(0, 0, 0, 0). For the system (22) we have

f =
1

2

[(
1 + c2 + ω2

)
y2
3 + y2

4 + ω4y2
1 − 2cω2y1y3

]
,

L =
1

2

[(
dy1

dt

)2

+

(
dy2

dt

)2

+

(
dy3

dt

)2

+

(
dy4

dt

)2
]
−

−y3
dy1

dt
− y4

dy2

dt
+
(
cy3 − ω2y1

) dy3

dt
+ ωy3

dy4

dt
+

1

2

[(
1 + c2 + ω2

)
y2
3 + y2

4 + ω4y2
1 − 2cω2y1y3

]
,

H =
1

2

[(
dy1

dt

)2

+

(
dy2

dt

)2

+

(
dy3

dt

)2

+

(
dy4

dt

)2
]
−

1

2

[(
1 + c2 + ω2

)
y2
3 + y2

4 + ω4y2
1 − 2cω2y1y3

]
.

Example 3. Let us study the stability of the dynamical system shown in

fig.1 The mechanical system shown in fig. 1 is described by the first order

Fig. 1.

differential equations system

ẏ1 = y3, ẏ2 = y4,

ẏ3 = − c

m
y3 −

k

m
(y1 − y2) , (26)

ẏ4 = − c

m
y4 −

k

m
(y2 − y1) ,

defined by

X : R4 → R4, X(y1, y2, y3, y4) = (y3, y4,−
c

m
y3−

k

m
(y1 − y2) ,−

c

m
y4−

k

m
(y2 − y1)).

Here we find the first integral G(y1, y2, y3, y4) = [m(y3 + y4) + c(y1 + y2)] and

the Lyapunov function

V (y1, y2, y3, y4) = [m(y3 + y4) + c(y1 + y2)]
2
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V(0,0,0,0)=0. We study the stability on the set {(y1, y2, y3, y4) ∈ R4|y1 =

y2, y3 = y4 = 0}, on which V is positively defined. Applying the Lya-

punov theorem for autonomous system, it follows that system (22) is stable

at (y1, y2, y3, y4) = (0, 0, 0, 0). For the system (22) we have

f =
1

2

(
1 +

c2

m2

)(
y2
3 + y2

4

)
+

k

m2
(y1 − y2) [k (y1 − y2) + c (y3 − y4)] ,

L =
1

2

[(
dy1

dt

)2

+

(
dy2

dt

)2

+

(
dy3

dt

)2

+

(
dy4

dt

)2
]
−

−y3
dy1

dt
− y4

dy2

dt
+

[
c

m
y3 +

k

m
(y1 − y2)

]
dy3

dt
+

[
c

m
y4 +

k

m
(y2 − y1)

]
dy4

dt
+

1

2

(
1 +

c2

m2

)(
y2
3 + y2

4

)
+

k

m2
(y1 − y2) [k (y1 − y2) + c (y3 − y4)] ,

H =
1

2

[(
dy1

dt

)2

+

(
dy2

dt

)2

+

(
dy3

dt

)2

+

(
dy4

dt

)2
]
−

1

2

(
1 +

c2

m2

)(
y2
3 + y2

4

)
+

k

m2
(y1 − y2) [k (y1 − y2) + c (y3 − y4)] .
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Abstract The traffic coefficient is an important measure of a queueing system’s per-

formance and it is responsible for the workload of the system. Analysis of

queueing systems delivers formulae for system performance characteristics -

many of such analytical expressions involve the traffic coefficient ρ. In the case

of queueing systems M |G|1|∞ and Mr|Gr|1|∞ with priorities one can easily

evaluate ρ via analytic formulae using rates of incoming flows and mean values

of corresponding service times. However, in the case of priority systems with

random switchover times, one should be able to evaluate the Laplace-Stieltjes

transforms (LST’s) of system busy periods in order to estimate the value of

the traffic coefficient. Generally, this can only be done numerically.

Algorithms of evaluation of the traffic coefficient in general queueing systems

are presented. Values of the traffic coefficient for some given values of the

systems’ parameters are also calculated.

1. INTRODUCTION

It is a usual practice to represent and study real world phenomena processes

by mathematical models. Among such models there are models of priority

queueing systems. The theory of priority queueing systems is concerned with

the phenomena of prioritised servicing - the incoming requests should be clas-

sified by their importance and served according to the set priority levels. In

comparison with other queueing models the priority queueing systems have

21
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a more complicated structure, which limits the possibility of their exact an-

alytical analysis. Thus, many results are derived considering the stationary

behaviour of the system. This method has no alternatives in the case when

the exact analysis is not possible.

2. PRIORITY QUEUEING SYSTEMS WITH

SWITCHOVER TIMES

2.1. DESCRIPTION

Consider a queueing system with a single station and r classes of incoming

requests, each having its own flow of arrival and waiting line. We call the

requests from ith queueing line Li i-requests. i-Requests have a higher priority

than j-requests if 1 ≤ i < j ≤ r. The station gives a preference in service to

the requests of the highest priority among those presented in the system.

Suppose that the time periods between two consecutive arrivals of the re-

quests of the class i are independent and identically distributed with some com-

mon cumulative distribution function (cdf)Ai(t) with mean E[Ai], i = 1, . . . , r.

Similarly, suppose that service time of a customer of the class i is a random

variable Bi with a cumulative distribution function Bi(t) with mean service

time E[Bi], i = 1, . . . , r.

However, some time is needed for server to proceed with the switching

from one line of requests to another. This time is considered to be a random

variable, and we say that Cij is the time of switching from the service of i-

requests to the service of j-requests, if 1 ≤ i, j ≤ r, i 6= j.

A large class of priority queueing systems can potentially be described using

the following information and identifiers:

arrival flows - distributions of inter-arrival times (for each flow);

service times - distributions of service times (for each flow);

switching times - specification of the switching type (neutral state or

not) and distributions of switching times;
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warming time - distribution of warming times;

order of service within a line (FIFS, LIFS, RANDOM);

service discipline;

switching discipline;

behaviour of the server in the idle state.

We adopt classification and terminology introduced in [1,4]. We also should

explain some additional notions and notations.

Definition 1. By kk-busy period we call the period of time which starts when

a k-request enters the empty system and finishes when there are no longer

k-requests in the system. Denote the kk-busy period by Πkk.

Definition 2. By k-busy period we call the period of time which starts when

an i-request enters the empty system, i ≤ k, and finishes when there are no

longer k-requests in the system. Denote the k-busy period by Πk.

Note, that r-busy period is nothing else but the system’s busy period Π,

i.e. Π ≡ Πr.

The following two notions are due to the fact that both servicing and switch-

ing can be interrupted under preemptive service and switching policies.

Definition 3. By k-cycle of service we call the period of time which starts

when server begins the servicing of a k-request, and finishes when this request

leaves the system. Denote the k-cycle of service by Hk. If the servicing of a

certain k-request is not interrupted then the corresponding realisation of HK

coincides with the time Bk this request was being serviced.

Definition 4. By k-cycle of switching we call the period of time which starts

when server begins the switching to the line of k-requests, and finishes when

server is ready to provide service to these requests. Denote the k-cycle of

switching by Hk. If the servicing of a certain k-request is not interrupted, then
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the corresponding realisation of Nk coincides with the time Bk this request was

being serviced. If the switching from ith line to the kth line is not interrupted,

then the corresponding realisation of Nk coincides with the time Cik this ik-

switching lasted.

Let Πkk(t), Πk(t), Hk(t) and Nk(t) be the cumulative distribution functions

of kk-busy periods, k-busy periods, k-cycle of service and k-cycle of switching,

respectively. Let also πkk(t), πk(t), hk(t) and νk(t) be their Laplace-Stieltjes

transform, i.e.

πkk(s) =

∞∫

0

e−stdΠkk(t), . . . , νk(s) =

∞∫

0

e−stdNk(t).

Finally, let βk(s) be the Laplace-Stieltjes transform of Bi(t), i.e.

βi(s) =

∞∫

0

e−stdBi(t).

From now on we assume that Cij do not depend on i and depend only on

j, i.e. Cij ≡ Cj ∀j = 1, . . . , r. Denote the Laplace-Stieltjes transform of Cj

with cdf Cj(t) by cj(s):

cj(s) =

∞∫

0

e−stdCj(t).

2.2. PRIORITY QUEUEING SYSTEMS WITH

POISSON INCOMING FLOWS

The queueing systems with Poisson incoming flows are of great importance

in the theory and practice. In this case the inter-arrival times are exponentially

distributed, i.e. Ai(t) = 1 − e−ait, i = 1, . . . , r, where a1, a2,..., ar are some

positive real numbers with the physical meaning of the flow arrival rates. The

compound flow of the flows of 1-, 2-, . . . ,k-requests is Poisson with arrival rate

σk =
k∑
i=1

ai.
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Adopting and slightly extending the standard Kendall notation we write

Mr|Gr|1|∞ to denote a priority queueing system with Poisson incoming flows

of requests and random switchover times.

3. TRAFFIC COEFFCIENT AND ITS

CALCULATION

Analysis of queueinq systems delivers formulae for systems performance

characteristic—many of such analytical expressions involve the traffic coeffi-

cient ρ. In the case of priority queueing systems Mr|Gr|1|∞ with degenerated

times of orientation one can easily evaluate ρ via analytic formulae using rates

of incoming flows and mean values of corresponding service times.

For instance, the traffic coefficient of an Mr|Gr|1|∞ system can be calcu-

lated as follows [3]

ρ =
r∑

i=1

aibi, (1)

where

for the scheme “non-identical servicing again” bi = 1
σi−1

[
1

βi(σi−1) − 1
]
;

for the scheme “resume” bi = E[Bi];

for the scheme “with losses” bi = 1
σi−1

[1− βi(σi−1)] .

In the case when ρ > 1, the following takes place: π(0) < 1, and Π(t) is an

improper cumulative distribution function, i.e.

lim
t→∞

Π(t) < 1,

which means that a busy period is of indefinite length with a positive proba-

bility. However, if ρ < 1, then π(0) = 1 and the cdf Π(t) of the busy period

Π is proper. These comments motivate the presence of π(0) ≡ πr(0) in the

following examples.

Example 1. Consider the system M10|M10|1|∞. In this case

βi(s) =
1

sE[Bi] + 1
, i = 1, . . . , 10.
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Let ai = 1 and E[Bi] = 0.05, i = 1, . . . , 10. Let also ǫ = 0.001. The results

of our calculations of ρ can be found in Table 1.

schemes: non-identical servicing again resume with losses

ρ 0.5 0.5 0.413914

π10(0) 0.999959 0.999959 0.999989

Table 1 Calculation of the traffic coefficient ρ and π10(0) in Example 1.

Example 2. Consider M10|G10|1|∞ under the scheme “non-identical servic-

ing again” where the service times of the requests from the queueing priority

lines L1, L2, L3, L4 are exponential Exp(20), the service times of the requests

from the lines L5, L6, L7, L8 are uniformly distributed on [0,1], and, finally,

the service times of the requests from the lines L9 and L10 are of Erlang type

Er(2, 20). In this case we have

βi(s) =
20

20 + s
, i = 1, 2, 3, 4,

βi(s) = 1− e−s, i = 5, 6, 7, 8,

βi(s) =

(
20

20 + s

)2

, i = 9, 10.

For this system the traffic coefficient ρ was numerically estimated to be equal

to 104.44≫ 1, whereas π(0) ≡ π10(0) = 0.48 < 1. This clearly shows that the

system is under the heavy traffic regime.

In what follows we present algorithms of numerical evaluation of the LST

of the k-busy periods and the traffic coefficient ρ. For simplicity we give

the algorithms for the systems Mr|Gr|1|∞ under the scheme “non-identical

servicing again” and preemptive switching policy. One needs to be able to
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evaluate the LST of the busy period (r-busy period) in order to calculate ρ.

This can be done using the following

Algorithm 1 (Mr|Gr|1 systems with random switchings under pre-

emptive non-identical servicing again)

Input: r, s∗, ǫ > 0, {ai}ri=1, {βi(s)}ri=1, {ci(s)}ri=1.

Output: πk(s
∗)

Description:

IF (k==0) THEN π0(s
∗) := 0; RETURN

k := 1; q := 1; σ0 := 0;

Repeat

inc(q);

σq := σq−1 + aq;

Until q == r;

Repeat

νk(s) := ck(s∗ + σk−1){1 − σk−1

s∗+σk−1
[1 − ck(s∗ + σk−1)] πk−1(s

∗)}−1;

hk(s∗) := βk(s + σk−1){1 − σk−1

s∗+σk−1
[1 − βk(s∗ + σk−1)] πk−1(s

∗)νk(s∗)}−1;

π
(0)
kk (s∗) := 0; n := 1;

Repeat

π
(n)
kk (s∗) := hk(s∗ + ak − akπ

(n−1)
kk );

inc(n);

Until |π(n)
kk (s∗) − π

(n−1)
kk (s∗)| < ǫ;

πk(s
∗) :=

σk−1πk−1(s
∗+ak)

σk
+

σk−1

σk
(πk−1(s

∗ + ak − akπkk(s∗))) − πk−1(s
∗ +

ak)νk(s
∗ + ak[1− πkk(s∗)]) + ak

σk
ν(s∗ + ak − akπkk(s∗))πkk(s∗);

inc(k);

Until k == r;

End of Algorithm 1.

Remark 1. The algorithm 1 is convergent but it does not provide one with

an absolute error of the approximation. In this algorithm some small quantity

ǫ is used to judge on the convergence of the Cauchy sequence {π(n)
kk (s∗)}∞n=0.

Next we present the algorithm of calculation of the traffic coefficient.
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Algorithm 2 (Mr|Gr|1 systems with random switchings under pre-

emptive non-identical servicing again)

Input: r, {ai}ri=1, {βi(s)}ri=1, {ci(s)}ri=1.

Output: ρ

Description:

k := 1; ρ := 1; σ0 := 0; σ1 := a1;

f1 := 1; p := 1;

b1 := −(β′(0) + c′1(0))/(1− a1c
′
1(0));

ρ := a1b1;

Repeat

inc(k);

σk := σk−1 + ak;

bk := p 1
σk−1ck(σk−1)

(
1

βk(σk−1)
− 1
)
;

ρ := ρ+ akbk;

fk := 1 +
σk−σk−1πk−1(ak)

σk−1

(
1

ck(σk−1)
− 1
)
;

p := fkp;

Until k == r;

End of Algorithm 2.

Remark 2. Calculation of ρ in Algorithm 2 requires calculation of πk−1(ai),

k = 2, . . . , r, which, in turn, can be realised using the algorithm Algorithm 1.

For a different scheme of servicing or switching policy one should employ the

corresponding formulae for the LST’s hk(s), νk(s), πkk(s), πk(s) (see [3]).

Example 3. Consider the system M8|M8|1 with interarrival times Exp(1) and

exponential service times Exp(40). The switchover times Ck are all distributed

as Exp(200), k = 1, . . . , 8. The results of calculations for such systems can

be found in Table 2. The quantity ǫ was taken to be 0.001, yet one can notice

that, although π(0) ≡ π8(0) is very close to 1 in all three cases (as it should

be, because ρ < 1), the absolute precision for the first two schemes is less than

ǫ, see Remark 1.
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schemes: preemptive servicing again non-identical preemptive

with losses servicing again resume servicing

ρ 0.194987 0.211303 0.211308

π8(0) 0.982491 0.980877 0.999970

Table 2 Calculation of the traffic coefficient ρ and π8(0) in Example 2.

All schemes employ preemptive switching policy.

4. CONCLUSIONS

We presented a model algorithm of the numerical evaluation of the traffic

coefficient in generalised priority queueing systems (Algorithm 2). This algo-

rithm makes use of the LST of busy period of the system—this should also be

calculated numerically, for instance, using Algorithm 1. However, we found

that (i) the number of priority flows r should not exceed 10-12 for satisfactory

fast calculations, and, (ii) the calculation of the LST of busy periods is per-

formed without clear idea about the absolute error of the evaluation. There-

fore, there is a necessity of further optimisation of these numerical methods in

order to achieve high level of precision and allow to consider greater number

of priority waiting lines. Such work is being done currently [2,5].
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Abstract In the category of locally convex (topological vectorial) Hausdorff spaces, by

means of the Banach spaces of bounded functions that are defined on a set,

sufficiently many injective objects are built. In this category by means of

injective spaces a proper class of bicategory structures with sufficient injective

objects and with the classes of injections right complete is constructed.

1. LOCALLY CONVEX INJECTIVE SPACES

Vector spaces over the field K of real or complex numbers are examined.

The results are formulated for the category of locally convex spaces Hausdorff,

but they also can be formulated for the category of locally convex groups Haus-

dorff. Similar results hold also if the condition that the spaces are Hausdorff

is removed.

In the category C2V of locally convex spaces Hausdorff we use the following

notation:

Eu - the class of universal epimorphisms, that coincides with the class of

surjective applications;

Mp - the class of precise morphisms;

Mp = E
⌊
u. This class coincides with the class of topological inclusions (ho-

momorphisms). In this way (Eu,Mp) is a bicategory structure in the category

C2V;

Mf - the class of strict monomorphisms that coincides with the class of

topological inclusions with the closed image.

31
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1.1. Definition. Let (P, I) be a bicategory structure in the category the C.

The object A is named I-injective if for every morphism m : X → Y ∈ I and

every morphism f : X → A ∈ C there exists one morphism g : Y → A, such

that : f = gm.

Figure 1.1

1.2. Definition. Let (P, I) be a bicategory structure in category C. It

is said that in category C there exist sufficiently many I-injective objects if

for every object X of category C there exist one I-injective object A and one

morphism i : X → A ∈ I.

1.3. Theorem (Hahn-Banach). Let p be a prenorm in the vector space

E, and f be a linear functional defined on the subspace M ⊂ E, so that

|f(x)| ≤ p(x), for every x ∈ M . Then on E there exists the linear functional

f1 that extends f to the entire space, with the condition: |f1(x)| ≤ p(x), for

every x ∈ E, tof1i = f.

Figure 1.2

1.4. Corollary. The field K (of real or complex numbers), is an Mp-

injective object in the category C2V.
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1.5. Further we prove that the vector space of bounded functions is an

Mp-injective object. To this aim we need some results. These results, such as

the following two theorems, are known [4].

Let be M an arbitrary set and B(M) be the vector space of all bounded

functions on M with the values in K

B(M) = {f |f : M→ K, |f(m)| ≤ a, for some a ∈ N and every m ∈M}.

The space B(M) is also denoted by m(α), where α = cardM.

1. B(M) is a normed space with the norm ‖f‖ = supm∈M |f(m)|.
2. B(M) is a Banach space.

3. Let B′(M) be conjugated space of linear continuous functionals f :

B(M) → K. Then M ⊂ B′(M). Indeed, consider a m ∈ M. We define

m(f) = f(m), for f ∈ B(M). It is easy to prove that m is a linear continuous

functional on B(M), so m ∈ B′(M).

4. Let X be a locally convex space and X ′ be its conjugate. Then every

continuous operator f : X → B(M) defines a function ϕf : M → X ′, such

that the functional family ϕf (M) is equicontinued.

Indeed, let the continuous operator f : X → B(M). It defines the conjugate

operator f ′ : B′(M)→ X ′. We obtain the diagram

Define ϕf = f
′
i. Therefore f

′
i(m)(x) = m(f(x)) = f(x)(m)

Figure 1.3
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It can be proved that ϕf (M) = {mf | m ∈M} is an equicontinuous set.

5. Conversely. Every function ϕ : M → X ′, with the condition that

ϕ(M) is a equicontinuous family of functionals, defines a continuous opera-

tor f : X → B(M).

Indeed, consider ϕ : M→ X ′, with the condition that ϕ(M) is a equicontinuous

family. We construct f : X → B(M) according to the following rule: x 7→
f(x) : M→ K, where

f(x)(m) = ϕ(m)(x).

In this way f becomes a linear continuous functional.

1.6. Theorem. For every set M the Banach space B(M) is an Mp-injective

object in the category C2V.

Proof. We must prove that for every topological imbedding

i : (E, t) −→ (F, u) ∈Mp

and every morphism f : (E, t) −→ B(M), there exists f1 : (F, u) −→ B(M), so

that

f1i = f.

Figure 1.4

Indeed, let U1 be the unit circle in B(M), and V = f−1(U1). Then there exists

W ∈ u so that W ∩ E = V . The continuous operator f defines, according to

the result 4), the function ϕf : M → E′, with the property that ϕf (M) is a

equicontinuous set of functionals.
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Figure 1.5

Because f−1(U1) = {e ∈ E | |f(e)| 6 1} = V ⊂ E, for every m ∈ M, we

have |f(e)(m)| ≤ 1. Therefore

ϕ−1
f (m)([−1, 1]) = {e ∈ E | |ϕf (m)(e)| ≤ 1} = {e ∈ E | |f(e)(m)| ≤ 1} ⊃ V

for every m ∈M, and

⋂

m∈M

ϕ−1
f (m)([−1, 1]) ⊃ V

In conclusion

|ϕf (m)(x)| ≤ pV (x)

for every m ∈M.

According to the Hahn-Banach theorem every functional can be continuated

preserving the norm. So, there exists ϕ′f (m) : F → K

Figure 1.6

|ϕ′f (m)(y)| ≤ pW (y)

for every m ∈M.

This relation shows the fact that the set of functionals {ϕ′f (m) | m ∈ M}
is equicontinuous. According to property 5), this family defines a continuous
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operator f1 : (F, u)→ B(M). Let us show that f1i = f . We have

f1(x)(m) = ϕ′f (m)(x) = ϕf (m)(x) = f(x)(m)

for every x ∈ E.

1.7. Theorem. In the category C2V there exist sufficiently many Mp-

injective objects.

Proof. Let (E, t) be a locally convex space, and E′ be- the conjugate space

of space E, U a neighborhood of zero that is convex and closed. Let us examine

the polar set U

U0 = {f ∈ E′ | |f(U)| ≤ 1} ⊂ E′

Then B(U0) is a Banach Mp-injective space.

Since

∩{f−1([−1, 1]) | f ∈ U0} ⊃ U

it follows that U0 is an equicontinuous set of functionals on the space (E, t).

So it defines as continuous and linear operator gU : (E, t)→ B(U0), ∀x ∈ E

gU (x)(f) = f(x).

Let U1 = {f ∈ B(U0) | ‖f‖ ≤ 1} be the unit sphere in B(U0). For the

operator gU that was built above we have

g−1
U (U1) = {x ∈ E | gU (x) ∈ U1} = {x ∈ E | |gU (x)| ≤ 1} =

= {x ∈ E | |gU (x)(f)| ≤ 1, for ∀f ∈ U0} =

= {x ∈ E | |f(x)| ≤ 1, for ∀f ∈ U0} = {x ∈ E | |x(f)| ≤ 1, for ∀f ∈ U0} = U00

meaning

g−1
U (U1) = U00 = U

Let wE be the morphism evaluation, wE : (E, t) → X, defined for the mor-

phisms {gU | U ∈ t}, where X = ⊓{B(V 0) | V ∈ t}.
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Figure 1.7

Let us prove that wE is a topological imbedding. The sets p−1
U (U1) form

the base of the Tihonov’s topology on the space X. We have

E ∩ p−1
U (U1) = (wE)−1(p−1

U (U1)) = (pUw
E)−1(U1) = g−1

U (U1) = U

1.8. Corollary. 1. Every locally convex Hausdorff space can be submersed

in a product of Banach spaces.

2. In the complete locally convex spaces there exist sufficiently many Mf -

injective spaces.

1.9. Definition. The object A of the category C is called algebraical small if

for every family of objects {Xi | i ∈ I} and every morphism f :
∏{Xi|i ∈ I} →

A there exist a finite subset J ⊂ I and a morphism g :
∏{Xi|i ∈ J} → A

so that f = gp, where p :
∏{Xi|i ∈ I} →

∏{Xi|i ∈ J} is the canonical

projection.

Figure 1.8

1.10. Theorem. In the category C2V every normed space is algebraical

small.

Proof. Let A be a normed space and a morphism f :
∏{Xi|i ∈ I} → A. If

U = {x ∈ A | ‖x‖ ≤ 1} then f−1(U) is a neighborhood of zero in
∏{Xi|i ∈ I}.
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Therefore there exist a finite set J such that for every i ∈ J there exists a

neighborhood of zero Gi in Xi for which

∏
{Gi|i ∈ J} ×

∏
{Xi|i ∈ I \ J} ⊂ f−1(U). (1)

Let be k = kerf : P →∏{Xi|i ∈ I}, and q = coker k :
∏{Xi|i ∈ I} → Q.

Then

f = gq (2)

for some morphism g.

Figure 1.9

We examine the products
∏{Xi, |i ∈ I \ J} and

∏{Xi|i ∈ J} with canonic

iimbedding m :
∏{Xi, |i ∈ I \ J} → ∏{Xi|i ∈ I} and canonic projection

t :
∏{Xi|i ∈ I} →

∏{Xi|i ∈ J}.
Because

∏{Xi|i ∈ I} =
∏{Xi, |i ∈ I \ J} ⊕ ∏{Xi|i ∈ J}, we conclude

that m = ker t, and t = coker m. Further, from relation (1) it follows that
∏{Xi, |i ∈ I \ J} ⊂ P, meaning

m = km1 (3)

for some morphism m1. From the equality (2) it follows

q = rt (4)

for some morphism r. From equalities (2) and (4) it follows

f = grt



Bicategory structures generated by injective spaces 39

So we proved that the morphism f is factorized within finite product
∏{Xi|i ∈ J}.

1.11. We mention that Banach spaces possess a property dual to the prop-

erty of being algebraically small ([2], Theorem 4.1).

2. BICATEGORY STRUCTURES GENERATED

BY INJECTIVE SPACES

2.1. Let A be a class of objects of the category C2V. We denote by A↓ the

class of all morphisms f : X → Y ∈ C2V with the property: for every object

A ∈ A and every morphism g : X → A we have

g = g1f

for some morphism g1 : Y → A. We can say that A↓ is the class of all

morphisms of the category C2V such that every object of class A is injective.

Lemma. Let A be a class of nonnull objects of the category C2V. Then

A↓ ⊂Mono.

Proof. The assertion follows from the fact that every nonnull object of the

category C2V is a cogenerator.

2.2. Definition. The class A of morphism of category C2V is said to be

left complete if it has the following properties:

1. it contains all isomorphisms of the category C2V : Iso ⊂ C2V;

2. it is closed with respect to the composition: A ·A ⊂ A;

3. it is left stable: if fg′ = gf ′ is pullback square constructed on the mor-

phisms f, g and f ∈ A, then f ′ ∈ A too;

4. it is closed with respect to the products : if fi : Xi → Yi ∈ A, i ∈ I, then
∏{fi | i ∈ I} ∈ A.

The dual notion is the class of right complete morphisms.

2.3. Lemma. For every class of objects A of the category C2V the class

A↓ is right complete.

The demonstration is a simple verification of the respective properties.
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2.4. Theorem. Let A be a class of Mp-injective Banach objects. Then the

class A↓ is left complete in the category C2V.

Proof. It is obvious that Iso ⊂ A↓ and the class A↓ is closed with respect

to the composition (A↓) · (A↓) ⊂ A↓. Let us show that the class A↓ is stable

with respect to the pullback squares.

Let f : X → Z and g : Y → Z be two morphisms in the category C2V. We

examine the canonical projections

pX : X ⊕ Y → X and pY : X ⊕ Y → Y

and the canonical inclusions

qX : X → X ⊕ Y and qY : Y → X ⊕ Y

Let k = ker(fpX − gpY ).

Figure 2.1

Then

g(pY k) = f(pXk) (1)

is the pullback square constructed on the morphisms f and g. Let us suppose

that f ∈ A↓. We need to show that pY k ∈ A↓. Let A ∈ A and u : P → A. We

will show that the morphism u is extended by the morphism pY k. Because

k ∈Mf ⊂Mp and A is a Mp-injective object we conclude that

u = vk (2)
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for some morphism v. We examine the morphism vqX . Because f ∈ A↓ it

follows that

vqX = wf (3)

for some morphism w.

Figure 2.2

Let

t = wg + vqY . (4)

Let us show that the morphism t extends the morphism u by the morphism

pY k. We have

tpY k = (from(4)) = (wg + vqY )pY k = wgpY k + vqY pY k =

= (from(1)) = wfpXk + vqY pY k = (from(3)) = vqXpXk + vqY pY k =

v(qXpX + qY pY )k = (because qXpX + qY pY = 1) = vk = (from(2)) = u

that is

tpY k = u.

In this way we proved that the class A↓ is left stable. Let us demonstrate now

that the class A↓ is closed with respect to the products. Let {fi : Xi → Yi |
i ∈ I} be a family of morphisms from class A↓.

We examine the products X =
∏{Xi|i ∈ I} and Y =

∏{Yi|i ∈ I} with

canonic projections pi : X → Xi , qi : Y → Yi , i ∈ I. Then there exists the

morphism f =
∏{fi|i ∈ I} : X → Y with properties
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fi pi = qi f. (5)

We need to show that f ∈ A↓. Let A ∈ A and u : X → A. Because A is a

small algebraical object, there exists a finite subset J ⊂ I so that

u = vp (6)

for some morphism v, where p : X → X ′ is the canonical projection,

X ′ =
∏{Xi|i ∈ J}, p :

∏{Xi|i ∈ I} →
∏{Xi|i ∈ J}

Figure 2.3

Let Y ′ =
∏{Yi|i ∈ J} , q : Y → Y ′ be the canonic projection and

f ′ =
∏{fi|i ∈ J}.

The morphisms f and f ′ satisfy the following equality

f ′p = qf. (7)

Because J is a finite set we have: f ′ =
∏{fi|i ∈ J} =

⊕
i∈J fi ∈ A↓. So

v = wf ′ (8)

for some morphism w. We have

wqf = (from(7)) = wf ′p = (from(8)) = vp = (from(6)) = u.

Theorem is proved.
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2.5. Theorem. Let A be a class of Mp-injective objects in the category

C2V. Then the class A↓ is closed with respect to the intersections of finite sets

of A↓-subobjects.

Proof. Let mi : Xi → X , i = 1, 2, 3, ..., n be a finite set of A↓-subobjects of

the object X. We examine the pullback square

m1m2′ = m2m1′

Figure 2.4

constructed on the morphisms m1 and m2. Then

m1 m2′ = m1 ∧m2

and, using the previous theorem, m1 m2′ ∈ A↓. Further, let

(m1 m2′)m3′ = m3(m1 m2′)′

be the pullback square constructed on the morphisms (m1m2′) and m3. Then

m1 m2′m3′ = m1 ∧m2 ∧m3

and m1m2′m3′ ∈ A↓ etc.

2.6. Theorem. Let A be a class of Mp-injective Banach spaces. Then

((A↓)q,A↓) is a bicategory structure in the category C2V.

Proof. It is sufficient to show that the class A↓ is closed with respect to

intersection of A↓-subobjects.

Let mi : Xi → X ∈ A↓ , i ∈ I and m =
∧{mi | i ∈ I}, where mi : Y → X. It

must be proved that m ∈ A↓. We mention that, for every j ∈ I,

m = mjtj . (1)
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Figure 2.5

Let A ∈ A, and f : Y → A and show that f can be extended by morphism

m.

Since Y is the projective limit generated by the subobjects {mi : Xi →
X, i ∈ I}, these exists a morphism

k : Y →∏{Xi|i ∈ I} ∈Mf with the property

pjk = tj ,∀j ∈ I. (2)

Taking into account to that Mf ⊂ Mp and A is an Mp-injective object, we

conclude that

f = gk (3)

for some morphism g. Then A being a small algebraic object, it follows that

there exist a finite subset J ⊂ I and a morphism h :
∏{Xi|i ∈ J} → A so that

hp = g, (4)

where p :
∏{Xi|i ∈ I} →

∏{Xi|i ∈ J} is the canonical projection.

Let pj :
∏{Xi|i ∈ I} → Xj , j ∈ I and qj :

∏{Xi|i ∈ J} → Xj , j ∈ J be

canonical projections. Then we have

qjp = pj ,∀j ∈ J. (5)

Further let

s =
∧

j∈J
mj , (6)
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where s : Z → X. Then

m = sr (7)

for some morphism r and, for every j ∈ J , we have

mj vj = s (8)

for some morphism vj . There exists a morphism

k1 : Z →∏{Xi|i ∈ J} ∈Mf

with properties

qj k1 = vj ,∀j ∈ J. (9)

We have, for ∀j ∈ J,

mjvj r = (from(8)) = sr = (from(7)) = m = (from(1)) = mj tj

and, because mj is mono, we conclude that

vj r = tj , ∀j ∈ J. (10)

We have

qj k1 r = (from(9)) = vj r = (from((10)) = tj = (from(2)) =

= pj k = (from(5)) = qj p k

for every j ∈ J and because qj , j ∈ J are canonic projections, we conclude

that

k1 r = p k. (11)

From relation (6) and the previous theorem (s ∈ A↓) it follows that the mor-

phism h k1 is extended by the morphism s, i.e.

h k1 = u s (12)

for some morphism u. We have

um = (from(7)) = usr = (from(12)) = hk1 r =
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= (from(11)) = hpk = (from(4)) = gk = (from(3)) = f

meaning

um = f. (13)

In this way we proved that the morphism u is an extension of morphism f by

the morphism m.

Figure 2.6

2.7. Definition. The family A of objects in the category C is named a family

of cogenerators if for every two morphism, f, g : X → Y , f 6= g there exist an

object A ∈ A and a morphism h : y → A so that hf 6= hg.

2.8. The previous theorem can be generalized in the following way:

Theorem. Let C be an additive category, locally small, with projective

limits, and A be a class of small algebraic objects that are cogenerators of the

category C and Mf -injective. Then ((A↓)q, A↓) is a bicategory structure in

the category C.

2.9. Remark. An object of the category C we denote by A↓ instead of

{A}↓. It is obvious that for every family of objects A we have

A↓ =
⋂
{A↓ | A ∈ A}.

2.10. Theorem. Let C be a category with products, A be a family of objects

for which ((A↓)q,A↓) is a bicategorial structure. Then in the category C there

exist sufficiently many objects A↓-injective.
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Indeed, for every object X of the category C the evaluation morphism

wX : X →
∏
{AHomC(X,A) | A ∈ A}

belongs to the class A↓.

2.11. Theorem [BG]. For the field K = m(1) we have

K↓ = Mu, (Mu)
q = Ep.

2.12. Remark. It is clear that for every finite set X we have

B(X)↓ = Mu.

Theorem.
⋂
τ m(τ)↓ = Mp.

Proof. The class of every bicategory structures in the category C2V is not a

set. It is a ”lattice” as a complete (class). Therefore
⋂
τ m(τ)↓ is also a class

of injections of bicategory structures. As it was mentioned above, for every

cardinal τ we have Mp ⊂ m(τ)↓.

Let us prove the inverse inclusion. Assume that for every cardinal τ we

have

f : X −→ Y ∈ m(τ)↓.

Using Theorem 1.7, there exist a set of cardinals I and a morphism

t : X →
∏

i∈I
m(τ) ∈Mp.

According to the hypothesis with respect to the morphism f we have

t = gf

for some morphism g. Because t ∈ Mp, from the equality it follows that

f ∈Mp.

2.13. Let A be a family of Mp-injective objects in the category C2V. Then

the class A↓ is left complete, in particulary left stable. Therefore A↓ ⊂ Mu.

On the other hand, Mp ⊂ A↓.
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So

Mp ⊂ A↓ ⊂Mu.

Therefore the bicategory structures of type ((A↓)q,A↓) are situated on the indi-

cated segment, which is a relatively small in the lattice of bicategory structures

of the category C2V.

Figure 2.7

2.14. The question arises: for which cardinal numbers α and β m(α)↓

and m(β) are in different classes in C2V ? First we mention that for natural

numbers α we have

m(α)↓ = (Kα)↓ = K↓ = Mu.

Then, for β ≥ α, the space m(α) is a term of the direct sum

m(β) = m(α)⊕ (E, t).

We prove now that if β > α and β is infinite, then m(β)↓ $ m(α)↓. According

to Theorem 10

w = w ≡ wm(β) : m(β)→ m(α)Hom(m(β),m(α)) ∈ m(α)↓.

We prove that w does not belong to m(β)↓. Let w ∈ m(β)↓. Because

m(β) is m(β)↓− injective, then w is a section. In this way w is a strict

mono. Next, according to Theorem 4.1 [2] that exist a finite number k and

a strict monomorphism t : m(β) → m(α)k. If β = χ0 (meaning that to β it
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corresponds an infinite countable set), then α is a finite number. So m(α), and

with itm(α)k, are finite dimensioned spaces. We have obtained a contradiction

because we cannot submerge the infinite dimensional space m(β) in the finite

dimensional space m(α)k.

Suppose now that β > χ0.

Definition [3]. Let E be a locally convex space. The family A of linear

continuous functionals defined on E is named total if for every nonnull element

x ∈ E there exists f ∈ A so that f(x) 6= 0.

We prove that on m(α) there exists a total family of linear functionals of

power α. We examine m(α) as a space of bounded functions on the set S of

cardinal α. For every s ∈ S we denote by fs the linear continuous functional,

defined by formula

fs(x) = x(s),∀x ∈ m(α).

The family {fs | s ∈ S} is a family of functionals of α power on m(α). Thus,

on m(α)k there exists a total family of kα power. β being infinite and β > α,

then β > kα. Therefore on m(α)k and on m(β), there exists a total family A

with a power smaller than β.

Let m(β) be the space of all bounded functions over the set T of β power.

For every point s ∈ T we denote by gs the characteristic function of the subset

{s}. Now we prove that for every f ∈ A the cardinal of the set {s ∈ T |
f(gs) 6= 0} is not bigger than that of countable sets, but, because β > χ0 and

power of A is smaller than the power of β, we obtain a contradiction. For this

it is sufficient to prove that for every natural number i the set Ti = {s ∈ T |
f(gs) ≥

1

i
} is finite. Indeed, let be s1, s2, ..., sr ∈ Ti. We denote

ai =
f(gsl

)

|f(gsl
)| (l = 1, 2, ..., r).

Then the vector

x =
r∑

l=1

algsl
,

that belongs to space m(β), has the norm 1.
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Therefore

‖ f ‖≥ |f(x)| = |
r∑

i=1

aif(gsi)| = |
r∑

i=1

f(gsl
) · f(gsl

)

|f(gsl
)| | ≥ r

i
.

So r can not be arbitrarily large. In this way we proved the theorem:

2.15. Theorem.

1. Bicategory structures of type (m(α)↓⌉,m(α)↓) form a proper class in the

category C2V.

2. In the category C2V there exists a proper class of bicategory structures

with sufficiently many injective objects.

3. In the category C2V there exists a proper class of bicategory structures

with injections classes complete to the right.
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Abstract The class of automorphisms fixing the centralizers of all elements of a group

are studied and relations between this class and other classes of automorphisms

are established.

1. INTRODUCTION

In their article [1], M. Deaconescu, Gh. Silberberg and G. Walls studied

the class Autaic(G) of (argument-image-)commuting automorphims of a group

G and have shown that the group Autc(G) of central automorphisms of G

is included in the set of arg-im-commutative automorphisms of G, and that

Autaic(G) is not always a subgroup of Aut(G), the group of all automorphisms

of G. Hence the inclusion Autc(G) ⊆ Autaic(G) may be strict.

In our paper we introduce a class of automorphisms which lies between

Autc(G) and Autaic(G).

Definition 1.1. Let G be a group and α ∈ Aut(G) an automorphism of G.

We say that α fixes the centralizers, and write α ∈ Autfc(G), if for any g ∈ G
the following implication holds

c ∈ CG(g)⇐⇒ cα ∈ CG(g) .

Remark 1.1. The condition in the previous definition may be written as

α ∈ Autfc(G)⇐⇒ (CG(g))α = CG(g), (∀)g ∈ G⇐⇒
⇐⇒ (CG(g))α ⊆ CG(g), (∀)g ∈ G ,

51
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or

(∀)g ∈ G( [c, α] ∈ CG(g), (∀)c ∈ CG(g) ) .

2. RELATIONS BETWEEN THE GROUP

AUTFC(G) AND OTHER CLASSES OF

AUTOMORPHISMS OF A GROUP G

Remark 2.1. The inclusions

Autc(G) ⊆ Autfc(G) ⊆ Autaic(G)

hold, since

α ∈ Autc(G) =⇒ (CG(g))α ⊆ CG(g) · Z(G) = CG(g), (∀)g ∈ G⇐⇒
⇐⇒ α ∈ Autfc(G)

and

α ∈ Autfc(G) =⇒ (CG(g))α = CG(g), (∀)g ∈ G =⇒
=⇒ gα ∈ CG(g), (∀)g ∈ G⇐⇒ α ∈ Autaic(G) .

Proposition 2.1. For any group G, the set Autfc(G) of automorphisms fixing

the centralizers forms a normal subgroup of the group Aut(G).

Proof. Using Remark 1.1, we have

α, β ∈ Autfc(G) =⇒
=⇒ (CG(g))αβ = ((CG(g))α)β = (CG(g))β = CG(g), (∀)g ∈ G =⇒
=⇒ αβ ∈ Autfc(G) ,

respectively

α ∈ Autfc(G)⇐⇒ (CG(g))α = CG(g), (∀)g ∈ G⇐⇒
⇐⇒ (CG(g))α

−1
= CG(g), (∀)g ∈ G⇐⇒ α−1 ∈ Autfc(G) .

Hence, Autfc(G) ≤ Aut(G). Also, for any α ∈ Autfc(G) and any β ∈ Aut(G)

we have

(CG(g))β
−1αβ = ((CG(gβ

−1

))α)β = (CG(gβ
−1

))β = CG(g), (∀)g ∈ G ,



Automorphisms fixing the centralizers of the elements of a group 53

so that β−1αβ ∈ Autfc(G) and we conclude that Autfc(G) E Aut(G).

Proposition 2.2. For any group G, the set Autaic(G) of arg-im-commutative

automorphisms is a union of cosets of the normal subgroup Autfc(G) in Aut(G).

Proof. In order to obtain the stated property it suffices to prove that

α ∈ Autaic(G), β ∈ Autfc(G) =⇒ αβ ∈ Autaic(G) .

Let α ∈ Autaic(G) and β ∈ Autfc(G) be arbitrary. For any x ∈ G we have

xα ∈ CG(x), hence xαβ ∈ (CG(x))β = CG(x) and we conclude that αβ ∈
Autaic(G).

Proposition 2.3. Let α ∈ Autaic(G) be an arg-im-commutative automor-

phism of a group G. Then α2 ∈ Autfc(G).

Proof. Since α ∈ Autaic(G), we have

[xα, y] = [x, yα] , (∀)x, y ∈ G .

Let g ∈ G be arbitrary and consider c ∈ CG(g). Then

[g, cα
2
] = [gα, cα] = [g, c]α = 1 ,

so that cα
2 ∈ CG(g). But then CG(g)α

2 ⊆ CG(g), (∀)g ∈ G and we conclude

that α2 ∈ Autfc(G).
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Abstract In this paper we investigate the topological structure of free topological uni-
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1. INTRODUCTION

Our objectives are studies of free objects in the topological quasivarieties

of topological universal algebras. Some free compact algebras were discussed

by S. A. Liber, K. H. Hofman, S. A. Morris [19, 9]. One of the main problem

examined in the present article is the following. Let X be a subspace of the

space Y , K be a class of topological algebras, F (X,K) and F (Y,K) be the free

topological algebras of the spaces X and Y , respectively. Assume that X ⊆
F (X,K), Y ⊆ F (Y,K) and ϕ : F (X,K)→ F (Y,K) is the homomorphism for

which ϕ(x) = x for any x ∈ X. Under which conditions ϕ is an embedding?

2. PRELIMINARIES

Every space is assumed to be a completely regular Hausdorff space. We use

the terminology from [12, 8, 3]. Let R be the space of reals and I = [0, 1],

N = {0, 1, 2, ...} be the subspaces of the space R. A uniform space (X,U) is a

set X and a family U of enturages of the diagonal ∆(X) = {(x, x) : x ∈ X}
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of X. Every uniformity U induces on X a topology T(U) : V ∈ T(U) if

and only if for every point x ∈ V there exists an enturage H ∈ U such that

x ∈ B(x,H) = {y ∈ X : (x, y) ∈ H} ⊆ V (see [12]). For every completely

regular space (X,T) there exist uniformities U for which T = T(U), i.e. the

class of uniformizable spaces coincides with the class of completely regular

spaces. Denote by UX the universal uniformity on the space X, i.e. the finest

uniformity on the space X. A space X is Dieudonné complete if there exists

a complete uniformity on the space X. A space X is Dieudonné complete if

and only if the universal uniformity UX is complete.

A subset L of a space X is said to be bounded if f(L) is a bounded subset

of R for each continuous function f on X. A space X is called µ-complete

if the closure clXL of every bounded subset L of X is compact. A space X

is pseudocompact if every continuous function on X is bounded, i.e. X is a

bounded subset of X.

For every space X denote by βX the Stone-Čech compactification, by νX

the Hewitt real-compactification, by uX the Dieudonné completion and by

µX the µ-completion of the space X. It is well-known that X ⊆ µX ⊆ uX ⊆
νX ⊆ βX, µX = ∪{clβXL : L is a bounded subset of X}, νX = βX \ ∪{L ⊆
βX \X : L is a Gδ-subset of X}.

Denote by {En : n ∈ N} a sequence of pairwise disjoint sets. The sum

E = ∪{En : n ∈ N} is the signature of E-algebras. A universal algebra of sig-

nature E or an E-algebra is a family {G, enG : n ∈ N}, where G is a non-empty

set and enG : En × Gn → G is a mapping for every n ∈ N. Subalgebras, ho-

momorphisms, isomorphisms and Cartesian product of E-algebras are defined

in traditional way [3, 9]. We identify the isomorphic algebras.

A class K of E-algebras is called a quasivariety of E-algebras if the following

properties hold:

1Q. a Cartesian product of E-algebras from K is an E-algebra from K;

2Q. if A ∈ K and B is a subalgebra of A, then B ∈ K.
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If {En : n ∈ N} is a sequence of topological (or uniform) spaces, then E is

the discrete sum of spaces {En} and E is called a continuous (or a uniform)

signature.

Let E be a continuous signature. A topological E-algebra is a family

{G, enG : n ∈ N}, where G is a non-empty space and enG : En × Gn → G

is a continuous mapping for any n ∈ N.

For topological E-algebras the subalgebras, homomorphisms, continuous

homomorphisms, quotient homomorphisms, isomorphisms, continuous isomor-

phisms, topological isomorphisms and Cartesian (or topological) product are

defined in traditional way [3, 9]. We identify the topological isomorphic alge-

bras.

A class K of topological E-algebras is called a topological quasivariety of

topological E-algebras if the following properties hold:

1TQ. the topological product of topological algebras fromK is a topological

E-algebra from K;

2TQ. if A ∈ K and B is a closed subalgebra of A, then B ∈ K.

A topological quasivariety K of topological E-algebras is a complete topo-

logical quasivariety if the following property holds:

3TQ. if A ∈ K and a topological E-algebra B is isomorphic with A, then

B ∈ K.

If the signature E is discrete and K is a complete topological quasivariety,

then K is a variety of E-algebras.

If in class K of E-algebras there exists some object with two distinct points,

then K is called a non-trivial class.

Let E be a uniform signature. A uniform E-algebra is a family {G, enG :

n ∈ N}, where G is a non-empty uniform space and enG : En × Gn → G is a

uniformly continuous mapping for any n ∈ N.

A class K of uniform E-algebras is called a uniform quasivariety of uniform

E-algebras if the following properties hold:
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1UQ. the topological product of uniform algebras from K is a uniform

E-algebra from K;

2UQ. if A ∈ K and B is a closed subalgebra of A, then B ∈ K.

A uniform quasivariety K of uniform E-algebras is a complete uniform

quasivariety if the following property hold:

3UQ. if A ∈ K and a uniform E-algebra B is isomorphic with A, then

B ∈ K.

A kω-sequence of a space X is a sequence {Xn : n ∈ N} of compact subsets

of X with the properties:

- X = ∪{Xn : n ∈ N} and Xm ⊆ Xm+1 for any m ∈ N;

- a set F is closed in X if and only if F ∩Xm is a compact subset of X for

any m ∈ N.

A Hausdorff space with a kω-sequence is called a kω-space. Every kω-space

is normal. A topological product of a finite number of kω-spaces is a kω-space.

A closed subspace of a kω-space is a kω-space [14, 15].

A class K of topological or uniform E-algebras is called an ω-class if E is

a kω-space and if A ∈ K, B is a topological or uniform E-algebra isomorphic

with A, then B ∈ K provided the space B is Lindelöf.

3. FREE ALGEBRAS

Fix a signature E.

If E is a topological space, then on E we consider the universal uniformity.

Consider the topological E-algebra G. IfX is a non-empty subset of G, then

a(X,G) = ∩{A : A is a subalgebra of G and X ⊆ A} and at(X,G) = ∩{A : A

is a closed subalgebra of G and X ⊆ A}. We say that a(X,G) is a subalgebra

generated by the set X and at(X,G) is the subalgebra topologically generated

by X. It is obvious that a(X,G) ⊆ at(X,G) nd at(X,G) is the closure of the

subspace a(X,G) in G. Moreover, the inequality |a(X,G)| ≤ |N| + |X| + |E|
is true. Hence |at(X,G)| ≤ exp(exp(a(X,G))).
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Definition 3.1. Let K be a class of topological E-algebras and X be a

space.

(3.1T). A couple (F (X,K), iX) is called a topological free algebra of the

space X in the class K if the following conditions hold:

(1) F (X,K) ∈ K and iX : X → F (X,K) is a continuous mapping;

(2) the set iX(X) topologically generates F (X,K);

(3) for each continuous mapping f : X → G ∈ K there exists a continuous

homomorphism f̂ : F (X,K) → G such that f = f̂ ◦ iX . The homomorphism

f̂ is called the homomorphism generated by f .

(3.1A). A couple (F a(X,K), jX) is called an algebraically free algebra of

the space X in the class K if the following conditions hold:

(1) F a(X,K) is a subalgebra of some topological algebra G(X) ∈ K and

jX : X → F a(X,K) is a mapping;

(2) the set jX(X) algebraically generates F a(X,K);

(3) for each mapping f : X → G ∈ K there exists a continuous homomor-

phism f̂ : F a(X,K)→ G such that f = f̂ ◦ jX .

In [8, 3, 5] the following theorem was proved.

Theorem 3.2. Let K be a topological quasivariety of topological E-algebras

and X be a non-empty space.

1. The free object (F (X,K), iX) exists and it is unique.

2. The free object (F a(X,K), jX) exists and it is unique.

3. There exists a unique continuous homomorphism kX : F a(X,K) →
F (X,K) such that iX = kX ◦ jX and kX(F a(X,K)) is a dense subalgebra

of the algebra F (X,K).

4. If K is a quasivariety, then F a(X,K) ∈ K, kX(F a(X,K)) = F (X,K)

and the set iX(X) generates the algebra F (X,K).

5. If K is a non-trivial complete quasivariety (or a non-trivial quasivariety

and an ω-class), then:

- iX is an embedding of X into F (X,K) and kX is a continuous isomor-

phism of F a(X,K) onto F (X,K);
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- if X and E are kω-spaces, then F (X,K) is a kω-space, too.

4. COMPACTNESS

A compactness is a class P of topological spaces with the following proper-

ties:

1C. if X is a finite space, then X ∈ P;

2C. if X ∈ P and Y is homeomorphic to a closed subspace of X, then Y ∈ P;

3C. the Cartesian product of spaces from P is a space from P.

Example 4.1. The class C0 of all zero-dimensional compact spaces is the

minimal compactness.

Example 4.2. The class C of all compact spaces is a compactness.

Example 4.3. The class Cr of all real-compact spaces is a compactness.

Example 4.4. The class Cd of all Dieudonné complete spaces is a com-

pactness.

Example 4.5. The class Cµ of all µ-complete spaces is a compactness.

Let E be a continuous signature and P be a compactness. A space X ∈ P

is called a P-compact space. Then V (E,P) = {A : A ∈ P and A is a topo-

logical E-algebra} is the topological quasivariety of all P-compact topological

E-algebras. Moreover, if K is a topological quasivariety of topological E-

algebras, then KP = K ∩ V (E,P) is a topological quasivariety of topological

E-algebras, too.

Definition 4.6. Let G be a topological E-algebra. A pair (A, f) is called an

algebraical g-P-compactification of the E-algebra if A ∈ V (E,P), f : G → A

is a continuous homorphism and f(G) is a dense subalgebra of A.

Definition 4.7. Let X be a space. A pair (Y, f) is called a g-P-compactification

of X if Y ∈ P, f : X → Y is a continuous mapping and f(X) is dense in Y .

Denote by AP(G) the class of all algebraical g-P-compactifications of a

topological E-algebra G and by P(X) the class of all g-P-compactifications of

a space X.
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If (A, f), (B, g) ∈ AP(G), then (A, f) � (B, g) if there exists a continuous

homomorphism h : B → A such that f = h ◦ g.
If (Y, f), (Z, g) ∈ P(X), then (Y, f) ≤ (Z, g) if there exists a continuous

mapping h : Z → Y such that f = h ◦ g.
In this case AP(G) and P(X) are complete lattices. Denote by (βPX,βX)

the maximal element of P(X) and by (aβPG, aG) the maximal element from

AP(G).

Let G be a topological E-algebra. Then AP(G) ⊆ P(X) and (A, f) ≤ (B, g)

provided (A, f), (B, g) ∈ AP(G) and (A, f) � (B, g)

Theorem 4.8. Let K be a quasivariety of topological E-algebras, P be a

compactness and aG : G→ aβPG be an embedding for any G ∈ K.

1. For any space X the homomorphism aF (X,K) : F (X,K) → aβPF (X,K)

is an embedding.

2. (aβPF (X,K), eX = aF (X,K) ◦ iX) is the free algebra of X in the class

KP.

3. Suppose that every space Z from P is a closed subspace of some algebra

G ∈ KP. Then:

3.1. if Y is a closure of the subspace eX(X) in aβPF (X,K), then (Y, eX) =

(βPX,βX), i.e. (Y, eX) is the maximal element on the lattice P(X).

3.2. if X ∈ P, then iX : X → F (X,K) is an embedding.

Proof. The assertion 1 is obvious.

Let F : X → G ∈ KP be a continuous mapping. We can consider that

G = at(f(X), G), i.e. G is topologically generated by f(X). Then there

exists a unique continuous homomorphism f̂ : F (X,K) → G such that f =

f̂ ◦ iX . Therefore f̂(F (X,K)) = a(f(X,G)) and (G, f̂) ∈ AP(F (X,K)).

We can assume that F (X,K) ⊆ aβPF (X,K). Thus there exists a continuous

homomorphism h : aβPF (X,K)→ G such that f̂ = h|F (X,K). The assertion

2 is proved. The assertion 3 follows from the assertion 2. The proof is complete.
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Corollary 4.9. Let P be a compactness, K be a topological quasivariety of

topological E-algebras, aG : G → aβPG be an embedding for any G ∈ K and

iX : X → F (X,K) be an embedding for any X ∈ P.

1. If P ⊇ C, then:

- iX : X → F (X,K) is an embedding for any space X;

- βX : X → βPX is an embedding for any space X.

2. If P = C, then βPX is the Stone-Čech compactification βX of the space

X.

3. If P = Cr, then βPX is the Hewitt real-compactification νX of the space

X.

4. If P = Cd, then βPX is the Dieudonné completion uX of the space X.

5. If P = Cµ, then βPX is the µ-completion µX of the space X.

5. ON PROJECTIVITY

Let E be a continuous signature and K be a non-trivial topological quasi-

variety of topological E-algebras.

Definition 5.1. A space X is a projective space in the class K if for any

two algebras A, B from K, any continuous homomorphism g : A → B of A

onto B and any continuous mapping f : X → B there exists a continuous

mapping ϕ : X → A such that f = g ◦ ϕ.

Example 5.2. Every discrete space X is a projective space in the class K.

Definition 5.3. A topological E-algebra G is a projective algebra in the

class K if G ∈ K, for any two algebras A, B from K, any continuous ho-

momorphism g : A → B of A onto B and any continuous homomorphism

f : G → B there exists a continuous homomorphism ϕ : G → A such that

f = g ◦ ϕ.

Proposition 5.4. For a non-empty space X the following assertions are

equivalent:

1. X is a projective space in the class K;

2. F (X,K) is a projective algebra in the class K;
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3. Y = iX(X) is a projective space in the class K.

Proof. Obvious.

Corollary 5.5. If X is a discrete space, then F (X,K) is a projective

algebra in the class K.

Definition 5.6. Algebra A is an a-retract of the algebra B if there exist two

continuous homomorphisms ϕ : A→ B and ψ : B → A such that ψ(ϕ(x)) = x

for any x ∈ A. The pair (ϕ,ψ) is called an a-retraction of B onto A.

If (ϕ,ψ) is an a-retraction of B onto A, then ϕ : A → B is an embedding

and ϕ(A) is a closed subalgebra of B.

Theorem 5.7. For a topological E-algebra G ∈ K the following assertions

are equivalent:

1. G is a projective algebra in the class K;

2. if X is a discrete space and |G| ≤ |X|, then G is an a-retract of the

algebra F (X,K);

3. there exists a discrete space X such that G is an a-retract of the algebra

F (X,K).

Proof. We can admit that the class K is not trivial. Suppose that G is a

projective algebra in the class K, X is a discrete space and |G| ≤ |X|. Fix

a mapping f : X → G of X onto G. Since the class K is not trivial and

X is discrete , iX : X → F (X,K) is an embedding. We identify x = iX(x)

for any x ∈ X and consider that X = iX(X) ⊆ F (X,K). There exists a

continuous homomorphisms ψ : F (X,K)→ G such that f = ψ|X. Thus ψ is

a mapping onto G. Let g : G → G be the identical isomorphism: g(x) = x

for any x ∈ G. Since G is a projective algebra, there exists a continuous

homomorphism ϕ : G → F (X,K) such that ψ(ϕ(x)) = g(x) = x for any

x ∈ G. Therefore (ϕ,ψ) is an a-retraction of F (X,K) onto G. The implication

1→ 2 is proved. The implication 2→ 3 is obvious.

Suppose now that X is a discrete space and (ϕ,ψ) is an a-retraction of

F (X,K) onto G. Then we can consider that G is a subalgebra of F (X,K),

ϕ(x) = x for any x ∈ G, ψ : F (X,K) → G is a continuous homomorphism
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and ψ(x) = x for any x ∈ G. Consider two topological algebras A, B from

K, a continuous homomorphism f : A → B of A onto B and a continuous

homomorphism g : G → B. Then g1 = g ◦ ψ : F (X,K) → B is a continuous

homomorphism and g = g1|G. We can consider that X = iX(X) ⊆ F (X,K).

For any x ∈ X fix h(x) ∈ f−1(g1(x)) ⊆ A. Then h : X → A is a continuous

mapping and g(h(x)) = g1(x) for any x ∈ X. There exists a continuous

homomorphism h1 : F (X,K) → A such that h = h1|X. By construction

g1 = f ◦ h1. Let ḡ = h1|G. Then ḡ : G → A is a continuous homomorphism

and g = f ◦ ḡ. The implication 3→ 1 is proved. The proof is complete.

Remark 5.8. In the proof of the implication 3 → 1 of Theorem 5.7 we

established that an a-retract of projective algebra is a projective algebra.

We say that the algebra G is free in the class K if G ∈ K and there exists a

subspace X ⊆ G such that: X generates G; for any mapping f : X → A ∈ K
there exists a homomorphism f̄ : G→ A such that f = f̄ |X.

A topological quasivariety K is a Schreier class if for every discrete space

X the subalgebras of F (X,K) are free in K.

From Theorem 5.7 it follows

Corollary 5.9. If K is a Schreier class, then only the free algebras F (X,K)

of discrete spaces X are projective in K.

Remark 5.10. In [8, 34, 20, 29, 27, 28] there are constructed non-Schreier

quasivarieties in which the class of projective algebras is more large that the

class of free algebras.

6. ON COMPLETIONS OF SPACES

Let E be a continuous signature.

Fix a non-trivial quasivariety K of topological E-algebras. Suppose that

iX : X → F (X,K) is an embedding and kX : F a(X,K) → F (X,K) is a

continuous isomorphism for every space X. In this case we can consider that

X = iX(X) is a subspace of F (X,K) and a(X,F (X,K)) = F (X,K) for any

space X.
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Proposition 6.1. For any space X there exists the continuous homo-

morphisms uX : F (X,K) → F (uX,K), νX : F (X,K) → F (νX,K) and

βX : F (X,K) → F (βX,K) such that uX(x) 6= uX(y), νX(x) 6= νX(y) and

βX(x) 6= βX(y) for any distinct points x, y ∈ F (X,K).

Proof. Follows from the assumption that kX : F a(X,K)→ F (X,K) is an

isomorphism for any space X.

Corollary 6.2. X is a closed subspace of the space F (X,K) for any space

X.

Let Y be a subspace of a space X. We say that Y is C-embedded (C0-

embedded) in X if for every continuous (continuous and bounded) function

f : Y → R there exists some continuous extension g : X → R.

Proposition 6.3. If E is a discrete space and K is a complete quasivariety,

then X is C-embedded in F (X,K), in F (uX,K) and in F (νX,K).

Proof. Let f : X → R be a continuous function on a space X. Then there

exists a continuous extention νf : νX → R of the function f . On R consider

the metric d(x, y) = min{1, |x− y|}. On F (R,K) there exists a metric ρ with

the properties [4, 8]:

- ρ(x, y) = d(x, y) for any x, y ∈ R ⊆ F (R,K);

- if T(ρ) is the topology generated by the metric ρ, then (F (R,K),T(ρ)) is

a topological E-algebra, (F (R,K),T(ρ)) ∈ K and R is a closed subspace of

the space (F (R,K),T(ρ)).

Since R is a closed subspace of the metric space (F (R,K), ρ), then there ex-

ists the continuous mapping ϕ : F (R,K)→ R of (F (R,K), ρ) onto R such that

ϕ(x) = x for any x ∈ R ⊆ F (R,K). There exists the continuous homomorhism

ψ : F (νX,K) → F (R,K) of the space F (νX,K) into the space (F (R,K), ρ)

such that νf = ψ|νX and f = ψ|X. Then h = ϕ ◦ ψ : F (νX,K) → R is the

continuous extention of the function f on F (νX,K). The proof is complete.

Corollary 6.4. If E is discrete and K is a complete quasivariety, then

X is C0-embedded in F (βX,K), i.e. for every bounded continuous function

f : X → R there exists a continuous extention on F (βX,K).
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Corollary 6.5. If E is discrete, K is a complete quasivariety and X is a

pseudocompact space, then X is C-embedded in F (βX,K).

7. ON UNIFORMIZABLE ALGEBRAS

Fix a continuous signature E. On E consider the universal uniformity.

Definition 7.1. A topological E-algebra G is called:

- a uniformizable E-algebra if on G there exists a uniform structure U which

generates the topology of G and (G,U) is a uniform E-algebra;

- a weakly uniformizable E-algebra if there exists a uniform structure U on

the space G such that on the completion (cG, cU) there exists a structure of a

topological E-algebra and G is a subalgebra of cG.

Every uniformizable algebra is weakly uniformizable.

IfG is a uniformizable E-algebra, then on the spaceG there exists a maximal

uniformity VG relatively to which (G,VG) is a uniform E-algebra.

If G is a weakly uniformizable E-algebra, then on the space G there exists

a maximal uniformity WG such that on the completion (cG, cWG) there exists

a structure of a topological E-algebra and G is a subalgebra of cG.

If UG is the universal uniformity on G and G is a uniformizable E-algebra,

then VG ⊆WG ⊆ UG.

The following three propositions are obvious.

Proposition 7.2. Let ϕ : A → B be a continuous homomorphism of a

uniformizable E-algebra A into a uniformizable E-algebra B. Then the map-

ping ϕ is extendable to a uniform continuous homomorphism cϕ : (cA, cVA)→
(cB, cVB).

Proposition 7.3. Let ϕ : A → B be a continuous homomorphism of a

weakly uniformizable E-algebra A into a weakly uniformizable E-algebra B.

Then the mapping ϕ is extendable to a uniform continuous homomorphism

cϕ : (cA, cWA)→ (cB, cWB).

Proposition 7.4. A topological E-algebra G is weakly uniformizable if and

only if G is a subalgebra of some Dieudonné complete topological E-algebra.
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Example 7.5. Every commutative topological group is uniformizable.

Example 7.6. Every topological group is weakly uniformizable. There

exists a topological group which is not uniformizable [16].

Definition 7.7. A class K of topological E-algebras is called a weakly

uniform quasivariety of topological algebras if the following conditions hold:

1WU. K is a non-trivial complete quasivariety of topological algebras;

2WU. every algebra A ∈ K is weakly uniformizable;

3WU. for every metric space (X, ρ) there exist a topological algebra A and a

uniformity U on A such that (A,T(U)) ∈ K and (X, ρ) is a uniform subspace

of the uniform space (A,U).

If the signature E is discrete and K is a complete quasivariety of weakly

uniform topological E-algebras, then K is a weakly uniform quasivariety [7].

Every non-trivial complete quasivariety of topological groups is weakly uni-

form.

Theorem 7.8. Let K be a weakly uniform quasivariety of topological E-

algebras.

1. The homomorphism uX : F (X,K)→ F (uX,K) is a uniform embedding

of the uniform space (F (X,K),WF (X,K)) into the uniform space (F (uX,K),

WF (uX,K)). In particular, uX is an embedding.

2. If the space X is pseudocompact, then βX : F (X,K)→ F (βX,K) is an

embedding.

3. If E is a discrete countable space, then uF (X,K) = F (uX,K).

Proof. SinceK is a complete quasivariety, the homomorphism kX : F a(X,K)

→ F (X,K) is a continuous isomorphism for any space X. Moreover, if K ′

is the variety generated by the class K, then F (X,K) = F (X,K ′) for any

space X [3, 8, 5]. Thus we can suppose that K is a variety, i.e. there exists a

family of identities J such that K is the class of topological E-algebras with

the identities. In this case (cG,T(cWG)) ∈ K for any G ∈ K.



68 Mitrofan Choban, Ina Ciobanu

Fix a space X and consider the continuous homomorphism uX : F (X,K)

→ F (uX,K). Then uX is a continuous isomorphism of F (X,K) onto uX(F

(X,K)).

Consider the continuous homomorphism wX : cF (X,K) → cF (uX,K)

which is an extension of the mapping uX onto the uniform completions (cF (X,K),

cWF (X,K)) and (cF (uX,K), cWF (uX,K)). We can assume that Y = iY (Y ) ⊆
F (Y,K) for any space Y . Then the closure of the space X in cF (X,K) is

homeomorphic to the Dieudonné completion uX of X. Therefore, there exists

a continuous mapping g : uX → cF (X,K) such that g(x) = x for any x ∈ X.

Thus there exists a continuous homomorphism ϕ : F (uX,K) → cF (X,K)

such that ϕ(x) = g(x) for any x ∈ X. Since ϕ(wX(x)) = x for any x ∈ X, we

have ϕ(uX(x)) = x for any x ∈ F (X,K) and ϕ|uX(F (X,K)) = u−1
X , i.e. uX

is an embedding. The assertion 1 is proved. The assertion 2 follows from the

assertion 1. The assertion 3 follows from [7]. The proof is complete.

Example 7.9. Let K be the class of all topological semigroups. Then:

1. X is an open-and-closed subspace of the space F (X,K) for any space X;

2. βX : F (X,K)→ F (βX,K) is an embedding for any space X;

3. the space F (X,K) is the discrete sum of the spaces {Xn : n = 1, 2, ...}.
The assertions 1 and 2 are true also for the class of all commutative topo-

logical semigroups.

Theorem 7.10 Let K be a weakly uniform quasivariety of topological E-

algebras. For a space X the following assertions are equivalent:

1. X is pseudocompact.

2. βX is a uniform embedding of the uniform space (F (X,K),WF (X,K)) in

the uniform space (F (βX,K),WF (βX,K)).

Proof. The implication 1→ 2 follows from Theorem 6.8.

Suppose that (F (X,K),WF (X,K)) is a uniform subspace of the uniform

space (F (βX,K),WF (βX,K)) and X ⊆ F (X,K), X ⊆ βX ⊆ F (βX,K) as

subspaces.
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Let f : X → R be a continuous function. Then there exists a uniformly

continuous homomorphism g : F (X,K) → F (R,K) of (F (X,K),WF (X,K))

into (F (R,K),WF (R,K)) and a uniform continuous homomorphism ϕ : cF (X,

K) → cF (R,K) such that g = ϕ|F (X,K). By construction F (X,K) ⊆
F (βX,K) ⊆ cF (X,K) and R is a closed subspace of cF (R,K).

Since X is dense in βX and g(X) ⊆ R, we have that ϕ(βX) is a compact

subset of R. Thus f(X) = g(X) is a bounded subset of R and the space X is

pseudocompact. The implication 2→ 1 and theorem are proved.

From Theorem 7.8 it follows

Corollary 7.11. Let K be a weakly uniform quasivariety of topological E-

algebras and X be a dense subspace of a space Y . Then the natural homomor-

phism p : F (X,K)→ F (Y,K) is an embedding if and only if X ⊆ Y ⊆ uX.

8. ON RIGID CLASSES OF TOPOLOGICAL

ALGEBRAS

Let E be a continuous signature. Suppose that G is a weakly uniform

topological algebra and WG is the maximal uniformity on G which generates

the topology of G and G is a subalgebra of the algebra (cG,T(cWG)). Denote

by cG the topological algebra (cG,T(cWG)).

Definition 8.1. A class K of topological E-algebras is called a rigid qua-

sivariety of topological E-algebras if the following conditions hold:

1R. K is a weakly uniform quasivariety of topological E-algebras;

2R. if A is a subalgebra of a topological algebra B ∈ K, then cA is a subal-

gebra of the topological E-algebra cB.

From Theorem 7.8 it follows

Corollary 8.2. Let K be a rigid quasivariety of topological E-algebras

and X be a dense subspace of a space Y . Then the natural homomorphism

p : F (X,K)→ F (Y,K) is an embedding if and only if X ⊆ Y ⊆ uX.
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Corollary 8.3. Let K be a rigid quasivariety of topological algebras and X

be a space. Then βX : F (X,K) → F (βX,K) is an embedding if and only if

X is pseudocompact.

Example 8.4. If K is a non-trivial complete variety of topological groups,

then the class K is rigid.

Example 8.5. Let E be a discrete signature, K be a non-trivial complete

variety of topological algebras and there exist three operations 1 ∈ E0,
−1 ∈ E1

and · ∈ E2 such that every algebra A ∈ K is a group relatively to operations

{1,−1 , ·}. We say that K is a class of groups with operators. The class K is

rigid.

Example 8.6. Every non-trivial complete variety of topological rings is

rigid.

Example 8.7. If R is a topological ring, then every non-trivial complete

variety of topological R-modules is rigid.

9. ON MAL’CEV ALGEBRAS

A compact space X is Dugundji if for every closed subspace Z of a zero-

dimensional compact space Y and for every continuous mapping f : Z → X

there exists a continuous extension g : Y → X of f .

Let D = {0, 1} be the discrete space. A space is dyadic if it is a continuous

image of Dτ for some cardinal number τ .

A classK of topological E-algebras is a Mal’cev class if there exists a ternary

derivate operation m such that m(x, x, y) = m(y, x, x) = y for any A ∈ K and

any x, y ∈ A. In this case we can consider that m ∈ E3 and we say that m is

a Mal’cev ternary operation.

Every class of quasigroups or of groups is a Mal’cev class.

The class of all semigroups is not a Mal’cev class [21, 22].

A space X is supercompact if it has an open subbase B such that every

cover by elements of B has a subcover by at most two elements.
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In this section we improve some results of E.K.van Douwen, E.A.Reznicenko

and V.V.Uspenskij [11, 33].

Theorem 9.1. For a topological Mal’cev algebra G the following assertions

are equivalent:

1. G is pseudocompact;

2. on βG can be given a structure of the Mal’cev algebra in such a way that

G is canonically embedded as a subalgebra;

3. on G can be given a structure of the Mal’cev algebra;

4. βG is a Dugundji space;

5. βG is a dyadic space;

6. βG is the continuous image of a supercompact Hausdorff space.

Proof. The implication 1 → 2 follows from Theorem 1.6 from [33]. The

implication 2 → 3 is obvious. The implication 3 → 4 is proved in [5, 33].

The implication 4 → 5 is obvious. Since Dτ is a supercompact space, the

implication 5→ 6 is obvious. E. K. van Douwen and J. van Mill have showed

that X is pseudocompact if βX is a continuous image of some supercompact

Hausdorff space [11]. The implication 6→ 1 and theorem are proved.

Proposition 9.2. Let G be a pseudocompact Mal’cev E-algebra. If G is a

dense subalgebra of a Mal’cev E-algebra A, then G ⊆ A ⊆ βG.

Proof. On βA and βG there exist the structures of Mal’cev algebras such

that:

- A is a subalgebra of the algebra βA;

- G is a subalgebra of the algebra βG;

- there exists a continuous homomorphism g : βG→ βA such that g(x) = x

for any x ∈ G.

The homomorphism g as a quotient mapping of the compact Mal’cev algebra

βG onto the Mal’cev algebra βA is an open mapping. Thus g is an isomorphism

and βA = βG. The proof is complete.



72 Mitrofan Choban, Ina Ciobanu

Theorem 9.3. Let K be a topological quasivariety of compact E-algebras,

K be a Mal’cev class, X be a subspace of the free E-algebra F (X,K) and B be a

pseudocompact subalgebra of F (X,K) such that X ⊆ B. Then βB = F (X,K).

Proof. By virtue of Proposition 9.2 we have B ⊆ F (X,K) and βB =

βF (X,K) = F (X,K). The proof is complete.

10. ON TOTALLY BOUNDED ALGEBRAS

Let E be a continuous signature. Suppose that E is a σ-compact space.

A topological E-algebra A is totally bounded if A is a subalgebra of some

compact algebra. Every totally bounded algebra is a weakly uniform algebra.

If any space En is compact, then every totally bounded algebra is a uniform

algebra.

A space is point-perfect if it is a space of countable pseudocharacter, i.e.

every finite set is a intersection of a countable family of open subsets.

Theorem 10.1. Let G be a totally bounded Mal’cev E-algebra. The follow-

ing assertions are equivalent:

1. G is pseudocompact;

2. every metrizable continuous image of G is compact;

3. if a homomorphism ψ : G → A of G onto a Hausdorff point-perfect

E-algebra A is a quotient mapping, then A is compact;

4. if a homomorphism ψ : G → A of G onto a Hausdorff point-perfect

topological E-algebra A is a quotient mapping, then A is pseudocompact.

Proof. The implications 1→ 2→ 1 and 1→ 3→ 4 are obvious.

Let G be a subalgebra of the compact algebra B. Suppose that G is not

a pseudocompact space. Then there exists a continuous function f on G and

a sequence {xn ∈ G : n ∈ N} of points such that f(x) ≥ f(x0) = 1 for any

x ∈ G and f(xn+1) ≥ f(xn) + 3 for any n ∈ N. For any n ∈ N there exists an

open Fσ-subset Hn of B such that xn ∈ Hn ∩G ⊆ f−1(f(xn)− 1, f(xn) + 1).

In [5] it is proved that there exist a metrizable algebra B1 and a continuous

homomorphism ϕ : B → B1 such that ϕ−1(ϕ(Hn)) = Hn for any n ∈ N. Let
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A = ϕ(G) and consider the continuous homomorphism ψ = ϕ|G : G → A.

Let T be the topology of A as a subspace of B1. Denote by T1 the topology

{U ⊆ A : ψ−1(U) is open in G}. Then T ⊆ T1 and (A,T1) is a Hausdorff

point-perfect space. Since G is a Mal’cev algebra, then ψ is an open continuous

mapping of G onto the space (A,T1) and the space (A,T1) is a Mal’cev algebra

[5, 8]. Thus (A,T1) is a pseudocompact point-perfect space. A pseudocompact

point-perfect space is first-countable. The Stone-Čech compactification βA of

the space (A,T1) is a dyadic space and contains a dense first-countable space.

Hense the space βA is metrizable ([12], Problem 3.12.12g). Thus (A,T1) is a

compact metrizable space and T1 = T.

Let Fn = ψ−1(ψ(xn)) for any n ∈ N. Then Fn ⊆ Hn for any n ∈ N and Fn :

n ∈ N is a discrete family of closed subsets of G and the set F = ∪{Fn : n ∈ N}
is closed. Since ψ is a quotient mapping, ψ(F ) = {ψ(xn) : n ∈ N} is a closed

discrete subset of the compact space A, a contradiction. The implication 4→ 1

and the theorem are proved.

Remark 10.2. The implication 3→ 1 for totally bounded groups is proved

in [10].

11. THE ALGEBRA OF QUASI-COMPONENTS

Let E be a discrete signature.

Fix an E-algebra G. For every n ≥ 1 and t ∈ En on G it is defined the

n-ary operation t : Gn → G, where t(x1, x2, ..., xn) = enG(t, x1, x2, ..., xn) for

any x1, x2, ..., xn ∈ G. If t ∈ E0, then t(G0) = e0G(t, G0) for any x ∈ G. The

operation t : G0 → G is 0-ary.

Let X be a space. The set Q(x,X) = ∩{U : x ∈ U and U is open-and-closed

in X} is the quasi-component of the point x in the space X. Denote by X/Q

the space of quasi-components of X, by πX : X → X/Q the natural projection

and {U ⊆ X/Q : πX
−1(U) is open-and-closed} is the base of the topology

of the space X/Q. The space X/Q is zero-dimensional, i.e. indX/Q = 0.



74 Mitrofan Choban, Ina Ciobanu

Moreover, if g : X → Y is a continuous mapping into a zero-dimensional space

Y , then there exists a continuous mapping h : X/Q→ Y such that g = h◦πX .

Theorem 11.1. Let G be a compact E-algebra. Then on G/Q there exists

a structure of a topological E-algebra such that:

1. πG : G→ G/Q is a continuous homomorphism;

2. if g : G→ B is a continuous homomorphism of G into a zero-dimensional

E-algebra B, then there exists a unique continuous homomorphism h : G/Q→
B such that g = h ◦ πG.

Proof. Since G is a compact space, then Q(x,G) is a connected compact

subset of G and Q(x,G) = ∪{L : x ∈ L,L is connected subset of G} is the com-

ponent of the point x in G [12]. Let n ≥ 1 and t ∈ En. Fix x1, x2, ..., xn ∈ G.

Then t(Q(x1, G)×Q(x2, G)× ...×Q(xn, G)) ⊆ Q(t(x1, x2, ..., xn), G). Thus we

can consider that t(Q(x1, G), Q(x2, G), ..., Q(xn, G)) = Q(t(x1, x2, ..., xn), G)

in G/Q. The operation t : (G/Q)n → G/Q is constructed. By the construc-

tion, πX is a homomorphism.

Let U be an open-and-closed subset of G and x ∈ U . Then Q(x,G) ⊆ U .

Suppose that n ≥ 1, t ∈ En, x1, x2, ..., xn ∈ G and t(x1, x2, ..., xn) = x.

Then Q(x1, G) × Q(x2, G) × ... × Q(xn, G) ⊆ t−1(U). By virtue of the Wal-

lace’s theorem ([12], Theorem 3.2.10), there exist the open-and-closed subsets

U1, U2, ..., Un ofG such thatQ(xi, G) ⊆ Ui for any i ≤ n and U1×U2×...×Un ⊆
t−1(U). Thus t(U1×U2× ...×Un) ⊆ U and t : (G/Q)n → G/Q is a continuous

mapping. The assertion 1 is proved. The assertion 2 is obvious. The proof is

complete.

For every spaceX it is determined the maximal zero-dimensional g-compacti-

fication (fmX,mX), where fmX is a zero-dimensional compact space and

mX : X → fmX is a continuous mapping onto a dense subset of fmX. The g-

compactification (fmX,mX) is called the Freudenthal-Morita g-compactification

of the space X. If indX = 0, then mX : X → fmX is an embedding and

we consider that X = mX(X) ⊆ fmX. In this case fmX is the Freudenthal-

Morita compactification of X.
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By construction, mX(X) = X/Q and we can consider that mX = πX , fmX

is the Freudenthal-Morita compactification of the space X/Q and X/Q ⊆
fmX.

Theorem 11.2. Let G be a pseudocompact Mal’cev E-algebra and G/Q be

a compact space. Then:

1. G/Q is a Mal’cev E-algebra;

2. the continuous extension βG : βG→ G/Q of the mapping πG is an open-

and-closed continuous homomorphism of the compact Mal’cev E-algebra βG

onto E-algebra G/Q = fmG.

Proof. From Reznicenko-Uspenskij theorem [32] it follows that G is a

subalgebra of the compact Mal’cev E-algebra βG. Thus βG : βG → G/Q

is a mapping onto G/Q and G/Q = βG/Q. Therefore on βG/Q = G/Q

there exists a structure of Mal’cev E-algebra and βG is an open-and-closed

homomorphism. The assertions of the theorem are proved.

Corollary 11.3. Let K be a topological variety of compact E-algebras and

K0 = {A ∈ K : indA = 0}. Then:

1. K0 is a topological quasivariety of topological E-algebras;

2. if K is a class of Mal’cev E-algebras, then K0 is a topological variety of

topological E-algebras;

3. if A ∈ K, then A/Q ∈ K0 and πA : A→ A/Q is a continuous homomor-

phism;

4. if indX = 0, then the closure of X = iX(X) in F (X,K0) is the Freudenthal-

Morita compactification of the space X;

5. iX
−1(iX(x)) = Q(x,X) for every space X and the point x ∈ X, where

iX : X → F (X,K0) is the natural projection;

6. F (X,K)/Q = F (X/Q,K0) for any space X.

12. EXAMPLES

Various classes of topological universal algebras are studied in [1, 2, 3, 5, 7,

9, 19, 20, 21, 22, 25, 26, 27, 32, 35, 36, 37]. If K is a topological quasivariety
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of compact universal algebras, then for any space X it is determined the free

compact algebra (F (X,K), iX) of X in the class K.

We mention some important classes of universal algebras.

Example 12.1. Topological groupoids.

Let E = E2 = {·}. If G is an E-algebra, then x · y = e2G(·, x, y) is the

multiplication on G. If x · y = y · x, then G is an Abelian groupoid.

We denote by G the class of all topological groupoids, by G1 the class of

all topological groupoids with identity, GA = {B ∈ G : B is Abelian}, GC =

{B ∈ G : B is compact}, GAC = GA ∩ GC, GA1 = G1 ∩ GA, GC1 = G1 ∩ GC,

GAC1 = G1 ∩ GAC and by G(X), GA(X), GC(X), GAC(X), G1(X), GA1(X),

GC1(X), GAC1(X) the free topological groupoid of a space X in these classes

respectively. In any of this cases the mapping iX is an embedding.

Example 12.2. Topological semigroups.

A groupoid A is a semigroup if x · (y · z) = (x · y) · z for any x, y, z ∈ A. Let

S = {A ∈ G : A is a semigroup}, SA = S ∩ GA, SC = S ∩ GC, SAC = S ∩ GAC,

S1 = S ∩ G1, SA1 = S ∩ GA1, SC1 = S ∩ GC1, SAC1 = S ∩ GAC1 and by S(X),

SA(X), SC(X), SAC(X), S1(X), SA1(X), SC1(X), SAC1(X) denote the free

topological semigroup of a space X in these classes respectivelly. In any of

this cases the mapping iX is an embedding.

It is obvious that S1(X) = ⊕{Xn : n ∈ N} and S(X) = ⊕{Xn : n ≥ 1}.
If K is a non-trivial complete quasivariety of topological groupoids and

K1 = K ∩ G1 is a non-trivial class, then:

- K1 is a complete quasivariety of topological groupoids with identity;

- for any space X the identity 1 is an isolated point of the space F (X,K1);

- if K ∈ {G,GC,GA,GAC, S, SA, SC, SAC}, then F (X,K) is an open-and-

closed subgroupoid of F (X,K1) and F (X,K1) \ F (X,K) = {1}.
Example 12.3. Topological groupoids with an involution.

An involution on a topological algebra is a unary continuous operation¯ :

A→ A such that x = ¯̄x. In this case we consider that¯∈ E1.
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Let GV be the class of all topological groupoids with involutions. If A is a

topological groupoid with identity 1 and an involution, then we consider that

1̄ = 1.

Let K be a non-trivial complete quasivariety of topological groupoids with

involutions and K1 be the class of all subgrupoids of topological groupoids

from K. Then:

- K1 is a non-trivial complete quasivariety of topological groupoids;

- for any spaceX the groupoid F (X,K1) is a closed subgroupoid of F (X,K);

- if K1 6= K, X is a space, X̄ = {x̄ : x ∈ X} is a copy of X and X ∩ X̄ = ∅,
then F (X,K) = F (X ⊕ X̄,K1).

Example 12.4. Topological inverse semigroups.

A topological inverse semigroup is a topological semigroup A with an invo-

lution for which xx̄x = x for any x ∈ A. In this case x̄xx̄ = x̄¯̄xx̄ = ¯̄x = x.

If xx̄ = x̄x, then A is called a Clifford semigroup. Denote by SI the class

of all topological inverse semigroups, by SIC the class of all compact in-

verse semigroups, by SL the class of all topological Clifford semigroups and

SLC = SL ∩ SIC. If K ∈ {SI, SIC, SL, SLC} then iX : X → F (X,K) is an

embedding for any space X.

Example 12.5. Topological semilattices.

A topological semilattice is a topological Abelian semigroup A with the

identity xx = x. In this case xxx = x and any semilattice is an inverse semi-

group. If a topological semilattice admits a base of the open subsemilattices,

then it is called a Lawson semilattice. The class of all Lawson semilattices is

a non-trivial quasivariety of zero-dimensional semigroups.

If K is the class of all topological semilattices or of all compact semilattices,

then iX : X → F (X,K) is an embedding for any space X.

If K is the class of all Lawson semilattices or of all compact Lawson semi-

lattices, then iX : X → F (X,K) is an embedding if and only if indX = 0.

Example 12.6. Topological lattices.
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A topological lattice is a topological universal algebra A with two binary

operations E = E2 = {+, ·} such that:

1. operations +, · are commutative and associative;

2. x+ x = x · x = x for any x ∈ A;

3. (x+ y) · x = x and x · y + x = x for all x, y ∈ A.

Example 12.7. Topological groups.

Every topological group is a Clifford semigroup with the involution x→ x−1.

For any space X denote:

- by F(X) the free topological group;

- by FC(X) the free compact group;

- by A(X) the free topological Abelian group;

- by AC(X) the free compact Abelian group.

Example 12.8. Homogeneous algebras.

Let E be a signature. A class K of E-algebras is a class of homogeneous

E-algebras if there exist two operations {+, ·} ⊆ E2 such that x ·x = y ·y = x,

x · (x + y) = y and x + x · y = y for any A ∈ K and all x, y ∈ A. Every

topological group admits a structure of a topological homogeneous algebra.

Every topological homogeneous algebra is a topological Mal’cev algebra.

Theorem 12.9. For a topological homogeneous algebra G the following

assertions are equivalent:

1. G is pseudocompact;

2. on βG can be given a stucture of a homogeneous algebra in such a way

that G is canonically embedded as a subalgebra;

3. on βG can be given a structure of a homogeneous algebra;

4. βG is a Dugundji space;

5. βG is a dyadic space;

6. βG is a continuous image of a supercompact Hausdorff space;

7. βG is a homogeneous space, i.e. for any two points x, y ∈ βG there exists

a homeomorphism f : βG→ βG such that f(x) = y.
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Proof. Let G be pseudocompact. Then β(Gτ ) = (βG)τ for any cardinal

τ (see [12, 33]). The implication 1 → 2 is proved. The implication 2 → 3

is obvious. Since every homogeneous algebra is a Mal’cev algebra with the

ternary operation m(x, y, z) = x + y · z, then the implications 3 → 4 →
5 → 6 → 1 follow from Theorem 8.1. Since every homogeneous algebra is a

homogeneous space, the implication 2 → 7 is proved. The implication 7 → 1

follows from ([11], Theorem 2). The proof is complete.

The homogeneity problem for the Stone-Čech compactification βX of a

space X was studied by Z. Frolic [15], K. Kunen [17] and E. K. van Douwen

[11]. The assertion that a compact group is dyadic was proved by V. I.

Kuz’minov [18].

If A is a pseudocompact Mal’cev E-algebra, then Aτ is a pseudocompact

space for every cardinal τ [33]. For every pseudocompact space this fact is not

true ([12], Example 3.10.19).

Theorem 12.10 Let E be a kω-space, A and B be pseudocompact E-

algebras, ϕ : A → B be a continuous homomorphism, the subalgebra ϕ(A)

be dense in B, A1 = βA, B1 = βB and ψ : A1 → B1 be the continuous exten-

sion of the mapping ϕ over Stone-Čech compactifications. If the space An is

pseudocompact for every n ∈ {m ∈ N : Em 6= ∅}, then:

1. the space Bn is pseudocompact for every n ∈ {m ∈ N : Em 6= ∅};
2. on A1 and B1 there exist the unique structures of topological E-algebras

such that A is a subalgebra of A1 and B is a subalgebra of B1;

3. the mapping ψ : A1 → B1 is a continuous homomorphism of the compact

E-algebra A1 onto the compact E-algebra B1;

4. the algebras A and B are totally bounded;

5. if there exists an operation µ ∈ E3 such that µ(x, x, y) = µ(y, x, x) = y

for all x, y ∈ A then:

- µ(x, x, y) = µ(y, x, x) = y for all x, y ∈ A1;

- µ(x, x, y) = µ(y, x, x) = y for all x, y ∈ B1;

- A, A1, B and B1 are Mal’cev E-algebras;
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- ψ : A1 → B1 is an open homomorphism.

Proof. Let n ∈ N, En 6= ∅ and F be a compact subset of En. Then F×An is

a pseudocompact space ([12], Corollary 3.10.27) and β(F×An) = F×An1 ([12],

Problem 3.12.20d). Thus the mapping enG|F × An is continuous extendable

over F ×An1 into A1. Since En is a kω-space, there exists a unique continuous

extension enA1 : En×An1 → A1 of the mapping enA. Therefore A1 is a compact

E-algebra and A is a subalgebra of A1. Since ϕ(A)n is a dense pseudocompact

subspace of Bn, the space Bn is pseudocompact too. Therefore B1 is a compact

E-algebra, B is a subalgebra of B1 and ψ is a continuous homomorphism of

the algebra A1 onto the algebra B1. The assertions 1 - 3 are proved. The

assertions 4 and 5 are obvious. The proof is complete.

Example 12.11 There exist a group G and two distinct group topologies

T1,T2 on such that ([10], Theorem 4.4):

- T2 ⊆ T1 and T1 6= T2;

- the topological group (G,T2) is compact;

- the topological group (G,T1) is pseudocompact.

Let A be the topological group (G,T1), B be the topological group (G,T2)

and ϕ(x) = x for any x ∈ A. Then ϕ : A→ B is a continuous isomorphism of

the pseudocompact group A onto the compact group B. The mapping ϕ−1 :

B → A is not continuous. Thus the mapping ϕ is not open. The topological

groups are Mal’cev algebras. Thus the continuous extension ψ : βA → B is

an open continuous homomorphism of the compact group βA onto a compact

group B = βB. Therefore the continuous homomorphism ϕ may be not open.

13. ON CONGRUENCES ON ALGEBRAS

Let E be a continuous signature. Suppose that E is a kω-space.

Consider a topological E-algebra G.

A congruence on G is a binary relation α with the following properties:

- α is a relation of equivalence;
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- if n ≥ 1, u ∈ En, x1, y1, x2, y2, . . . , xn, yn ∈ G and xiαyi for any i ≤ n,

then enG(u, x1, x2, . . . , xn)αenG(u, y1, y2, . . . , yn).

For every congruence α there exist an Ealgebra G/α and a homomorphism

pα : G→ G/α such that pα
−1(pα(x)) = α(x) = {y ∈ G : xαy} for any x ∈ G.

The congruence α on G is called an R-congruence if on G/α there exists a

completely regular topology T such that (G/α,T) is a topological E-algebra

and the homomorphism pα of G onto (G/α,T) is continuous. A congruence

α on G is closed if every set α(x), x ∈ G, is closed in G. An R-congruence

on G is called an Rδ-congruence if on G/α there exists a completely regular

topology T such that (G/α,T) is a topological E-algebra, pα is continuous and

(G/α,T) is a space of countable pseudocharacter.

Theorem 13.1. Let G be a Mal’cev E-algebra and T,T′ be two topologies

on G with properties:

- (G,T) and (G,T′) are topological E-algebras;

- T ⊆ T′;

- (G,T) is a compact algebra;

- (G,T′) is a pseudocompact algebra;

- if α is an Rδ-congruence of the topological E-algebra (G,T′), then α is a

closed congruence of the topological E-algebra (G,T).

Then T = T′.

Proof. Consider the continuous isomorphism ϕ : G → G of (G,T′) onto

(G,T), where ϕ(x) = x for any x ∈ G. Denote by βG the Stone-Čech com-

pactification of (G,T′) and by ψ : βG → G the continuous extension of ϕ.

Then on βG there exists a structure of a topological Mal’cev E-algebra such

that G is a subalgebra of βG and ψ : βG → G is a homomorphism. Let U

be an open subset of βG and x0 ∈ G ∩ U . Then there exist a metrizable

Mal’cev E-algebra A, an open subset V of βG and a continuous homomor-

phism g : βG → A onto A such that x0 ∈ V and V = g−1(g(V )). Consider

the continuous homomorphism g1 = g|G : G → A. Since g1(G) is a dense

pseudocompact subalgebra of the metrizable algebra A, then g1(G) = A. Let
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T1 be the topology of the space A. On A there exists the maximal completely

regular topology T2 such that (A,T2) is a topological E-algebra and the map-

ping g1 of G onto (A,T2) is a continuous homomorphism. Then T1 ⊆ T2,

(A,T2) is a pseudocompact first-countable Mal’cev algebra. Therefore (A,T2)

is metrizable and T1 = T2.

Let α be the congruence on G such that α(x) = g1
−1(g1(x)) for any x ∈ G.

Then G/α = A and α is an Rδ-congruence on (G,T′). Therefore α is a closed

congruence of (G,T). We put T3 = {W ⊆ A : g1
−1(W ) ∈ T}. Since (G,T) is

a compact Mal’cev E-algebra, then (A,T3) is a compact Mal’cev E-algebra.

By construction, we have T3 ⊆ T1. Thus T3 = T and g1(ψ(y)) = g(y) for any

y ∈ βG, i.e. g = g1 ◦ ψ. Therefore x0 ∈ g1−1(g(V )) ∈ T ⊆ T′, i.e. V ∩G = V

and βG = G. The proof is complete.

Theorem 13.1 for groups is proved in ([10], Theorem 3.5).

Suppose that {+, ·} ⊆ E2. Denote by K the class of all topological E-

algebras G such that x · (x + y) = y, x + x · y = y and x · x = y · y for any

x, y ∈ G. The algebras fromK are called homogeneous topological E-algebras.

Corollary 13.2. Let G be an E-algebra and T,T′ be two topologies of G

with the following properties:

- T ⊆ T′;

- (G,T) and (G,T′) are topological E-algebras from K;

- (G,T) is a compact algebra;

- (G,T′) is a pseudocompact algebra;

- if α is an Rδ-congruence of the topological E-algebra (G,T′), then α is a

closed congruence of the topological E-algebra (G,T).

Then T = T′.

Let G ∈ K. There exists a unique element e ∈ G such that e = x ·x for any

x ∈ G. We say that H is a normal subalgebra of G if there exists a congruence

α such that H = α(x) for any x ∈ H. It is obvious that α(e) is a normal

subalgebra of G for any congruence α of G. In particular, {e} is the minimal

normal subalgebra of G.
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Theorem 13.3. Let G be an E-algebra and T,T′ be two topologies on G

with the following properties:

- T ⊆ T′;

- (G,T) and (G,T′) are topological E-algebras from K;

- (G,T) is a compact algebra;

- (G,T′) is a pseudocompact algebra;

- if H is a closed normal Gδ-subalgebra of (G,T′), then H is a closed sub-

algebra of (G,T).

Then T = T′.

Proof. Consider the notations from the proof of Theorem 13.1. In this case

H = g1
−1(g(e)) is a normal closed Gδ-subalgebra of the E-algebra (G,T′).

Thus H is a closed normal subalgebra of the topological algebra (G,T). Thus,

as in the proof of Theorem 13.1, we have βG = G and T = T′. The proof is

complete.

Remark 13.4. Theorem 13.3 is true for topological quasigroups and for

topological loops.
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Abstract By the Hard Limiter Control (HLC) a chaotic regime is turned into a cyclic or

a stationary one. The numerical examples are worked out by us, completing

the quite poor literature in the field. The MathCad was used.

1. CONTROL STRATEGY

The increase and decrease of modern economy, not only that strongly affects

society, but it also has a direct impact on population. Cyclic phenomena and

economic crisis are unavoidable in the process of economic evolution. If these

could be foretold and thus their origin could be understood, then they could

be redirected towards a slower evolution.

Until recently economic cycles had been thought of as undesirable, being

regarded as a variation of demand (of companies’ investment and of popu-

lation’s consume). Recently, a procedure for the control of macroeconomic

development has been elaborated. One of the conclusions was that the control

must be maintained constant during a cycle so that the negative effects could

be minimized. In order to obtain this effect and to understand the resulted

solution the measure of control has been applied to simple economic models.

The problem of economic foretelling is strictly connected to that of chaotic

processes and the elaboration of new strategies to avoid these has been at-

tempted. A disadvantage of control is that it is based on the observation

of the past. In following a principle that could generate cycles in economic

87
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models will be identified. As it will be seen, to obtain a first-period regime, a

drastic and permanently maintained control is necessary.

Firstly, the logistic equation will be introduced as a simple economic model

which has a general characteristic. Using this model, the source of the best

control cycles could be identified. When an exponential increase is possible in

economy, the problems are as less as possible. However, in most of the cases,

foretelling is difficult.

2. HARD LIMITER CONTROL (HCL)

In our paper we adopt the definition according to which chaos corresponds

to in an infinite number of instable periodic orbits with divergent periodicities.

In order to use this behaviour supply of the system there have been elaborated

many methods of control and stabilization of the orbits. The method which

will be described is based on simple limits, i.e. it consists in limiting the phase

space. As a result of this procedure, the orbits with points in the forbidden

fields are eliminated. It could be noticed that the modified system has a

tendency to replace the chaotic behaviour with a periodic one.

The typical model chosen in order to analyze the economic increase is that

of the logistic equation. As it clearly follows from the representation of the

Feigenbaum diagram (fig. 1) there could be distinguished several specific sit-

uations which are obtained by the continuous increase of the parameter a.

Fig. 1. Feigenbaum diagram.
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Case 1. 0 < a < 1. In this interval, iterative process, i.e. the function

(solution) values is stabilized to the attractor which is the point of zero value.

Thus this interval could be seen as ’bankruptcy’ and, in case of economy, a

state of economic collapse.

Case 2. 1 < a < 3. During iterations the values of the function are

stabilized at a certain value determined by the parameter a. This could be

interpreted as a period of increase in the analyzed economy (firm) and it

characterizes the state of nonnull equilibrium.

Case 3. 3 < a < 3.659. In this interval there occur second-order bifur-

cations and the powers of two. This interval will characterize the state of

economic cycles (cycle two, four etc.)

Case 4. 3.659 < a < 4. In this interval there occurs the chaos. There exist

many windows in which the function stabilizes itself in cycles of order 3 or

multiple of 3. In the natural course of economy, its state will follow in one of

the above cases. There is a possibility for the executive (of the company or

even of the country if the national economy is involved) to interfere in order to

change the existing state state of economy. The measures of intervention are

known as hard limiter control (HLC). By introducing the control, the economic

regime could be modified by going from one interval of the logistic function to

another.

There are two types of HLC: superior limiter; inferior limiter. In the case of

superior limiter, during iterations it is necessary that the values of the studied

function kt+1 should not go over a settled maximum value, called threshold h.

In the case of inferior limiter, during iterations it is necessary that the values

of the studied function kt+1 should not go over a settled minimum value.

In the following we analyze the effects of HLC. While the superior limiter

is mentioned in the existing studies, the inferior limiter is hardly mentioned.

Actually, the intervention of the executive in the process of economy and thus

of the capital kt+1, is accomplished by employing either superior limiter or

inferior limiter in both senses. Each mentioned procedure will be analyzed.
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The influence of the introduction of the limiter factor will be illustrated

in several cases both by graphical and numerical methods. Remark that the

analyses that uses only (mathematical relations) or graphical methods, are

the most useful, but in many cases they are not sufficient. For instance, we

show that if the cycles exist, there are relatively small differences between the

values of the iterated function which can be overlooked when the graphical

representation is considered.

When the numerical values are also taken into consideration, the analysis

is considerably improved. In such cases, the employment of Mathcad is the

best. We show that by modifying the value of the control factor h, the regime

of the logistic function which describes the economic model could be changed.

Thus h = 1 means that there was no intervention, because the maximum

value of the field is 1 and thus the values of the function do not suffer any

limitation. The more the value of h is decreasing, i.e. the limiters are tougher

and tougher, so is the control. It will be shown that if we intensify the control

factor, what is obtained through limiter factors of low values out of chaotic

regime could change into cycles characterized regime (of period 8, 4 or 2)

or even into equilibrium regime. Moreover, it could be demonstrated that it

could even change into cyclic regime of period 3 or 3 · 2n which is situated in

the interior of the chaotic field.

Now we show how the value of the limiter factor modifies the regime of the

logistic function. We shall start with the point at which, without limitation,

the logistic function is situated in chaotic regime.

3. THE CHANGE OF A CHAOTIC REGIME

INTO THE CYCLIC REGIME OF PERIOD 8, 4,

2, OR EQUILIBRIUM

The following cases are studied

1) The regime of period 8 is done for a = 3.9 and h = 0.92 (fig.2);

2) the regime of period 4, for a = 4 and h = 0.91, (fig.3);
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Fig. 2. The change from the chaotic regime into a cyclic regime of period 8 is done for

a = 3.9 and h = 0.92.

Fig. 3. The change from the chaotic regime into a cyclic regime of period 4 for a = 4 and

h = 0.91.

3) the regime of period 2, for a = 4 and h = 0.9, (fig.4), while,

Fig. 4. The change from the chaotic regime into a cyclic regime of period 2 is done for

a = 4 and h = 0.9.

4) in equilibrium regime, for a = 4 and h = 0.75, (fig.5);

5) the regime of period 10 is done for a = 4 and h = 0.75, (fig.6).

We shall indicate the initial values of the logistic function which describes

the economic model of Day and the relations of programming in MathCAD.

The initial logistic function (without limiter) is xi+1, whereas zi+1 is the lo-
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Fig. 5. The change from the chaotic regime into an equilibrium regime, for a = 4 and

h = 0.75.

Fig. 6. The change from the chaotic regime in a cyclic regime of period 10, for a = 4 and

h = 0.95.

gistic function in which a limiter h was introduced. The results of the compu-

tations are represented in figs. 2-6.

4. THE EMPLOYMENT OF HARD LIMITER

CONTROL IN ORDER TO MODIFY THE

CYCLIC REGIMES

The employment of Hard Limiter Control is useful when the chaotic regime

is changed into the cyclic regime or equilibrium but also in other cases. As it

will follow, through the employment of Hard Limiter Control cyclic regimes

could be changed too. Thus, an initial stage in cyclic regime of period 8 could

be turned into a cyclic regime of smaller periods: 4 or 2 or equilibrium. We

are going to illustrate a few situations:

- the change from cyclic regime of period 8 into a cyclic regime of period 4,

for a = 3.56 and h = 0.87 (fig. 7);
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Fig. 7. The change from the cyclic regime of period 8 into a cyclic regime of period 4, for

a = 3.56 and h = 0.87.

- the change from cyclic regime of period 8 into a cyclic regime of period 2,

for a) a = 3.56 and h = 0.86; b) a = 3.56 and h = 0.75;

- the change from cyclic regime of period 8 into equilibrium regime, for

a = 3.56 and h = 0.7.

5. THE CHANGE FROM THE CHAOTIC

REGIME INTO A CYCLIC REGIME OF

PERIOD 3 OR 3 · 2N

Previously we mentioned the existence of cycles of period 3 or 3 · 2n in the

windows which are situated in the interval characterized by chaos. We shall

see that, similarly, by introducing an inferior or superior limiter control, the

logistic function could be modified so that the initial chaotic regime could be

changed into cyclic regime of period 3 or 3 · 2n . We shall illustrate two such

situations:

- the change from the chaotic regime into a cyclic regime of period 6, for

a = 4 and the superior limiter h = 0.97 (fig. 8);

- the change from the chaotic regime into a cyclic regime of period 12, for

a = 4 and the superior limiter h = 0.03 (fig.9)

6. REMARKS

One of the most important cases in which intervention is needed is the one

in which the model of the logistic function is situated in the chaotic regime. It
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Fig. 8. The change from the chaotic regime into a cyclic regime of period 6, for a = 4 and

h = 0.97.

Fig. 9. The change from the chaotic regime into a cyclic regime of period 12 is done for

a = 4 and h = 0.03.

has been shown that by applying different ways of control (determined by the

value of the limiter factor h), there could be a change from the chaotic regime

into a cyclic one (of period 8, 4 or 2). Moreover, with more stressed values of

h, the change could be done even into a stationary state.

Necessities and possibilities of control appear not only when the logistic

function is in chaotic regime, but also when it is in a cyclic regime. As it

has been shown, in this case, by using limiters, it is possible to change cyclic

regimes of higher periods into cyclic regimes of lower periods. For instance,

from 8 to 4 and from 4 to 2. In this case it is also possible to change the cyclic

regimes into equilibrium.

Through less tougher limiters h, values close to 1 (for superior limiters)

and close to 0 (for inferior limiters), there could be made the change from

the chaotic regime into the cyclic regime of period 3 or 3 · 2n, or even other

periods. The series of time which follows for the case when a = 4 and h = 0.9

is illustrated in fig. 4.
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Through this process, the previous chaotic dynamics was forced to produce

a periodic oscillation of period 2. The average density increases in comparison

to the density of the model without limiter after the same number of iterations

and the same x0. Around the value of 0.9 there is a cycle of period 2 whose

amplitude decreases with h and even disappears if h = A−1
A = 0.75(where

the fixed point is reached); the result would be equilibrium, eventually. If

h < A−1
A , the dynamics is pushed towards the limiter. For a relatively large

interval of h the average density is higher than in the case of a model without

limiter. This result is counterintuitive because the density has been applied

the superior limiter and the expectation would have been a decreasing average.

An heuristical explanation of this paradox could be found by means of fig. 2,4.

Cobweb algorithm is applied both to the initial logistic equation and to the

limiter case. The algorithm starts with the value x0 = 0.5 because at this

value, the maximum value of the logistic diagram could be obtained. This

allows dynamics to be returned into the descendant branch that intersects the

abscissae axis. So, in the chaotic regime, the regime of ergodic orbit fills the

whole [0,1] interval. On the other hand, in the case of the limiter model, the

changing does not explore decreasing interval because the peak is brought to

the value of the limiter factor and thus the explored interval is much smaller.

The difference of possible densities is underlined with a thick line. It could

be easily noticed that the missing inferior interval is higher than the missing

superior interval. This means that the interval has been pushed up, which

explains the higher values of the density. The flat superior limiter explains

why the dynamics in the case of limiter control is forced to be periodically

oscillating or even stabilize to the values of the fixed points. Once the orbit

has reached the limit region (due to ergodicity, too) image will always be the

same. So the system is lead into a very stable cycle. The length of this cycle

can be determined (Sinha 1994). If the value of the function f(xt) from k

iteration exceeds h limit, then period k can be obtained. In this way the

average density can be calculated.
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As it has been remarked, the possibilities of intervention through inferior

limiter (at minimum allowed values) have similar effects as those obtained

through superior limiter. Fig. 10 points out the asymptotic dynamics of the

model in accordance with the superior limiter factor h. We denoted f(n, i) =

min (aXn,i(1−Xn,i), hi).

7. CONCLUSIONS

As a result of the previous exemplifications there could be drawn important

conclusions in reference to the study of economic increase and of possibilities

of intervention on behalf of executive departments in order to improve its

evolution. The possibilities of intervention consist mostly in measures that

lead to limitation of the function growth and k (t) = K (capital) / L (work

force) of PIB (in the case of national economy), of course. Limiters refer to the

highest or lowest values possible for capital. These could be done by means of

superior HLC or inferior HLC.
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Abstract In this paper, the linear theory of micropolar thermoelasticity of an isotropic,

homogeneous, and centrosymmetric elastic solid is considered. The governing

equations of this theory are investigated in the case when the time–dependent

parts are of the form e−iωt, where ω > 0 is the frequency of vibrations. The

other part of a physical quantity describing the above mentioned theory is

called amplitude. For the differential equations containing only the amplitudes

u, ϕ, θ of the displacement vector, microrotation vector, and increment of

temperature, respectively, some completeness theorems are proved.
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Helmholtz equations.
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1. INTRODUCTION

Modern engineering structures are often made up of materials possessing

an internal structure. Polycrystalline materials, granular bodies, materials

with fibrous or coarse grain structure, bodies with large molecules, such as

polymers, belong to this category. The classical elasticity is inadequate to de-

scribe the behaviour of such materials. The discrepancy between the results of

classical theory of elasticity and the experiments is clearly seen in the case of

dynamical problems, such as elastic vibrations characterized by high frequen-

cies and short wavelengts: those effects are observed whenever ultrasounds are

97
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applied. With high frequencies and short wavelengths, the body microstruc-

ture has a great impact on the actual deformation process. That is whay the

classical theory of elasticity fails also in the case of granular body vibrations,

and this applies to most construction materials, acoustic waves in crystals,

polycrystalline structures or polymers. In those media the microstructure ef-

fects become very important because some new types of waves appear that

were not present in the classical theory of elasticity. Also, the classical theory

cannot be applied in the case of bodies with a definite internal structure (fi-

brous media, surface gridwork, grates, and reinforced materials). The analysis

of such materials requires incorporating the theory of oriented media.

Micropolar elasticity termed by Eringen [1] is used to describe deformation

of elastic media with oriented particles. A micropolar continuum is a con-

tinuous collection of interconnected particles that behaves like rigid bodies.

Accordingly, each material point is endowed with translation and rotational

degree of freedom, that describes its displacement and a rotation of an under-

lying microstructure. Typical examples of such materials are granular media

and multimolecular bodies, whose microstructures act as an evident part in

their macroscopic response. The physical nature of these materials needs an

asymmetric description of deformation, while theories for classical continua

fail to accurately predict their physical and mechanical behaviour. For this

reason, micropolar theories were developed by Eringen [1], [2], [3] for elastic

solids, fluids, and further for non–local polar fields, and now are universally

accepted. The investigations of A. C. Eringen on oriented media have been

proven scientifically both on an assumption of Voigt [4] and a complete the-

ory of asymmetric elasticity presented by Cosserat brothers [5]. In this work

the authors made an attempt to create a unified field theory, incorporating

mechanics, optics, and electrodynamics. However, in spite of its novelty, the

theory of Cosserat brothers was not appreciated for a long time. Only in the

last fifthy years, the research development in the area of the general theory of

continuum helped the Cosserat theory to attract the attention of researchers
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and it became the starting point for a number of related theories in mechan-

ics and physics of oriented media. A lot of papers written over the years in

the area of mechanics have been devoted to the media of Cosserat type. Due

to its cognitive values, possible complete experimental verification as well as

technological applications, the Cosserat theory is being developed in a great

number of research centers in the wide world.

Biot [6] formulated the theory of coupled thermoelasticity to eliminate the

paradox inherent in the classical uncoupled theory that elastic changes have

no effect on the temperature of material.

The dynamical linear theory of micropolar thermoelasticity was developed

by extending the theory of micropolar continua to include thermal effects by

Eringen [7] and Nowacki [8]. One of the most monograph investigations de-

voted to general and particular problems of elastostatics, elastodynamics, and

thermoelasticity for the Cosserat medium is the book of Nowacki [9]. Also, the

mathematical and physical foundations of oriented media, their fundamental

differential equations and methods of solving those equations have been ex-

tensively presented by Hetnarski [10], Ieşan [11], Dyszlewicz [12] etc.

Thus, it has been created a new model of a continuum known today as the

Eringen–Nowacki model.

There are situations in nature when a function f, depending on the position

x of a point in a three–dimensional domain and the time variable t, has the

form

f(x, t) = ℜ
(
f∗(x) exp (−iωt)

)
, (1)

where f∗(x) is a complex valued function called the amplitude of vibratory field

f, ω > 0 is the frequency of vibrations, i =
√
−1 is the imaginary unit, and

ℜ denotes the real part of a complex valued function. When such a situation

is considered in a mathematical model of an progressive phenomenon or a

dynamical theory, the differential equations field modeling that phenomenon

or that theory contains only the amplitudes of causes and effects, their spatial

derivatives, and the frequency of vibrations ω. Assuming in addition that the
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superscript ∗ of any amplitude is supressed, we arrive at a differential equations

field in which the time derivatives do not occur.

If the dynamical linear theory of micropolar thermoelasticity of an isotropic,

homogeneous, and centrosymmetric solid is in such a situation, then the

causes, namely the body force vector, couple–body force vector, and heat

source depend on the time variable t according to (1). Consequently, the ef-

fects, described by the displacement vector u, microrotation vector ϕ, and the

increment of temperature θ, will be of the same form as in (1). This situa-

tion is known in literature as the stationary vibrations case or harmonically

vibrations case. It is also used the term time–harmonic case.

A monograph concerning problems of stationary vibrations both in the clas-

sical theories of elasticity and thermoelasticity, and in the theories of mi-

cropolar elasticity and micropolar thermoelasticity has been written by V. D.

Kupradze and his collaborators [13]. Notable results in these fields have been

obtained by many researchers of the wide world. We quote here [14], [15], [16],

and the Chapter 5 of [10].

2. NOTATION AND MATHEMATIC

PRELIMINARIES

Physical quantities are mathematically represented by tensors of various

orders. The equations describing physical laws are tensor equations. Quan-

tities that are not associated with any special direction and are measured by

a single number are represented by scalars, or tensors of order zero. Tensors

of order one are vectors, which represent quantities that are characterized by

a direction as well as a magnitude. More complicated physical quantities are

represented by tensors of order greater than one. Throughout this paper light–

faced Roman or Greek letters stand for scalars, and Roman letters in boldface

denote vectors.

A system of fixed rectangular Cartesian coordinates Ox1x2x3 is sufficient

for the presentation of a mathematical theory in the three–dimensional space
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IR3. In indicial notation, the coordinate axes may be denoted by xj and the

unit base vectors of the frame by ej , where j = 1, 2, 3. The position vector of

a point in IR3 is x = x1e1 + x2e2 + x3e3 = xiei. A repeated index implies the

Einstein summation convention over values 1, 2, 3 unless explicitly specified.

Particularly significant in vector calculus is the Hamilton’s vector operator

or the nabla operator denoted by ∇, ∇ = e1
∂

∂x1
+ e2

∂

∂x2
+ e3

∂

∂x3
= ej

∂

∂xj
.

When applied to the scalar field f(x1, x2, x3), the vector operator ∇ yields

a vector field or a tensor of rank one, which is known as the gradient of the

scalar field grad f = ∇f = f,iei, where a comma in the front of an index i

denotes partial differentiation with respect to the xi variable.

In a vector field, denoted by u(x), the components of the vector are func-

tions af spatial coordinates. The components are denoted by ui(x1, x2, x3) or

ui(x). Assuming that functions ui(x1, x2, x3) are differentiable, the nine par-

tial derivatives ∂ui/∂xj can be written in indicial notation as ui,j . It can be

shown that ui,j are the components of a second–rank tensor.

When the vector operator ∇ operates on a vector in a manner analogous

to scalar multiplication, the result is a scalar field, termed the divergence of

the vector field u(x) divu = ∇ · u = ui,i. By taking the cross product of ∇

and u, we obtain a vector termed the curl of u, denoted by curlu or ∇×u. If

q = ∇× u, the components of q are qi = εijkuk,j , where εijk is a component

of the Ricci’s alternating tensor.

The Laplace operator ∇2 is obtained by taking the divergence of a gradi-

ent. The Laplacian of a twice differentiable scalar field f is another scalar

fielddiv grad f = ∇ · ∇f = ∇2f = f,ii. The Laplacian of a vector field is

another vector field denoted by ∇2u = ∇ ·∇u = uk,jjek.

3. BASIC EQUATIONS OF THE

ERINGEN–NOWACKI MODEL

We consider an isotropic, homogeneous, and centrosymmetric micropolar

thermoelastic solid occupying a region Ω ⊂ R3 with piecewise smooth bound-
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ary ∂Ω, and nj are the components of the unit outward normal vector n to

∂Ω. Let T be a time interval begining with the value t = 0 and let T+ be the

open time interval (0,+∞). The symbol Ω×T denotes the Cartesian product

of the sets Ω and T : Ω × T = {(x, t) : x ∈ Ω, t ∈ T}. In a similar way we

define the sets Ω×T+, Ω×T and ∂Ω×T. We refer our considerations to the

micropolar elastic medium Ω(λ, µ, α, β, γ, ε, ρ, J, ν, κ, η) described by the set

of thermo–elastodynamical real–valued parameters given in the parantheses.

The initial micropolar configuration of the body is the region Ω. All the phys-

ical fields defining the thermo–elastodynamical states of the medium are real

valued functions of the position vector x and the time variable t. The fact that

the function f is defined in the set Ω×T will be denoted by f : Ω×T→ IR. A

function f belongs to the class Cn in the set Ω (f ∈ Cn(Ω)) if f and all partial

derivatives up to the n−th order are continuous in the set Ω (n = 0, 1, 2, · · · ).
Generaly, throughout the present paper we assume that the considered func-

tions are sufficiently regular to make the applied procedures meaningful.

The basic equations of the Eringen–Nowacki model can be divided into

the following groups: the equations of motion in Ω × T; the equations of

compatibility in Ω × T; the geometric relations in Ω × T+; the constitutive

relations in Ω×T; and the equation of heat conduction in Ω×T+, which is

given by

θ,ii −
1

κ

·
θ −η ·uj,j = −Q

κ
, (2)

where Q =
κW

k
, κ =

k

cε
, η =

νT0

k
, θ = (T − T0) ∈ C2(Ω×T+), and Q

is the heat source in the body, W is the amount of heat generated in a unit

volume and unit time, k is the heat conduction coefficient, T0 is the natural

state temperature, T is the temperature at the point x and the time t ∈ T,

cε is the specific heat for constant deformation, uj are the components of the

displacement vector u ∈ C2(Ω×T)∩C1(Ω×T). An overdot indicates partial

differentiation with respect to the time variable t.

Substituting the constitutive relations into equations of motion and using

the geometrical relations, we obtain the equations of motion in terms of dis-
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placements and rotations ϕi in Ω×T+,

(µ+ α)ui,jj + (λ+ µ− α)uj,ji + 2αεijkϕk,j +Xi − νθ,i = ρ
··
ui,

(γ + ε)ϕi,jj − 4αϕi + (β + γ − ε)ϕj,ji + 2αεijkuk,j + Yi = J
··
ϕi,

(3)

where λ, µ, α, β, γ, ε are the elasticity constants of the medium, ρ is the ma-

terial density of the body, J is the rotational inertia of the medium, ν =

(3λ + 2µ)αt, where αt is the linear coefficient of thermal expansion of the

medium, Xi : Ω × T → IR, Yi : Ω × T → IR are prescribed body forces and

body moments, respectively.

The principal aim of the theory is to determine a regular solution

ui, ϕi, θ ∈ C2(Ω×T) ∩ C1(Ω×T) (4)

of the equations of motion in displacements and rotations (3) and the heat

conduction equation (2) with the following initial–boundary conditions:

the boundary conditions on ∂Ω×T,

σjinj = pi, µjinj = mi, on ∂Ωσ ×T,

ui = fi, ϕi = gi, on ∂Ωu ×T,

θ = Θ, on ∂Ωθ ×T,

∂θ

∂n
= q, on ∂Ωq ×T,

(5)

where σji, µji ∈ C1(Ω ×T+) are the physical components of the asym-

metric force–stress tensor and the asymmetric couple–stress tensor, re-

spectively, pi,mi : ∂Ωσ ×T→ IR, fi, gi : ∂Ωu ×T→ IR, Θ : ∂Ωθ ×T→
IR, and q : ∂Ωq ×T → IR are given functions defined on subsets of the

set ∂Ω×T with

∂Ωσ ∩ ∂Ωu = ∅, ∂Ωσ ∪ ∂Ωu = ∂Ω,

∂Ωθ ∩ ∂Ωq = ∅, ∂Ωθ ∪ ∂Ωq = ∂Ω;

the initial conditions in Ω× {0}, ui = hi, ϕi = ki, θ = ℓ,
·
ui= ψi,

·
ϕi= χi,

where the functions hi, ki, ℓ, ψi, χi : Ω→ IR.
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The symbol
∂θ

∂n
in (5) denotes the derivative of the field θ with respect to the

outward unit normal n. As we know, this derivative is equal to

∂θ

∂n
= ∇θ · n = θ,ini.

The functions pi are called surface tractions, mi are the components of

the surface couple–stress vector, ui and ϕi are the surface displacements and

rotations, respectively, Θ is the surface increment of temperature, and q is the

heat flux through the boundary of the body.

4. BASIC EQUATIONS IN THE

TIME–HARMONIC CASE

Let us assume that the body forces, body moments, heat sources, surface

tractions, surface couple–stress vector, surface displacements and rotations,

surface increment of temperature, and the heat flux through the boundary of

the body be of the form described in (1). Consequently, the unknown functions

in the differential system composed by the motion equations (3) and the heat

conduction equation (2) will depend on the time variable in the same form as

in (1). In this case it is said that we are in the time–harmonic case or in the

case of stationary vibrations.

Following the procedure in Kupradze [13], Nowacki [9], Hetnarski [10], and

Crăciun [15], the field equations of an isotropic, homogeneous, and centrosym-

metric micropolar thermoelastic solid without body force, body couples, and

heat sources, in time–harmonic case, can be written as

[(µ+ α)∇2 + ρω2]u + (λ+ µ− α)∇(∇ · u) + 2α∇×ϕ− ν∇θ = 0
[
(γ + ε)∇2 + Jω2 − 4α

]
ϕ + (β + γ − ε)∇(∇ ·ϕ) + 2α∇× u = 0

(
∇2 +

iω

κ

)
θ + iωη∇ · u = 0.

(6)

The unknown functions of differential equations system (57) are the am-

plitudes functions u, ϕ, and θ belonging to the class C2(Ω) ∩ C1(Ω), where
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Ω = Ω ∪ ∂Ω is the closure of Ω. If (u,ϕ, θ) is a solution of system (57), then(
ℜ
(
u(x) exp (−iωt)

)
,ℜ
(
ϕ(x) exp (−iωt)

)
,ℜ
(
θ(x) exp (−iωt)

))
is a time–

harmonic solution of the basic equations of the Eringen–Nowacki model, that

is a solution of the system composed by equations (3) and (2). In the following,

an amplitude will be called by the same word as the corresponding function

in the left–hand side of equation (1). For example, the amplitude u will be

called the displacement vector u.

Let us denote by k1
2, k2

2 the roots of the biquadratic equation

k4 − (σ2
2 + σ̂4

2 + ps)k2 + σ2
2σ̂4

2 = 0, (7)

and by k3
2, k4

2, the roots of the following equation

k4 − (σ1
2 +

iω

κ
+

iωην

λ+ 2µ
)k2 + σ1

2 iω

κ
= 0, (8)

where 



σ1
2 =

ρω2

λ+ 2µ
, σ2

2 =
ρω2

µ+ α
, σ4

2 =
Jω2

γ + ε
,

σ̂4
2 = σ4

2 − 4α

γ + ε
, p =

2α

γ + ε
, s =

2α

µ+ α
.

(9)

Based on the relations between the roots of an algebraical equation and its

coefficients, we have

k1
2 + k2

2 = σ2
2 + σ̂4

2 + ps, k1
2k2

2 = σ2
2σ̂2

4; (10)

k3
2 + k4

2 = σ1
2 +

iω

κ
+

iωην

λ+ 2µ
, k3

2k4
2 = σ1

2 iω

κ
. (11)

Hereinafter it also will appear the symbols σ3
2 and σ̂3

2 whose values are

σ3
2 =

Jω2

β + 2γ
, σ̂3

2 = σ3
2 − 4α

β + 2γ
=
Jω2 − 4α

β + 2γ
. (12)

Solving the biquadratic equation (7) we have

k1,2
2 =

1

2

(
σ2

2 + σ̂4
2 + ps±

√
(σ2

2 + σ̂4
2 + ps)2 − 4σ2

2σ̂4
2
)
, (13)

or

k1,2
2 =

1

2

(
σ2

2 + σ̂4
2 + ps±

√
(σ̂4

2 − σ2
2 + ps)2 + 4psσ2

2
)
. (14)
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The last form of the roots indicates that (σ̂4
2 − σ2

2 + ps)2 + 4psσ2
2 is always

positive and the quantities k1
2 and k2

2 are therefore real numbers. In addition,

if we suppose σ̂4
2 > 0, and take into account (10), we always have

k1
2 > 0, k2

2 > 0, (15)

which corresponds to two real phase velocities when monochromatic plane

waves in elastic space are studied [9][p. 50]. For σ̂4
2 < 0 which, according to

(9), corresponds to the case Jω2 < 4α, we have

k1
2 > 0, k2

2 < 0. (16)

This situation corresponds to the case when there is one phase velocity only,

the second c =
ω

k2
being imaginary and hence devoid of physical meaning.

5. COMPLETENESS THEOREMS

Theorem 5.1. Assume that the functions u(x), ϕ(x), and θ(x) represent a

solution of system (57) in the three–dimensional region Ω. Then there exist1

the scalar functions θs(x), and the vector functions up(x), ϕq(x) such that

the displacement vector u(x), the rotation vector ϕ(x), and the increment of

temperature θ(x) are given by the relations

u(x) =
4∑

p=1

up(x), ϕ(x) =
3∑

q=1

ϕq(x), θ(x) =
4∑

s=3

θs(x), (17)

where up(x), ϕq(x), and θs(x) satisfy on Ω both the Helmholtz equations

(∇2 + kp
2)up = 0, without summation, (18)

(∇2 + ks
2)θs = 0, without summation. (19)

(∇2 + km
2)ϕm = 0, without summation, (20)

(∇2 + σ̂3
2)ϕ3 = 0, (21)

and the partial differential equations of first order

∇ · um = 0, (22)
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∇×ϕ3 = 0, (23)

(km
2 − σ̂4

2)ϕm − p∇× um = 0, without summation, (24)

(ks
2 − σ1

2)us +
ν

λ+ 2µ
∇θs = 0, without summation. (25)

Proof. Let us note that for any vector function f ∈ C2(Ω), the differential

identity holds

∇∇ · f = ∇2f + ∇× (∇× f). (26)

Suppose that the ordered array of functions (u,ϕ, θ) is a solution of system

(57). Then, using identity (26), the two vector equations in (57) can be written

as

u = u1
∗ + u2

∗, (27)

ϕ = ϕ1
∗ + ϕ2

∗, (28)

where

u1
∗ =

1

σ2
2
∇× (∇× u)− s

σ2
2
∇×ϕ, (29)

u2
∗ = − 1

σ1
2
∇(∇ · u) +

ν

(λ+ 2µ)σ1
2
∇θ, (30)

ϕ1
∗ =

1

σ̂4
2 ∇× (∇×ϕ)− p

σ̂4
2 ∇× u, (31)

ϕ2
∗ = − 1

σ̂3
2 ∇(∇ ·ϕ). (32)

Since the divergence of a curl of a vector function is the null scalar function,

from (29) and (31) we get

∇ · u1
∗ = 0, (33)

∇ ·ϕ1
∗ = 0. (34)

Taking into account that the curl of a gradient of a scalar function is the null

vector function, from (30) and (32) we obtain

∇× u2
∗ = 0, (35)

∇×ϕ2
∗ = 0. (36)
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If in the equalities (29)− (32) we use the Helmholtz decompositions (27) and

(28), and the properties (33)− (36) of the solenoidal and irrotational parts of

the vectors u and ϕ, then we deduce that the equalities (29) − (32) can be

replaced respectively by

u1
∗ =

1

σ2
2
∇× (∇× u1

∗)−
s

σ2
2
∇×ϕ1

∗, (37)

u2
∗ = − 1

σ1
2
∇(∇ · u2

∗) +
ν

(λ+ 2µ)σ1
2
∇θ, (38)

ϕ1
∗ =

1

σ̂4
2 ∇× (∇×ϕ1

∗)−
p

σ̂4
2 ∇× u1

∗, (39)

ϕ2
∗ = − 1

σ̂3
2 ∇(∇ ·ϕ2

∗). (40)

The introducion of the notation

ϕ3 = ϕ2
∗, (41)

with the use of the differential identity (26), wherein f = ϕ3, the property

(36) and the notation (41) lead to the conclusion that equations (21) and (23)

are fulfilled. In conformity with (36) and (41), it follows that the ϕ3 vector is

an irrotational field too.

Equation (27) is the Helmholz decomposition u = ∇Φ + ∇ × Ψ of the

differentiable displacement vector u in the region Ω since the vector field in-

volved in this decomposition Ψ =
1

σ2
2

∇ × u1
∗ −

s

σ2
2

ϕ1
∗, satisfies the condition

∇ ·Ψ = 0. Indeed, the last condition follows from equation (34).

The same remark can be stated in connection with equation (28).

Equations (37) and (39), together with both differential identity (26) and

equations (33), (34) lead to

(∇2 + σ2
2)u1
∗ + s∇×ϕ1

∗ = 0, (42)

(∇2 + σ̂4
2)ϕ1

∗ + p∇× u1
∗ = 0. (43)

Applying in (42) the operator ∇2 + σ̂4
2, and then using the commutative law

of the operators ∇× and ∇2 + σ̂4
2, we get

(∇2 + σ̂4
2)(∇2 + σ2

2)u1
∗ + s∇× (∇2 + σ̂4

2)ϕ1
∗ = 0. (44)
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Some combinations of equations (43), (44), differential identity (26), and

property (33) of the vector u1
∗ give

(∇2 + σ̂4
2)(∇2 + σ2

2)u1
∗ + ps∇2u1

∗ = 0. (45)

Equations (10) together (45) lead to the conclusion that u1
∗ satisfies the fol-

lowing differential equation of fourth order

(∇2 + k1
2)(∇2 + k2

2)u1
∗ = 0. (46)

Performing similar operations in (42), (43), and using again (10), we obtain

that ϕ1
∗ satisfies the same differential equation like u1

∗, that is

(∇2 + k1
2)(∇2 + k2

2)ϕ1
∗ = 0. (47)

Starting with (38) and making use of (26), we arrive at

(∇2 + σ1
2)u2
∗ −

ν

(λ+ 2µ)
∇θ = 0. (48)

Taking into account (27) and (33), we deduce that the last differential equa-

tion of system (57) can be written as

(
∇2 +

iω

κ

)
θ + iωη∇ · u2

∗ = 0. (49)

Applying to (48) the operator∇2+
iω

κ
, and then using both the commutative

law of the operators gradient and ∇2 +
iω

κ
, and the comutative law of the

operators ∇2 +
iω

κ
and ∇2 + σ1

2, we obtain

(∇2 + σ1
2)
(
∇2 +

iω

κ

)
u2
∗ −

ν

(λ+ 2µ)
∇
(
∇2 +

iω

κ

)
θ = 0. (50)

The use of (49) and (26) in (50) gives

(∇2 + σ1
2)
(
∇2 +

iω

κ

)
u2
∗ +

iωην

(λ+ 2µ)
∇2u2

∗ = 0. (51)

If we use (11), we deduce that the differential equation (51) can be written in

the form

(∇2 + k3
2)(∇2 + k4

2)u2
∗ = 0. (52)
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In a similar manner we obtain that the scalar function θ satisfies the same

equation like u2
∗. Therefore, we have

(∇2 + k3
2)(∇2 + k4

2)θ = 0. (53)

Now, we note that the solutions of the differential equations given in (46),

(47), (52), and (53) can be written respectively as

u1
∗ = u1 + u2, (54)

ϕ1
∗ = ϕ1 + ϕ2, (55)

u2
∗ = u3 + u4, (56)

θ = θ3 + θ4, (57)

where

u1 =
1

k2
2 − k1

2 (∇2 + k2
2)u1
∗, (58)

u2 =
1

k1
2 − k2

2 (∇2 + k1
2)u1
∗, (59)

ϕ1 =
1

k2
2 − k1

2 (∇2 + k2
2)ϕ1

∗, (60)

ϕ2 =
1

k1
2 − k2

2 (∇2 + k1
2)ϕ1

∗, (61)

u3 =
1

k4
2 − k3

2 (∇2 + k4
2)u2
∗, (62)

u4 =
1

k3
2 − k4

2 (∇2 + k3
2)u2
∗, (63)

θ3 =
1

k4
2 − k3

2 (∇2 + k4
2)θ, (64)

θ4 =
1

k3
2 − k4

2 (∇2 + k3
2)θ. (65)
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The expressions of up given in (58), (59), (62), and (63) combined with

the fact that u1
∗ and u2

∗ satisfy the differential equations (46), (52), and (33),

respectively, prove that up satisfies (18) and, in addition, um satisfies (22).

Equations (60) and (61), yielding the vector functions ϕ1 and ϕ2, and the

property (34) of ϕ1
∗ lead to the conclusion that equations (20) are fulfilled.

The scalar functions θs, defined in (64) and (65), together with the property

(53) of the function θ show us that the differential equations (19) are satisfied.

Starting with the function p∇× u1 and applying by turns: (58); the com-

mutative law of the operators ∇2 + k2
2 and ∇×; (43); the commutative law

of the operators ∇2 + k2
2 and ∇2 + σ̂4

2; (60); and (20), for m = 1, we get

p∇× u1 =
1

k2
2 − k1

2 (∇2 + k2
2)(p∇× u1

∗) =

− 1

k2
2 − k1

2 (∇2 + k2
2)(∇2 + σ̂4

2)ϕ1
∗ =

−(∇2 + σ̂4
2)

1

k2
2 − k1

2 (∇2 + k2
2)ϕ1

∗ = −(∇2 + σ̂4
2)ϕ1 =

−(−k1
2 + σ̂4

2)ϕ1 = (k1
2 − σ̂4

2)ϕ1.

(66)

Equation (66) shows us that (24) is fulfilled in the case m = 1. A similar proof

can be given for m = 2.

In a similar way we can prove that equations (25) hold. Indeed, in the case

s = 3, we have

ν

λ+ 2µ
∇θ3 =

1

k4
2 − k3

2 (∇2 + k4
2)
( ν

λ+ 2µ
∇θ
)

=

1

k4
2 − k3

2 (∇2 + k4
2)(∇2 + σ1

2)u2
∗ =

(∇2 + σ1
2)

1

k4
2 − k3

2 (∇2 + k4
2)u2
∗ = (∇2 + σ1

2)u3 =

−k3
2u3 + σ1

2u3 = −(k3
2 − σ1

2)u3,

(67)

that is (25) is true for s = 3.

The proof of (25) in the case s = 4 is analogous to (67).
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Theorem 5.2. If the functions up, ϕq, and θs satisfy the differential equations

(18)− (25), then

(km
2 − σ2

2)um − s∇×ϕm = 0,without summation, (68)

(ks
2 − σ1

2)∇ · us − νks
2

λ+ 2µ
θs = 0,without summation, (69)

∇ ·ϕm = 0, (70)

∇× us = 0. (71)

Proof. Starting with (24), where we apply the curl operator, and using both

the differential identity (26) and the property (22) of vector um, we obtain

(km
2 − σ̂4

2)∇×ϕm − pkm2um = 0, without summation. (72)

But, the number km
2 is a quadratic root of the equation (7), so we have

(km
2 − σ2

2)(km
2 − σ̂4

2) = pskm
2, without summation. (73)

Now, the differential equations (68) follow from (72) and (73).

If we apply the divergence operator to (25) and if we use the equalities

∇ ·∇θs = ∇2θs = −ks2θs, (74)

then we obtain (69).

The equation (70) follows from (24) if we take here the divergence operator

and using at the same time that ∇ · (∇ × um) = 0. Finally, equation (71)

follows from (25) by applying the curl operator and taking into account that

∇× (∇θs) = 0.

Theorem 5.3. Suppose that the functions up,ϕq, θs ∈ C2(Ω) are given such

that equations (18)− (25) are satisfied. Then, the ordered array (u,ϕ, θ) given

by (12) is a solution of differential system (57).

Proof. In order to do this, we will calculate the vector and scalar functions of

the left-hand side of each equality in (57). We can prove that each of these

functions vanishes in Ω.
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Indeed, considering the first of them, we have

[(µ+ α)∇2 + ρω2]u + (λ+ µ− α)∇(∇ · u)+

+2α∇×ϕ− ν∇θ =

4∑

p=1

[(µ+ α)∇2 + ρω2]up + (λ+ µ− α)
4∑

p=1

∇(∇ · up)+

2α
3∑

q=1

∇×ϕq − ν
4∑

s=3

∇θs =

4∑

p=1

[−(µ+ α)kp
2 + ρω2]up + (λ+ µ− α)

4∑

s=3

∇(∇ · us)+

2α
2∑

m=1

∇×ϕm − ν
4∑

s=3

∇θs =

= −(µ+ α)
2∑

m=1

((km
2 − σ2

2)um − s∇×ϕm)−

−(λ+ 2µ)
4∑

s=3

(
(ks

2 − σ1
2)us +

ν

λ+ 2µ
∇θs

)
.

(75)

By using (25), (68) (see the proof of Theorem 5.2), and (75) we deduce that

the first vector equation in (57) is satisfied.

The left-hand side of the second vector equation of (57) may be written as

[
(γ + ε)∇2 + Jω2 − 4α

]
ϕ + (β + γ − ε)∇(∇ ·ϕ) + 2α∇× u =

= −(γ + ε)[(km
2 − σ̂4

2)ϕm − p∇× um].
(76)

Equality (76) together with (24) prove that the ordered array (u,ϕ, θ) satisfies

the second equation of (57).

If we start with the left hand side of the last equality in (57), we find

(
∇2 +

iω

κ

)
θ + iωη∇ · u =

−
[
(ks

2 − σ1
2)(ks

2 − iω

κ
)− iωην

λ+ 2µ
ks

2
]
θs.

(77)
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Taking into account (8), from (77) we deduce that the ordered array (u,ϕ, θ)

satisfies the last equation of (57).

Notes

1. Throughout this paper, superscripts p, q, r, s,m, n take the following values: p ∈ {1, 2, 3, 4},
q ∈ {1, 2, 3}, s ∈ {3, 4}, m, n ∈ {1, 2}. Unless otherwise specified, the summation convention over

repeated indices is assumed to be valid.
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Abstract A.V. Kuznetsov [1] introduced the notion of implicit expressibility and implicit

reducibility, which are natural generalizations of usual expressibility.

The research of the mentioned generalizations of expressibility in nonclassi-

cal logics is an actual problem. The criterion of completeness with respect to

implicit reducibility in these logics is given. This criterion is based on 13-classes

of formulas.

Formulas (of propositional logic) are constructed from variables p, q, r (pos-

sibly with indices) by means of logical operations: & (conjunction), ∨ (dis-

junction), ⊃ (implication), ¬ (negation). The formulas are designated with

capital letters of the Latin alphabet. Using the mark ⇋, and reading it as

“means” we introduce designations for seven formulas: 1 ⇋ (p ⊃ p), 0 ⇋

(p&¬p), ⊥ F ⇋ (F ∨ ¬F ) (ternondation), (F ∼ G) ⇋ ((F ⊃ G)& (G ⊃ F ))

(equivalence), (F ·G) ⇋ ((F ∼ G)&¬¬G), (F &′G) ⇋ ((F &G) ∼ ⊥ (F ∼
G) and (F,G,H) ⇋ ((F &G) ∨ (F &H) ∨ (G&H)) (median). The symbol

F [α1, . . . , αn] designates the result of substitution in the formula F of the

values α1, . . . , αn for the variables p1, . . . , pn, respectively.

Intuitionistical and classical propositional calculus are based on the men-

tioned concept of formula. By these calculuses the intuitionistical and classical

logics are defined. Thus we determine the logic of that calculus as the set of

117
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all formulas deducible in the given calculus. In this sense, the classical logic

coincides, as it is known, with the set of formulas valid on the classical matrix.

We examine logics that are intermediary between classical logic and intu-

itionistic one [2]. They are constructed on finite or infinite chains (i.e. linear

ordered sets) of true values. It is known that the logic is called a chain if

the formula ((p ⊃ q) ∨ (q ⊃ p)) is true in it. In the considered m-valued

logic (m = 2, 3, . . .) the variables will take values from the set Em, where

Em = {0, 1, τ1, τ2, . . . , τm−2} if m is finite and Em = {0, 1, τ1, τ2, . . . } if m is

infinite. Instead of τ1 and τ2 we will write τ and ω, respectively. We remind

that the set of all functions as mappings from Em into Em is usually called

the general m-valued logic Pm. Further we consider the linear ordering on the

set Em by the relation 0 < τ1 < τ2 < . . . . . . < τm−2 < 1. We define the

operations &,∨,⊃, and ¬ on Em as follows:

p& q = min(p, q),

p∨ q = max(p, q),
p ⊃ q =

{
1 if p ≤ q,
q if p > q,

¬ p = p ⊃ 0.

In the considered interpretation of symbols &,∨,⊃ and ¬ each formula ex-

presses some function of general m-valued logic. Let us note that the function

y p of P3 defined by the equalities y 0 =y τ1 = 1 and y 1 = 0 is not expressed

by any formula. We remind [4] that the pseudo-Boolean algebra is the system

A =< M ; &, ∨,⊃,¬ > that is a lattice by & and ∨, where ⊃ is the relative

pseudo-complement and ¬ is the pseudo-complement. The logic of this algebra

is defined as the set of all formulas that are true on A, i.e. formulas identically

equal to the greatest element 1 of this algebra. We will denote the algebra

< Em; &,∨,⊃,¬ > (m = 2, 3, . . .) by Zm. The logic of this algebra LZm is

denoted by Cm. It is also possible to define the logic C1 of one-element algebra

which includes the set of all formulas and is contradictory. The smallest chain

logic, called Dummett logic [2], coincides with the intersection of all m-valued

chain logics with m positive integer number.

Two formulas F and G are called equivalent in logic L (and write L ⊢ (F ∼
G)) if the equivalence F ∼ G in L is true. Two formulas are equivalent in the
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logic Cm (m = 1, 2, . . .) if and only if the operators of algebra Zm, expressed by

them, are equal. Therefore instead of the relation Cm ⊢ (F ∼ G) we sometimes

will use the equality F = G on Zm. If the formula F ∼ G contains only the

variables p1, p2, . . . , pn and the inequality (F ∼ G) [p1/α1, . . . , pn/αn] 6= 1

is true on Zm, then we will use the notation (F 6= G) [p1/α1, . . . , pn/αn].

The formula F is called explicitly expressible in the logic L by the system of

formulas of Σ [1] if it is possible to obtain the formula F from variables and

formulas of Σ using a finite number of times the weak substitution rule, and the

rule of replacement by equivalents in L. The relation of explicit expressibility

is transitive. The formula F is called directly expressible via the system of

formulas of Σ if it is possible to obtain F from variables and formulas of Σ

by using a finite number of times the weak substitution rule. The relation of

direct expressibility is transitive.

The formula F is called implicitly expressible in the logic L [1] via the

system of formulas Σ if there exist the formulas Gi and Hi (i = 1, . . . , k)

explicitly expressible in L by Σ such that the predicate L ⊢ (F ∼ q), where

q is a variable not contained in F , is equivalent to the predicate L ⊢ ((G1 ∼
H1)& . . . & (Gk ∼ Hk)).

Because the relation of implicit expressibility, generally speaking, is not

transitive, we are going to introduce a new concept. The formula F is called

implicitly reducible in the logic L via formulas of Σ if there exists a finite

sequence of formulas G1, G2, . . . , Gl , where Gl coincides with F and each

term of this sequence can be implicitly expressible in L by Σ and terms of the

sequence placed before it. We say that the system Σ′ of formulas is implicitly

reducible in L to the system Σ if each formula of Σ′ is implicitly reducible in

L to Σ. It is clear that the relation of implicit reducibility is transitive. The

system Σ of formulas is called complete with respect to implicit reducibility in

the logic L if each formula (in the language of this logic) is implicitly reducible

in L to Σ. The system Σ of formulas is said to be pre-complete with respect

to the implicit reducibility in L if Σ is not complete by this reducibility in L,
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but the system Σ ∪ {F} is complete relative to the implicit reducibility in L,

for any formula F .

Two functions f(x1, x2, . . . , xn) and g(x1, x2, . . . , xk) of Pm are called per-

mutable [3] if the identity f(g(x11, . . . , x1k), . . . , g(xn1, . . . , xnk)) =

g(f(x11, . . . , xn1), . . . , f(x1k, . . . , xnk)) is true. The set of all functions of Pm,

permutable with the given function f , is called the centralizer of the function

f (that is denoted ≺f≻)[3]. The set of all formulas which in the interpretation

on Zm are permutable with the function f (from Pm) is called the formula cen-

tralizer on the algebra Zm of the function f . We say the function f(x1, . . . , xn)

of Pm preserves the predicate (relation) R(x1, . . . , xw) if for any possible val-

ues of the variables xij ∈ Em (i = 1, . . . , w; j = 1, ..n), from the truth of

R(x11, x21, . . . , xw1), . . . , R(x12, x22, . . . , xw2), . . . , R(x1n, x2n, . . . , xwn) follows

the truth of R(f(x11, x12, . . . , x1n), . . . , f(x21, x22, . . . , x2n), . . . , f(xw1, xw2,

. . . , xwn)). The centralizer ≺f(x1, . . . , xn)≻ coincides with the set of all func-

tions of Pm which preserve the predicate f(x1, . . . , xn) = xn+1, where the

variable xn+1 differs from x1, . . . , xn [1]. We say that the formula F preserves,

on the algebra Zm, the predicate R if the function of the logic Cm, expressed by

formula F , preserves R. The predicate could be replaced by the corresponding

to it matrix (αij) (i = 1, . . . , w; j = 1, . . . , t) of elements of the algebra Zm

such that the predicate R is true on all those and only those sets of elements

that are columns in this matrix. Let us remark that each formula of the sys-

tem {p& q, p∨ q, p ⊃ q,¬p} preserves on the algebra Zm (m = 3, 4, . . .) the

below predicates and matrices, therefore any formula preserves them too:

¬x = ¬y, x 6= τ j (j = 1, 2, . . . ,m− 2),

(
0 τ 1

0 τ j 1

)
(j = 1, 2, . . . ,m− 2),

(
0 τ ω 1

0 τv τw 1

)
(v, w = 1, 2, . . . ,m− 2; v < w),
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(
0 τ j 1 1

0 τv τw 1

)
(j, v, w = 1, 2, . . . ,m− 2; v < w).

Let us note that the class of all formulas that preserve on Zm some predicate

is closed relative to the explicit expressibility in logic Cm, but it is not neces-

sarily closed relative to the implicit expressibility in this logic [1]. It is easy

to see that any class of formulas is closed relative to the implicit reducibility

in the logic Cm if and only if it is closed relative to the implicit expressibility.

We remind that the centralizer of one or another function is closed relative to

the implicit expressibility. It is obvious that for each m = 1, 2, . . ., if the class

of functions K is closed relative to the implicit expressibility in the logic Cm,

then K is closed relative to the implicit expressibility in any logic Cn where

n ≥ m.

Let us define the functions f1 and f2 from P4 as follows:

f1(0) = 0, f1(τ) = 1, f1(w) = ω, f1(1) = 1,

f2(0) = 0, f2(τ) = ω, f2(w) = ω, f2(1) = 1.

We denote the classes of formulas preserving the predicates x = 0, x = 1, ¬x =

y, x& y = z, x∨ y = z, (x ∼ (y ∼ z)) = u on Z2, yyx = y, ⊥x =

⊥y, (x& y = z)& (¬x = ¬y), ((x ∼ y)&¬¬y = z)& (¬x = ¬y), ((x& y) ∼
((x ∼ y) ∨ ¬(x ∼ y)) = z)& (¬x = ¬y) on Z3, f1(x) = y, f2(x) = y on

Z4 by symbols Ω0,Ω1, . . . ,Ω12 ,respectively. Let us note that the class Ω5

on the algebra Z2 coincides with the known class of linear Boolean functions.

Remind that the closure relative to the implicit expressibility in C2 of classes

Ω0, . . . ,Ω5 is based on the fact that they are centralizers of some functions.

A similar closure in C3 of classes Ω6, . . . ,Ω10 is shown in [5]. It follows that

these classes are closed relative to the implicit expressibility in any other logic

Cm, where m ≥ 3.

Assertion 1 ( A.V. Kuznetsov [1]). In order that the system Σ of

formulas could be complete by the implicit reducibility in the logic C2 it is

necessary and sufficient that Σ be not included in any of clases Ω0, . . . ,Ω5.
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According to [5] the next criterion of completeness relative to the implicit

reducibility in logic of First Iaśkowski’s Matrix is true:

Assertion 2. In order that the system Σ of formulas could be complete with

respect to the implicit reducibility in logic C3 it is necessary and sufficient that

for each i = 0, . . . , 10 should exist a formula of Σ which does not belong to the

class Ωi.

The following criteria of completeness with respect to the reducibility in

any chain logic included in C4 are true.

Theorem 1. For any m = 4, 5, . . ., in order that the system Σ of formulas

could be complete by the implicit reducibility in logic Cm it is necessary and

sufficient that Σ be complete by implicit reducibility in the logic C3 and be not

included in the following two formula centralizers on the algebra Z4:

≺f1(p)≻, ≺f2(p)≻.

Theorem 2. In order that the system of formulas Σ could be complete

relative to the implicit reducibility in any chain logic L, including the Dum-

mett logic, it is necessary and sufficient that the next conditions be satisfied

simultaneously:

1) if L ⊆ C2, then the system Σ is included neither in Ω0, nor in Ω1, nor

in Ω2, nor in Ω3, nor in Ω4, nor in Ω5;

2) if L ⊆ C3, then Σ is also included neither in Ω6, nor in Ω7, nor in Ω8,

nor in Ω9, nor in Ω10;

3) if L ⊆ C4, then Σ is also included neither in Ω11, nor in Ω12.

From this criterion the following corollaries follow.

Theorem 3. For any chain logic L (including the Dummett logic) there

exists an algorithm that allows us to recognize for any finite system Σ of for-

mulas if Σ is complete relative to the implicit reducibility in the logic L or

not.

From Assertions 1 and 2 it follows that the classes Ω0,Ω1, . . . ,Ω5 and only

they are pre-complete relative to the implicit reducibility in C2, and the classes
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Ω0,Ω1, . . . ,Ω10 and only they are pre-complete by the implicit reducibility in

C3.

Theorem 4. The following 13 classes: Ω0,Ω1, . . . ,Ω12 of formulas and

only they are pre-complete relative to the implicit reducibility in the logic Cm,

for any m = 4, 5, . . ..

The logics L1 and L2 are called equal relative to the completeness by the

implicit reducibility if any system Σ of formulas is complete by implicit re-

ducibility in L1 if and only if this system is complete by the implicit reducibility

in L2.

Theorem 5. Any chain logic is equal relative to the completeness with

respect to the implicit reducibility to one and only one of the following 4 logics:

the absolute contradictory logic, the classical logic, the logic C3 and the C4

logic.
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Abstract One direction in order to improve the maintenance works, integrated in the

maintenance strategy focused on reliability, is the optimized configuration of

the human resources needed for the maintenance. The operationalization of

the criteria: ”minimal total costs” was made by adapting the Monte Carlo

simulation method and the expertons method for computing the optimal staff

number. Within the article there are presented case studies for the transporta-

tion system and preparation of the solid fuel from the termofication electrical

power station from Oradea [1-6].

1. INTRODUCTION

The optimum criterion ”total minimum costs” [1,2], that corresponds to a

certain number of necessary executing personnel, is established by equation

Ct = Cd +D, (1)

where: Ct is the total cost - m.u/t.u (monetary units / time units); Cd costs

for the payment of existing executing personnel (available) in the maintenance

activity - repating of TPSSF, in certain frame of time - m.u/t.u; D is the

damage inflicted by the absence (lack, unavailable) of a certain number of

personnel that does not participate, although it is necessary to perform the

work.

For establishing the two components of total costs we use equations

Cd = c ·M, (2)

125
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D = q · E(∆M), (3)

where: c is the average income of an executant (salary, pay rise, bonuses) -

m.u/t.u.; M is the number of available personnel (that exists in that activity);

q the damage inflicted due to the absence of an individual in the production

process - m.u/t.u.; E(∆M) is the average number of personnel deficit 4 (ma-

thematic expectance of shortage - lack of personnel)

E(∆M) =
∑

K

∆MK · pK , (4)

where: ∆MK represents the shortage of personnel in the case that a certain

number of personnel is available MK , and pK is the probability to have this

shortage. Regarding the unit costs q and q, the financial records and other

papers recommend using for medium qualification personnel equation

q = (2÷ 5)c (5)

and equation

q = (5÷ 10)c (6)

for high qualification personnel.

2. METHODS TO DETERMINE THE OPTIMAL

NUMBER OF EXECUTANTS

2.1. MONTE CARLO SIMULATION METHOD

[3-6]

For solving this problem we will present - based on the analysis of a case

study - regarding the substantiation of the optimum number of personnel in

the maintenance activity specific to the maintenance and repairing activity in

a TPSSF (transport and preparation system of solid fuel) - three techniques

of the ”Monte-Carlo simulation method”:
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one process concerns the random ”selection” of the moments that data

is recorded;

the second will be used for building an artificial sample, that is statisti-

cally representative;

the third is used for establishing iteratively the ”minimum total costs”

and, as a consequence, the ”optimum number of locksmiths in the main-

tenance work”.

Case study: determining the optimum number of personnel in the main-

tenance activity of a TPSSF at CET I Oradea (power and heating station).

Let Tr = 120 working days (one semester) be the reference time frame,

θ = 50 working days ”selected” randomly. Using the random number Nr that

is formed with the first five digits of the ratio θ/Tr we obtain out of table 1 -

extracted from the set of one milion random numbers of Rand Corporation -

those numbers of lower or at most equal value with the number of items Nr.

The order of recording the personnel necessity is given by the succession in

which the numbers are read. This personnel necessity if appreciated by the

work coordinator (head of repairs) and corresponds to a degree of employment

of (70÷ 80%).

It follows: θ
Tr

= 50
120 =⇒ θ

Tr
= 0.41666. So, Nr = 41666.

We will record the first 50 numbers N0 ≤ Nr, and we select the date of

the recording the personnel necessity as a function of the reading order. The

volume of the statistic sample is n = 50.

In Table 2 is presented the number of necessary personnel for the mainte-

nance work execution with a percent of employment of locksmiths of G0 =

(70÷ 80)%.

So, Mn ∈ [20; 40].

We deduce the length of the grouping interval, by STURGESS equation

L =
Mmax
n −Mmin

n

1 + 3.322lgn
=⇒ L = 3, (7)
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13407 62899 78937 90525 46460 97660 23490 19853 06933 69767

50230 63237 94083 93634 53166 41836 28205 28215 47766 03076

84980 62458 9703 078397 55048 23912 81105 68517 67954 16570

22116 33646 17545 31321 73520 40050 90553 59002 26619 02930

68645 15068 56898 87021 64838 92133 44221 92531 70313 24969

26518 39122 96561 56004 17704 47400 30837 74348 66239 32704

36493 41666 27871 71329 43920 11199 36521 96194 15831 08968

77402 12994 59892 85581 01041 46662 98897 39588 57825 36521

83679 97154 40341 84741 41628 78664 80727 18313 82950 12335

71802 39356 02981 89107 19722 7045 028808 68012 52485 55139

57494 72484 22676 44311 79942 98351 10265 29761 39565 45332

73364 38416 93128 10297 75287 74989 58152 42467 23339 55311

14499 83965 75403 18002 82712 5590 064941 65510 77763 33684

40747 03084 07734 88940 15656 37895 94559 01332 33101 64795

42237 59122 92855 62097 76116 76977 94570 49799 41080 48621

1291 068707 45427 82145 74644 53625 10791 21789 14093 06268

48472 18782 51646 37564 70812 98331 9611 012424 98601 19089

35365 13800 83745 40141 38817 63835 13486 19526 27122 42515

43618 42110 93402 93997 67721 75037 70444 1695 047720 88646

29966 38144 62556 07864 41681 95285 44153 31709 13358 04626

56938 54729 67757 68412 88842 35676 49766 19159 95355 98213

34262 15157 27545 14522 25940 47239 93425 55467 47030 42545

91819 60812 47631 50609 72433 91514 79333 87127 45581 00185

37612 15593 73198 99287 83677 26442 97346 69649 57964 97149

54289 07147 84313 51938 14458 91409 79369 49514 89820 41310

19403 53756 4281 98022 41018 31937 84761 49105 06777 31998

95704 75928 21811 88274 45321 04207 34438 13524 03023 18046

01805 23906 96559 06785 85188 64339 27460 19037 002831 36558

74678 21859 98645 72388 32298 08662 54552 51553 12158 14668

08623 32752 40472 05470 73430 74306 85960 00755 17817 22757

39551 18398 36918 43543 13671 69405 11186 83682 21989 63268

11120 28638 72850 03650 81275 08602 03508 89028 00290 93766

83851 77682 81728 52157 77092 32490 40345 75076 58202 58038

70955 59693 26838 96011 56555 84390 12982 09083 33398 29974

47386 17462 18874 74210 29555 83653 07742 79452 91472 12611

Table 1 Extracted from the set of one million random numbers of Rand Corporation.
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26 30 23 33 30 26 30 33 25 30

30 21 36 30 26 32 23 28 30 31

Mn ∈ 33 36 28 36 20 30 30 25 32 28

24 29 35 28 35 29 25 37 21 31

27 32 30 40 25 32 38 28 34 40

Table 2 The number of necessary personnel for executing maintenance work.

where: Mmax
n ,Mmin

n are the maximum and minimum number of necessary

personnel estimated by the manager.

In Table 3 we present the appearance frequencies of necessary personnel for

the execution of maintenance work in certain time frames.

K Interval
Frequency

* fK

1 (20÷ 22) 3

2 (23÷ 25) 7

3 (26÷ 28) 9

4 (29÷ 31) 14

5 (32÷ 34) 8

5 (35÷ 37) 6

7 (38÷ 40) 3

∑
K fK 50

Table 3 The appearance frequencies of personnel.

The statistic sample is representative to a Gauss type distribution. As a

function of computing items in Table 2 we will construct a volume statistic

sample n′ = 75 (for a greater degree of veracity). We will proceed as follows:

computing probabilities pK based on frequencies fK in Table 3, with equation
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pK =
fK∑
K fK

, with
∑

K

pk = 1 (8)

and the results are recorded in Table 4.

K Msup fK pK pcumK

We take into account

the upper limit of the

interval M sup; pcumK is

the cumulated

probability

1 22 3 0.06 0.06

2 25 7 0.14 0.20

3 28 9 0.18 0.38

4 31 14 0.28 0.66

5 34 8 0.16 0.82

6 37 6 0.12 0.94

7 40 3 0.06 1.00

Table 4 Probabilities pK computed as a function of the frequencies fK .

Now with each cumulated probability we associate an interval of random

numbers having as lower limit the natural number of five digits given by the

previous cumulated probability and, as an upper limit, the natural number

given by the respective cumulated probability minus one. We read 75 random

consecutive numbers of Table 1 and function of the associated interval in which

they are, we obtain the artificial statistic sample of volume (Table 5).

In Table 6 we present the probability intervals associated to the value MK .

As a function of the values MSJ
in Table 5 the frequency values may be

computed (Table 7). Although the graph approximates the normal (Gaussian)

form the artificial sample, in order to ”correct” the influence of frequency

f3(28) = 12 < f2(25) = 16, we will group the values MK (Sturgess equation

is only informative ). The new grouping is presented in Table 8.

The iterative computing of the optimum number of personnel necessary to

execute the maintenance work is presented next, in Table 9 (the computing

items of Table 7 will be considered).
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J Random number MS J Random number MS J Random number MS

1. 13407 25 26. 19403 25 51. 68707 34

2. 50230 31 27. 95704 40 52. 18782 25

3. 84980 37 28. 01805 22 53. 13800 25

4. 22116 28 29. 74678 34 54. 42110 31

5. 68645 34 30. 08623 25 55. 38144 31

6. 26518 28 31. 39551 31 56. 54729 31

7. 36493 28 32. 11120 25 57. 15157 25

8. 77402 34 33. 83851 37 58. 60812 31

9. 83679 37 34. 70955 34 59. 15593 25

10. 71802 34 35. 47386 31 60. 07147 25

11. 57494 31 36. 62899 31 61. 53756 31

12. 73364 34 37. 63237 31 62. 75928 34

13. 14499 25 38. 62458 31 63. 23906 28

14. 40747 31 39. 33646 28 64. 21859 28

15. 42237 31 40. 15068 25 65. 32752 28

16. 01291 22 41. 39122 31 66. 18398 25

17. 48472 31 42. 41666 31 67. 28638 28

18. 35365 28 43. 12994 25 68. 77682 34

19. 43618 31 44. 97154 40 69. 59693 31

20. 29966 28 45. 39356 31 70. 17462 25

21. 56938 31 46. 72484 34 71. 78937 34

22. 34262 28 47. 38416 31 72. 94083 40

23. 91819 37 48. 83965 37 73. 09703 25

24. 37612 28 49. 03084 22 74. 17545 25

25. 54289 31 50. 59122 31 75. 56898 31

Table 5 First 75 random numbers in Table 1 and MSJ
values.
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K MK Associated interval

1 22 (00000÷ 05999)

2 25 (06000÷ 19999)

3 28 (20000÷ 37999)

4 31 (38000÷ 65999)

5 34 (66000÷ 87999)

6 37 (82000÷ 93999)

7 40 (94000÷ 99999)

Table 6 The probability intervals associated with the value MK .

K MK

Frequency Probability

fK pK

1 22 3 0.04000

2 25 16 0.21333

3 28 12 0.16000

4 31 24 0.32000

5 34 12 0.16000

6 37 5 0.06667

7 40 3 0.04000

∑
K fK 75 1.0000

Table 7 Probabilities pK computed as a function of the frequencies fK
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K MK

Frequency Probability

fK pK

1 (22÷ 27) 19 0.25333

2 (28÷ 33) 36 0.48000

3 (34÷ 40) 20 0.26667

∑
K fK 75 1.0000

Table 8 Probabilities pK computed as a function of the frequencies fK

Table 9 shows us that the optimum number of personnel that corresponds

to total minimum costs is M = 35 locksmiths for maintenance activity.

2.2. EXPERTONS METHOD [3-6]

Let Ainfh and Asuph the lower and upper limits for the appreciations of a group

S of experts, be given numerically (linguistically) and let [ainfn ; asupn ] ⊂ [0; 1]

the intervals associated with these appreciations transposed on a linear scale

with seven levels. The experton is a statistical construction given as a two

column table whose elements are the relative cumulated frequencies 9, f rc (αK)

associated with the appreciation intervals that correspond to the αK levels

f rc (αK) = [f r infc (αK); f r supc (αK)] (9)

The defining measure of an experton is the mathematical expectance, E(Ex(Z))

given by the equation

E(Ex(Z)) = [Einf (Ex(Z));Esup(Ex(Z))], (10)

where

Einf/sup(Ex(Z)) =
1

nt − 1

∑

K

f r inf/supc (αK) (11)

Ex(Z) is some experton (Z).
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Iteration Mk M ∆M pK E(∆M) C D Ct Obseravation

1.

22

30

- -

1.83 30c 11c 41c -

25 - -

28 - -

31 1 0.32000

34 4 0.16000

37 7 0.06667

40 10 0.04000

2.

22

35

- -

0.33 35c 2c 37c

Total

minimum

costs

28 - -

31 - -

34 1 -

37 2 0.06667

40 5 0.04000

3.

22

36

- -

0.23 36c 1.4c 37.4c -

31 - -

34 - -

37 1 0.06667

40 4 0.04000

4.

22

37

- -

0.12 37c 0.7c 37.7c -

28 - -

31 - -

34 - -

37 - -

40 3 0.04000

Table 9 Computation of the optimum number of personnel necessary for executing the

maintenance work.
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Between the mathematical expectance of an experton and the average in-

terval appreciation, m(a) we have relation

m(a) = E(Ex(Z)), (12)

where

m(a) =

[∑
n a

inf
n

n
;

∑
n a

sup
n

n

]
(13)

Table 10 presents the semantic of the 7th level scale, the simbol for each

level, the level and the step.

nt Semantic Simbol Level (α) Step (∆α)

1 Dissatisfactory D 0 0

2 Almost dissatisfactory AD 0,167 0,167

3 Slightly satisfactory SS 0,333 0,167

4 Satisfactory S 0,5 0,167

5 Well W 0,667 0,167

6 Almost very well AVW 0,833 0,167

7 Very well VW 1 0,167

Table 10 The semantic of the 7th level linear scale.

Case study: establishing of the optimum number of locksmiths for the

maintenance activity in TPSSF of CET I Oradea.

A group of four experts expose each of them their opinion - based of verifica-

tion, measurements, functioning samples - regarding the operational capacity

(the state of the respective equipment) and its availability (safetyness in op-

eration), the appreciations being distinguished with the symbols of the scale

steps (table 11).

We present the algorithm for constructing the expertons (Tables 12 and 13).
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Eτ

eJ

E1 : 20 executants E2 : 24 executants

Appreciation Interval Appreciation Interval

e1 W; AVW (0, 667÷ 0, 833) W;AVW (0, 667÷ 0, 833)

e2 W 0, 667 S;W (0, 500÷ 0, 667)

e3 W;VW (0, 667÷ 1) AVW 0, 833

e4 W;AVW (0, 667÷ 0, 833) W;VW (0, 667÷ 1)

m(ac) * (0, 667÷ 0, 833) * (0, 667÷ 0, 833)

Eτ

eJ

E3 : 28 executants

Appreciation Interval

e1 S;W (0, 500÷ 0, 667)

e2 AVW;VW (0, 833÷ 1)

e3 AVW;VW (0, 833÷ 1)

e4 S;W (0, 500÷ 0, 667)

m(ac) * (0, 667÷ 0, 833)

Table 11 The opinions of the four experts based on measurements and functioning samples.

We obtain the expertons of the couples

(Ex(E1)) ∧ (Ex(E2)) = Ex(E1 △ E2);

(Ex(E2)) ∧ (Ex(E3)) = Ex(E2 △ E3);

(Ex(E3)) ∧ (Ex(E1)) = Ex(E3 △ E1);

It follows: E1 △ E2 - first place, E2 △ E3 - second place, E3 △ E1 - third

place

So: E1 first and third place, E2 first and second place, E3 second and third

place

It follows that the classification is: E2 - E1 - E3.

The optimium number of personnel for executing the maintenance work at

CET I Oradea TPSSF it justifies to be: Moptimum = 24 executants.
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Eτ Scale fa fac f rc : Ex(Eτ ) E[Ex(Eτ )]

E1

0

0.167

0.333

0.500

0.667

0.833

1

0

0

0

4 1

0

0 2

0 1

4

4

4

4

4

0 3

0 1

1

1

1

1

1

0 0.75

0 0.25

[0,667;0,833]

E2

0

0.167

0.333

0.500

0.667

0.833

1

0

0

0

1 0

2 1

1 2

0 1

4

4

4

4

3 4

1 3

0 1

1

1

1

1

0.75 1

0.25 0.75

0 0.25

[0,667;0,833]

E3

0

0.167

0.333

0.500

0.667

0.833

1

0

0

0

2 0

0 2

2 0

0 2

4

4

4

4

2 4

2

0 2

1

1

1

1

0.5 1

0.5

0 0.5

[0,667;0,833]

Table 12 The method of constructing the expertons of the couples.
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Ex(E1)

1

1

1

1

1

0 0.75

0 0.25

∧

Ex(E2)

1

1

1

1

0.75 1

0.25 0.75

0 0.25

⇒

Ex(E1 △E2)

1

1

1

1 E[Ex(E1 △ E2)] =

0.75 1 [0.625; 0.833]

0 0.75

0 0.25

Ex(E2)

1

1

1

1

0.75 1

0.25 0.75

0 0.25

∧

Ex(E3)

1

1

1

1

0.5 1

0.5

0 0.5

⇒

Ex(E2 △E3)

1

1

1

1 E[Ex(E2 △ E3)] =

0.5 1 [0.625; 0.792]

0.25 0.5

0 0.25

Ex(E1)

1

1

1

1

0.5 1

0.5

0 0.5

∧

Ex(E1)

1

1

1

1

1

0 0.75

0 0.25

⇒

Ex(E3 △ E1)

1

1

1

1 E[Ex(E3 △ E1)] =

0.5 1 [0.583; 0.792]

0 0.5

0 0.25

Table 13 The method of constructing the expertons of the couples (cont’d).
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3. CONCLUSIONS

The optimization of maintenance work consists in the optimized configura-

tion of human resources for TPSSF maintenance, which materializes in:

- determining the optimum number of human resources destined to mainte-

nance work, that we have determined in this paper;

- establishing the optimum make-up of equipment that operationalize the

maintenance work;

-optimizing the number of teams that carry out the maintenance work;

- the optimum allocation of maintenance teams.

In establishing the optimum number of personnel that carry out mainte-

nance work it is recommended to use ”the minimum total cost” criterion,

taking into account the contradictory fundamental components of costs: the

component that corresponds to having the personnel and the component that

corresponds to the damage caused by not doing the maintenance work at the

proper time due to lack of personnel. In this paper the operationalization of

the criterion was made by simulation and by applying the expertons method.
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Abstract The paper presents a solution for the problem of the compressible fluid flow

around obstacles obtained when a direct boundary element method is used to

deduce the boundary integral representation for the problem and linear bound-

ary elements are used to solve it. The mathematical model of the problem is

equivalent with a boundary singular integral equation, in the components of the

velocity, obtained using a direct technique. This singular boundary equation is

solved using linear boundary elements for smooth profiles and for profiles with

cusped trailing edge. Some computer codes in MathCAD are developed and

numerical solutions are obtained. A comparison study between the numerical

solutions and the analytical solutions that exist in some particular cases shows

a good agreement between them.

2000 MSC: 74S15.

1. INTRODUCTION

We consider that the uniform steady potential motion of an ideal inviscid

fluid of subsonic velocity U∞i, pressure p∞and density ρ∞is perturbed by the

presence of a fixed body of a known boundary. We want to find out the

perturbed motion, and the fluid action on the body.

Using dimensionless variables and the usual notations β =
√

1−M2, M

being Mach number, for the components of the perturbation velocity(U, V )

141
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the equations we have

β2 ∂U

∂X
+
∂V

∂Y
= 0,

∂V

∂X
− ∂U

∂Y
= 0

and the boundary condition

(1 + U)Nx +Ny = 0, (1)

where Nx, Ny are the components of the normal vector outward the fluid (in-

ward the body). Using the change of coordinates: x = X, y = βY, u =

βU, v = V , the system of equations becomes

∂u

∂x
+
∂v

∂y
= 0,

∂v

∂x
− ∂u

∂y
= 0

and the boundary condition reads

(β + u)nx + β2vny = 0, on C. (2)

It is also required that the perturbation velocity vanishes at infinity: lim
∞

(u, v) =

0.

2. THE BOUNDARY INTEGRAL

REPRESENTATION

The boundary integral representation of a problem can be obtained using

two techniques: an indirect technique, when it is considered that the boundary

of the obstacle is assimilated with a distribution of fundamental solutions

(sources or vortices) and a direct technique. For example in papers [4], [5], [7],

[8] an indirect technique is used to get the equivalent boundary representation

of the problem, and different kinds of boundary elements are used to solve the

proposed problem.

Using a direct integral method a boundary singular integral equation, for-

mulated in velocity vector terms, is obtained in [4] for the considered problem
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(and in [3] for the incompressible case).Assuming that each of the components

of the perturbation velocity satisfies a Hőlder condition on the boundary, the

perturbation velocity at any point of the boundary, x0 ∈ C, has the following

components

1

2
u (x0) =

∫

C

u (x) [u∗ (x,x0)nx (x) + v∗ (x,x0)ny (x)] ds+

+

∫

C

v (x) [u∗ (x,x0)ny (x)− v∗ (x,x0)nx (x)] ds,

1

2
v (x0) =

∫

C

u (x) [v∗ (x,x0)nx (x)− u∗ (x,x0)ny (x)] ds+

+

∫

C

v (x) [u∗ (x,x0)nx (x) + v∗ (x,x0)ny (x)] ds, (2)

where

u∗ (x,x0) =
1

2π

x− x0

(x− x0)
2 + (y − y0)

2 , v
∗ (x,x0

)
=

1

2π

y − y0

(x− x0)
2 + (y − y0)

2

(4)

are the fundamental solutions, and n0 = n (x0).

Denoting G = (β + u)ny − vnx, the following representations are obtained

u (x0) = β + 2

�∫

C

(
v∗ −M2 nxny

n2
x + β2n2

y

u∗
)
Gds,

v (x0) = 2

�∫

C

(
−u∗ −M2 nxny

n2
x + β2n2

y

v∗
)
Gds (4)

and the singular integral equation reads

1

2
G (x0) +

�∫

C

(
u∗n0

x + v∗n0
y

)
Gds+

�∫

C

M2 nxny

n2
x + β2n2

y

(
v∗n0

x − u∗n0
y

)
Gds = βn0

y

(6)

The sign “ / ” denotes the principal value in the Cauchy sense of an integral.

In order to simplify the writing we shall not use the prim sign to specify that

an integral must be understand in its Cauchy sense.
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Equation (6) is the singular integral equation of the problem. For M = 0

we get the singular equation for the incompressible case.

Because the body is two-dimensional, the boundary elements used to solve

the singular boundary integral are onedimensional, and have the nodes on

the real boundary of the obstacle. In this paper we use linear isoparametric

boundary elements to solve the problem. So, we reduce by discretization the

integral equation to an algebraic system and the solutions of this system are

then used to calculate the perturbation velocity and the pressure coefficient.

3. SOLVING THE BOUNDARY INTEGRAL

EQUATION USING LINEAR BOUNDARY

ELEMENTS

We consider the case of linear isoparametric boundary elements [1] , [2],

i.e. the case when the geometry and the unknown are local approximated by

linear models that use the same base functions. In this case the contour C is

approximated by a polygonal line, and the unknown has a linear variation on

each of the boundary elements resulted after the boundary discretization. By

discretization, we reduce the integral equation to an algebraic system and the

solutions of this system are then used to calculate the perturbation velocity and

the pressure coefficient for the nodes chosen for the boundary discretization.

In order to reduce the integral equation (6) to an algebraic system, we

approximate the contour C by a polygonal line having the segments Lj , j =

1,N. The ends of the segment Lj are denoted by x1
j , x

2
j , in a local numbering.

We have the relations: x2
j = x1

j+1,∀i ∈ {1, 2, ..., N − 1} , and x2
N = x1

1, the

contour C being closed.

In order to simplify the writing we shall not use the prim sign to specify

that an integral must be understand in its Cauchy sense. We have singular

integrals in the sum bellow only if x0 ∈ Lj .
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For x0 = xi and with the notations t∗ (x,xi) = u∗ (x,xi)nix + v∗ (x,xi)niy,

T ∗ (x,xi) = v∗ (x,xi)nix − u∗ (x,xi)niy, equation (6) becomes

1

2
G (xi) +

N∑

j=1

∫

Lj

t∗ (x,xi)Gds+
N∑

j=1

∫

Lj

M2 nxny

n2
x + β2n2

y

T ∗ (x,xi)Gds = βniy.

(7)

Because i can take all the values from 1 to N we get, in fact, a system of

equations of the above form.

In order to evaluate the integrals we use a local system of coordinates which

has the origin at the first node of an element, and, so, we have, for a boundary

element, the relations: x = x1
jϕ1 + x2

jϕ2, y = y1
jϕ1 + y2

jϕ2, where ϕ1, ϕ2 are

the form functions given by ϕ1 = 1− t, ϕ2 = t, t ∈ [0, 1] .

Using isoparametric boundary elements we have, for the unknown G, the

local representation: G = G1
jϕ1 + G2

jϕ2, where G1
j , G

2
j are the nodal values

of the unknown, it means the values of G at the extremes of the boundary

element Lj , in the local numbering.These values satisfy the relations: G2
j =

G1
j+1,∀i ∈ {1, 2, ..., N − 1} , and G2

N = G1
1, for the case of a smooth boundary,

so a nonlifting body.

Using the linear interpolation for G, and using the local system of coordi-

nates the system (7) becomes

1

2
G (xi) +

N∑

j=1

G1
j lj


nix

1∫

0

u∗ϕ1dt+ niy

1∫

0

v∗ϕ1dt


+

+
N∑

j=1

G1
j lj


M2 njxn

j
y(

njx
)2

+ β2
(
njy
)2


nix

1∫

0

v∗ϕ1dt− niy
1∫

0

u∗ϕ1dt





+

+

N∑

j=1

G2
j lj


nix

1∫

0

u∗ϕ2dt+ niy

1∫

0

v∗ϕ2dt


+
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+
N∑

j=1

G2
j lj


M2 njxn

j
y(

njx
)2

+ β2
(
njy
)2


nix

1∫

0

v∗ϕ2dt− niy
1∫

0

u∗ϕ2dt





 = βniy,

(8)

i = 1, N , where lj =

((
x2
j − x1

j

)2
+
(
y2
j − y1

j

)2
) 1

2

=
∥∥∥x2

j − x1
j

∥∥∥ .
With the notations

aj = l2j , bij =
(
x1
j − xi

) (
x2
j − x1

j

)
+
(
y1
j − yi

) (
y2
j − y1

j

)
,

cij =
(
x1
j − xi

)2
+
(
y1
j − yi

)2
,

Iijk =

1∫

0

tkdt

ajt2 + bijt+ cij
, k = 0, 2,

rij =
lj
2π

[(
x2
j − x1

j

) (
Iij1 − I

ij
2

)
+
(
x1
j − xi

) (
Iij0 − I

ij
1

)]
,

rrij =
lj
2π

[(
x2
j − x1

j

)
Iij2 +

(
x1
j − xi

)
Iij1

]
,

sij =
lj
2π

[(
y2
j − y1

j

) (
Iij1 − I

ij
2

)
+
(
y1
j − yi

) (
Iij0 − I

ij
1

)]
,

ssij =
lj
2π

[(
y2
j − y1

j

)
Iij2 +

(
y1
j − yi

)
Iij1

]
,

Aij =


nix −M2niy

njxn
j
y(

njx
)2

+ β2
(
njy
)2


 rij +


niy +M2nix

njxn
j
y(

njx
)2

+ β2
(
njy
)2


 rrij ,

Bij =


nix −M2niy

njxn
j
y(

njx
)2

+ β2
(
njy
)2


 sij +


niy +M2nix

njxn
j
y(

njx
)2

+ β2
(
njy
)2


 ssij(8)

we get the following equivalent form for system (7)

1

2
Gi +

N∑

j=1

AijG
1
j +

N∑

j=1

BijG
2
j = βnjy. (10)

The integrals that occur can be exactly evaluated for the case when they

are not singular, in fact for the case when the node i is not one of Lj ends.
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In the global system of numbering the ends of Lj are denoted by xj ,xj+1, j =

1, N , with xN+1 = x1. So, using only the global system of numbering we have

the following relations: x1
j = xj ,x2

j = xj+1.

The analytical expressions for these integrals are, when i 6= j and i 6= j+1,

Iij0 =
1√

ajcij − b2ij
arctan

√
ajcij − b2ij
cij + bij

,

Iij1 =
1

2aj
ln
aj + 2bij + cij

cij
− bij

aj
√
ajcij − b2ij

arctan

√
ajcij − b2ij
cij + bij

,

Iij2 =
1

aj
− bij
a2
j

ln
aj + 2bij + cij

cij
+

2b2ij − ajcij
a2
j

Iij0 . (10)

Taking into account the sense along C we have the following relations for

the components of the normal at xj : njx =
y2j−y1j
lj

, njy =
x1

j−x2
j

lj
,∀j = 1, N.

So, all coefficients resulting from the nonsingular integrals can be computed

analytically.

For the case of singular integrals, considering now that xi ∈ Lj , we calculate

the singular integrals occurring in (8). Using the same notations as before,

but calculating the Cauchy principal values for the integrals Iijk , we find for

i = j and for i = j + 1, j = 1, N, the following results: Ijj0 = Ijj1 = − 1
l2j
, Ijj2 =

0, Ij+1j
0 = Ij+1j

1 = − 1
l2j
, Ij+1j

2 = 0.

Coming back to the global system of notation, that means G(xi) = Gi, i =

1, N , we have Gj = G1
j = G2

j−1, j = 2, N, G1 = G1
1 = G2

N , for the case of

a nonlifting body; so system (7) has N equations with N unknowns- the N

nodal values of G. All coefficients that occur in system (7) can be computed

analytically and for all these computations and also for solving the system a

computer code can be used.

Denoting

Cij = Aij +Bij−1, i = 2, N, Ci1 = Ai1 +BiN , Bi = βniy, i = 1, N, (12)
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we finally obtain the following equivalent form for system (10), in terms of

nodal unknowns,

N∑

j=1

CijGj = Bi , i = 1, N. (13)

For the case of a profile with a cusped trailing edge we must take into

account a Kutta -Jukovsky condition, for getting a unique solution of the

problem, as in the first case. So we consider that Gj = G1
j = G2

j−1, j =

2, N, G1 = G1
1, GN+1 = G2

N , Cij = Aij+Bij−1, i = 2, N, Ci1 = Ai1, CiN+1 =

BiN , Bi = βniy, i = 1, N and a new equation to complete the above system:

G1 +GN+1 = 0

After solving the system we can evaluate the perturbing velocity in the

nodes on the boundary by means of the following relationships

β + ui =
β2ny

(
x0
i

)
Gi

n2
x

(
x0
i

)
+ β2n2

y

(
x0
i

) ,

vi =
nx
(
x0
i

)
Gi

n2
x

(
x0
i

)
+ β2n2

y

(
x0
i

) . (13)

The components of the perturbation velocity are then used to calculate the

local pressure coefficient.

4. NUMERICAL RESULTS

We test the method solving the problem for the particular case of a circular

profile and an incompressible fluid, case in which we know an exact solution

[5].

As we know, the pressure coefficient is given by: Cp = p1−p∞
1
2
ρ∞U2

∞
= 1 − V 2

U2
∞
,

where V is the global velocity: V = U∞ (i + v) . So, once the components of

the velocity are found, the pressure coefficient can be calculated by means of

the formula

Cp (xi) = −
(
u (xi)

2 + v (xi)
2
)
− 2u (xi) . (15)
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The exact solution yields the following expressions for the components of

the velocity at a point M (R, θ) situated on the circle C (O,R) (the quantities

we use are also dimensionless): u = − cos 2θ, v = − sin 2θ. For the pressure

coefficient we have

Cp = −1 + 2 cos 2θ. (16)

With two computer codes in MathCAD, one for the exact solution and

other for the method exposed, the nodal values for the components of the

perturbation velocity and for the local pressure coefficient are obtained. For

the boundary discretization on the boundary 20 nodes are used. The results

are compared in fig. 1 and we remark a high degree of accuracy.

Fig. 1. The local pressure coefficient (exact solution, linear boundary elements)

In [5] a numerical solution for the same boundary integral equation is ob-

tained, but using constant boundary elements. A comparison between the

analytical solution, numerical solution obtained with constant boundary ele-

ments, and the numerical solution obtained using linear boundary elements is

performed in figs. 2 and 3, through the local pressure coefficient. As we can

see, the calculated and the analytical values of the pressure coefficient are very

close, in both cases, but a higher degree of accuracy is obtained when the linear
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elements are used. We can also remark that a small numbers of elements (20)

are sufficient for obtaining satisfactory results. As expected, better results are

obtained when using more nodes or curved boundary elements which allow a

better approximation of the geometry.

Fig. 2. The local pressure coefficient (exact solution, constant boundary elements, linear

boundary elements)

Fig. 3. The local pressure coefficient for the first 11 nodes
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1. INTRODUCTION

We might ask ourselves: why is QoS important? The data that are trans-

ferred through modern computer networks are becoming more and more di-

verse. The volume of such multi-type data that is to be transferred and deliv-

ered is also growing. Thus, there arises the problem of providing an adequate

level of the quality of service (QoS) in such networks. If the resources of a

network were unlimited, then all data traffic would be transferred and deliv-

ered with a necessary speed without delays and losses. However, the network

resources are limited, and the QoS mechanism controls distribution of these

according to the needs of the traffic.

Quality of Service is a general concept, which refers to the ability of a

network to provide better services for the selected network traffic over various

technologies, including Frame Relay, Asynchronous Transfer Mode (ATM),

Ethernet and 802.1 networks, SONET and IP-routed networks that may use

any or all of these underlying technologies. For example, Ethernet provides

two different QoS mechanisms. One mechanism is via 802.1p, which provides

eight classes of service. The other mechanisms is via VLANs, whereby traffic

can be separated, isolated and prioritised by the VLAN ID. Frame Relay has

153
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a QoS mechanism called Discard Eligibility that can be set by the networking

device for traffic that can be discarded under network congestion.

2. PROVIDING QOS AND QOS PARAMETERS

The problem of providing QoS in networks was an area of a very active

research in the last few years. The first suggested mechanism of providing

QoS end-to-end control in a network was called Integrated Service (IntServ).

This is a complex of services which guaranteed a corresponding level of quality

of service in network data routing and information transferring. A different

mechanism appeared later - this has become to be known as Differentiated

Service (DiffServ) and it offered different treatment for the network packets

depending on their importance. Both mechanisms guarantee QoS with a cer-

tain probability.

In order to avoid or diminish agglomeration at a node of a network there

are used various algorithms. These algorithms employ mechanisms of priori-

tisation of the traffic which enters or leaves the node

FIFO (first-in, first-last),

LIFO (last-in, first-out),

PQ (priority queueing),

CQ (custom queueing),

RANDOMIZE.

Every node inside the network can be analysed as a queueing system. Thus,

QoS control in networks can be reduced to the analysis of the performance

characteristics of queueing systems: the mean number of served requests, the

number of lost requests, the mean waiting time, the mean service time, busy

period, traffic coefficient etc. These characteristics are also called QoS para-

meters. The difficulty, yet, consists in the lack of existence of an appropriate

model for the traffic circulation within the network.
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Every queueing system is characterized by certain parameters.

Waiting time of a request represents the time during which the request was

waiting its service in the queueing buffer; the service time of a request is the

time which the server spent for its service. The incoming traffic of a router

can exceed its outcoming capacity - therefore, there exists a tampon memory

space which is designed for a temporal storage of the packets. Yet, this mem-

ory results in the additional delay of the traffic, which add up to the delays

related to waiting and servicing. Such delays represent time variation called

”jitter”. Thus, jitter represents a measure of variation in delays between con-

secutive packets of a flow. The jitter has the most notable effect in a real time,

especially in video and audio applications. Applications of this type expect

the packets to arrive at the quite a constant rate with fixed delays between

consecutive packets. If the incoming rates vary, then the jitter affects the

performance of the application. A certain minimal amount of jitter may be

accepted, but if this is increased, then an application may become inapplica-

ble. Some applications, such as audio, for instance, can compensate for small

deviations of the ”jitter”. Thus, VoIP applications reprocess a precedent vocal

packet in the case when there is a delay in the next packet’s arrival. However,

if the next packet is delayed for a long time, then it is simply eliminated when

it arrives, which results in a slight audio deformation. All networks introduce

some variations of delays (jitter), as the packets are queueing at every node

of the network. Yet, if the delays’ variations (jitter) are limited, QoS can be

maintained. The total sojourn time of a request (or, the transfer time) repre-

sents the sum of its waiting and service times. This characteristic may have

a significant influence on such applications as audio, video, fax transmission

etc. Some applications can compensate for small volumes of delays. For in-

stance, VoIP entries provide special local buffers (tampon memories) for delay

compensation in the network. Yet, if a certain volume is exceeded, providing

a QoS becomes a problem.
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Busy period represents a time period during which one ore more stations

were busy with servicing of requests or with switching their states. The number

of requests in the system (or, system state) represents the number of requests

which are in the system at time t (t > 0). Yet, another characteristic deserves

also a special attention - this is the number of lost requests (lost packets).

Due to the fact that the number of places in the waiting line is finite (tampon

memory is finite and can be overflown), one can expect losses of the packets

when the incoming traffic exceeds the outcoming capacity. Losses can also take

place due to mistakes introduced by the physical medium of the transmission.

For instance, wireless connections: satellite, mobile network have a high Bits

Error rate (BER), which is caused by surrounding medium or by geographical

conditions, such as moisture (high humidity), constructions, trees, mountains

etc. Losses can also take place when the agglomerated network nodes ignore

some packets. Some network protocols, such as TCP (Transmission Control

Protocol), offer protection of the packets through retransmission of those ones

which have been eliminated from the network. A network can become ag-

glomerated from time to time - more packets are eliminated then and more

retransmissions TCP take place then.

It follows that the waiting time influences the number of requests in the

system, and the busy period does influence the time of their servicing.

Traffic coefficient, or, relative intensity of the traffic, represents an average

number of requests which appear in the system during a service time of one

such request. Thus, the service factor is a measure of the system workload.

This factor has a big importance because after defining the distribution of the

service times all the model characteristics under the study can be expressed

as a function of this parameter.

By analysing these parameters one can determine whether the level of of-

fered or received services is realised and how to get insight into a phenomenon

of queueing or agglomeration.
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There are also other parameters which affect QoS and which cannot be

quantitatively measured. However, such parameters provide one with mecha-

nisms of traffic management of network nodes. These parameters are:

emission priorities;

discard priorities.

Emission priorities define the order of the flow before it will pass through a

node of the network. The traffic of a higher propagation priority is placed in

front of the flow of a lower priority. Propagation priority determines also the

amount of latency introduced in traffic by network nodes. For instance, the

delay of the ”tolerant” applications such as e-mail can be configured so that

it will have a lower priority than the delay of ”sensible” applications (such as

audio and video applications are). Thus, packets of the tolerant applications

can be buffered in the tampon memory until the packets of sensible application

are transmitted. Propagation priorities uses a simple transmission mechanism

with priority according to which the traffic with a higher priority is always

given a preference. A disadvantage of this mechanism is that the traffic with a

lower priority might never be transmitted. This may happen if the traffic of a

higher priority persists in the network and the network bandwidth is limited.

Discard priorities are used for determining the order in which the traffic

leaves network nodes. More specifically, if the network nodes experience ag-

glomeration, then the high priority traffic will leave a node earlier than a

low priority traffic. Thus, the departure priority is used to eliminate most

eligible traffic first. Traffic with the same QoS requirements can be divided

using departure priorities. If, however, a network node is not agglomerated,

then the traffic will receive the same treatment (there is no priority). In the

absence of the departure priorities it is necessary to divide the traffic in differ-

ent subflows at the network nodes in order to provide differentiated services.

According to the departure priority the packets of different applications are

placed in the same waiting line, which, yet, is divided into different virtual



158 Olesia Groza

subflows, each having different departure priority. For instance, if the packets

of the traffic support three departure priorities, then, as a result, three level

QoS is provided.

3. APPLICATIONS REQUIRING QOS

Quality of Service is required by different applications, such as the following,

to name a few:

IP telephony or Voice over IP (VoIP);

video teleconferencing (VTC);

alarm signalling;

streaming video on demand;

streaming audio;

client/server transactions;

e-mail;

file transfer.

Thus, the main objective of studying of queueing systems in the frame-

work of network management is to establish a certain adequate level of the

service quality, which depends on the corresponding queueing system perfor-

mance characteristics: waiting times, service times, the number of lost requests

(packets), busy period, traffic coefficient etc.
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Abstract As the need of communication increases, traffic analysis takes a more and

more important role in the concern of specialists. Traffic behavior is usually

described using traffic monitoring.

This paper has two main parts. The first part describes the theoretical

foundations of network traffic modelling and reviews different kinds of mathe-

matical approaches which are useful for modelling and simulating the behavior

of network traffic. Models that try to improve the Poisson based models are

presented here. The self-similar nature of the traffic data is also emphasized

through the statistical models presented.

The second part contains an analysis made on captured ethernet traffic from

several points of view. During the traffic monitoring there are some particular

aspects that are important for this study: the type of each packet, the number

of packets that are captured at fixed intervals of time, the dimension of each

group of packets in that interval. The data is then analyzed in order to obtain

several features and possible anomalies in the network. Statistical tools are

used to analyze the behavior of the traffic.

1. INTRODUCTION

Packets are blocks of data sent through a computer network. Besides the

specific message, which may be represented by data, each packet can contain,

controls for the management of the connection, or a demand addressed to

the service and other additional information like the sender, the receiver and

information about the control errors that may occur. The data packets may

have a fixed or variable length and can be rearranged, if necessary, at the

destination. The format of a packet depends on the protocol that creates it.

161
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Protocol is a term used in networking and communication and it defines

the procedures executed for transmitting and receiving data. It is the stan-

dard that controls and makes possible the connection, the communication and

the data transfer between two computers. Protocols can be implemented at

hardware or software level, and also as a combination between the both [8].

The mostly used protocols are:

1 transmission Control Protocol (TCP). It is the protocol from the

TCP/IP model that manages the fragmentation of the data messages

in packets which will be sent via the IP (Internet Protocol), and also

the reassembly and verification of the correctness of the messages re-

ceived. TCP adds a heading to the information that is to be sent. The

source and destination ports allow data to be sent backwards to the right

process that is being executed on each computer;

2 another important protocol in the TCP/IP model is the Internet Proto-

col (IP) which is data oriented. Even if it does not ensure the security

of the data and it does not check if it reached destination, the protocol

makes sure that the heading of the message does not contain any errors;

3 user Datagram Protocol (UDP) is a protocol used in the TCP/IP proto-

col suite. The UDP converts the messages generated by an application

in packets which are then being sent via IP, but it is not very reliable

because it does not ensure the communication path between the source

and the destination and it does not verify that the message was trans-

mitted without errors. Multicast applications like Mbone, that provide

audio and video streams, use UDP as a transmitting mechanism because

the retransmitting services offered by TCP are not necessary;

4 address Resolution Protocol (ARP) is used to determine the physical

address of a node from a network connected to the internet, when only

the IP address (or the logical address) is known. When a node needs to

send a packet, it is first checked that the information from the physical
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address is already sent. If this is the case, then that address is used and

the traffic in the network is therefore reduced;

5 Real-Time Transport Protocol (RTP) is a standard transport protocol

on internet, used for data transfer in real time. RTP uses unicast services

as well as multicast ones. It was created to be used in virtual conferences

and it uses UDP as a transmitting mechanism;

6 Real-Time Control Protocol (RTCP) is designed for scalable transport

that uses RTP for monitoring transmissions in real time between more

computers. RTCP sends at regular time intervals information control

packets and is used to determine how efficient the data is sent and re-

ceived;

7 Hypertext Transfer Protocol (HTTP) handles the transportation of web

requests from the client to the web servers and the receiving of the web

pages requested by the client browsers;

8 the transfer of the files over a network that uses TCP/IP, such as Internet

is done via File Transport Protocol (FTP). It handles the possibility of

copying files in remote system. FTP uses a client/server model in which

a program is being executed on the receiving computer and accesses an

FTP server which runs on the host.

The modelling of the network traffic involves the selection of the character-

istics to be modelled while taking into account the relations between them.

Moreover, in order to provide a good simulation for the real situation, it is

necessary that the model built be close to the reality.

The construction of a model involves different levels of characterization.

The data stream is usually described by a sequence of observations which can

be structured in the form

. . . , X(tn), X(tn+1), X(tn+2), . . .
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at time moments

. . . , tn, tn+1, tn+2, . . .

These observations may describe the traffic from various points of view.

Generally, X(ti) is modelled by a family of random variables with a known

distribution. Considering the time at which the measurements are being made,

the development of the model, can be made under various criteria

1 the nature of the time series:

(a) if the sequence tn is considered to be finite or numerable, then the

described process, S, will be called a discrete time process (S =

{Xn}∞n=0);

(b) if the sequence tn is considered to be infinite, then the described

process, S, will be called a continuous time process (S = {Xt}∞t=0);

2 the way in which the arrival of the packets to a destination are considered

(or of the entities with which one works):

(a) if the process is a punctual one (i.e. at a time moment T a finite

number of packets reach destination), then the model will be build

taking into account a sequence of constants, T0 = 0, T1, . . . , Tn, . . .;

(b) if one considers that the process can be written like this: {N(t)}∞t=0

and that the arrivals are contained in time intervals like: (0, t], then

the stochastic processes N(t) that compose the initial process may

be expressed in this way: N(t) = max{n : Tn ≤ t};

(c) if, instead of working with time intervals, one will use the time be-

tween two arrivals, then the process can be written like this:{An}∞n=1,

where, for the sequence T0 = 0, T1, . . . , Tn, . . ., the relation An =

Tn − Tn−1 is true.
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For a network traffic many types of models have been proposed. Some of

them, though, are not complex enough to describe in a convenient manner the

existent processes.

For example, in the twentieth century, the Poisson distribution was used to

model telephony traffic. Initially, it was thought that it would be appropriate

also for network traffic.

The modelling involved the following aspects:

arrivals of data at certain time moments are described. For an interval

An one builds the relation

P{–An ≤ τ} = 1− e−λτ ,

where the average arrival rate (the average number of arrivals in a time

unit) is λ;

for an interval An of length τ , the arrivals number is described by

P{N(τ) = n} =
(λτ)ne−λτ

n!
.

Working with a Poisson model assumes the identification of the average

arrival rate, λ.

The matter that determined the orientation towards other types of models

was the fact that, in a network, the time intervals between arrivals are repre-

sented by correlated random variables and the use of a Poisson model would

not be useful in this case. The Markov modelling assumes that the dependen-

cies among the variables X(t) are described by Markov processes. Due to the

fact that, generally, the processes depend on discrete states, this type of mod-

elling will resume to using Markov chains. Markov Arrival Processes (MAP)

generalize the Poisson processes by having a non exponential distribution at

each state. A classification of special cases of MAPs may be this one:
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1 phase type renewal processes; the time until the next arrival of an entity

is given by the necessary time of a Markov chain to reach absorption;

2 MMPP (Markov modulated Poisson processes); the different states of the

process are represented by Poisson processes. Each state will determine

the average arrival state, λk;

3 Batch Markov arrival processes; they generalize Markov arrival processes

by having an arrival time greater than one.

In 1993, though, the self-similarity nature of a network traffic was empha-

sized [1].

Definition 5. The series X = {Xn}∞n=0 can be m-agregated by means of

X(m) = {X(m)
k }∞k=0 by summing over a partition of elements of dimension m.

Definition 6. X is called H-self-similar if for ∀m > 0, X(m) has the same

distribution like X, rescaled at dimension m.

Thus,

Xn = m−H
nm∑

i=(n−1)m+1

Xi = m−HX(m),∀m ∈ N,

where H is the Hurst parameter. This parameter has values ranging between 0

and 1. For characterizing self-similarity by means of it, values between 0.5 and

1 are enough. If H = 0.5, then there is no self-similarity, while H = 1 indicates

perfect self-similarity. In practice, the Hurst parameter may be estimated by

different methods. Another instrument used for self-similarity studies is the

self-correlation function.

The cross-correlation is a measure of two signals. The characteristics of one

of them (unknown signal) are being estimated by comparing it with the other

(known) signal.

Self-correlation is a cross-correlation of one entity with itself.

Some of the existing models are:
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1 Fractional Brownian Motion (FBm). This is a Gaussian process of mean

zero, denoted by BH(t), that can be described by the following proper-

ties:

(a) i E[BH(t)] = 0;

ii BH(0) = 0;

iii BH(t+ δ)−BH(t) is distributed N(0, σ |δ|H);

iv BH(t) has independent increments;

v E[BH(t)BH(s)] = σ2/2(|t|2H + |s|2H − |t− s|2H).

Remarks:

(a) in addition, the Hurst parameter can offer information about the

correlation of the increments of the FBm process.

If H = 1
2 then the process is actually a Brownian motion.

If H > 1
2 then the increments of the process are positively corre-

lated.

If H < 1
2 then the increments are negatively correlated;

(b) i BH(t) is a self-similar process if BH(at) = |a|HBH(t).

ii BH(t) is a self-similar process because from the point of view

of the distribution, the above relation holds [9].

iii A stochastic process {X(t)|t ∈ T}, X(t) ∈ R, with T linear

ordered, has independent increments if ∀a, b, c, d ∈ T, such that

a < b < c < d⇒ X(b)−X(a) and X(c)−X(d) are independent

variables;

2 Fractional Gaussian Noise (FGn). The increments of a FBm are known

as Fractional Gaussian Noise. This type of model, in which a station-

ary process, called GH(t), is considered, is described by the following

properties:

(a) GH(t) = 1
δ (BH(t+ δ)−BH(t)) ;
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(b) GH(t) is distributed N(0, σ |δ|H−1);

(c) E[GH(t+ τ)GH(t)] = σ2H(2H − 1) |τ |2H−2, for τ >> δ.

For the same process in discrete time, one may use the following self-

correlation function

ρX(k) =
1

2

(
|k + 1|2H − 2|k|2H + |k − 1|2H

)
, k ≥ 1.

Other interesting types of models that emphasize the self-similarity of the

traffic are: ARFIMA (Fractional AutoRegressive Integrated Moving Average),

wavelet models, Poisson-Zeta processes, M/G/∞ models, self-similar Markov

models, aggregation models.

2. MODELLING PROCESS

The data was captured, using Iptraf under Linux operating system, during

one week and some important aspects for the traffic modelling were monitored:

the packet type (it is relevant to know to which protocol does a certain packet

belongs), the number of packets that are captured in one period of time, the

dimension of this number of packets and the time period mentioned before.

The packets captured belong to the following protocols: IP, TCP and ICMP.

For making a statistical analyze we used SPSS, a computer statistics pro-

gram. The two plots from the figs. 1, 2 provide a visual representation of

the model-estimated mean of the number of packets, and to the dimension

of each group of packets belonging to each protocol for each period of time

respectively.

In order to model the data it is very important to find the regression func-

tion. This function describes the relationship between the dependent variable

Y and the explanatory variable(s) X.

In this case the model will define the relationship between the number of

packets and the period of time. Only the IP protocol data will be used. Using
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Fig. 1. Estimated marginal means of number of packets.

this type of data, a choice of getting a model is to consider the time to be

the explanatory variable and the number of packets that are captured in one

period of time for the dependent variable.

In order to get the right function of the model, we will use the histogram

of the data.

From fig. 3 it can be seen that the regression function is not linear. The

frequency is very high at the beginning, but then it decreases.

In order to see exactly the data behavior a plot of the number of packets

on the unit of time will be used. In the fig. 1 it can be seen that as the

time is passing the number of packets captured is decreasing, but after a short
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Fig. 2. Estimated marginal means of dimension of packets.

stabilization it increases again. An appropriate model for this kind of pattern

is the asymptotical regression model

y = b1 + b2 · eb3·x,

where b1 > 0, b2 > 0, b3 < 0.

The Nonlinear Regression Procedure requires some starting values for all

parameters in the regression function:

b1 represents the lower asymptote for the number of packets. The lowest

value of it is 0, so that is a reasonable starting value;

b2 is the difference between the value of y when x=400 and the lower

asymptote. A reasonable starting value is the maximum value of y minus

b1. For this a good starting value is 2800;
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Fig. 3. The histogram of number of packets.

initially b3 can be roughly estimated by the slope between two ”well sep-

arated” points on the plot. Looking at the chart there are points about

x=30, y=2800, and about x=380, y=0. The slope between these points

is 2800−0
30−380 = −8, thus a rough initial estimate for b3 is -8.

From fig. 4 we can get the estimation of the parameters from the regression

function:

b1 represents the minimum possible number of packets, even if infinite

times were available. Its small standard error with respect to the value

of the estimate suggests that the value is confident in the estimate;

b2 is the difference between the maximum and the minimum possible

number of packets. Its standard error is large and confidence interval is

wide compared to the value of the estimate, so there is some uncertainty

here;
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b3 controls the rate at which the maximum is reached, the so-called ”rate

constant”. Like b1 its small standard error with respect to the value of

the estimate suggests that the value is confident in the estimate.

Fig. 4.

In fig. 5 the Uncorrected Total represents the entire variability in the depen-

dent variable, while the Corrected Total is adjusted to only reflect variability

about ”average” number of packets.

Fig. 5. ANOVA table.

It is important to know how good the model is, so the plot of the residuals

is useful for this. The scatterplot of the residuals is showed in fig. 6. It is
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Fig. 6. Scatterplot of the residuals.

very easy to note that the residuals do not exhibit a pattern, so the asymptotic

model is acceptable in the sense the residuals are independent of the fit values.

To emphasize this, the histogram of the residuals shows a normal probability

distribution in the fig. 7.

Fig. 7. Histogram of the residuals.
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3. CONCLUSIONS

As the network traffic is quite a complex system to be modelled, various

attempts have been made in order to describe its behavior.

Nevertheless, several properties and characteristics rose from the existent

studies, such as self-similarity.

Our analysis attempts to provide a description of an ethernet traffic ob-

served along one week, using Iptraf as monitoring tool. The data was used to

derive a statistical description based on an asymptotic model.

The residuals have a normal probability distributions. This means that the

model is suitable for the traffic data captured.
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Abstract The first section builds upon the fact that a fixed body C of mass M , with

spherical symmetry influences the motion of a B rigid body of mass m. Using

the expression for kinetic energy of a rigid body T and the angular speed

Ω, we presume the expression of the gravitational energy of body of mass

m. Then, starting with the Lie group SO(3), which canonically acts upon

SE(3, R), it follows the identification of the Hamiltonian H depending on the

angular moment of the rigid body B and the spatial linear moment of the same

body. The second section presents practical applications in modeling planets

and artificial satellites of the Earth. For this, we consider different orders of

approximations of the gravitational potential, of the Taylor series expansions

and truncate these expansions at a finite number of terms. In the final section,

starting with the Hamiltonian field XH , and corresponding flows/fluxes, the

Lie-Trotter integrator is considered, as a first order integrator.

1. GEOMETRICAL ASPECTS IN THE

DYNAMICS OF A RIGID BODY SITUATED

IN A CENTRAL GRAVITATIONAL FIELD

Let C be a fixed rigid body of mass M , with spherical symmetry, influencing

the motion of aB rigid body of massm. The inertial reference of the observer is

attached to C and the reference of the rigid body is fixed toB at its mass center

. A material particle Q in the rigid is represented by the vector q = BQ+ r,

where B is an element of SO(3) (independently of the particle) and r is the

vector of C at the mass center of body B (fig.1).

175
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Fig. 1. The rigid body in a central gravitational field

At any moment the configuration of the rigid B is univocally determined

by the pair (B, r) ∈ SE(3,R), where SE(3,R) is the special Euclidian group.

The kinetic energy of the rigid body relative to an observer situated in C is

given by

T =
1

2

∫

B
‖q̇‖2dm(Q), (1.1)

where dm(·) represents a measure of body mass and ‖·‖ represents the Euclid-

ian norm in R3. The above formula may be represented in the equivalent form

T =
1

2
λΩ, IΩ〉+ m

2
‖ṙ‖2, (1.2)

where Ω is the angular speed of the rigid body, m is its total mass and I is

the inertial tensor of B in the reference of the body. Note that the angular

speed Ω of a body is defined by Ḃ = BΩ̂, where

Ω̂ =




0 −Ω3 Ω2

Ω3 0 −Ω1

−Ω2 Ω1 0




is the antisymmetrical matrix associated with Ω.

The spatial angular speed ω is defined by Ḃ = ω̂B. Thus, the relationship

ω = BΩ follows. Moreover, the relationship RM = 2T defines a Riemannian

metrics in/on the space of the configurations SE(3,R).



Dynamics of a rigid body in a central gravitational field 177

The gravitational energy of body B is given by

V = −
∫

B

GM

‖q‖ dm(Q) = −
∫

B

GM

‖r +BQ‖dm(Q), (1.2)

where G is the universal gravitational constant.

SO(3) Lie Group acts in a canonical way on SE(3,R), namely

Φ : SO(3)× SE(3,R)→ SE(3,R),

Φ(P, (B, r))
def
= (PB,Pr)

and let ΦT ∗
be the lift of this action to T ∗SE(3,R), meaning

ΦT ∗
: SO(3)× T ∗SE(3,R)→ T ∗SE(3,R),

ΦT ∗
(R, (π,B, r, p))

def
= (π,RB,Rr,Rp).

The Hamiltonian H or the energy of the considered system is given by

H =
1

2
λπ, I−1π〉+ ‖p‖

2

2m
−
∫

B

GM

‖r +BQ‖dm(Q), (1.3)

where π = IΩ is the angular momentum of the rigid body B and p = mṙ is

the spatial linear momentum of the body. Thus, it may be concluded

Proposition 1.1 [5]. The rigid body in a central gravitational field is a

Hamiltonian mechanical system with the phase space (T ∗SE(3,R), ω = dθ),

where ω is the canonical simplectical form on T ∗SE(3,R) and the Hamiltonian

H of the given system is represented by (1.3).

It may be easily verified that the action ΦT ∗
, previously defined, has the

momentum application J given by

J : T ∗SE(3,R)→ (so(3))∗ ≃ R3 (1.4),

J(π,B, r, p) = Bπ + r × p.

Moreover, the Hamiltonian H is SO(3)-invariant, so it induces a Hamil-

tonian H̃ on the quotient

T ∗SE(3,R)/SO(3) ≃ SE(3,R)× (SE(3,R))∗/SO(3)

≃ SO(3)× R3 × R3 × R3/SO(3)

≃ R3 × R3 × R3
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and thus the dynamics of X eH may be expressed in terms of the reduced vari-

ables {π, λ, µ}, where π is the angular momentum of the body, λ = Btr and

µ = Btp.

In these new variables, the Hamiltonian H̃ is expressed by

H̃(π, λ, µ) =
1

2
λπ, I−1π〉+ ‖µ‖

2

2m
−
∫

B

GM

‖λ+Q‖dm(Q) (1.5)

and the reduced dynamics reads





π̇ = π × I−1π +

∫

B

FM(λ×Q)

‖λ+Q‖3 dm(Q),

λ̇ = λ× I−1π +
µ

m
,

µ̇ = µ× I−1π −
∫

B

GM(λ+Q)

‖λ+Q‖3 dm(Q).

(1.6)

A simple computation leads to the following result

Proposition 1.2. [5]. The dynamics (1.6) has the following Hamilton-

Poisson output (R9, {·, ·}, H̃), where {·, ·} is the Poisson structure generated

by the matrix

Π =




π̂ λ̂ µ̂

λ̂ O3 I3

µ̂ −I3 O3


 (1.7)

and H̃ is given by (1.5).
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Proof. Truly, we have

Π · ∇H̃ =




π̂ λ̂ µ̂

λ̂ O3 I3

µ̂ −I3 O3







∂H̃

∂π

∂H̃

∂λ

∂H̃

∂µ




=




π̇

λ̇

µ̇




=




π × I−1π +

∫

B

GM(λ×Q)

‖λ+Q‖3 dm(Q)

λ× I−1π +
µ

m

µ× I−1π −
∫

B

GM(λ+Q)

‖λ+Q‖3 dm(Q)




=




π̇

λ̇

µ̇




meaning the aimed relationship.

Following the technique of [1] it may be demonstrated

Proposition 1.3 [4] Every Casimir function of the configuration (R9, {·, ·})
has the form

Cϕ = ϕ(‖π + λ× µ‖2), (1.8)

where ϕ ∈ C∞(R,R).

Proof. Define D = {(π, λ, µ) ∈ R9 | π1 + λ2µ3 − λ3µ2 6= 0}, where

π =




π1

π2

π3


 ; λ =




λ1

λ2

λ3


 ; µ =




µ1

µ2

µ3


 .

Thus, we have:

(i) rang(Π) = 8

and, consequently, there is a single Casimir of our configuration (R9,Π);
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(ii) det(Π8) = π1 + λ2µ3 − λ3µ2 6= 0 on D, where matrix Π8 has the form

Π8 =




0 −π1 λ3 0 −λ1 µ3 0 −µ1

π1 0 −λ2 λ1 0 −µ2 µ1 0

−λ3 λ2 0 0 0 1 0 0

0 −λ1 0 0 0 0 1 0

λ1 0 0 0 0 0 0 1

−µ3 µ2 −1 0 0 0 0 0

0 −µ1 0 −1 0 0 0 0

µ1 0 0 0 −1 0 0 0




;

(iii) Λ = (Π1 ·Π−1
8 )t =

[
a1 a2 a3 a4 a5 a6 a7 a8

]t
, where

a1 =
1

π1 + λ2µ3 − µ3µ2

(−π2 − µ1λ3 + λ1µ3);

a2 =
1

π1 + λ2µ3 − λ3µ2

(−π3 + λ2µ1 − λ1µ2);

a3 =
1

π1 + λ2µ3 − λ3µ2

(−π3µ2 + π2µ3 + µ3λ3µ1 + µ1µ2λ2 − λ1µ
2
3 − λ1µ

2
2);

a4 =
1

π1 + λ2µ3 − λ3µ2

[π3µ1 − λ2µ
2
1 − µ3(π1 − µ2λ3 + λ2µ3) + λ1µ1µ2];

a5 =
1

π1 + λ2µ3 − λ3µ2

[−π2µ1 − λ3µ
2
1 + µ1µ− 3λ1 + µ2(π1 − µ2λ3 + λ2µ3)];

a6 =
1

π1 + λ2µ3 − λ3µ2

(λ2µ3 − λ3π2 − µ1λ
2
3 − µ1λ

2
2 + λ1λ3µ3 + λ1λ2µ2);

a7 =
1

π1 + λ2µ3 − λ3µ2

[−π3λ1 + λ3(π1 − µ2λ3 + λ2µ3) + λ1λ2µ1 − µ2λ
2
1];

a8 =
1

π1 + λ2µ3 − λ3µ2

[π2λ1 + λ1λ3µ1 − λ2(π1 − µ2λ3 + λ2µ3)− µ3λ
2
1];

(iv) thus, the associated differential equation is

(π1 + λ2µ3 − λ3µ2)dπ1 = (−π2 − µ1λ3 + λ1µ3)dπ2

+(−π3 + λ2µ1 − λ1µ2)dπ3

+(−π3µ2 + µ2π3 + µ3λ3µ1 + µ1µ2λ2 − λ1µ
2
3 − λ1µ

2
2)dλ1
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+(π3µ1 − λ2µ
2
1 − µ3π1 + µ2µ3λ3 − µ2

3λ2 + λ1µ1µ2)dλ2

+(−π2µ1 − λ3µ
2
1 + µ1µ3λ1 + µ2π1 − µ2

2λ3 + µ2µ3λ2)dλ3

+(λ2π3 − π2λ3 − µ1λ
2
3 − µ1λ

2
2 + λ1λ3µ3 + λ1λ2µ2)dµ1

+(−π3λ1 + λ3π1 − λ2
3µ2 + λ2λ3µ3 + λ1λ2µ1 − µ2λ

2
1)dµ2

+(π2λ1 + λ1λ3µ1 − λ2π1 + λ2λ3µ2 − λ2
2µ3 − µ3λ

2
1)dµ3

which integrated leads to the Casimir C(π, µ, λ) = ‖π + λxµ‖2, and therefore

any Casimir of the configuration has the form ϕ(‖π + λxµ‖2), where ϕ ∈
C∞(R,R). �

2. ZERO ORDER APPROXIMATION

For practical applications in modeling planets and artificial satellites of the

Earth it is useful to consider different order estimations of the gravitational

potential . This may be accomplished through Taylor series expansions in the

neighborhood of |λ| = ∞ or, equivalent, |r| = ∞ and by truncating these

expansions at a finite number of terms. The only unsolved and still debated

issue is that, as a consequence of the above described approximation process,

symmetries as well as existing conservation laws are valid.

Let us consider the reduced Poisson model as a starting point for further

approximations (1.6). Expanding H̃ in Taylor series, we have

Ṽ (λ) = −
∫

B

GM

‖λ+Q‖dm(Q)

= −GM‖λ‖

∫

B
dm(Q)

{
1− λQ, λ〉

‖λ‖2 −
1

2

‖Q‖2
‖λ‖2 +

3

2

λQ, λ〉
‖λ‖4 +O(‖λ‖−4)

}

=

[
−GM‖λ‖

] [
− GM

2‖λ‖3Trace(I) +
3

2

GM

‖λ‖5λλ, Iλ〉
]

+O(‖λ‖−5).

The subsequent zero order approximation of H̃ will be considered in the

following (1.5)

H̃0(π, λ, µ) =
1

2
λπ, I−1π〉+ ‖µ‖

2

2m
− GMm

‖λ‖ .
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Thus, the corresponding zero order dynamics has the following form:

π̇ = π × I−1π, λ̇ = λ× I−1π +
µ

m
, µ̇ = µ× I−1π − GMm

‖λ‖3 λ,

or equivalently,

π̇1 =
π2π3

I3
− π2π3

I2
, π̇2 =

π1π3

I1
− π1π3

I3
, π̇3 =

π1π2

I2
− π1π2

I1
,

λ̇1 =
λ2π3

I3
− λ3π2

I2
+
µ1

m
, λ̇2 =

λ3π1

I1
− λ1π3

I3
+
µ2

m
,

λ̇3 =
λ1π2

I2
− λ1π1

I1
+
µ3

m
, µ̇1 =

µ2π3

I3
− µ3π2

I2
− GMm

‖λ‖3 λ1, (2.1)

µ̇2 =
µ3π1

I1
− µ1π3

I3
− GMm

‖λ‖3 λ2, µ̇3 =
µ1π2

I2
− µ2π1

I1
− GMm

‖λ‖3 λ3.

Proposition 2.1. Dynamics (2.1) has the Hamilton Poisson output/realization

(R9,Π, H̃0), where

Π =




π̂ λ̂ µ̂

λ̂ O3 I3

µ̂ −I3 O3


 , H̃0(π, λ, µ) =

1

2
λπ, I−1π〉+ ‖µ‖

2

2m
− GMm

‖λ‖ .

Proof. Indeed, a simple computation shows

Π · H̃0 = Π ·




∂H̃0

∂π

∂H̃0

∂λ

∂H̃0

∂µ




=




π × I−1π

λ× I−1π +
µ

m

µ× I−1π − GMm

‖λ‖3 λ




=




π̇

λ̇

µ̇


 ,

meaning the aimed relationship. �

A comprehensive and direct computation leads to

Proposition 2.2 [5]. The following quantities of the dynamics (2.1.) are

constant:
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(i)

Cϕ(π, λ, µ) = ϕ(‖π + λ× µ‖2), (2.2)

where ϕ ∈ C∞(R,R);

(ii)

Cψ(π, λ, µ) = ψ(‖π‖2), (2.3)

where ψ ∈ C∞(R,R);

(iii)

K(π, λ, µ) =
1

2
λπ, I−1π〉 (2.4)

A long and direct computation, or using Maple V, shows that the equilib-

rium points of the dynamics (2.1) are:

(i)

(
0, 0, N, 0,± 3

√
GMI2

3

N2
, 0,± 3

√
GMI2

3

N2
· Nm
I3

, 0, 0

)
, N ∈ R∗

(ii)

(
0, N, 0, 0, 0,± 3

√
GMI2

2

N2
,± 3

√
GMI2

2

N2
, 0, 0

)
, N ∈ R∗;

(iii)

(
N, 0, 0, 0, 0,± 3

√
GMI2

3

N2
, 0,± 3

√
GMI2

1

N2
· Nm
I1

, 0

)
, N ∈ R∗;

(iv) 
0, 0,±

s
GMp

N2
1 +N2

2

· I3p
N2

1 +N2
2

, N1, N2, 0,±N2m
√

GM
8
p

N2
1 +N2

2

,±N1m
√

GM
8
p

N2
1 +N2

2

, 0

!
,

N1, N2 ∈ R∗;

(v) 
0, 0,±

s
GMp

N2
1 + N2

2

· I3p
N2

1 + N2
2

, N1, N2, 0,± N2m
√

GM
8
p

N2
1 + N2

2

,± N1m
√

GM
8
p

N2
1 + N2

2

!
,

N1, N2 ∈ R∗;

(vi) 
0,±

s
GMp

N2
1 +N2

2

· I2p
N2

1 +N2
2

, 0, N1, 0, N2,±
N2m

√
GM

8
p

N2
1 + N2

2

, 0,±N1m
√

GM
8
p

N2
1 +N2

2

!
,

N1, N2 ∈ R∗;

(vii) 
0,±

s
GMp

N2
1 +N2

2

· I2p
N2

1 +N2
2

, 0, N1, 0, N2,±
N2m

√
GM

8
p

N2
1 + N2

2

, 0,±N1m
√

GM
8
p

N2
1 +N2

2

!
,

N1, N2 ∈ R∗;
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(viii)

(
± I1

√
GM√

N2
1 +N2

2

, 0, 0, 0, N1, N2, 0,±
N2m

√
GM

8
√
N2

1 +N2
2

,±N1m
√
GM

8
√
N2

1 +N2
2

)
,

N1, N2 ∈ R∗;

(ix)

(
± I1

√
GM√

N2
1 +N2

2

, 0, 0, 0, N1, N2, 0,±
N2m

√
GM

8
√
N2

1 +N2
2

,±N1m
√
GM

8
√
N2

1 +N2
2

)
,

N1, N2 ∈ R∗.

Proposition 2.3. [4]. The equilibrium points (i)-(ix) of the dynamics (2.1)

are unstable.

Proof. Using Maple V it may be proved that zero is not a simple root

of the minimal polynomial associated with the matrix of the system (2.1)

linearization at any of the (i)-(ix) equilibrium points. Thus, according to

Lyapunov proposition equilibrium points (i)-(ix) are unstable.

3. NUMERICAL INTEGRATION VIA

LIE-TROTTER ALGORITHM

Let us discuss the numerical integration of dynamics (2.1) via Lie-Trotter

integrator. Firstly, it remark that XH Hamiltonian field splits as follows

XH = XH1 +XH2 +XH3 +XH4 +XH5 ,

whereH1(π, λ, µ) =
1

2

π2
1

I1
;H2(π, λ, µ) =

1

2

π2
2

I2
;H3(π, λ, µ) =

1

2

π2
3

I3
;H4(π, λ, µ) =

1

2m
(µ2

1 + µ2
2 + µ2

3); H5(π, λ, µ) = −GM‖λ‖ .
The corresponding flows/fluxes are given by

Φ1


t,




π(0)

λ(0)

µ(0)





 = exp(tXH1)




π(0)

λ(0)

µ(0)


 = A1 ·




π(0)

λ(0)

µ(0)


 ,
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where

A1 =

1 0 0 0 0 0 0 0 0

0 cos
π1(0)t

I1
sin

π1(0)t

I1
0 0 0 0 0 0

0 − sin
π1(0)t

I1
cos

π1(0)t

I1
0 0 0 0 0 0

0 0 0 1 0 0 0 0 0

0 0 0 0 cos
π1(0)t

I1
sin

π1(0)t

I1
0 0 0

0 0 0 0 − sin
π1(0)t

I1
cos

π1(0)t

I1
0 0 0

0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 cos
π1(0)t

I1
sin

π1(0)t

I1

0 0 0 0 0 0 0 − sin
π1(0)t

I1
cos

π1(0)t

I1

Φ2


t,




π(0)

λ(0)

µ(0)





 = exp(tXH2)




π(0)

λ(0)

µ(0)


 = A2 ·




π(0)

λ(0)

µ(0)


 ,

where

A2 =

cos
π2(0)t

I2
0 − sin

π2(0)t

I2
0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

sin
π2(0)t

I2
0 cos

π2(0)t

I2
0 0 0 0 0 0

0 0 0 cos
π2(0)t

I2
0 − sin

π2(0)t

I2
0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 sin
π2(0)t

I2
0 cos

π2(0)t

I2
0 0 0

0 0 0 0 0 0 cos
π2(0)t

I2
0 − sin

π2(0)t

I2

0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 sin
π2(0)t

I2
0 cos

π2(0)t

I2

Φ3


t,




π(0)

λ(0)

µ(0)





 = exp(tXH3)




π(0)

λ(0)

µ(0)


 = A3 ·




π(0)

λ(0)

µ(0)


 ,
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where

A3 =

cos
π3(0)t

I3
sin

π3(0)t

I3
0 0 0 0 0 0 0

− sin
π3(0)t

I3
cos

π3(0)t

I3
0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 cos
π3(0)t

I3
sin

π3(0)t

I3
0 0 0 0

0 0 0 − sin
π3(0)t

I3
cos

π3(0)t

I3
0 0 0 0

0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 cos
π3(0)t

I3
sin

π3(0)t

I3
0

0 0 0 0 0 0 − sin
π3(0)t

I3
cos

π3(0)t

I3
0

0 0 0 0 0 0 0 0 1

Φ4


t,




π(0)

λ(0)

µ(0)





 = exp(tXH4)




π(0)

λ(0)

µ(0)


 = A4 ·




π(0)

λ(0)

µ(0)


 ,

where

A4 =

1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 1 0 0 t
m 0 0

0 0 0 0 1 0 0 t
m 0

0 0 0 0 0 1 0 0 t
m

0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 1
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Φ5


t,




π(0)

λ(0)

µ(0)





 = exp(tXH5)




π(0)

λ(0)

µ(0)


 = A5 ·




π(0)

λ(0)

µ(0)


 ,

where

A5 =

1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 0 0 1 0 0 0

0 0 0 a 0 0 1 0 0

0 0 0 0 a 0 0 1 0

0 0 0 0 0 a 0 0 1

where

a = − GMmt

[(λ1(0))2 + (λ2(0))2 + (λ3(0))2]3/2
.

Therefore the Lie-Trotter integrator (see [2], [3]) is given by




πn+1

λn+1

µn+1


 = Φ1


t,Φ2


t,Φ3


t,Φ4


t,Φ5


t,




πn

λn

µn



















or, equivalently, by




πn+1

λn+1

µn+1


 = A1A2A3A4A5




πn

λn

µn


 (3.1)

Proposition 3.1. [4]. The first order (3.1) integrator has the following

properties:
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(i) it keeps Casimir (1.8);

(ii) it maintains the motion constant (2.3);

(iii) it does not maintain Hamiltonian H̃0;

(iv) it does not maintain motion constant (2.4);

(v) it does not maintain the Poisson structure generated by the matrix:

Π =




π̂ λ̂ µ̂

λ̂ O3 I3

µ̂ −I3 O3


 .

Proof. The proof is obtained via Maple V. �

Remark 3.1. The proof of the previous result may be eventually obtained

through a direct computation. Considering its complexity, the research team

could not accomplish it without a computer.

Remark 3.2. Assertion (ii) is a consequence of the fact that H1, H2, H3,

H4, H5 are not in involution related to the Poisson parenthesis generated by

matrix Π. �
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Abstract This paper continues the previous work in the turbulent mixing field.

In the previous works, the study of the 3D non-periodic models exhibited a

quite complicated behavior [1]. In agreement with experiments, they involved

some significant events - the so-called rare events. The variation of parameters

had a great influence on the length and surface deformations.

The 2D (periodic) case is simpler, but significant events can issue for irra-

tional values of the length and surface unit vectors, as is the situation in the 3D

case. Also, the previously realized graphical analysis revealed that in the 2D

case, the mixing has also a nonlinear behavior and the rare events can appear.

This paper continues the computational analysis for 2D basic mixing model

realized in [2,3], in a modified version. A small perturbation of the model is

performed, and, in the first stage, there is investigated the length deformation

for various values of the basic parameters. The statistical behavior for irrational

values of unit vectors is further used to analyze the mixing efficiency.

2000 MSC: 76F25, 37E35.

1. INTRODUCTION

In the turbulence theory, two fields are important:

a) the transition theory from smooth laminar flows to chaotic flows, char-

acteristic to turbulence;

b) statistical studies of the fully developed turbulent systems.

Remember the representation of a flow from statistical standpoint

x = Φt (X) , with X = Φt (t = 0) (X) (1)

189
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which must be of class Ck. From the dynamic standpoint the map

Φt (X) −→ x (2)

is a diffeomorphism of class Ck and (1) must satisfy the relationship

0 〈J 〈∞, where J = det

(
∂xi
∂Xj

)
, J = det(DΦt(X)) (3)

where D denotes the derivation with respect to the reference configuration, in

this case X. The relation (3) involves two particles, X1 and X2, which occupy

the same position x at a moment. Non-topological behavior (like break up) is

not allowed.

Define the basic measure for the deformation, with respect to X, namely

the deformation gradient, F

F = (▽XΦt (X))T , Fij =

(
∂xi
∂Xj

)
, or F = DΦt (X) (4)

where ∇X denotes the differentiation with respect to X. According to (3), F

is non singular. The basic measure for the deformation with respect to x is

the velocity gradient ( ∇x denotes the differentiation with respect to x).

By differentiating x with respect to X the basic deformation for a material

filament, and for the area of an infinitesimal material surface are obtained.

Let us focus on the basic deformation measures: the length deformation λ

and surface deformation η , defined by the relations [5]

λ = (C : MM)
1
2 , η = (detF ) ·

(
C−1 : NN

) 1
2 , (5)

with C(= FT 2022F) is the Cauchy-Green deformation tensor, and the length

and surface vectors M,N are defined by

M = dX/ |dX| , N = dA/ |dA| (6)

The relation (5) has the following scalar form
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λ = Cij ·Mi ·Nj , η = (detF ) ·
(
C−1
ij ·Ni ·Nj

)
, with

∑
M2
i = 1,

∑
N2
j = 1

(7)

The deformation tensor F and the associated tensors C, C−1 represent the

basic quantities in the deformation analysis for the infinitesimal elements.

In this framework, the mixing concept implies the stretching and folding of

the material elements. If in an initial location P there is a material filament

dX and an area element dA, the specific length and surface deformations are

given by the relationships

D (lnλ)

Dt
= D : mm,

D (ln η)

Dt
= ▽v −D : nn (8)

where D is the deformation tensor, obtained by decomposing the velocity

gradient in its symmetric and non-symmetric part.

2. THE PERTURBED 2D MIXING MODEL.

NUMERICAL RESULTS

Studying a mixing for a flow implies the analysis of successive stretching and

folding phenomena for its particles, the influence of parameters and initial

conditions [4,5]. In the previous works, the study of the 3D non-periodic

models exhibited a quite complicated behavior [1]. For the moment the aim

is to study the behavior of the length deformation of the modified 2D mixing

model, for some irrational values of the length unit vector, in order to search

some significant events, and compare to 3D case.

Let us start with the basic (widespread) 2D mixing model [5]

.
x1 = Gx2,
.
x2 = KGx1

and consider a small perturbation of it, namely

.
x1 = Gx2 + x1,

.
x2 = KGx1 + x2 (8)
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with −1〈K〈1, 0〈G〈1.
Here the dot over the quantities is the time derivative. If we attach the initial

conditions

x1 (0) = X1, x2 (0) = X2, (10)

the Cauchy problem (9)-(10) has the following closed form solution [2,3]

x1 =

�
X2

2
· 2 + KG2 −

√
2 + KG2

KG
− X1

2
·
�

2 + KG2

√
2 + KG2

+ 1

��
· exp

�
1 −

p
2 + KG2

�
t+"

X1

2
·
�

2 + KG2

√
2 + KG2

+ 1

�
− X2

2
·
�
1 + KG2

�
·
√

2 + KG2

KG

#
· exp

�
1 +

p
2 + KG2

�
t (11)

and

x2 =

�
X2

2
− X1

2
· KG√

2 + KG2

�
· exp

�
1 −

p
2 + KG2

�
t+�

X1

2
· KG√

2 + KG2
+

X2

2
·
�
1 −

p
2 + KG2

��
· exp

�
1 +

p
2 + KG2

�
(12)

Therefore, the deformation gradient is found as F =0BBBBBBBB� − 1
2
·
�

2+KG2√
2+KG2

− 1

�
· exp

�
1−
√

2 +KG2
�
t+

1
2
·
�

2+KG2√
2+KG2

+ 1

�
· exp

�
1 +
√

2 +KG2
�
t

1
2
· 2+KG2−

√
2+KG2

KG
· exp

�
1−
√

2 +KG2
�
t−

1
2
· (1+KG2)·

√
2+KG2

KG
· exp

�
1 +
√

2 +KG2
�
t

− 1
2
· KG√

2+KG2
· exp

�
1−
√

2 +KG2
�
t+

1
2
· KG√

2+KG2
· exp

�
1 +
√

2 +KG2
�
t

1
2
· exp

�
1−
√

2 +KG2
�
t+

1
2
·
�
1−
√

2 +KG2
�
· exp

�
1 +
√

2 +KG2
�
t

1CCCCCCCCA
(13)

The transposed matrix FT follows immediately and the Cauchy-Green tensor

C = FT · F

has, in the classical form, the expresion

C =

(
c11 c12

c21 c22

)
(14)

with the notation

KG2 = γ (15)
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a quite complex form [2,3].

In [3], the Cauchy-Green tensor was evaluated from the trajectories

analysis standpoint. The MapleVI soft was used, for plotting the trajectories

in the discrete time. In what follows, the deformations for this flow are studied,

in order to evaluate the efficiency of mixing. For the moment, due to the

complexity of the computations, only the length deformation λ2 is studied.

Thus, the length deformation is found as

λ2 =




γ2+5γ+6
4γ • exp

(
1−√2 + γ

)
2t+

γ3+2γ2+γ+2
4γ • exp

(
1 +
√

2 + γ
)
2t−

γ2−3γ+4
2γ · exp (2t)


 ·M2

1+

2




(−2γ2−γ−2)·
√

2+γ+γ3+2γ2−4γ−4

γ(2+γ) • exp
(
1−√2 + γ

)
2t+

(−γ2−3γ−2)·
√

2+γ+3γ3+8γ2+3γ−2

γ(2+γ) • exp
(
1 +
√

2 + γ
)
2t+

(3γ+6)·√2+γ−6γ2+3γ+2
γ(2+γ) · exp (−1− γ) t


 ·M1M2+




γ2+γ+2
γ+2 • exp

(
1−√2 + γ

)
2t+

γ2+(2+γ)(3+γ−2
√

2+γ)
2+γ • exp

(
1 +
√

2 + γ
)
2t+

−2γ2+(4+2γ)(1−
√

2+γ)
2+γ · exp (−1− γ) t


 ·M

2
2,

(16)

where the unit vector constraint
∑
M2
i = 1 is fulfilled.

As it can be seen, the calculus is quite complex, some polynomials are

involved for each exponential.

In [2] two irrational, random, values for the length unit vector, were

considered namely

(1) (M1,M2) =
(
− 1√

3
,
√

2√
3

)
,

(2) (M1,M2) =
(

1√
7
,−
√

6√
7

)
.

For each of these cases, it was studied the behavior of the length deforma-

tion, as a function of time, for some values of γ. Because of some symmetry

properties of relation (16), the following values of γ were taken into account,

for the beginning

1. γ = −0.75;
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2. γ = −0.05;

3. γ = 0.75.

In what follows this analysis is continued, with other two irrational unit

vector values, namely

(a) (M1,M2) =
(

1√
11
,−
√

10√
11

)
,

(b) (M1,M2) =
(
− 1√

13
, 2
√

3√
13

)
.

Using specific plotting procedures of MapleVI soft, there were found 2x3

= 6 plots, three for each unit vector case. These are continuous time plots,

the time is varying between 0 and 20 units. The figures are numbered by the

parameter case: a1, a2, a3, b1, b2, b3.

t
5 10 15 20

K3# 1036

K2# 1036

K10# 1035

0

Fig. 1. Fig. a1

3. REMARKS

Looking at the above analysis, some remarks are drawn:

1. for any case of the unit vector and/ or parameter case, the length defor-

mation λ2 is unbounded. Moreover, as γ increases, the axes must be shortened,

in order to avoid the so-called “floating point overflow”, that means a breakup

of the simulation. This happened for all the unit vector cases;
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t
5 10 15

K4# 1032

K3# 1032

K2# 1032

K1# 1032

0

Fig. 2. Fig. a2

t
0 5 10 15

0

1# 1034

2# 1034

3# 1034

4# 1034

5# 1034

6# 1034

7# 1034

Fig. 3. Fig. a3
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t
5 10 15 20

K2# 1036

K1,5# 1036

K1# 1036

K5# 1035

0

Fig. 4. Fig. b1

t
5 10 15

K3# 1032

K2# 1032

K10# 1031

0

Fig. 5. Fig. b2
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t
0 5 10 15

0

1# 1034

2# 1034

3# 1034

4# 1034

5# 1034

Fig. 6. Fig. b3

2. it happens that the length deformation has a negative behavior, although

only a small time scale was considered. Thus, comparing to the cases studied

in [1], it can be assessed that for a small perturbation of the 2D general model,

and on a larger time interval, it becomes also far from equilibrium;

3. it can be assessed, as for 2D periodic case [2], that the irrational unit

vector values produce nonlinear phenomena. It is expected that the efficiency

of mixing has a more complicated expression;

4. as an immediate aim, more irrational unit vector values will be taken into

account. That will be useful also for studying the efficiency of deformations,

in length and also in surface. As perturbing the initial model, the calculus

becomes very complex, therefore a parametric approach would be very useful;

5. the analysis of the length deformation for a small perturbation confirms

that the flows of the studied type, in 2D and 3D case, have a chaotic behavior.

This agrees with the experiments in [6]. Moreover, there can be observed

some reiterative events. This allows us to take into account the possibility of

building some fractal sets.
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Abstract As the illustration of the pseudoperturbation method [3] for the sharpening of

approximately given eigenvalues, eigenvectors and generalized Jordan chains

of the operator-function linear in the spectral parameter, the one-dimensional

boundary value problem with two displacements for ordinary differential equa-

tion is considered. Results of numerical experiments are given. Supported by

RFBR-RA, grant N 07-01-91680.

1. THE STATEMENT OF THE PROBLEM

The pseudoperturbation method proposed by M. K. Gavurin [1] for the

sharpening of approximately given simple eigenvalues and eigenvectors of self-

adjoint linear operators in Hilbert spaces was generalized by B. V. Loginov, D.

G. Rakhimov, N. A. Sidorov, O. V. Makeeva in a series of articles (for example

[2]-[5]) on generalized eigenvalue problems for operator-functions continuous

and analytic of the spectral parameter. This method consists of the con-

struction of pseudoperturbation operator such that the approximately given

multiple eigenvalues, eigenvectors and generalized Jordan chains of direct and

adjoint spectral problems become exact for the perturbed operators. Here

this method is illustrated on the example of eigenvalue problems with two dis-

placements for spectral problems for differential equations. The exact values

199
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of spectral magnitudes are evaluated and then by their approximate values

numerical experiments of pseudoperturbation method are fulfilled.

The most general statement of the eigenvalue problems with displacements

for ordinary differential operators is contained in the articles [7]-[8], where the

spectral problem

u′′ + λu = 0 (1)

is considered for the displacement condition of the first kind

u(0) =
n∑

j=1

αju(x1j), 0 < x11 < x12 < . . . < x1n < 1;

u(1) =
n∑

j=1

βju(x2j), 0 < x21 < x22 < . . . < x2n < 1;

(2)

or displacement condition of the second kind

u′(0) =
n∑

j=1

αju
′(x1j), 0 < x11 < x12 < . . . < x1n < 1;

u′(1) =
n∑

j=1

βju
′(x2j), 0 < x21 < x22 < . . . < x2n < 1.

(3)

Here αj , βj are nonpositive or nonnegative numbers such that −∞ < α1 +

α2 + . . .+ αn ≤ 1, and the sets of points {x1j}, {x2j} can be situated relative

to each other in an arbitrary manner.

The following partial cases of these problems are considered

u(0) = u(x1), u(x2) = u(1); (3)

u(0) = u(x1), u′(x2) = u′(1); (4)

u′(0) = u′(x1), u(x2) = u(1); (5)

u′(0) = u′(x1), u′(x2) = u′(1); (6)

in the space C2[(0, x1) ∪ (x1, x2) ∪ (x2, 1)] ∩ C1[0, 1], 0 < x1 < x2 < 1.



One-dimensional boundary value problem with two displacements... 201

2. THE FINDING OF EXACT SPECTRAL

MAGNITUDES FOR THE EIGENVALUE

PROBLEMS (1), (4)-(7)

Lemma 1. The eigenvalues of the problem

u′′ + λu = 0, u(0) = u(x1), u(x2) = u(1) (8)

have the forms

νn =
2nπ

x1
, νm =

2mπ

x2
, νl =

2lπ

1 + x2 − x1
, n,m, l ∈ Z. (9)

with relevant eigenfunctions

un(x) = Cn cos
nπ

x1
(2x− (1 + x2)) for

1− x2

x1
6= S1

n
; S1, n ∈ Z;

um(x) = Cm cos
mπ

1− x2
(2x− x1) for

1− x2

x1
6= m

S2
; S2, m ∈ Z;

ul(x) = Cl cos
lπ

1 + x2 − x1
(2x− x1) for

1 + x2 − x1

x1
6= l

S3
; S3, l ∈ Z

(10)

in the nondegenerate case and

un(x) = Cn1 cos
2nπ

x1
x+ Cn2 sin

2nπ

x1
x for

1− x2

x1
=
S1

n
; S1, n ∈ Z;

um(x)=Cm1 cos
2mπ

1− x2
x+Cm2 sin

2mπ

1− x2
x for

1− x2

x1
=
m

S2
; S2, m∈Z;

ul(x) = Cl1 cos
2lπ

1 + x2 − x1
x for

1 + x2 − x1

x1
=

l

S3
,

1− x2

x1
6= σ

S3
; S3, l, σ ∈ Z

(11)

in the degenerate case (i. e. in the case of coincidence of some eigenvalue

pairs).

The adjoint problem

v′′ + λv = 0

v(0) = 0, v′(x1 + 0)− v′(x1 − 0) + v′(0) = 0,

v(1) = 0, v′(x2 + 0)− v′(x2 − 0)− v′(1) = 0.

(12)
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has the same eigenvalues, to which there correspond the eigenfunctions

vn(x)=





Cn sin
2nπ

x1
x, 0≤x≤x1,

0, x1≤x≤x2,

0, x2≤x≤1

for
1−x2

x1
6=S1

n
; S1, n∈Z;

vm(x)=





0, 0≤x≤x1,

0, x1≤x≤x2,

Cm sin
2mπ

1−x2
(1−x), x2≤x≤1

for
1−x2

x1
6=m

S2
; S2,m∈Z;

vl(x)=C





sin
lπ(1−x2)

1+x2−x1
sin

2lπ

1+x2−x1
x, 0≤x≤x1,

2 sin
lπ(1−x2)

1+x2−x1
sin

lπx1

1+x2−x1
sin

lπ

1+x2−x1
(2x−x1), x1≤x≤x2,

(−1)l sin
lπx1

1+x2−x1
sin

2lπ

1+x2−x1
(1−x), x2≤x≤1

for
1+x2−x1

x1
6= l

S3
; S3, l ∈ Z

(13)

in the nondegenerate case and

vn(x)=





Cn1 sin
2nπ

x1
x, 0≤x≤x1,

0, x1≤x≤x2,

Cn3 sin
2nπ

x1
(1−x), x2≤x≤1

for
1−x2

x1
=
S1

n
; S1, n∈Z;

vm(x)=





Cm1 sin
2mπ

1−x2
x, 0≤x≤x1,

0, x1≤x≤x2,

Cm3 sin
2mπ

1−x2
(1−x), x2≤x≤1

for
1−x2

x1
=
m

S2
; S2,m∈Z;

vl(x) =





Cl1 sin
2lπ

1 + x2 − x1
x, 0 ≤ x ≤ x1,

0, x1 ≤ x ≤ x2,

Cl3 sin
2lπ

1 + x2 − x1
(1− x), x2 ≤ x ≤ 1.

for
1 + x2 − x1

x1
=

l

S3
, S3, l, σ ∈ Z.

(14)
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in the degenerate case.

The conditions of Jordan elements absence have the forms

In = x1 · sin
nπ(1− x2)

x1
6= 0;

Im =
2− x1

2
· sin mπ

1− x2
(2− x1) 6= 0;

Il =
1 + x2 − x1

2
· sin lπ(1− x2)

1 + x2 − x1
sin

lπx1

1 + x2 − x1
6= 0.

(15)

Lemma 2. The eigenvalues of the problem

u′′ + λu = 0, u(0) = u(x1), u
′(x2) = u′(1) (16)

have the forms

νn =
2nπ

x1
, νm =

2mπ

1− x2
, νl =

(2l + 1)π

1 + x2 − x1
, n, m, l ∈ Z. (17)

with the relevant eigenfunctions

un(x) = Cn sin
nπ

x1
(2x− x2 − 1) for

1− x2

x1
6= S1

n
, S1, n ∈ Z;

um(x) = Cm cos
mπ

1− x2
(2x− x1) for

1− x2

x1
6= m

S2
, S1,m ∈ Z;

ul(x) = Cl cos
(2l+1)π

2(1+x2−x1)
(2x−x1) for

1−x2

x1
6=S3

S4
, S3, S4∈Z

(18)

in the nondegenerate case and

un(x) = Cn1 cos
2nπ

x1
x+ Cn2 sin

2nπ

x1
x for

1− x2

x1
=
S1

n
, S1, n ∈ Z;

um(x)=Cm1 cos
2mπ

1−x2
x+Cm2 sin

2mπ

1−x2
x for

1−x2

x1
=
m

S2
, S2,m∈Z;

ul(x)=Cl1 cos
(2l+1)π

1+x2−x1
x+Cl2 sin

(2l+1)π

1+x2−x1
x for

1−x2

x1
=
S3

S4
, S3, S4∈Z

(19)

in the degenerate case.

The adjoint problem

v′′ + λv = 0,

v(0)=0, v(x1+0)=v(x1−0), v′(x1+0)−v′(x1−0)+v′(0)=0,

v′(1)=0, v′(x2+0)=v′(x2−0), v(x2+0)−v(x2−0)−v(1)=0.

(20)
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has the same eigenvalues, to which there correspond the eigenfunctions

vn(x)=





Cn sin
2nπ

x1
x, 0≤x≤x1,

0, x1≤x≤x2,

0, x2≤x≤1

for
1− x2

x1
6= S1

n
, S1, n ∈ Z;

vm(x)=





0, 0≤x≤x1,

0, x1≤x≤x2,

Cm cos
2mπ

1−x2
(1−x), x2≤x≤1

for
1−x2

x1
6=m

S2
, S2,m∈Z;

vl(x)=C





sin
(2l+1)π(1−x2)

2(1+x2−x1)
sin

(2l+1)π

1+x2−x1
x,

2 sin
(2l+1)πx1

2(1+x2−x1)
sin

(2l+1)π(1−x2)

2(1+x2−x1)
cos

(2l+1)π(2x−x1)

2(1+x2−x1)
,

(−1)l sin
(2l+1)πx1

2(1+x2−x1)
cos

(2l+1)π(x−1)

1+x2−x1

for
1−x2

x1
6=S3

S4
, S3, S4∈Z

(21)

in the nondegenerate case and

vn(x)=





Cn1 sin
2nπ

x1
x, 0≤x≤x1,

0, x1≤x≤x2,

Cn2 cos
nπ

x1
(2x−x2−1), x2≤x≤1

for
1−x2

x1
=
S1

n
, S1, n∈Z;

vm(x)=





Cm1 sin
2mπ

1−x2
x, 0≤x≤x1,

0, x1≤x≤x2,

Cm2 cos
2mπ

1−x2
(1−x), x2≤x≤1

for
1−x2

x1
=
m

S2
, S2,m ∈ Z;

vl(x)=





Cl1 sin
(2l+1)π

1+x2−x1
x, 0≤x≤x1,

0, x1≤x≤x2,

Cl2 cos
(2l+1)π

1+x2−x1
(x−1), x2≤x≤1

for
1−x2

x1
=
S3

S4
, S3, S4∈Z

(22)

in the degenerate case.
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The conditions of Jordan elements absence have the forms

In =
x1

2
cos

nπ

x1
(1 + x2) 6= 0;

Im = −1− x2

2
cos

mπ

1− x2
(2− x1) 6= 0;

Il =
1 + x2 − x1

2
sin

(2l + 1)πx1

2(1 + x2 − x1)
sin

(2l + 1)π(1− x2)

2(1 + x2 − x1)
6= 0.

(23)

Lemma 3. The eigenvalues of the problem

u′′ + λu = 0, u′(0) = u′(x1), u(x2) = u(1) (24)

have the forms

νn =
2nπ

x1
, νm =

2mπ

1− x2
, νl =

(2l + 1)π

1 + x2 − x1
, n, m, l ∈ Z. (25)

with the relevant eigenfunctions

un(x) = Cn cos
nπ

x1
(2x− x2 − 1) for

1− x2

x1
6= S1

n
, S1, n ∈ Z;

um(x) = Cm sin
mπ

1− x2
(2x− x1) for

1− x2

x1
6= m

S2
, S1,m ∈ Z;

ul(x) = Cl sin
(2l+1)π

2(1+x2−x1)
(2x−x1) for

1−x2

x1
6=S3

S4
, S3, S4∈Z

(26)

in the nondegenerate case and

un(x) = Cn1 cos
2nπ

x1
x+ Cn2 sin

2nπ

x1
x for

1− x2

x1
=
S1

n
, S1, n ∈ Z;

um(x)=Cm1 cos
2mπ

1−x2
x+Cm2 sin

2mπ

1−x2
x for

1−x2

x1
=
m

S2
, S2,m∈Z;

ul(x)=Cl1 cos
(2l+1)π

1+x2−x1
x+Cl2 sin

(2l+1)π

1+x2−x1
x for

1−x2

x1
=
S3

S4
, S3, S4∈Z

(27)

in the degenerate case.

The adjoint problem

v′′ + λv = 0,

v′(0)=0, v′(x1+0)=v′(x1−0), v(x1+0)−v(x1−0)+v(0)=0,

v(1)=0, v(x2+0)=v(x2−0), v′(x2+0)−v′(x2−0)−v′(1)=0.

(28)
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has the same eigenvalues, to which there correspond the eigenfunctions

vn(x)=





Cn sin
2nπ

x1
x, 0≤x≤x1,

0, x1≤x≤x2,

0, x2≤x≤1

for
1− x2

x1
6= S1

n
, S1, n ∈ Z;

vm(x)=





0, 0≤x≤x1,

0, x1≤x≤x2,

Cm sin
2mπ

1−x2
(1−x), x2≤x≤1

for
1−x2

x1
6=m

S2
, S2,m∈Z;

vl(x)=C





sin
(2l+1)π(1−x2)

2(1+x2−x1)
cos

(2l+1)π

1+x2−x1
x,

−2 sin
(2l+1)πx1

2(1+x2−x1)
sin

(2l+1)π(1−x2)

2(1+x2−x1)
sin

(2l+1)π(2x−x1)

2(1+x2−x1)
,

(−1)l sin
(2l+1)πx1

2(1+x2−x1)
sin

(2l+1)π(x−1)

1+x2−x1

for
1−x2

x1
6=S3

S4
, S3, S4∈Z

(29)

in the nondegenerate case and

vn(x) =





Cn1 sin
2nπ

x1
x, 0≤x≤x1,

0, x1≤x≤x2,

Cn2 cos
2nπ

x1
(1− x), x2≤x≤1

for
1−x2

x1
=
S1

n
, S1, n∈Z;

vm(x) =





Cm1 cos
2mπ

1−x2
x, 0≤x≤x1,

0, x1≤x≤x2,

Cm2 sin
2mπ

1−x2
(1−x), x2≤x≤1

for
1−x2

x1
=
m

S2
, S2,m ∈ Z;

vl(x) =





Cl1 cos
(2l+1)π

1+x2−x1
x, 0≤x≤x1,

0, x1≤x≤x2,

Cl2 sin
(2l+1)π

1+x2−x1
(x−1), x2≤x≤1

for
1−x2

x1
=
S3

S4
, S3, S4∈Z

(30)

in the degenerate case.
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The conditions of Jordan elements absence have the forms

In =
x1

2
sin

nπ

x1
(1 + x2) 6= 0;

Im = −1− x2

2
cos

mπ

1− x2
(2− x1) 6= 0;

Il = −1 + x2 − x1

2
sin

(2l + 1)πx1

2(1 + x2 − x1)
sin

(2l + 1)π(1− x2)

2(1 + x2 − x1)
6= 0.

(31)

Lemma 4. The eigenvalues of the problem

u′′ + λu = 0, u′(0) = u′(x1), u
′(x2) = u′(1) (32)

have the forms

νn =
2nπ

x1
, νm =

2mπ

1− x2
, νl =

2lπ

1 + x2 − x1
, n, m, l ∈ Z. (33)

with the relevant eigenfunctions

un(x) = Cn sin
nπ

x1
(2x− x2 − 1) for

1− x2

x1
6= S1

n
, S1, n ∈ Z;

um(x) = Cm cos
mπ

1− x2
(2x− x1) for

1− x2

x1
6= m

S2
, S1,m ∈ Z;

ul(x) = Cl sin
(lπ

1+x2−x1
(2x−x1) for

1−x2

x1
6=S3

S4
, S3, S4∈Z

(34)

in the nondegenerate case and

un(x) = Cn1 cos
2nπ

x1
x+ Cn2 sin

2nπ

x1
x for

1− x2

x1
=
S1

n
, S1, n ∈ Z;

um(x)=Cm1 cos
2mπ

1−x2
x+Cm2 sin

2mπ

1−x2
x for

1−x2

x1
=
m

S2
, S2,m∈Z;

ul(x)=Cl1 cos
2lπ

1+x2−x1
x+Cl2 sin

2lπ

1+x2−x1
x for

1−x2

x1
=
S3

S4
, S3, S4∈Z

(35)

in the degenerate case.

The adjoint problem

v′′ + λv = 0,

v′(0)=0, v′(x1+0)=v′(x1−0), v(x1+0)−v(x1−0)+v(0)=0,

v′(1)=0, v′(x2+0)=v′(x2−0), v(x2+0)−v(x2−0)−v(1)=0.

(36)
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has the same eigenvalues, to which there correspond the eigenfunctions

vn(x)=





Cn cos
2nπ

x1
x, 0≤x≤x1,

0, x1≤x≤x2,

0, x2≤x≤1

for
1− x2

x1
6= S1

n
, S1, n ∈ Z;

vm(x)=





0, 0≤x≤x1,

0, x1≤x≤x2,

Cm cos
2mπ

1−x2
(1−x), x2≤x≤1

for
1−x2

x1
6=m

S2
, S2,m∈Z;

vl(x)=C





− sin
lπ(2−x1)

1+x2−x1
cos

2lπ

1+x2−x1
x,

2 sin
lπx1

1+x2−x1
sin

lπ(2−x1)

1+x2−x1
sin

lπ(2x−x1)

1+x2−x1
,

sin
lπx1

1+x2−x1
cos

2lπ(x−1)

1+x2−x1

for
1−x2

x1
6=S3

S4
, S3, S4∈Z

(37)

in the nondegenerate case and

vn(x)=





Cn1 cos
2nπ

x1
x, 0≤x≤x1,

0, x1≤x≤x2,

Cn2 cos
2nπ

x1
(1− x), x2≤x≤1

for
1−x2

x1
=
S1

n
, S1, n∈Z;

vm(x)=





Cm1 cos
2mπ

1−x2
x, 0≤x≤x1,

0, x1≤x≤x2,

Cm2 cos
2mπ

1−x2
(1−x), x2≤x≤1

for
1−x2

x1
=
m

S2
, S2,m ∈ Z;

vl(x)=





Cl1 cos
2lπ

1+x2−x1
x, 0≤x≤x1,

0, x1≤x≤x2,

Cl2 cos
2lπ

1+x2−x1
(x−1), x2≤x≤1

for
1−x2

x1
=
S3

S4
, S3, S4∈Z

(38)

and in the degenerate case.



One-dimensional boundary value problem with two displacements... 209

The conditions of Jordan elements absence have the forms

In = −x1

2
sin

nπ

x1
(1 + x2) 6= 0;

Im =
1− x2

2
cos

mπ

1− x2
(2− x1) 6= 0;

Il = (−1)l
1 + x2 − x1

2
sin

lπx1

1 + x2 − x1
sin

lπ(1− x2)

1 + x2 − x1
6= 0.

(39)

3. DESCRIPTION OF PSEUDOPERTURBATION

METHOD

Let be known the sufficiently exact approximation λ0, to the eigenvalue λ

of the problem (B − λA)x = 0 (obtained, for example, from the graph of the

boundary conditions determined) and the approximations to eigenfunctions of

the direct u0(x) and adjoint v0(x) problems. The problem of the sharpening

of these approximations is of interest.

There exists the pseudoperturbation operator D0 with respect of which

these approximations become exact for the perturbed operator

(B − λ0A−D0)u0 = 0, (B∗ − λ0A
∗ −D∗0)v0 = 0.

By the generalized E. Schmidt lemma and general perturbation theory [9] at

the sufficient exactness of initial approximations (‖D0‖ is small) there exists

the bounded operator

Γ0 = [(B − λ0A−D0) + 〈·, γ0〉z0]−1,

γ0 = A ∗ v0, z0 = Au0. The application of the operator Γ0 allows one to

determine the function [3]

f(t) = −〈{I − [I − Γ0((t− λ0)A)−D0)]
−1}u0, γ0〉

such that the exact eigenvalue λ is the root of the equation f(t) = 0. Further

the iterations of Newton-Kantorovich method can be constructed

λν = λν−1 − (f ′(λν−1))
−1f(λν), ν = 1, 2, . . . ,
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taking as the initial approximation t = λ0. By using of the basic Newton-

Kantorovich method on every iteration step it is required to solve (for example

by collocation method) two integro-differential equations

(B − λ0A)x1 + 〈x1, γ0〉z0 = z0,

(B − λ0A)x2 + 〈x2, γ0〉z0 = Ax1.

After the achievement of the sufficient exactness of the eigenvalue, the eigenele-

ments of the direct and adjoint problems can be found by the same formulae.

4. APPLICATION OF PSEUDOPERTURBATION

METHOD

Here the results of numerical experiment are given for the sharpening of

the approximation λ0 = ν2
0 to the eigenvalue λ = ν2, ν = νl =

2lπ

1 + x2 − x1
of the problem (1), (4) that is determined from the graph of the boundary

value determinant ∆ = 0. The initial approximations to eigenfunctions are

obtained by formulae (10), (13). Here n is the number of partial intervals,

D is the quantity of the significant digits in the decimal representation of the

number,

n = 30, D = 30,

l = 1, x1 =
1

5
, x2 =

1

2
,

λ =
4π2l2

(1 + x2 − x1)2
= 23.3600104167795470268271976328,

ν =
2πl

1 + x2 − x1
= 4.83321946706122036686560520504, ν0 = 4.8750
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i λi ∆ = |λi − λi−1|
0 23.7656250000000000000000000000

1 23.5244251838257463704409895549 2.411998161742536295590104451 · 10−1

2 23.3870248377593004674003004423 1.374003460664459030406891126 · 10−1

3 23.3607397157227508043474119928 2.62851220365496630528884495 · 10−2

4 23.3600109483067251820314868653 7.287674160256223159251275 · 10−4

5 23.3600104167798293621790107427 5.315268958198524761226 · 10−7

6 23.3600104167795470268271910757 2.823353518196670 · 10−13

7 23.3600104167795470268272021352 1.10595 · 10−23

Remark. We have considered also the case of the coincidence of the points

x1 and x2 for all considered spectral problems. However they are not presented

here for the brevity of presentation.
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Abstract Bifurcation theory methods under group symmetry conditions [6, 7] are applied

to crystallization problem with composite lattices in statistical crystal theory.

The obtained results are supported by RFBR-RA grant No. 07-01-91680.

Crystallization of liquid phase state in the case of composite lattice is de-

scribed by the system of nonlinear integral equations with kernel depending

on modulus of arguments difference [1], obtaining by the uncoupling of N.N.

Bogolyubov equation hierarchy on second distribution function. Suppose that

forming crystal molecules belong to M different classes and the number of i-th

class molecules in the volume V is equal to Ni, N =
∑M

i=1Ni

∂Fi
∂qα

+
1

θv

M∑

j=1

nj
∂Φij(|q − q′|)

∂qα
Fij(q, q

′)dq′ = 0, q = (q1, q2, q3) (1)

Here θ = kT , k – Boltzman constant, T – temperature, ni = Ni

N , v = V
n ⇒

nj

v =
Nj

V = 1
vj

, Φij(|q − q′|) = Φji(|q − q′|) – the potential energy of i-th and

j-th molecule classes interaction which are disposed at the points q and q′.

Carrying out the approximation Fij(q, q
′) = Fi(q)Fj(q

′)Gij(|q − q′|),
lim

|q−q′|→∞
Gij(|q − q′|) = 1; Gij(|q − q′|) = 0 at |q − q′| ≤ a, where Gij(|q − q′|)

is radial distribution function of two types of particles, transform (1) to the

213
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form

∂Fi(q)

∂qα
+

1

θv

M∑

j=1

nj
∂Uij(q)

∂qα
Fi(q) = 0,

Uij(q) =

∫

(q′)





|q−q′|∫

∞

dΦij(r)

dr
Gij(r)dr




Fi(q

′)dq′.

Setting Fi(q) = 1
λi

exp

{
− 1
θv

M∑
j=1

nj
|q−q′|∫
∞

dΦij(r)
dr dr

}
, where 1

λi
is a constant not

depending on coordinates and defining from the condition of density normal-

ization limV→∞ 1
V

∫
Fi(q)dq = 1, and ρi(q) = 1

vi
Fi(q) = 1

λivi
eui(q) we obtain

the system of nonlinear integral equations

ln{λFi(q)} = ui(q) = −1

θ

M∑

j=1

∫
1

λvj
Kij(|q − q′|)euj(q

′)dq′,

Kij(|q − q′|) = Kji(|q − q′|) =
|q−q′|∫
∞

dΦij(r)
dr Gij(r)dr, where q = (q1, q2, q3)

are Cartesian coordinates. As far as 1
vi

= ni

v = 1
Mv , the system of integral

equations takes the form

ui(q) +
1

Mvθλ

M∑

j=1

∫
Kij(|q − q′|)euj(q

′)dq′ = 0. (2)

As far as composite lattice consists of M identical sublattices here, like in

[2], it is introduced the common constant of normalization λ.

First, give a brief introduction to crystallographic groups. It is know [3]

that all symmetry groups of 3-dimensional homogeneous discrete space – spa-

tial crystallographic groups – are three times periodic. The translations group

T = {a = m1a1+m2a2+m3a3}, mi ∈ Z propagates any point into 3D-periodic

system of points, that is a spatial lattice. Crystalline lattices are divided into

7 crystalline systems, that are called the syngonies. Bravais mathematically

showed that for the crystals of 7 syngonies, 14 types of lattices are possible. Be-

sides of translational symmetry the crystallographic groups are characterized
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by the point symmetry K – the aggregate of rotation and reflection operations

being the symmetry of elementary cell. There are 32 point groups called the

crystalline classes which are compatible with the translation group. However,

the space crystallographic groups have new elements of symmetry that are

absent in translation and point groups: screw displacements and glide reflec-

tions. Screw displacement is the translation with subsequent rotation at some

angle around the translation axis. Glide reflection is the reflection in some

plane with subsequent translation along this plane. Both indicated symmetry

elements are formed by commuting elements; these elements themselves can

be absent in crystallographic group.

Remark 1. Give the geometric interpretation of composite lattice. There

are identical particles in the lattice nodes possessing the color symmetry of

the point group K. For the nonsymmorphic group C5
2h of monoclinic syngony

such particles may be interpreted as a ball, divided into 4 parts by two mutual

perpendicular planes passing through the ball center, each part of the ball

being colored into white or black. The translation group T propagates such

particles into space-periodic systems that are sublattices of the considered

crystal. The transformations of nonsymmorphic group transfers one sublattice

into another, which is shifted on some translation α = (α1, α2, α3), αi ∈ (0; 1)

(see the table of nonsymmorphic crystallographic groups in the appendix to

the monograph [3]). Moreover, every particle in the new sublattice is turned

by the corresponding transformation of the point group K .

At the crystallization phenomenon investigation naturally arises the prob-

lem of periodic solutions construction ui(q) = u0i + wi(q, ε), wj(q, ε) =
∑

l
wle

2πi〈lj ,q〉, (lj = m
(1)
j l(1) + m

(2)
j l(2) + m

(3)
j l(3) is the inverse lattice vec-

tor) in the form of Fourier series on inverse lattice vectors, bifurcating from

homogeneous density distribution ρi(q) = ρ0i = 1
v0i

, v0j = Mv0. Since the

sublattices consist of identical but having different orientations particles and

have the same translation group, we can take ρi0 = ρ0 and ui0 = u0, and small
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parameter ε should be determined by the relation

expu0

Mvθλ
=

expu0

Mv0θ0λ0
+ ε = µ0 + ε.

System (2) in the vector-functions w = {wi(q, ε)}M1 takes the form

Bsws ≡ ws(q) + µ0

M∑

j=1

∫
Ksj(|q − q′|)wj(q′)dq′ =

− ε
M∑

j=1

∫
Ksj(|q − q′|)ewj(q

′)dq′ − µ0

M∑

j=1

∫
Ksj(|q − q′|)[ewj(q

′)−

wj(q
′)− 1]dq′ ≡ Rs(w, ε) (3)

Remark 2. By virtue of Remark 1, system (2) possesses the group symme-

try of nonsymmorphic crystallographic group corresponding to the composite

lattice consisting of M sublattices of one type molecules oriented by point

group K = C2h (|K| = M , |C2h| = 4) transformations. Nonsymmorphic

group transformations transfer equations of the system (2) into each other,

leaving invariant the whole system. The connection between the sublattices

of the composite lattice and equations are realized by screw rotation and glide

reflection.

The system of integral equations (3) is considered in the space of vector-

functions C1(Π0), Π0 is the elementary cell of periodicity, and kernels Ksj(|q−
q′|) are sufficiently smooth, so

∫
Ksj(|q− q′|)uj(q′)dq′, q ∈ Π0 can be differen-

tiated with respect to the parameter q.

Further the general case of composite lattice will be illustrated by the exam-

ple of crystallization with translation lattice consisting of four primitive sub-

lattices Γm of monoclinic syngony with nonsymmorphic group C5
2h [3] which

have nontrivial screw rotation and glide reflection.

Describe the zero-subspace of linearized system (3)

Bsws ≡ ws(q) + µ0

M∑

j=1

∫
Ksj(|q − q′|)wj(q′)dq′ = 0, s = 1, . . . ,M (4)
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presenting the components of vector-function w by Fourier series on inverse lat-

tice vectors (index k is numbering the three-tuples of integers (m
(1)
j ,m

(2)
j ,m

(3)
j ))

wj(q
′) =

∑

k

wkje
2πi〈lkj ,q〉, lkj = m

(1)
kj l(1) +m

(2)
kj l(2) +m

(3)
kj l(3), m

(p)
kj ∈ Z

Bsws =
∑

k

wkse
2πi〈lks,q〉 + µ0

M∑

j=1

∫
Ksj(|q − q′|)

∑

k

wkje
2πi〈lkj ,q

′〉dq′ =

∑

k

wkse
2πi〈lks,q〉 + µ0

M∑

j=1

∫
Ksj(|q − q′|)

∑

k

wkje
2πi〈lkj ,q〉e−2πi〈lkj ,q−q′〉dq′ =

∑

k

wkse
2πi〈lks,q〉 + µ0

∑

k

M∑

j=1

wkje
2πi〈lkj ,q〉

∫
Ksj(|q − q′|)e−2πi〈lkj ,q−q′〉dq′

(5)

Compute the integrals Its =
∫
Kts(|q − q′|)e−2πi〈lks,q−q′〉dq′. Setting q̃ =

q − q′ = xe1 + ye2 + ze3 = x̃a1 + ỹa2 + z̃a3; aj = a1je1 + a2je2 + a3je3




a1

a2

a3


 = AT




e1

e2

e3


⇒




x

y

z


 = A




x̃

ỹ

z̃




performing the change of variables

x = x̃a11 + ỹa12 + z̃a13

y = x̃a21 + ỹa22 + z̃a23

z = x̃a31 + ỹa32 + z̃a33

and then carrying out the transition to spherical coordinates one get

Its =

∫ ∞

0
ρ2K(ρ)2π

∫ 1

−1
exp

[
− 2πiρ

detA
Rkst

]
dt =

2detA

Rks

∫ ∞

0
ρK(ρ) sin

(
2πρRks
detA

)
dρ

Omitting tedious computations, write the expression for Rks
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Rks = R(m
(1)
ks
,m

(2)
ks
,m

(3)
ks

) =n
m

(1)2

ks

�
(a2

21 + a2
22 + a2

23)(a2
31 + a2

32 + a2
33)− (a21a31 + a22a32 + a23a33)2

�
+

m
(2)2

ks

�
(a2

11 + a2
12 + a2

13)(a2
31 + a2

32 + a2
33)− (a11a31 + a12a32 + a13a33)2

�
+

m
(3)2

ks

�
(a2

21 + a2
22 + a2

23)(a2
11 + a2

12 + a2
13)− (a11a21 + a12a22 + a13a23)2

�
+

2m
(1)
ks
m

(2)
ks

�
(a11a31 + a12a32 + a13a33)(a21a31 + a22a32 + a23a33)− (a11a21 + a12a22 + a13a23)(a2

31 + a2
32 + a2

33)
�
+

2m
(1)
ks
m

(3)
ks

�
(a11a21 + a12a22 + a13a23)(a21a31 + a22a32 + a23a33)− (a11a31 + a12a32 + a13a33)(a2

21 + a2
22 + a2

23)
�
+

2m
(2)
ks
m

(3)
ks

�
(a11a21 + a12a22 + a13a23)(a11a31 + a12a32 + a13a33)− (a21a31 + a22a32 + a23a33)(a2

11 + a2
12 + a2

13)
�o 1

2

(6)

System (5) takes the form

∑

k

wkse
2πi(m

(1)
ks
x+m

(2)
ks
y+m

(3)
ks
z)−

µ0

∑

k

M∑

j=1

wkje
2πi(m

(1)
kj
x+m

(2)
kj
y+m

(3)
kj
z) 2detA

Rkj

∫ ∞

0
ρKsj(ρ) sin

(
2πρRkj
detA

)
dρ = 0

(7)

with the determinant

∆k =

[
Iδsj − µ0

2detA

Rkj(mkj)

∫ ∞

0
ρKsj(ρ) sin

(
2πρRkj(mkj)

detA

)
dρ

]
, s, j = 1,M

(8)

Thus, conversion to zero of the determinant (8) defines the eigenvalues µ0

and presents the crystallization criterion [4] with corresponding composite

lattice.

Kernels Ksj(|q− q′|) = Kjs(|q− q′|) are invariant with respect to the group

of Euclidean space motion R3 including also the transformations g of non-

symmorphic crystallographic groups G Ksj(|gq − gq′|) = Ksj(|q − q′|). The

corresponding operators Ksjf(q) =
∫
Ksj(|q− q′|)f(q′)dq′ are invariant to the

shift operators by virtue of kernels Ksj invariance relative to simultaneous

motions in R3 of arguments q and q′. Indeed, since dq′ is invariant relative to
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the G measure in R3, one has

(Ksjf)(gq) =

∫
Ksj(|gq−q′|)f(q′)dq′

q′=gq̄
=

∫
Ksj(|q−q̄|)f(gq̄)dq̄ = KsjT (g)f(q)

Therefore, by applying nonsymmorphic transformation T (g) to the s-th equa-

tion (4) one gets

T (g)ws(q) + µ0

M∑

j=1

∫
Ksj(|q − q̄|)wj(gq̄)dq̄ =

= T (g)ws(q) + µ0

M∑

j=1

∫
Ksj(|q − q̄|)T (g)wj(q̄)dq̄ = 0

Hence, together with some solution w = (w1, . . . , wM )T of the linearized

system (4) it has the solutions T (g)w = (T (g)w1, . . . , T (g)wM )T . Therefore

system (4) is invariant to the transformations T (g).

Further the obtained result is illustrated on the example of the nonsymmor-

phic group C5
2h of monoclinic syngony [3]. Here the basic translation vectors

should be chosen in the form

a1 = αi, a2 = βi + γj, a3 = δk

such that the inverse lattice vectors take the form

l(1) =
[a2,a3]

Ω
=

1

α
i− β

αγ
j; l(2) =

[a3,a1]

Ω
=

1

γ
j; l(3) =

[a1,a2]

Ω
=

1

δ
k,

where Ω = 〈a1, [a2,a3]〉 = αγδ.

R2
kj = δ2[m

(1)
kj β −m

(2)
kj α]2 +m

(1)2

kj γ2δ2 +m
(3)2

kj α2γ2

The group C5
2h is generated by the elements [3]

(1
2 tz, r), (1

2 tx, σh) and (1
2 tx+ 1

2 tz, σhr). Then the functions w1 = e2πi〈l1,q〉 =

e2πi(m
(1)
k1 x̃+m

(2)
k1 ỹ+m

(3)
k1 z̃), (1

2 tx+
1
2 tz, σhr)w1 = (−1)m

(1)
k1 +m

(3)
k1 e2πi(−m

(1)
k1 x̃−m

(2)
k1 ỹ−m

(3)
k1 z̃),

(1
2 tx, σh)w1 = (−1)m

(1)
k1 e2πi(m

(1)
k1 x̃+m

(2)
k1 ỹ−m

(3)
k1 z), (1

2 tz, r)w1 =

(−1)m
(3)
k1 e2πi(−m

(1)
k1 x̃−m

(2)
k1 ỹ+m

(3)
k1 z̃) are the first components of the vector solu-

tions of linearized system (4).
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Thus, according to Remark 2, the zero subspace is generated by the vector-

functionsW = (w1(q), . . . , wM (q))T , T (g1)W, . . . , T (gM )W , wk(q) = T (gk)w1(q) =

w1(gkq), k = 1, . . . ,M , where gk are numbered together with sublattices el-

ements of nonsymmorphic group symmetry. Since T (gk) can be stationary

subgroup element, the dimension of the zero subspace of the linearized matrix

operator B = B(µ0) = (I − µ0K) of the system (3), i.e. the multiplicity of

the eigenvalue µ0, may be equal to the divisors of the corresponding point

group symmetry order or some of their sums in the case of several generating

elements in the zero subspace N(B) under the action of gk ∈ G, k = 1, . . . ,M .

By virtue of the symmetry Ksj = Kjs the linearized matrix operator is

symmetric and it generates a symmetric determinant of the system of algebraic

equations.

Remark 3. The values Rkj , j = 1, . . . ,M are invariant to the point group

transformations. The proof of this assertion does not follow from symmetry

considerations and it is checked for each nonsymmorphic group apart.

Four dimensional branching equation construction for the system

(3) with group symmetry C5
2h of monoclinic syngony in the case of

one general position vector generating N(B)

The connection between the sublattices of composite lattice and equations

is realized by the transformations of the nonsymmorphic group

(
1

2
tz, r) ∼= (1, 4)(2, 3), (

1

2
tx, σh) ∼= (1, 3)(2, 4), (

1

2
tx+

1

2
tz, σhr) ∼= (1, 2)(3, 4)

(9)

The equations transferring into each other it is necessary to fulfill the fol-

lowing symmetry relations between the kernels of the integral operators

K11 = . . . = K44; K14 = K23 = K32 = K41;

K12 = K21 = K34 = K43; K13 = K31 = K24 = K42.
(10)

It is practically impossible to perform bifurcating equation construction in

the case of arbitrary m
(j)
k1 , thus for the simplicity take m

(j)
k1 = 1.
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Choose the basis vectors of the zero subspace N(B) in the form

Φ1 =




ϕ1 = e2πi(x+y+z)

ϕ2 = e2πi(−x−y−z)

ϕ3 = −e2πi(x+y−z)

ϕ4 = −e2πi(−x−y+z)



, Φ2 = (1

2 tx + 1
2 tz, σhr)Φ1 =




ϕ2

ϕ1

ϕ4

ϕ3



,

Φ3 = (1
2 tx, σh)Φ1 =




ϕ3

ϕ4

ϕ1

ϕ2



, Φ4 = (1

2 tz, r)Φ1 =




ϕ4

ϕ3

ϕ2

ϕ1




For the simplification of notations hereinafter we will omit the symbol

”tilde”, i.e. x, y, z will be considered as coordinates along axes a1, a2 and a3

respectively.

In order to compute the bifurcating solutions in the neighborhoods of the

parameter critical value, bifurcation theory methods [5] are applied.

Let E1 and E2 be two Banach spaces. The nonlinear equation

Bx = R(x, λ), R(0, 0) = 0, Rx(0, 0) = 0 (11)

is considered. Here B : E1 → E2 is a closed linear Fredholm operator (R(B) =

R(B), R(B) is the range of the operator B) with dense in E1 domain D(B),

N(B) = span{Φ1, . . . ,Φn} is its null-subspace, N∗(B) = span{Ψ1, . . . ,Ψn} ⊂
E∗2 is its defect-subspace. The nonlinear operator R(x, λ) is supposed to be

defined and sufficiently smooth in x and λ in a neighborhood of (0, 0) ∈
E1

.
+ Λ, Λ is the parameter space. According to Hahn-Banach theorem

there exist biorthogonal systems {Γj}n1 ∈ E1, 〈Φi,Γj〉 = δij and {Zk}n1 ∈ E2,

〈Zk,Ψl〉 = δkl, generating the projectors P =
n∑
j=1
〈·,Γj〉ϕj : E1 → N(B),

Q =
n∑
j=1
〈·,Ψj〉zj : E2 → E2,n = span{z1, . . . , zn} and the following direct

sum expansions E1 = En1
.
+ E∞−n1 , En1 = N(B), E2 = E2,n

.
+ E2,∞−n,

E2,∞−n = R(B). Then the Lyapounov-Schmidt method allows to reduce
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the problem (11) of construction of small norm solutions to nonlinear finite-

dimensional equations system that is the bifurcation equation.

Here Zs = Φs,

Γ1 = Ψ1 =
1

4|Π0|
Φ2, Γ2 = Ψ2 =

1

4|Π0|
Φ1, Γ3 = Ψ3 =

1

4|Π0|
Φ4, Γ4 = Ψ4 =

1

4|Π0|
Φ3

Write system (3) in the power series expansion introducing the parameters

ξk, k = 1, . . . , 4 and the Schmidt correction operator

B̃W =




w1(q)

· · ·
w4(q)


+ µ0KW +

4∑

j=1

〈W,Γj〉Zj = −ε




∑4
j=1K1j(|q − q′|)dq′

· · ·
∑4

j=1K4j(|q − q′|)dq′


 (11)

−εK




w1(q
′) + w1(q′)2

2! + . . .

· · ·
w4(q

′) + w4(q′)2

2! + . . .


− µ0K




w1(q′)2

2! + w1(q′)3

3! + . . .

· · ·
w4(q′)2

2! + w4(q′)3

3! + . . .


+

4∑

j=1

ξjZj

ξj = 〈W,Γj〉

K =




∫
K11(q

′)dq′ . . .
∫
K14(q

′)dq′

· · · · · · · · ·
∫
K41(q

′)dq′ . . .
∫
K44(q

′)dq′




By the implicit operators theorem the first equation (12) has a unique so-

lution W = W (ξ, ε). Branching system takes the form

L(i)(ξ, ε) ≡ ξi − 〈W (ξ, ε),Γi〉 = 0, i = 1, . . . , 4

We find the solutions of the first equation (12) in the form of the series

W (q, ε) =
∑

|α|+k≥1

Wα;kξ
αεk.

Omitting tedious computations write out the main part of the branching

system

f1(ξ, ε) = Aξ1ε + Bξ2
3 + Cξ1

2
ξ2 + Dξ1ξ3ξ4 + Eξ2ξ3

2 + Fξ2ξ4
2 + . . . = 0 (12)

f2(ξ, ε) = Aξ2ε + Bξ1
3 + Cξ2

2
ξ1 + Dξ2ξ3ξ4 + Eξ1ξ4

2 + Fξ1ξ3
2 + . . . = 0

f3(ξ, ε) = Aξ3ε + Bξ4
3 + Cξ3

2
ξ4 + Dξ1ξ2ξ3 + Eξ4ξ1

2 + Fξ4ξ2
2 + . . . = 0

f4(ξ, ε) = Aξ4ε + Bξ3
3 + Cξ4

2
ξ3 + Dξ1ξ2ξ4 + Eξ3ξ2

2 + Fξ3ξ1
2 + . . . = 0
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The obtained system allows the group (9) of substitutions p1 = (12)(34),

p2 = (13)(24), p3 = (13)(23).

Passing to real variables ξ1 = τ1 + iτ2, ξ2 = τ1 − iτ2, ξ3 = τ3 + iτ4,

ξ4 = τ3 − iτ4 one gets the branching system in the new base

Φ̂1 =




cos 2π(x+ y + z)

cos 2π(x+ y + z)

− cos 2π(x+ y − z)
− cos 2π(x+ y − z)



, Φ̂2 =




sin 2π(x+ y + z)

− sin 2π(x+ y + z)

− sin 2π(x+ y − z)
sin 2π(x+ y − z)



,

Φ̂3 =




− cos 2π(x+ y − z)
− cos 2π(x+ y − z)

cos 2π(x+ y + z)

cos 2π(x+ y + z)



, Φ̂4 =




− sin 2π(x+ y − z)
sin 2π(x+ y − z)
sin 2π(x+ y + z)

− sin 2π(x+ y + z)



.

t1(τ , ε) = Aτ1ε+Bτ1(τ
2
1 − 3τ2

2) + Cτ1(τ
2
1 + τ2

2) +Dτ1(τ
2
3 + τ2

4) + (13)

+E[τ1(τ
2
3 − τ2

4) + 2τ2τ3τ4] + F [τ1(τ
2
3 − τ2

4)− 2τ2τ3τ4] + . . . = 0

t2(τ , ε) = Aτ2ε+Bτ2(τ
2
2 − 3τ2

1) + Cτ2(τ
2
1 + τ2

2) +Dτ2(τ
2
3 + τ2

4) +

+E[−τ2(τ
2
3 − τ2

4) + 2τ1τ3τ4]− F [τ2(τ
2
3 − τ2

4) + 2τ1τ2τ4] + . . . = 0

t3(τ , ε) = Aτ3ε+Bτ3(τ
2
3 − 3τ2

2) + Cτ3(τ
2
3 + τ2

4) +Dτ3(τ
2
1 + τ2

2) +

+E[τ3(τ
2
1 − τ2

2) + 2τ1τ2τ4] + F [τ3(τ
2
1 − τ2

2)− 2τ1τ2τ4] + . . . = 0

t4(τ , ε) = Aτ4ε+Bτ4(τ
2
4 − 3τ2

3) + Cτ4(τ
2
3 + τ2

4) +Dτ4(τ
2
1 + τ2

2) +

+E[−τ4(τ
2
1 − τ2

2) + 2τ1τ2τ3]− F [τ4(τ
2
1 − τ2

2) + 2τ1τ2τ3] + . . . = 0
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Applying the transformations

t1τ2 − t2τ1 = 2Bτ1τ2(τ
2
1 − τ2

2) + E[τ1τ2(τ
2
3 − τ2

4)− τ3τ4(τ
2
1 − τ2

2)] +(14)

+F [τ1τ2(τ
2
3 − τ2

4) + τ3τ4(τ
2
1 − τ2

2)] + . . . = 0

t1τ2 + t2τ1 = Aτ1τ2ε+ (C − 2B)τ1τ2(τ
2
1 + τ2

2) +Dτ1τ2(τ
2
3 + τ2

4) +

+(E − F )τ3τ4(τ
2
1 + τ2

2) + . . . = 0

t3τ4 − t4τ3 = 2Bτ3τ4(τ
2
3 − τ2

4) + E[τ3τ4(τ
2
1 − τ2

2)− τ1τ2(τ
2
3 − τ2

4)] +

+F [τ3τ4(τ
2
1 − τ2

2) + τ1τ2(τ
2
3 − τ2

4)] + . . . = 0

t3τ4 + t4τ3 = Aτ3τ4ε+ (C − 2B)τ3τ4(τ
2
3 + τ2

4) +Dτ3τ4(τ
2
1 + τ2

2) +

+(E − F )τ1τ2(τ
2
3 + τ2

4) + . . . = 0

adding and subtracting first and third, second and fourth equation of the

system (15) bring the branching system to the form

t̃1(τ , ε) = B[τ1τ2(τ
2
1 − τ2

2) + τ3τ4(τ
2
3 − τ2

4)] + (15)

+F [τ1τ2(τ
2
3 − τ2

4) + τ3τ4(τ
2
1 − τ2

2)] + . . . = 0

t̃2(τ , ε) = B[τ1τ2(τ
2
1 − τ2

2)− τ3τ4(τ
2
3 − τ2

4)] +

+E[τ1τ2(τ
2
3 − τ2

4)− τ3τ4(τ
2
1 − τ2

2)] + . . . = 0

t̃3(τ , ε) = Aε(τ1τ2 + τ3τ4) + (C −B)[τ1τ2(τ
2
1 + τ2

2) + τ3τ4(τ
2
3 + τ2

4)] +

+(D + E − F )[τ1τ2(τ
2
3 + τ2

4) + τ3τ4(τ
2
1) + τ2

2] + . . . = 0

t̃4(τ , ε) = Aε(τ1τ2 − τ3τ4) + (C −B)[τ1τ2(τ
2
1 + τ2

2)− τ3τ4(τ
2
3 + τ2

4)] +

+(D − E + F )[τ1τ2(τ
2
3 + τ2

4)− τ3τ4(τ
2
1) + τ2

2] + . . . = 0

Note that the written system in the real basis possesses the substitutions

p1 : τ1 → τ1, τ2 → −τ2, τ3 → τ3, τ4 → −τ4;

p2 : τ1 ↔ τ3, τ2 ↔ τ4; p3 : τ1 ↔ τ3, τ2 ↔ −τ4

(17)

The first two equations (16) are considered as the system relative to (τ2
1−τ2

2),

(τ2
3−τ2

4) with determinant ∆ = 2[τ1τ2τ3τ4(EF−B2)+B(E−F )(τ2
1τ

2
2+τ

2
3τ

2
4)].
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I. If ∆ 6= 0, which is possible for (B2−EF )2−4B2(E−F )2 < 0 (|B2−EF | <
2|B(E−F )|), then τ2

1 = τ2
2 6= 0 and τ2

3 = τ2
4 6= 0 (inequality to zero should be

taken place at least in one case). Then the last two equations of the system

(16) are reducing to one of the following forms

A. τ1 = τ2, τ3 = τ4.

For τ1 6= 0, τ3 6= 0 one has

Aε+ 2(C −B)τ2
1 + 2(D + E − F )τ2

3 = 0

Aε+ 2(C −B)τ2
3 + 2(D + E − F )τ2

1 = 0

τ1 = ±τ3 = ±
√

−Aε
2(−B+C−D−E+F ) +o(|ε|1/2), sign ε = −signA(−B+C−D−

E + F ), any sign combinations are possible

For τ1 6= 0, τ3 = 0 one gets the equation Aτ2
1ε− 2Bτ4

1 = 0

τ1 = ±
√
Aε

2B
+ o(|ε|1/2), sign ε = sign (AB)

For τ1 = 0, τ3 6= 0 one gets Aτ2
3ε− 2Bτ4

3 = 0

τ3 = ±
√
Aε

2B
+ o(|ε|1/2), sign ε = sign (AB)

In the case B. τ1 = −τ2, τ3 = −τ4 we obtain the same equations.

C. τ1 = −τ2, τ3 = τ4.

For τ1 6= 0 č τ3 6= 0 one has

Aε+ 2(−B + C)τ2
1 + 2(D − E + F )τ2

3 = 0

−Aε+ 2(B − C)τ2
3 + 2(−D + E − F )τ2

1 = 0

τ1 = ±
√

−Aε
2(−B + C +D − E + F )

+ o(|ε|1/2),

sign ε = −sing A(−B + C +D − E + F );

τ3 = ±
√

Aε

2(B − C +D − E + F )
+ o(|ε|1/2),

sign ε = sing A(B − C +D − E + F )
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For τ1 6= 0, τ3 = 0 one gets the equation Aε+ 2(−B + C)τ2
1 = 0

τ1 = ±
√

Aε

2(B − C)
+ o(|ε|1/2), sign ε = signA(B − C)

For τ1 = 0, τ3 6= 0 one gets −Aε+ 2(B − C)τ2
3 = 0

τ3 = ±
√

Aε

2(B − C)
+ o(|ε|1/2), sign ε = signA(B − C)

In the case D. τ1 = −τ2, τ3 = τ4 we obtain the same equations.

II. Let ∆ = 0, which is possible for (B2−EF )2 ≥ 4B2(E−F )2 (|B2−EF | ≥
2|B(E − F )|), then if E 6= F

τ3τ4 =
B2 − EF ±

√
(B2 − EF )2 − 4B2(E − F )2

2B(E − F )
τ1τ2 = kτ1τ2.

Then the last two equations of the system (16) are written in the form

(τ2
1 + τ2

2)[(C −B) + k(E − F )] + (τ2
3 + τ2

4)D = −Aε,

(τ2
1 + τ2

2)k + (τ2
3 + τ2

4)[(C −B) + k(E − F )] = −Akε,

whence

τ2
1 + τ2

2 =
−Aε[(C −B) + k(E − F )−D]

[(C −B) + k(E − F )]2 − kD ,

τ2
3 + τ2

4 =
−Aε[(C −B) + k(E − F )− 1]

[(C −B) + k(E − F )]2 − kD .

Thus, all obtained solutions are presented in the form of series, converging in

the small neigbourhood of ε = 0, W =
∑
τ0
k(ε

1/2)Φ̂k +O(|ε|), where τ0
k(ε

1/2)

are the leading terms. Taking into account group transformations their number

can be decreased.
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mocanushtefan@yahoo.com

1. INTRODUCTION

The notion of framework represents a piece of software that solves a particu-

lar problem. The text editors and command lines are less and less employed in

writing software. Instead, large pieces of code are assembled together, result-

ing more complex and feature-rich applications. But together with a complex

architecture come problems. Firstly, the learning curve is high. Knowing the

properties of lots of commonly used frameworks is a difficult process. Sec-

ondly, the developer sometime needs to replace an existing piece of software

with an updated version, or, more complex, replacing it with a similar one.

A framework and its properties can be best described using design by con-

tract, so the paper uses this concept. We see how it can be extended to be

applicable not only to an operation, but to a larger construct, and also how

can we express known concepts using design-by-contract specific terms [6], [7],

[8].

In order to better illustrate the notions, we take as example the development

of a web application. In order to develop a web application, first we need to

decide on a technologies use. For didactic purposes, from the multitude of

available technologies and libraries, we will take a particular combination of

those that best describe the notions in this article.

229
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For the web technology, we choose a servlet implementation. The num-

ber of components that offer a servlet technology is impressive, and we

can choose our favorite one from several tens of implementations [3].

The choice of the web presentation technology, is also varied. New and

classic technologies form a range of 10-20 choices.

Our application makes extensive use of reports, so we need a report

generator. Although this is a fairly used feature, we only have around 5

choices.

We need to export generated reports to a spreadsheet application like

Microsoft Excel, so we need such libraries. In this respect, the number

of choices is fairly limited (only 2-3 libraries for this task).

The order in which the software components are defined is important. We

can see a classification: the first 2 technologies described are very general,

while the later ones are more suited for particular problems. Also, the more

general ones tend to fall in the “framework” category.

As noted, for the first technologies, we have a larger number of available

implementation to choose from, while for more particular problems, this num-

ber is reduced. In addition, more particular technologies tend to have a more

simple usage.

One big problem arising today is the interoperability of these components.

This article attempts to make the following operations easier:

replacing a software component with a later version;

replacing a software component with a similar one.

The notion of “replace” has to be understand as replacing without any

modification in the existing source code. We also want to define an useful

algorithm for determining the circumstances in which we can replace the com-

ponents.
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In this article, the focus will be on object-oriented programming languages,

and more specifically on Java, but some principles may be extended to other

platforms too.

2. BASIC DEFINITIONS

Definition 2.1. A library is a collection of classes, grouped together to per-

form a prespecified contract.

It is a straightforward definition. Moreover, everything that can be packaged

in a way usable by another software component can be regarded as a library.

However, just putting together a collection of classes and packaging them

only offers an advantage regarding organization of the classes, offering a clue

that they are related. There is little information on what that particular

collection of classes does. This information is offered separately, and it is

offered in various sources. Servlet technology, for example, is widely used and

thus lots of documentation exist: books, tutorials, examples etc. This is also

because it is a more general-purpose technology. But specialized libraries, like

the ones used to export data in particular formats we need in this application,

have less such information, although the functionality is more precisely defined

and less voluminous.

Let us try to define some properties of a library.

Firstly, a library is a standalone entity and it performs that contract. That

is the purpose of the packaging, that several smaller entities to be regarded as

a whole, working together to perform a specific task.

Some libraries are specially built to implement a set of specifications. But as

noted before, the description of the functionality is separated from the library

itself.

Remark that any class has a implicit contract, even if it is not declared: it

is what the class actually does. The contract of a library is defined by the

union of the contracts of all the contained classes. However, as libraries tend

to have large numbers of classes, this implicit contract is unusable with respect
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to automated analysis. The purpose of this article is to make the contract of

a library suitable to be used by other software components.

A library as defined above lacks the ability to describe what it is doing. We

are interested of adding this capability to a library, while still preserving the

entity structure.

Definition 2.2. A module is a library that publicly describes its contract.

Essentially, a module encapsulates a library and the description of its con-

tract; the description of the contract needs to be placed inside the library. We

are interested in exposing the contract in such way that it can be processable

by another software component, and this is the advantage we are looking when

defining the module in this way. We want to be able to better integrate soft-

ware components, and, by defining in a standard way what a piece of software

does, this represents a step forward.

Let us analyze the contracts of our test libraries.

The libraries for spreadsheet exporting have a fairly simple contract. As a

minimum, the contract of these libraries can be expressed as the contract of a

static method: theoretically, we could extract the functionality of the library

and encapsulate it into one class. The reporting library is more complicated.

The contract of this library can not be expressed as simple as the previous

libraries, although basically it can be regarded as being a library that takes

input data and exports them to various formats. Also, its functionality de-

pends a lot on the libraries it uses. As for the servlet container library, it

really is a very complex one. Its functionality and specifications, as well as

the standards it is based on have evolved over time. To be able to even start

it requires knowledge of different technologies; the contract of this library is

accordingly complex.

The following definition proposes a way to describe the contract of a module.
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Definition 2.3. The Public Application Programming Interface (Pub-

lic API) of a library is the minimal subset of classes that is used by the

contractor in order to execute its contract.

For the spreadsheet libraries, the Public API could consist of only one class

responsible of transforming the input data into a spreadsheet. For the re-

porting library, the public API gets more complex, as it needs lots of classes

to perform its contract: specialized types of data sources, different parame-

ters, various types of report objects etc. As for the servlet container, the

functionality it exposes is very large. It has hundreds of classes, for various

purposes: request-response handling, session management, support for differ-

ent technologies etc. However, compared to the actual number of classes in

the servlet implementation, the Public API contains only a small percent of

the classes.

By exposing a Public API, a module actually marks a set of classes that

are necessary to perform the contract and are not susceptible to modify over

time. This offers a good advantage when it comes to new releases, because the

classes outside the Public API can be modified without affecting the contract

of the module. In a new release, a module can modify some or many of the

private classes, add new ones or remove old ones, but as long as the Public

API remains the same, it can be safely used by an existing application.

Definition 2.4. The functionality contract of a module is the union of all

contracts of the classes in the Public API.

In our examples, we can see that for simple modules, like the spreadsheet

libraries, the module contract is exactly the contract of the publicly exposed

classes, that is, the module contract is the same as the functionality contract.

For more complex modules, like the servlet container, much more of the module

contract is contained in classes other than the ones in the Public API. For

instance, we can define our own Servlet (by extending the Servlet class). The
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Servlet class is in the Public API of the servlet module, but there are other

classes that are responsible of processing it, in order to comply with the servlet

specification. Actually, this is a common pattern for a more complex type of

module:

Definition 2.5. A framework is a module for which the contract is not

included in the functionality contract.

In other words, the contract of the framework is much larger than what is

exposed in the Public API; however, we only need the Public API in order to

fully make use of the framework.

For instance, the servlet technology defines the Servlet session in the Public

API, but the actual class that processes the session is not. Instead, an internal

set of classes is responsible for defining the algorithms to process classes from

the Public API. Note that these clasees can change over time; however, the

only thing a user of the framework needs to know are the classes from the

Public API. This is also true for different Servlet technology implementations:

the Servlet session is accessed in the same way disregarding the library we are

using. In other words, it may be implemented differently, but the usage is the

same over all implementations.

Definition 2.6. Let PA(A) be the Public API of module A, let PA(B) be

the Public API of module B. We say that PA(B) extends PA(A) if ∀X ∈
PA(A), ∃ Y ∈ PA(B) such that (X = Y ) ∨ (Y extends X)

Using this definition, we can now give an answer to the two questions in the

beginning of the article regarding replaceability:

Theorem 2.1. (Simple Replaceability) We can replace a module A by module

B if PA(B) extends PA(A).

Proof. Any software component that uses module A uses it through the Public

API, by instantiating and running the contracts of classes from PA(A). When

we replace module A by module B, we are also using it through its Public API.
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But for any class X ∈ PA(A) we can find a class Y ∈ PA(B) to substitute it. If

Y = X, the substitution is obvious. Also, if Y extends X, by the fundamental

properties of object-oriented programming, we can use Y in any operations

that use X.

Note that this definition does not make any statement regarding the con-

tract: we can replace module A by module B, but we have no guarantee that

module B is able to fulfill the A’s contract. In general, we should replace mod-

ule A by module B if B can fulfill the A’s contract and when the B’s public

API extends A’s the public API.

This theorem defines the easiest way a module can bring new functionality:

based on the inheritance of the classes from the Public API. But this is not

the only possibility. For instance, a new version can just add a new method

to a class without extending the old class. In the particular case of Java,

there is a strict specification when a set of classes can be replaced by another

one: binary compatibility, defined in the “Java language specification second

edition” [1].

This tells us that there is already a way to determine if we can replace a

library by a new one, by means of testing binary compatibility. When we want

to replace a module by a similar one, the binary compatibility test fails for the

module as a whole. However, if the Public API passes the binary compatibility

test, the module is replaceable, thus broadening the area of modules that can

replace an existing one. If classes outside the public API have been refactored

without breaking binary compatibility, it is still possible to replace a module

by another one because we only use the classes from the Public API to run the

contract with the module. This is the informal proof for the following theorem

of binary replaceability.
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Theorem 2.2. We can replace a Java module A by a Java module B if PA(B)

is binary compatible with PA(A), as defined by the “Java language specification

second edition”

So far, we could only replace a Java module A by another Java module B

only if B was binary compatible with module A as a whole. Now we identify

a series of steps for a framework:

initialization is the step where the framework is set up, preparing it

for the execution of contract;

contract is the step where the contract is taking place;

dispose. A framework should dispose any resources used.

An important part in the lifecycle of a framework is represented by the

configuration.

Definition 2.7. The configuration of a framework is the contract of the

initialization step.

The lifecycle of a framework is the succession of stages a framework goes

through. Let us define it based on the steps defined previously.

Definition 2.8. The lifecycle of a framework is the succession of initializa-

tion and contract steps in an indefinite number, followed by the dispose.

The lifecycle is actually the common usage pattern of any module. In order

for a module to function, it needs a valid context - the configuration. After

a valid context has been defined, we need to make use of the contract of the

module. In some cases, the module needs to be reinitialized with another

context, and so on. After the module has finished its contract, it can be

disposed by the user.

3. SUGGESTIONS

Based on the basic definitions in the previous sections, several suggestions

for improving the software process are made in the following.
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Firstly, regarding the public exposal of the contract, this has to be done

in such way that it should not interfere much with the development process

and should not take a considerable amount of time. Also, it has to be easy

understandable by the software developer.

Suggestion 1. A module can define its Public API inside a prespecified file

(called manifest) using standard declarations.

For a simple module, a simple solution can be developed. Let us take

the example of the spreadsheet exporter. These libraries come packaged in a

standard Java Archive file (JAR). The JAR standard provides a manifest file,

which can contain standard information usable by the Java Virtual Machine

(JVM) [2]. The idea is to extend the format of this file in order to include

the declaration of the classes from the Public API. Besides usual declarations,

like Main-Class or Manifest-Version, a new declaration can be introduced:

Public-API, followed by the fully qualified class name. This change can be

used by the JVM or by other tools to determine the properties of the module.

Considering that simple modules have their contract the same as the Public

API contract, we can state that the contract defined by Public-API classes is

the same as the framework contract.

There are several advantages of using the Public-API declaration inside the

manifest file.

Firstly, an automated tool could determine the module which can be re-

placed by another, using the replaceability theorems, Theorem 2.1 and The-

orem 2.2. By analyzing the classes in the Public API, one can determine the

changes in the Public API and determine if the module can be replaced by a

new version. For instance, if one class in the new Public API extends one in

the old one, the old module can be safely replaced. But if one class or one

method is removed, then the new module can not safely replace the old one.

Of course, an automated tool can be used today to check all the classes

inside a library to detect any changes and to determine if it can be replaced

by a new version. But this would be highly inefficient, because some classes
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can be modified or removed, without affecting the overall functionality. This

is one of the purposes of the Public API: to describe the essential classes in a

module.

Also, by declaring the Public API inside the manifest file, we can give

the software developer a better entry point inside the module, by allowing

him/her to concentrate only on a few classes. Java classes usually contain

API documentation, that can be used by various tools (such as javadoc [4])

to generate documentation in various formats. For a library that contains

hundreads of classes, just by looking at the API documentation can not give

too much information. But by selecting from that number of classes only the

ones in the Public API, we can have a better insight in the module.

One idea widely used today is the separation of the Public API from the

actual implementation. For instance, in the case of the JavaServer Faces (JSF)

technology ([5]), there is a set of classes (JSF-API) (publicly downloadable)

that represent the core structure of the framework. The interfaces and the

abstract classes must be implemented, resulting a new library that represents

the implementation of the standards described in the JSF API. Also, when

an implementation of the standard is used, it can not be used separately, but

only together with the JSF API library it has been compiled against.

The solution to this problem is to declare the Public API in the implemen-

tation library in the same way we declare it for a simple module, even though

the classes are not present in the implementation, but in the library that de-

fines the standard.

In order for a framework to function, it needs a configuration. Traditional

methods include configuration files, but as we move towards accessing a frame-

work in a standard way, we also need to provide a standard way to specify the

configuration of a framework.

Suggestion 2. The configuration of a framework should be contained in the

Public API.
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Classical approaches separate the configuration in the form of another file,

which is then placed in a prespecified location. Then specialized classes take

the configuration file, parse it and then perform the initialization based on it.

One flaw of this approach is that in this way, it is hard to use a framework in a

programatic way, thus limiting the interoperability. By using a framework in

a programatic way, we highly increase the component aggregation level. For

instance, Servlet containers are meant to be standalone applications, as this is

also a tendency for frameworks in general. But if we want to embed a servlet

container in another application, configuration problems appear. We would

normally want to modify different parameters in the configuration file, and

then make use of the framework. But if the framework can only be configured

by means of a configuration file, then this whole process is considerably hard.

We can eliminate this inconvenience by having a class in the public API that

can handle the configuration process. By having such a class, we can make sure

that the process of integrating a framework in another software component is

easy.

Suggestion 3. It should be possible to express the configuration of a framework

by a single class.

What does this suggestion of simplified configuration say is that there should

be one object that encapsulates all data necessary for the configuration. One

advantage of using this approach is that the object reflection can be used to

determine the properties of the object configuration, thus significantly simpli-

fying the configuration task. Moreover, a specialized tool can extract the prop-

erties of the object and present a graphical user interface to interactively build

such an object, thus further simplifying the component integration process, or

we could serialize this object to send it over a network or to store it in a con-

venient format. Also, we have only one object we have to concentrate on when

reading the documentation in order to understand the configuration needs of

a framework.
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Other advantage is that in the case of a new framework, if the new frame-

work needs a new configuration object, it can extend the old one to offer new

configuration functionality. In this way, the old framework can use the new

configuration file, because of the parametric polymorphism property of a class.

Suggestion 4. Standard programmatic access should be provided for a frame-

work life cycle.

More precisely, this framework’s skeleton means that a framework should

be expressed by implementing a standard interface:

public interface Framework{
public void configure(Obect configuration) throws Exception;

public void start() throws Exception;

public void dispose() throws Exception;

}

By having a framework implement the standard lifecycle steps defined pre-

viously, we make sure that a framework can be seamlessly integrated with

another software component. Unfortunately, there are many software compo-

nents that do not even allow programatic access to their functionality, making

the integration task very difficult.

Such a declaration of a framework shows its potential when we want to

change a framework implementation by another.

4. COMPARISON TO OOP

The modules as defined above have strong similarities with the classical

object-oriented programming.

Encapsulation. The same way an object encapsulates data and methods

to process the data, a module encapsulates the description of a contract and

the classes that perform the contract.

Inheritance.
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Definition 4.1. We say that module B inherits from module A when the

conditions from Definition 2.6 are met.

The same way a class can inherit another one, a module inherits another one

if there are classes its Public API inherits the old ones. The same way objects

deliver new functionality by inheritance, a module offers new functionality by

extending the Public API. The Public API can be compared to a method

signature, while the rest of the classes (private classes) could be interpreted

as the actual body of the method.

Polymorphysm of a module is based on the polymorphism of the classes

in the Public API.

Module inheritance is strongly related to the notion of replaceability: if a

module A inherits module B, it can safely replace it in a software component.

This feature, combined with using a Java ClassLoader, yields the possibility

to replace a module at runtime, that is without stopping the application.
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Abstract The 2D phase field transition system introduced by G. Caginalp [4] to distin-

guish between the phases of the material that is involved in the solidification

process is considered. On the basis of the convergence of an iterative scheme of

fractional steps type, a numerical algorithm is constructed. The advantages of

such approach is that the new method simplifies the numerical computations

due to its decoupling feature. The finite element method (f.e.m.) is used

to deduce the discrete equations and numerical results regarding the physical

aspects (separating zone of solid and liquid states) are reported.

1. INTRODUCTION

In this section we describe the phase-field model introduced in mathemat-

ical literature by G. Caginalp [4]. For this, we consider a material in a region

Ω ⊂ RN (N = 1, 2, 3) which may be in either of the two phases, e.g., solid and

liquid (fig. 1). Let us denote by u(t, x) = θ(t, x) − θM the reduced tempera-

ture distribution, where: θ(t, x) represents the temperature of the material at

(t, x) ∈ [0, T ]× Ω, T ∈ R+ = (0,∞), and θM is the melting temperature (the

temperature at which solid and liquid may coexist in equilibrium, separated

by a planar interface).

The classical Stefan model in two phases. It is known that in the classical

Stefan problem in two phases (the first mathematical model of solidification,

see L.I. Rubinstein [12]) the interface between the solid and liquid (denoted

243
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Fig. 1. A material Ω exists in two phases.The dotted lines indicate possible thickness of

interface.

in the sequel by Γ) is considered to be

Γ(t) = {x ∈ Ω, u(t, x) = 0}, (1.1)

(what is equivalent with θ(t, x) = θM , ∀(t, x) ∈ Γ), while the liquid and solid

regions are defined as

Ω1(t) = {x ∈ Ω, u(t, x) > 0}, Ω2(t) = {x ∈ Ω, u(t, x) < 0} (1.2)

for all t ∈ [0, T ].

In Ω1 and Ω2, the function u(t, x) must then satisfy the heat diffusion

equation

ut = k∆u, (1.3)

where k is the thermal conductivity divided by heat capacity per unit volume

(equal to unity here) assumed to be the same constant in both phases.

Across the interface Γ, the latent heat of fusion (per unit mass) ℓ must be

dissipated or absorbed, according to the conservation law of energy given by

l −→v (t, x) · n̂ = k(∇+u(t, x)−∇−u(t, x)) · n̂, x ∈ Γ(t), (1.4)
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where n̂ is the unit normal at each point of Γ(t) (in the direction solid →
liquid), −→v is a local velocity of the interface, and

∇+u(t, x) = lim
x̄→x, x̄∈Ω1(t)

∇u(t, x̄),

∇−u(t, x) = lim
x̄→x, x̄∈Ω2(t)

∇u(t, x̄).

Together with the condition

u(t, x) = 0, x ∈ Γ(t), (1.5)

(derived from the definition of Γ(t)) one must specify the initial and boundary

conditions for u(t, x), e.g.

u(t, x) = u∂(t, x), x ∈ ∂Ω, t > 0, (1.6)

u(0, x) = u0(x), x ∈ Ω. (1.7)

This completes the mathematical statement of the classical Stefan model in

two phases. Now, the problem is to find u(t, x) and Γ(t) in suitable function

spaces, satisfying equations (1.3)-(1.7). The interface Γ(t) is often called the

free boundary.

The phase field transition system. One method to study the equations

(1.3)-(1.7) is the enthalpy or H-method [11]. The basic idea is to consider the

function H = H(u) defined by

H(u) = u+
l

2
ϕ(u), ϕ(u) =

{
+1, u > 0

−1, u < 0.
(1.8)

Then the equations (1.3)-(1.4) can be incorporated in a weak sense [11] into

the single equation
∂

∂t
H(u) = k∆u, (1.9)

which represents a balance of heat equation.

The weak formulation (1.9) was used by G. Caginalp [4] to introduce a

new model which reflects more accurately the physical aspects (superheating,
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supercooling, the effect of surface tension, separating zone of liquid and solid

states etc).

In general the physical situation is more complicated than that described

by equations (1.3)-(1.4). One of the physical effects neglected by the classi-

cal Stefan model is the surface tension. If the Gibbs-Thompson relation is

accepted

u(t, x) = − σ

∆s
· Ξ, (t, x) ∈ Γ, (1.10)

where σ is the surface tension, ∆s is the difference in entropy between solid

and liquid, and Ξ is the sum of principal curvatures at a point on the interface,

one may consider equations (1.3)-(1.4) together with (1.10) as an alternative

to the classical Stefan model. Perhaps the most interesting aspect observed by

metallurgists is the presence of liquid at subzero temperatures (the physical

phenomena of supercooling) and a similar phenomenon for solid (superheating).

It is clear that the dual role of the temperature u(t, x) is no longer possible.

Acceptance of the idea that the temperature needs not to be zero at the

interface (or negative in the solid etc.) leads to the question of how one

distinguishes the two phases.

Let us consider the interface as a continuous region, more vast (in which

the liquid can coexist with the solid), of finite thickness, in which the change

of phase occurs continuously. Then, it is natural to replace the function ϕ in

(1.8) by a function illustrated in fig. 2, i.e. a smooth function with values

from ϕ = −1 (solid) to ϕ = +1 (liquid). The key question is how one can

determine the function ϕ ?

In statistical mechanics, a model in which atoms are assumed to interact

with a mean field created by the other atoms is known as a mean field theory.

The Landau-Ginzburg theory of phase transitions [5] is such a theory. Then,

in this case, the free energy of the stationary process may be written as

Fu(ϕ) =

∫

Ω

(ξ2
2
|∇ϕ|2 − 1

a
G(ϕ)− 2uϕ

)
dx, (1.11)
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where ξ is a length scale, 1
2 |∇ϕ|2 is an extra term of penalty for ϕ, G(ϕ) is

a symmetric double well potential with minima at ±1, for example G(ϕ) =

1
8(ϕ2−1)2. The double well potential can be viewed in terms of a probabilistic

measure on the individual atoms. The extent at which this measure discrim-

inates against the interfacial region and in favor of the liquid or solid phases

depends on how close a is to zero. The last term in (1.11) which introduces the

coupling between u and ϕ, may be understood as the part of the free energy

corresponding to the component u which in time is altered by entropy.

Fig. 2. A possible choice of phase parameter ϕ.

At equilibrium one expects ϕ to be a minimizer of Fu so that δFuδϕ = 0,

i.e. ϕ satisfis the equation

ξ2∆ϕ+
1

a
g(ϕ) + 2u = 0. (1.12)

When the material is not at equilibrium (the dependence of time), ϕ will

not minimize Fu(ϕ) but will differ by a term proportional with ϕt. The Euler-

Lagrange equations (τϕt = −δFu/δϕ) imply the identity (τ is the relaxation

time)

τϕt = ξ2∆ϕ+
1

2a
(ϕ− ϕ3) + 2u. (1.13)
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Unifying now this last equation with the equation (1.9), which becomes

ρV ut +
l

2
ϕt = k∆u, (1.14)

subject to the initial conditions

u(0, x) = u0(x), x ∈ Ω, (1.15)

ϕ(0, x) = ϕ0(x), x ∈ Ω (1.16)

and appropriate boundary conditions

u = uδ(x), x ∈ ∂Ω, (1.17)

ϕ = ϕδ(x), x ∈ ∂Ω, (1.18)

the system (1.13)-(1.18) represents the mathematical problem called the phase

field transition system (or Caginalp’s model).

Different types of boundary conditions (on Σ = (0, T )× ∂Ω) are associated

with (1.13)-(1.16), namely:

∂u/∂ν + hu = w(t)g1(x) ϕ = 1, on Σ, (BC1)

∂u/∂ν + hu = w(t)g1(x) ϕ = 0, on Σ, (BC2)

∂u/∂ν + hu = 0 ϕ = 0, on Σ, (BC3)

u = g2 ∂ϕ/∂ν = 0, on Σ, (BC4)

∂u/∂ν + hu = 0 ∂ϕ/∂ν = 0, on Σ, (BC5)

u = 0 ϕ = 0, on Σ. (BC6)

Definition 2.1 By a weak solution (u, ϕ) to (1.13)-(1.16) and (BC2) we

mean a pair (u, ϕ) ∈W ×W0, W = L2(0, T ;H1(Ω)) ∩W 2,1([0, T ]; (H1(Ω))′),

W0 = L2(0, T ;H1
0 (Ω))∩W 2,1([0, T ];H−1(Ω)), which satisfies (1.13)-(1.16) and

(BC2) in the following sense
∫

Q
(ρV ut +

l

2
ϕt)ψdxdt+ k

∫

Q
∇u∇ψdxdt+ kh

∫

Σ
uψdxdt = k

∫

Σ
wgψdxdt,

(1.19)

τ

∫

Q

(
ϕtζ + ξ2∇ϕ∇ζ − 1

2a
(ϕ− (ϕ+ 1)3)ζ − 2uζ

)
dxdt =

1

2a

∫

Q
ζdxdt, (1.20)
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∀(ψ, ζ) ∈ L2(0, T ;H1(Ω))× L2(0, T ;H1
0 (Ω)), and

u(0, x) = u0(x), ϕ(0, x) = ϕ0(x)− 1 in Ω. (1.21)

Here we have denoted by the same symbol
∫
Q the duality between

L2(0, T ;H1(Ω)), L2(0, T ; (H1(Ω))′) and L2(0, T ;H1
0 (Ω)), L2(0, T ;H−1(Ω)), re-

spectively.

As far as the existence in (1.13)-(1.16) and (BC2) is concerned, we have

Proposition 2.1 Assume that u0 ∈ H1(Ω) satisfies ∂u0/∂ν+hu0 = w(t)g1(x)

and ϕ0 ∈ L4(Ω)∩H1(Ω). If w ∈W 1,∞(0, T ), w(0) = 0, and g ∈ L6(∂Ω), then

the weak solution of (1.13)-(1.16) is a strong solution and u, ϕ ∈W 1,2([0, T ];L2(Ω))∩
L(0, T ;H2(Ω)).

In addition, the following estimates hold

‖u‖L2(0,T ;H2(Ω)) ≤ C, ‖ϕ‖L2(0,T ;H2(Ω)) ≤ C,

where C > 0 depends on |Ω|, T , ρ, V , τ , k, ℓ, ξ, a, h, ‖u0‖L2(Ω), ‖ϕ0‖L4(Ω),

‖∇u0‖L2(Ω), ‖∇ϕ0‖L2(Ω), ‖w‖L3(0,T ), ‖g‖L6(Γ) and maxy∈R

{
y2 − 1

4y
4
}

.

Proof. The proof of Proposition 2.1 in based on some estimates (obtained

by using integration by parts, Cauchy’s inequality, Hölder’s inequality, Green’s

formula and Gronwall’s inequality) and on the elliptic regularity of weak so-

lution in [3]. The Proposition 2.1 remains true by replacing the boundary

condition (BC2) with (BC5) or (BC6).

Consider now the system (1.13)-(1.16) and (BC3). For every ε ≥ 0 with

this problem we associate the following approximating scheme

ρV uεt + ℓ
2ϕ

ε
t − k∆uε = f1, in Qεi ,

τϕεt − ξ2∆ϕε = 1
2aϕ

ε + 2uε + f2, in Qεi ,

∂uε

∂ν + huε = 0, on Σε
i ,

ϕε = 0, on Σε
i ,

ϕε+(iε) = z(ε, ϕε−(iε)),

(1.22)
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where Qεi = (iε, (i+ 1)ε)× Ω, Σε
i = (iε, (i+ 1)ε)× ∂Ω and z(t, ϕε−(iε)) is the

solution of {
z′(s) + 1

2az(s)
3 = 0, s ∈ [iε, (i+ 1)ε],

z(0) = ϕε−(iε); ϕε−(0, x) = ϕ0(x),
(1.23)

for i = 0,Mε − 1, with Mε =
[
T
ε

]
, QεMε−1 = ((Mε − 1)ε, T ) × Ω, ϕε+(iε) =

limt↓iε ϕε(t), ϕε−(iε) = limt↑iε ϕε(t). Corresponding to this we have

Theorem 2.2 Assume that u0, ϕ0 ∈ W 1
∞(Ω) satisfy ∂u0/∂ν + hu0 = 0.

Let (uε, ϕε) be the solution of the approximating scheme (1.22)-(1.23). Then,

for ε → 0, one has (uε(t), ϕε(t)) → (u∗(t), ϕ∗(t)) strongly in L2(Ω) for any

t ∈ [0, T ], where (u∗, ϕ∗) ∈ (W 2,1([0, T ];L2(Ω)))2 ∩ (L2(0, T ;H2(Ω)))2 is the

weak solution of (1.22)-(1.23) + (BC3).

Proof The proof is based on compactness methods. As a matter of fact

from Theorem 2.2 it turns out that if u0, ϕ0 ∈ L2(Ω), then the weak solution

(u∗(t), ϕ∗(t)) of system (1.13)-(1.16) is a strong solution, i.e. it is absolutely

continuous in t on [0, T ] and satisfies a.e. the system (1.13)-(1.16) [8]. So the

Theorem 2.2 can be also viewed as a constructive way to prove the existence

in (1.13)-(1.16).

The result in Theorem 2.2 remains true by replacing the boundary condition

(BC3) with (BC5).

The fractional steps method; the 1D case. Let Ω = [0, c] be discretized

with the grid of N + 1 equidistant nodes xj = jh1, j = 0, 1, ..., N , where

h1 = c/N is the space step size and let the time interval [0, T ] be divided into

M equal parts with the nodes ti = iε, i = 0, 1, ...,M , where ε = T/M is the

time step size.

Denote by (uε,ij , ϕ
ε,i
j ) the approximate matrix for (uε, ϕε), where uε,ij =

uε(ti, xj), ϕ
ε,i
j = ϕε(ti, xj) i = 0,M, j = 0, N. Using a standard implicit

scheme for (1.22) and, using the backward-difference formula and the forward-

difference formula for (BC5), we obtain

(
A11 A12

A21 A22

)(
ϕ̄ε,i

ūε,i

)
=

(
b1

b2

)
, i = 1, 2, ...,Mε, (1.24)
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where

ϕ̄ε,i = (ϕε,i0 , ϕε,i1 , ..., ϕε,iN ), ūε,i = (uε,i0 , uε,i1 , ..., uε,iN ),

A11, A12, A21, A22 are (N + 1)× (N + 1) matrices defined in [7].

The Cauchy problem (1.23) has the solution

z(ε, ϕε−(iε, x)) = |ϕε−(iε, x)|
√

a

a+ ε(ϕε−(iε, x))2
, i = 0, 1, ...,Mε − 1. (1.25)

The general algorithm to compute the approximate solution by means of

fractional steps method consist in the following sequence (i denotes the time

level)

Begin algfrac difference

i := 0 → ϕ̄ε,0, ūε,0 from the initial conditions;

For i := 0 to Mε − 1 do

Compute z(ε, ϕε−(iε, x)) from (1.25);

ϕ̄ε,i := z(ε, ϕε−(iε, x));

Compute ϕ̄ε,i+1, ūε,i+1 solving the linear system (1.24);

End-for;

End.

A comparison between the fractional steps method and the standard itera-

tive Newton method can be found in [1], [7] and [9].

2. THE FRACTIONAL STEPS METHOD; THE 2D

CASE

The finite element method (f.e.m. in short) is a general method for ap-

proximating the solution of boundary value problems for partial differential

equations. This method derives from the Ritz (or Galerkin) method, charac-

teristic for the finite element method being the choice of the finite dimensional

space, namely, in the case of f.e.m. the finite dimensional space, corresponding

to the original space of functions, is the span of a set of finite element basis

functions.

The steps in solving a boundary value problem using f.e.m. are:



252 Costică Moroşanu

P0. (D) the direct formulation of the problem;

P1. (V) a variational (weak) formulation for problem (D);

P2. the construction of a finite element mesh (triangulation);

P3. the construction of the finite dimensional space of test

function (called finite element basis functions);

P4. (Vnn) a discrete analogous of (V);

P5. assembly of the system of linear equations;

P6. solve the system in P.5.

The finite element method (the 2D case) is used in the sequel to deduce

the discrete state equations and a numerical algorithm of fractional step type

is formulated in order to approximate the weak solution corresponding to

(1.22)+(BC5), namely

(
uεt +

ℓ

2
ϕεt , ψ

)
+ k(∇uε,∇ψ) + kh

∫

∂Ω
uεψdxdy = (f, ψ), (2.1)

∀ψ ∈ H1(Ω), a.e. in (iε, (i+ 1)ε),

τ(ϕεt , w) + ξ2(∇ϕε,∇w)− 1

2a
(ϕε, w) = 2(uε, w) + (g, w), (2.2)

∀w ∈ H1
0 (Ω), a.e. in (iε, (i+ 1)ε),

together with the initial conditions

u(0, x) = u0(x), ϕ(0, x) = ϕ0(x), x ∈ Ω.

By (·, ·) we have denoted the scalar product in L2(Ω).

Let ε = T/M be the time step size (Mε ≡ M). Assume that Ω ⊂ R2

is a polygonal domain. Let Tr be the triangulation (mesh) over Ω and Ω̄ =

∪K∈TrK, and let Nj = (xk, yl), j = 1, nn, be the nodes associated with Tr.

Denoting by Vnn the corresponding finite element space to Tr, then the basic

functions {bj}nnj=1 of Vnn are defined by

bj(Ni) = δji, i, j = 1, nn,

and so

Vnn = span {b1, b2, ..., bnn}.
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For i = 1,M , we denote by ui and ϕi the Vnn interpolant of uε and ϕε,

respectively. Then ui, ϕi ∈ Vnn and

ui(x, y) =
nn∑

l=1

uilbl(x, y) i = 1,M, (2.3)

ϕi(x, y) =
nn∑

l=1

ϕilbl(x, y) i = 1,M, (2.4)

where uil = uε(ti, Nl), ϕl = ϕε(ti, Nl), i = 1,M , l = 1, nn.

Using, in addition, an implicit (backward) finite difference scheme in time,

we introduce now the discrete equations corresponding to (1.22) as follows

Ruil +
ℓ
2Bϕ

i
l + εkhFRuil = B(ui−1

l + ℓ
2ϕ

i−1
l + εf i−1),

Sϕil − 2εBuil = B(τϕi−1
l + εgi−1), i = 1,M,

(2.5)

where uil and ϕil, l = 1, nn, are the vectors of unknowns for time level i.

From the initial conditions we have

u0(x, y)
not
= u0(x, y) =

∑nn
l=1 u0(Nl)bl(x, y),

ϕ0(x, y)
not
= ϕ0(x, y)

∑nn
l=1 ϕ0(Nl)bl(x, y),

and then (see (2.3)-(2.4))

u0
l = u0(Nl), l = 1, nn,

ϕ0
l = ϕ0(Nl), l = 1, nn.

(2.6)

The numerical algorithm to compute the approximate solution by fractional

steps method can be obtained from the following sequence (i denotes the time

level)

Begin algfrac fem

i := 0 → Compute u0
l , ϕ

0
l , l = 1, nn from (2.6)

For i := 1 to M do

Compute zl = z(·, Nl), l = 1, nn from (1.25);

ϕi−1 := zl, l = 1, nn;
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Compute uil, ϕ
i
l, l = 1, nn, solving the linear system (2.5);

End-for;

End.

3. INDUSTRIAL IMPLEMENTATION

The aim of this section is to present an industrial implementation of con-

ceptual algorithm algfrac fem established in the previous section (in fact, an

implementation of the numerical model stated by linear system (2.5)).

The application of the numerical model requires experimental research and

measurements of operational parameters at MTC2 from Mittal Steel S.A.

Galaţi, as well as laboratory research. So, the most important input data

in order to do this, are: the casting speed (V = 12.5 mm/s), physical parame-

ters: • the density (ρ = 7850 kg/m3), • the latent heat (ℓ = 65.28kcal/kg), •
the relaxation time (τ = 1.0e+2∗ξ2), • the length of separating zone (ξ = .5),

• the coefficients of heat transfer (h = 32.012), • a = .00008, T = 44s;

– the boundary conditions (w(t), t ∈ [0, T ]) in the primary cooling zone:

the solidifing shell - mold (cristallizer);

– dimensions of cristallizer (650 x 1300 x 220), in mm;

– the casting temperature (u0 = 15300C);

– the termal conductivity:

k = [20 100 200 300 400 500 600 700 800 850 900 1000 1100 1200 1600;

1.43e-5 1.42e-5 1.42e-5 1.42e-5 1.42e-5 9.5e-6 9.5e-6 9.5e-6 8.3e-6 ...

8.3e-6 8.3e-6 7.8e-6 7.8e-6 7.4e-6 7.4e-6].

In fig. 3 it can be seen the number of nodes associated with the mesh Tr in

the x1 and x2 – axis directions of one half of a rectangular profile. Considering

the symmetrical heat removal from the continuous casting (CC) according to

the vertical symmetry axis of the rectangular profile, only a half of the cross-

section is used in the computation program.
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Fig. 3. The triangulation Tr over Ω=[0,650]x[0,220].

The numerical model uses the temperatures w(t), t ∈ [0, T ] measured by the

thermocouples; the values are illustrated in fig. 4.

The triangulation Tr over Ω=[0,650]x[0,220].

Fig. 4. The values w(t), t ∈ [0, 44].

Figs. 5-8 below represent the approximate solution ui, ϕi (see (2.3), (2.4)),

corresponding to different moments of time (ii = 1, ii = 3, ii = 5, ii = M).
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Fig. 5. The approximate solution u1, ϕ1.

Fig. 6. The approximate solution u3, ϕ3.

A close examination of the above figures tells us the dimension of solid and

liquid zone resulting by execution of Matlab computation program c s r 2d Mioveni

developed on the basis of the conceptual algorithm algfrac fem.
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Fig. 7. The approximate solution u5, ϕ5.

Fig. 8. The approximate solution uM , ϕM .
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[9] C. Moroşanu, D. Motreanu, An extension of the Lie-Trotter product formula, Nonlinear

Funct. Anal. & Appl., 7, 4 (2002), 517–530.
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Abstract The Dirichlet problem for the Poisson equation is solved by means of the

method of finite volumes [1].

Consider the problem definining the potential ϕ(x, y) of the electrostatic

field in the domain Ω, where absolute dielectric permittivity εa(x, y) has a

piecewise constant value. The function ϕ(x, y) within the domain Ω satisfies

the Poisson equation

div(εagradϕ) = −ρ(x, y), (x, y) ∈ Ω (1)

where ρ(x, y) is the density of the free electricity distribution. On the boundary

Γ = ∂Ω of the domain Ω the values ϕ(x, y) are considered to be known

ϕ(x, y)|Γ = µ(x, y), (x, y) ∈ Γ. (2)

Let us divide Ω = Ω + Γ into a sum of finite number of small triangles.

All triangle vertices represent a multitude of nodes of the discrete grid, which

substitutes the domain Ω. The grid is built in such a way, that the border

separating the two media, on which the value εa is modifying, be composed

of triangle vertices and sides of the built grid. The set of the grid triangles

is denoted by Th, where h is the maximum length of all triangle sides. Also,

let us introduce the dual grid T ∗h , which consists of Voronoi cells (see figure).

259
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The vertices of the Voronoi cell K∗P0
of some node P0 are the circumference

centers, circumscribed near the triangles which have as a vertex the point P0.

As the approximate solution of the problem (1), (2) let us take a piecewise

linear function ϕh(x, y), which has to be continuous in the Ω and linear in every

triangle K ∈ Th. Let K = ∆PiPjPk be any triangular element and P (x, y)

be a point in the element K. Introduce the area coordinates (λi, λj , λk),

λm = Sm/S, m = i, j, k, where Si, Sj , Sk and S are the areas of ∆PPjPk,

∆PiPPk, ∆PiPjP and ∆PiPjPk respectively. The area coordinates and the

Cartesian coordinates are related as follows

x = xiλi + xjλj + xkλk, y = yiλi + yjλj + ykλk, λi + λj + λk = 1. (3)

Thus, in the element K the function ϕh(x, y) has the expression

ϕh = ϕiλi + ϕjλj + ϕkλk = ϕi + (ϕj − ϕi)λj + (ϕk − ϕi)λk. (4)

By the interpolation theory of Sobolev spaces, we have, if ϕ ∈W 2
2 (Ω), that

‖ϕ− ϕh‖L2(Ω) ≤ ch2 ‖ϕ‖W 2
2 (Ω) , (5)

where the constant c does not depend on h and ϕ.

We obtain the system of linear algebraic equations for the unknown values

of the function ϕh in the grid nodes. In order to solve it we integrate the

equation (1) by the cell K∗P0
and will apply the flux-divergence theorem

∫

K∗
P0

div(εagradϕ)ds =

∫

∂K∗
P0

εagradϕdl =

=

∫

∂K∗
P0

εa(gradϕ, n)dl = −
∫

K∗
P0

ρ(x, y)ds, (6)

∫

∂K∗
P0

εa(gradϕ, n)dl =

∫

∂K∗
P0

εa

(
∂ϕ

∂x
nx +

∂ϕ

∂y
ny

)
dl =
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=

∫

∂K∗
P0

εa

(
∂ϕ

∂x
dy − ∂ϕ

∂y
dx

)
= −

∫

K∗
P0

ρ(x, y)ds. (7)

Let the Voronoi cell K∗P0
have the form shown in the figure. By the letters

Pm, m = 0, 6 we denote the grid nodes; Qm, m = 1, 6 are the Voronoi cell

vertices K∗P0
for the node P0. Then, the integral along the contour ∂K∗P0

from

the formula (7) is approximated in the following way (P7 = P1, Q7 = Q1,

M7 = M1)

∫

∂K∗
P0

εa

(
∂ϕ

∂x
dy − ∂ϕ

∂y
dx

)
=

6∑

i=1

∫

MiQiMi+1

εa

(
∂ϕ

∂x
dy − ∂ϕ

∂y
dx

)
=

=
6∑

i=1

εa(Qi)

[
∂ϕ

∂x

∣∣∣∣
Qi

(yMi+1 − yMi
)− ∂ϕ

∂y

∣∣∣∣
Qi

(xMi+1 − xMi
)

]
,

∂ϕ

∂x

∣∣∣∣
Qi

=
1

2Si

[
ϕP0

(yPi
− yPi+1) + ϕPi

(yPi+1 − yP0) + ϕPi+1
(yP0 − yPi

)
]
,

∂ϕ

∂y

∣∣∣∣
Qi

=
1

2Si

[
ϕP0

(xPi+1 − xPi
) + ϕPi

(xP0 − xPi+1) + ϕPi+1
(xPi

− xP0)
]
.

The final form of the equation for the node P0 is the following

α0ϕP0
+

6∑

i=1

αiϕPi
= −ρ(P0)

6∑

i=1

Si, (8)
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α0 =

6∑

i=1

εa(Qi)

2Si

[
(yMi+1 − yMi

)(yPi
− yPi+1)− (xMi+1 − xMi

)(xPi+1 − xPi
)
]
,

αi =
εa(Qi)

2Si

[
(yPi+1 − yP0)(yMi+1 − yMi

)− (xP0 − xPi+1)(xMi+1 − xMi
)
]
+

+
εa(Qi−1)

2Si−1

[
(yP0 − yPi−1)(yMi

− yMi−1)− (xPi−1 − xP0)(xMi
− xMi−1)

]
, i = 1, 6,

(Pi−1 = P6 for i = 1, M0 = M6, Q0 = Q6).

For every interior grid node we write the equation of the type (8), while

for the boundary nodes we use the boundary condition (2). The solution of

the obtained linear algebraic system gives us the values of the approximate

solution (4) at the grid nodes.
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Abstract In the present article the method of creating the regular two dimensional curvi-

linear grids based on the solution of the problem of longitudinal elastic plate

deformation is presented.

A large number of problems connected with numerical modeling of vari-

ous physical processes leads to necessity of creation of effective methods of

discretization of the computational fields possessing complicated shape. The

numerical grid generation now became a common tool for use in the numerical

solution of partial differential equations on arbitrary shaped regions. Numer-

ically generated grids obviate the difficulties in description of the arbitrary

boundary shape from finite difference method. With such grids all numerical

algorithms (including the finite difference) are implemented on a square or

rectangular computational region regardless of the shape and configuration of

the initial physical region. In order to solve this problem there are often used

the methods based on the application of the elliptical type partial differential

equations to the description of the interconnection between the computational

(ξ, η) and physical (x, y) regions.

Further we present the method of building two dimensional curvilinear grids

on the basis of the solution of the problem of the longitudinal elastic plate

deformation.

In order to formulate the problem consider the rectangular elastic plate.

Let the rectangular uniform grid with the grid points (xi, yj) , xi = ihx, yj =

jhy, i = 0, n, j = 0,m, ( hx = l1/n, hy = l2/m are the steps of the grid on
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corresponding variable, l1 and l2 are the dimensions of rectangular plate) be

marked on this plate. If the plate is subject to longitudinal deformation so as

its boundaries take some given form (the form of the boundaries of the region

where the grid must be constructed), then the grid, which was marked on the

plate, will be deformed too. As a result of this deformation we obtain the

unknown grid. The displacements u and v of the plate points by coordinates

x and y respectively satisfy the following system of equations [2]

∂2u

∂x2
+

1− µ
2

∂2u

∂y2
+

1 + µ

2

∂2v

∂x∂y
= 0,

∂2v

∂y2
+

1− µ
2

∂2v

∂x2
+

1 + µ

2

∂2u

∂x∂y
= 0, (1)

where µ is the Poisson ratio, the choice of which have an influence upon the

grid lines.

The equations (1) can be solved numerically by means of finite difference

method on the rectangular grid that has been introduced above. For this

purpose the equations (1) must be completed with boundary conditions, i.e.

the shape of boundaries of initial region is to be known. The displacements of

boundary points are given, i.e. the following values are known

u(0, y), v(0, y), u(l1, y), v(l1, y), y ∈ [0, l2]

u(x, 0), v(x, 0), u(x, l2), v(x, l2), x ∈ [0, l1]

Let us denote by uij = u(xi, yj) and vij = v(xi, yj) the values of the un-

known functions at the grid points. Then the finite difference approximation

of equations (1) is the following

uij,xx +
1− µ

2
uij,yy +

1 + µ

4
(vij,←−y x + vij,y←−x ) = 0,

vij,y←−y +
1− µ

2
vij,x←−x +

1 + µ

4
(uij,←−y x + uij,y←−x ) = 0, (2)

where i = 1, n− 1, j = 1,m− 1 (we use here the generally accepted symbols

for finite difference derivatives [3]). The created finite difference scheme (2)
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approximates the initial differential problem (1) with second order relative

to hx and hy and represents the system of linear algebraic equations with

dimensions 2 × (n − 1) × (m − 1). The values v0j , u0j , vnj , unj , j = 0,m and

vi0, ui0, vim, uim, i = 0, n are determined from boundary conditions. Taking

into account the large dimensions of the system, its solution must be found by

means of an iterative method [3].

The developed algorithm is easy to realize and can be applied to the dis-

cretization of the regions possessing complicated geometrical structures.
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Abstract Exact solutions of non-linear partial differential equation for transitional gas

flows are indicated. These solutions are used for the description of gas motion

between planes rotating according to the laws Θ = Θ1(t), Θ = Θ2(t). Here Θ

is the polar angle.
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1. Irrotational isentropic flows of an ideal gas are described by the following

equation

ϕtt + 2ϕrϕrt +
2

r2
ϕΘϕΘt + ϕ2

rϕrr +
1

r4
ϕ2

ΘϕΘΘ +
2

r2
ϕrϕΘϕrΘ −

1

r3
ϕrϕ

2
Θ =

= a2

(
ϕrr +

1

r
ϕr +

1

r2
ϕΘΘ

)
, (1.1)

a2 = ργ−1 = p(γ−1)/γ =
γ + 1

2
− (γ − 1)

(
ϕt +

1

2
ϕ2
r +

1

2r2
ϕ2

Θ

)
.

Here ϕ(r,Θ, t), a, p, ρ are dimensionless values of gas velocity potential, sound

velocity, pressure and density, respectively, (r, Θ) are polar coordinates, t is

the time, γ = const is the adiabatic exponent. For the projections of velocity

vector one has: Vr = ϕr, VΘ =
1

r
ϕΘ.

Equation (1.1) has the solution of the form

ϕ =
γ + 1

2(γ − 1)
t+ r2f(Θ + ω ln r, t), ω = const, γ > 1. (1.2)
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The substitution of (1.2) at ω = 0 into (1.1) gives for f(Θ, t) the following

equation

ftt+8fft+2fΘfΘt+8f3+f2
ΘfΘΘ+6ff2

Θ+(γ−1)

(
ft + 2f2 +

1

2
f2
Θ

)
(fΘΘ+4f) = 0.

(1.3)

Then for the projections of velocity and pressure the following formulae are

derived

Vr = 2rf, VΘ = rfΘ, p(γ−1)/γ = −(γ − 1)

(
ft + 2f2 +

1

2
f2
Θ

)
r2. (1.4)

The solutions class (1.2) may be used to describe gas flows between planes

rotating according to the laws Θ = Θ1(t), Θ = Θ2(t), Θ constituting an

acute or obtuse angle, when along their intersection line of their crossing is

vacuum (p = 0 when r = 0). In fact, for points of those planes (Θ = Θk(t))

the inflowing conditions are: VΘ = rωk(t) = rΘ′k(t), k = 1, 2 (ωk are angular

velocities), which, according to (1.4), hold if

fΘ[Θk(t), t] = Θ′k(t), k = 1, 2. (1.5)

Let us show that solution (1.2) may describe flow with shock wave Θ = Θ∗(t).

Substituting (1.2) into conditions on the shock wave in the form from [2], and

assuming that the shock wave has the form of Θ = Θ∗(t), we get for Θ = Θ∗(t)

γ + 1

γ − 1
(Θ′∗ − fΘ)(Θ′∗ − f0

Θ) = −2

(
f0
t + 2f02

+
1

2
f02

Θ

)
+ (Θ′∗ − f0

Θ)2, f = f0,

(1.6)

where f , f0 correspond to the flow from different sides of the shock wave. If

f ≡ f0, then we get the equation of characteristics of the form Θ = Θ∗(t).

Substituting (1.2) into sonic line equation V = a2 (V 2 = V 2
r + V 2

Θ is the

squared gas velocity) we get that the sonic line must have the form Θ = Θ0(t)

and on it must be realized the condition

(γ + 1)(f2
Θ + 4f2) = −2(γ − 1)ft. (1.7)

2. In order to solve of the problem (1.3), (1.5), in general, it is needed the

usage of numerical methods (additionally, initial conditions must be given).
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Indicate the cases when the solving of the problem reduces to the integration

of ordinary differential equations. Equation (1.3) has particular solutions

f = f(ξ), ξ = Θ + ct, c = const, (2.1)

f = (t+ t0)
−1H(η), η = Θ + c ln(t+ t0), t0 = const. (2.2)

The solution (2.1) may be used for the investigation of gas flow when the

planes rotate with constant angular velocities: Θ = Θ1(t) = −ct, Θ = Θ2(t) =

−ct + ξ0 (ξ0 = const is the opening angle). The solution (2.2) may be used

if planes rotate according to the law: Θ = Θ1(t) = −c ln(t+ t0), Θ = Θ1(t) =

−c ln(t+ t0) + η0.

For the functions f(ξ), H(η) we obtain ordinary differential equations. Note

that the equation for f in (1.2) possesses also the solution: f = f(Θ+ω ln r+

ct).

Let us study the solution (2.1) in more detail. Substitution (2.1) into (2.3),

gives for f(ξ) the equation [2]

f ′′ = −f 4c(γ + 1)f ′ + 2(γ + 2)f ′2 + 8γf2

c2 + c(γ + 1)f ′ +
γ + 1

2
f ′2 + 2(γ − 1)f2

. (2.3)

Conditions (1.5) take the form

f ′(0) = −c, f ′(ξ0) = −c. (2.4)

Then, for f(ξ) we have non-linear boundary problem (2.3), (2.4). Intro-

ducing the change f = cg, z = z(y), y = g, z = g′, for z(y) one has the

equation

dz

dy
= −y

z

4(γ + 1)z + 2(γ + 2)z2 + 8γy2

1 + (γ + 1)z +
γ + 1

2
z2 + 2(γ − 1)y2

= −y
z

K

N
. (2.5)

Conditions (2.4) become

z(y0) = −1, z(y1) = −1, (2.6)
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where y0 = g(0), y1 = g(ξ0). For pressure the relation

p(γ−1)/γ = −(γ − 1)

(
z + 2y2 +

1

2
z2

)
c2r2 = −(γ − 1)c2r2P∗. (2.7)

holds. Sonic line equation is

Γ =
γ + 1

2
(z2 + 4y2) + (γ − 1)z = 0. (2.8)

The interior of the ellipse (2.8) corresponds to the subsonic flow. Condition

of the shock wave of the form ξ = const. may be easily written according

to (1.6). By means of qualitative analysis of integral curves behavior for the

equation (2.5) proves the existence of solutions to boundary value problem

(2.5), (2.6), that is the necessary condition for the existence of solution to

(2.3), (2.4). According to (2.6), we need to show that integral curves exist so

that if they leave the straight line z = −1 (under some y = y0), they come

back to this straight line (now with value y = y1). Since p ≥ 0, γ > 1, then,

according to (2.7), the physical sense have only those integral curves lying

inside the ellipse D = 4y2 + (z+ 1)2− 1 = 0. Hence, −1
2 ≤ y ≤ 1

2 . The sign of

derivative dz/dy changes along the lines y = 0, z = 0, N∗ = 0, K∗ = 0, where

N∗ =
γ + 1

γ − 1
(z+1)2+4y2−1, K∗ =

(
γ + 2

γ + 1

)2(
z +

γ + 1

γ + 2

)2

+
4γ(γ + 2)

(γ + 1)2
y2−1.

On the lines y = 0, K∗ = 0 the integral curves are horizontal; they are

vertical along z = 0, N∗ = 0. For any x the equation (2.5) has exact solutions

D = 0, M = 2y2 +
1

2
z2− 1 = 0, L = 4x2y2 +

(
z +

1

γ

)2

γ2− 1 = 0, (2.9)

splitting the plane (y, z) into parts, on every of which the behavior of the

integral curve has own specific character. Note that, according to (2.7) and

(2.9), the line p = 0 (D = 0) is also an integral curve. For any values of γ the

ellipses N∗ = 0, K∗ = 0, D = 0, M = 0 intersect themselves at the singular

points y = ±1

2
, z = −1, while the ellipses D = 0, K∗ = 0, L = 0 – at the

singular point y = 0, z = 0. For any x the ellipse L = 0 intersect singular

points y = ±1

2

√
2− γ2, z = −γ.
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By means of analytic investigation of the sign of dz/dy in all domain and

local behavior of integral curves in neighborhoods of singular points with co-

ordinates

y = 0, z = −1±
√
γ − 1

γ + 1
; y = ±1

2
, z = −1;

y = ±1

2

√
2− γ2, z = −γ; y = 0, z = 0, (2.10)

we have constructed the fields of integral curves for equation (2.5), which shows

that the curves possessing the mentioned above properties and corresponding

values y0, y1 exist for all values of γ > 1. If 1 < γ <
√

2, then according to

(2.10), there are seven singular points; for γ =
√

2 – there are five singular

ones: A(0,
√

2 − 2);B(0,−
√

2);C;E(±1

2
,−1);O(0, 0); for γ >

√
2 – five such

points 0,−1±
√
γ − 1

γ + 1
;±1

2
,−1; 0, 0. In the case γ = 1 there are four singular

points. Many computer experiments on the construction of integral curves on

the plane (z, y) confirm the obtained analytic results.

As an example, here it is investigated the qualitative behavior of integral

curves for γ =
√

2. This value corresponds to ordinary air. Conditions (2.6)

are satisfied by integral curves, lying inside the ellipse L = 0 and crossing

twice the straight line z = −1 (among them the curve L = 0), and also by

integral curves, located between the curves D = 0, L = 0, M = 0 (and passing

through singular points O, B). Thus, all interesting by us curves are enclosed

between lines D = 0, M = 0. These curves have ellipse-like shape, and the

segment of the curve below or above z = −1 may be considered as a solution.

Parts of integral curves, located inside L = 0 and below z = −1, correspond

to supersonic in all domain flow. Relevant to this case example of computation

is given below.

Curves inside L = 0 and above z = −1 (intersecting the line z = −1) at

γ =
√

2 cross the sonic line Γ = 0 twice and correspond to supersonic flow

with local subsonic zones. Note that, dimensions of ellipse Γ = 0 increase

when γ increases. Nevertheless, computer simulations have showed that the
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functions f(ξ), f ′(ξ), P∗(ξ) in the last case become ambiguous (two-valued)

when they cross the sound speed. This means that the continuous flows with

local subsonic speeds are impossible, and the shock wave must be involved

into flow analysis.

The question of the use of the curves, located between ellipses D = 0, L = 0,

M = 0 for the flows description is remains open, since for them the uniqueness

breaks down at the singular points O, B.

3. For the construction of the fields of velocities and pressure, the equation

(2.3) is rewritten as the system of three equations of the first order

dz

dα
= −yK(y, z),

dy

dα
= zN(y, z),

dξ

dα
= N(y, z). (3.1)

From (3.1) it follows that for the curves, located on the (z, y) plane inside

the ellipse L = 0 below the straight line z = −1, the following inequalities are

true
dξ

dα
≤ 0,

dy

dα
≥ 0,

dz

dα
≤ 0 if y ≤ 0,

dz

dα
≥ 0 if y ≥ 0.

Integration of (3.1) is made by Runge-Kutta method. The Cauchy problem

with initial conditions

α = 0 : ξ = 0, z = −1, y = y0 (3.2)

is solved, where the values of y0 were taken to lie inside the ellipse L = 0 on the

straight line z = −1. Integration was carried out until at some value α = α0

the function z(α) has attained the value z(α0) = −1. The relevant value ξ(α0)

was taken as opening angle (ξ0 = ξ(α0)). The pressure was defined according

to (2.7). Hence in parametric form ξ(α), z(α), y(α), P∗(α) were defined. It

is shown that values 0 < ξ0 < 2π exist for any mentioned above values of y0.

As an example, the flow parameters for z(ξ), y(ξ), P∗(ξ) = z + 2y2 +
1

2
z2, are

investigated for y0 = −0.2. To this value there corresponds the opening angle

ξ0 = −0.48. According to this computation in the domain adjoining to the

front (with respect to the rotation direction), it is realized the flow directed

away from the center of rotation. In the domain, adjoining the back plane,
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the flow is directed to the center of rotation. Along the line ξ = −0.2 we have

Vr = 0, so all gas particles have only VΘ component.

4. Note that, at the use of the change ξ = y2, the equation (2.5) can be

reduced to the form [ξ + a0(z)]
dξ

dz
+ b0(z)ξ + c0(z) = 0, where a0, b0, c0 are

polynomials. Further note that, for flows with small Vr, but for variations

with time and along the direction of the angle Θ close to 1, we can assume

that f(Θ, t) = εF (β, τ), Θ = εβ, t = ετ , ε << 1. Then taking in (1.3) the

leading terms of the order ε−1, for F we obtain the equation that coincides

in form with the equation for the 1D nonstationary gas flow. This equation

for F (β, τ) possesses the solution of the type of simple wave, and also the

solutions of the forms

F = (τ + τ0)
−1G1[β + c ln(τ + τ0)],

F = (τ + τ0)
2n−1G2[β(τ + τ0)

−n],

where τ0, c, n = const.

5. An approximate solution of the boundary value problem

ftt+8fft+2fΘfΘt+8f3+f2
ΘfΘΘ+6ff2

Θ+(γ−1)

(
ft + 2f2 +

1

2
f2
Θ

)
(fΘΘ+4f) = 0,

(5.1)

fΘ[Θk(t), t] = Θ′k(t), k = 1, 2, (5.2)

can be constructed on the base of the Galerkin method. Let us look for the

solution of (5.1), (5.2) in the form

f(Θ, t) = α(t)Θ + β(t)Θ2 +
N∑

n=0

fn(t) cos
nπ(Θ−Θ1)

Θ2 −Θ1
, (5.3)

where α(t) =
Θ′1Θ2 −Θ1Θ

′
2

Θ2 −Θ1
, β(t) =

Θ′2 −Θ′1
2(Θ2 −Θ1)

.

The suggested solution satisfies the boundary conditions (5.2) of nonflowing.

Substituting (5.3) into (5.1) and writing the orthogonality conditions for

the discrepancy of this equation to the basis system {cos
nπ(Θ−Θ1)

Θ2 −Θ1
}, where
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n = 0, 1, .., N , we obtain a non-linear system of ordinary differential equations

for fn(t), n = 0, 1, .., N . In particular, in the first approximation n = 0, one

has f(Θ, t) = α(t)Θ + β(t)Θ2 + f0(t).

Then for f0(t) the non-linear ordinary differential equation follows

f ′0

[
aα

Θ2
2 −Θ2

1

2
+ aβ

Θ3
2 −Θ3

1

3
+ 2Aβ(Θ2 −Θ1)

]
+f ′′0 (Θ2−Θ1)+af

′
0f0(Θ2−Θ1)+

+f0

[
(aα′+4Aβ+(24+8A)αβ)

Θ2
2 −Θ2

1

2
+(aβ′+ cβ+(24+8A)β2)

Θ3
2 −Θ3

1

3
+

+(2Aα+6α2)(Θ2−Θ1)

]
+cf3

0 (Θ2−Θ1)+4Af2
0β(Θ2−Θ1)+(α′′+2bβ2+4αβ′+

+(4 + 2A)α′β + 2Aα2 + 6α3)
Θ2

2 −Θ2
1

2
+ (β′′ + aαα′ + (8 + 2A)ββ′ + 6Aαβ+

+(30+4A)αβ2)
Θ3

2 −Θ3
1

3
+(aαβ′+aα′β+4Aβ2+cα3+(48+8A)αβ2)

Θ4
2 −Θ4

1

4
+

+cαβ2 Θ6
2 −Θ6

1

6
+ (aββ′ + 3cα2β + (24 + 4A)β3)

Θ5
2 −Θ5

1

5
+ cβ3 Θ7

2 −Θ7
1

7
+

+(2bαβ+2αα′)(Θ2−Θ1) = 0, whereA = γ−1, a 6= 8+4A, c = 8+8A, b = 1+
1

2
A.

The solution of the problem (5.1), (5.2) can be also represented in the form

f(Θ, t) = a(t) cos νΘ + b(t) sin νΘ +
N∑

n=0

fn(t) cos
nπ(Θ−Θ1)

Θ2 −Θ1
, (5.4)

a(t) =
1

ν∆
(Θ′1 cos νΘ2 −Θ′2 cos νΘ1), b(t) =

1

ν∆
(Θ′1 sin νΘ2 −Θ′2 sin νΘ1),

(5.5)
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where ∆ = sin ν(Θ2 −Θ1), ν is an arbitrary parameter which can depend on

time. The most simple calculations will take place for ν = 2, because for this

value in the equation (5.1) we have fΘΘ + 4f = 0.

Note that the equations for fk(t) in (5.3), (5.4) can be obtained by using

the integral method of least squares. For this we must write the conditions
∂Y

∂fn
= 0 of the minimum of the integral from the square of discrepancy for

the equation (5.1)

Y =

Θ2∫

Θ1

L2
∗(f)dΘ.

6. Mathematical statement of the similar problem for the incompressible

medium has the form

ϕrr +
1

r
ϕr +

1

r2
ϕΘΘ = 0, ϕΘ[Θk(t), t] = Θ′k(t), k = 1, 2. (6.1)

Let us look for its solutions in the form

ϕ(r,Θ, t) = r2g(Θ, t) +

∞∑

n=1

rλngn(Θ, t). (6.2)

We get the following boundary value problems for the functions g, gn

gΘΘ + 4g = 0, gΘ[Θk(t), t] = Θ′k(t), k = 1, 2, (6.3)

gnΘΘ + λ2
ngn = 0, gnΘ[Θk(t), t] = 0, k = 1, 2. (6.4)

Solutions of these boundary value problems (note, that (6.3) is an eigenvalue

problem) are the functions

g(Θ, t) = a(t) cos 2Θ + b(t) sin 2Θ, gn(Θ, t) = fn(t) cosλn(Θ−Θ1), (6.5)

where λn =
nπ

Θ2 −Θ1
, and the functions a(t), b(t) are defined by (6.7) for

ν = 2.

Note that the solution (6.2)-(6.5) for the problem (6.1) is exact, opposite

to solutions (5.3), (5.4), (5.5) for (5.1), which are approximate. The functions

fn(t) in (6.5) are arbitrary. In particular, in (6.2) we can set gn(Θ, t) = 0.
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7. Further we indicate here some of future trends in solving the problems,

on the base of equations (1.1), (1.3).

a) Small perturbations of the solution ϕ∗(r,Θ, t) =
γ + 1

2(γ − 1)
+ r2f(Θ, t) for

the equation (1.1) of the form ϕ(r,Θ, t) = ϕ∗(r,Θ, t)+εψ(r,Θ, t), where ξ ≤ 1;

b) Approximate solutions of (1.1) of the form ϕ = ct +
n∑
k=1

ϕk(Θ, t)r
λk ,

including the case when ϕ1(Θ, t) = f(Θ, t), λ1 = 2, c =
γ + 1

2(γ − 1)
.

c) Approximate solutions of (1.3), constructed by means of the Galerkin

method. Their applications to the study of flows when planes are rotating

according to the law θ = θ0(t) and flows with shock wave θ = θ∗(t).

d) Numerical solution of initial-boundary value problem (1.3), (1.5) with

initial conditions f(Θ, 0) = g(Θ), ft(Θ, 0) = h(Θ).
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Abstract The asynchronous circuits from the digital electrical engineering are modeled

by the so-called asynchronous systems. An autonomous asynchronous system

consists in a set X of ’nice’ R → {0, 1}n functions n ≥ 1, called signals,

representing non-deterministically the models of the tensions that describe the

behavior of an asynchronous circuit without inputs. A special case of such

a system X is the one when a function Φ : {0, 1}n → {0, 1}n is given such

that any x ∈ X fulfills a ’differential’ equation involving Φ. In such conditions,

by analogy with the ’real’ semi-dynamical systems, the Boolean dynamical

systems may be defined.

Our paper defines the nullclins, the motions and their speed, the invariant

subsets of {0, 1}n, the attraction, the limit cycles, the evolutions of x ∈ X,

the stable manifolds, the Huffman systems and several properties of invariance

which are very important in electrical engineering (such as the delay insensi-

tivity). The relation with the discrete time systems is also suggested.

1. PRELIMINARIES

Notation 1.1. Let M be an arbitrary set. The following notation will be

useful

P ∗(M) = {M ′|M ′ ⊂M,M ′ 6= ∅}.

Notation 1.2. The set of the subsequences of the natural numbers set N is

denoted by Sub(N)

Sub(N) = {(jk)|jk ∈ N, k ∈ N, j0 < ... < jk < ...}.

277



278 Şerban E. Vlad

Definition 7. The set B = {0, 1} is endowed with the order 0 ≤ 1 and with

the usual laws , ·,∪,⊕. It is called the binary Boole algebra.

Remark 3. The set B is a Boole algebra indeed relative to , ·,∪ and it is

also a field relative to ⊕, · . Bn, together with the sum ⊕ made coordinatewise

and with the scalar product ·, is a linear space over B.

Notation 1.3. We denote by

εi = (0, ..., 1
i
, ..., 0), i = 1, n

the vectors of the canonical base of Bn.

Notation 1.4. The modulo 2 summation of the vectors vj ∈ Bn, j ∈ J (J

must be a finite set) is denoted by Ξ
j∈J

vj . By definition Ξ
j∈∅
vj = 0.

Definition 8. If α : N→ Bn is a sequence, α(k)
not
= αk, k ∈ N, then its limit

lim
k→∞

αk ∈ Bn is defined by the property

∃k′ ∈ N,∀k′′ ≥ k′, αk′′ = lim
k→∞

αk.

Definition 9. Consider the function x : R→ Bn. Its initial value lim
t→−∞

x(t) ∈
Bn (also denoted by x(−∞+ 0)) and its final value lim

t→∞
x(t) ∈ Bn (denoted

sometimes by x(∞− 0)) are defined by

∃t′ ∈ R,∀t′′ ≤ t′, x(t′′) = lim
t→−∞

x(t),

∃t′ ∈ R,∀t′′ ≥ t′, x(t′′) = lim
t→∞

x(t).

Notation 1.5. We denote by τd : R→ R, d ∈ R the translation

∀t ∈ R, τd(t) = t− d.

Thus for any x : R→ Bn, we denote by x ◦ τd : R→ Bn the function

∀t ∈ R, (x ◦ τd)(t) = x(t− d).
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Definition 10. The characteristic function χA : R→ B of the set A ⊂ R

is given by

∀t ∈ R, χA(t) =

{
1, t ∈ A;

0, otherwise.

Notation 1.6. We use the following notation

Seq = {(tk)|tk ∈ R, k ∈ N, t0 < ... < tk < ... is unbounded from above}.

Definition 11. The cyclic values ν ∈ Bn and the co-cyclic values µ ∈ Bn

of x : R→ Bn are defined by

∃(tk) ∈ Seq, ∀k ∈ N, x(tk) = ν,

∃(tk) ∈ Seq, ∀k ∈ N, x(−tk) = µ.

Remark 4. The initial and the final values of x : R→ Bn may not exist and

if any of them exists, then it is unique. The cyclic and the co-cyclic values of

x always exist and they are not unique in general. If x has a unique cyclic

(co-cyclic) value ν (µ), then ν = x(∞− 0) (µ = x(−∞+ 0)).

Definition 12. A function x : R→ Bn is called n−signal, shortly signal if

µ ∈ Bn and (tk) ∈ Seq exist so that

x(t) = µ · χ(−∞,t0)(t)⊕ x(t0) · χ[t0,t1)(t)⊕ ...⊕ x(tk) · χ[tk,tk+1)(t)⊕ ... (1)

where in (1) we have abusively used the same symbols ·,⊕ for the laws that

are induced by those of B. The set of the n−signals is denoted by S(n) and

instead of S(1) we usually write S.

Definition 13. Let x ∈ S(n) be given by (1). Its left limit x(t − 0) is the

R→ Bn function defined as

x(t− 0) = µ · χ(−∞,t0](t)⊕ x(t0) · χ(t0,t1](t)⊕ ...⊕ x(tk) · χ(tk,tk+1](t)⊕ ... (2)

Definition 14. By definition, the left derivative of x ∈ S(n) is the function

Dx : R→ Bn,

Dx(t) = x(t− 0)⊕ x(t).
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Remark 5. From (1) and (2) we infer

Dx(t) = (µ⊕ x(t0)) · χ{t0}(t)⊕ (x(t0)⊕ x(t1)) · χ{t1}(t)⊕ ...

...⊕ (x(tk−1)⊕ x(tk)) · χ{tk}(t)⊕ ...

On the other hand the right limit and the right derivative of x ∈ S(n):

x(t+ 0) = x(t),

D∗x(t) = x(t+ 0)⊕ x(t) = 0

will not be important in our work.

Definition 15. Let be U ∈ P ∗(S(m)). A multi-valued function f : U →
P ∗(S(n)) is called asynchronous system, shortly system. Any u ∈ U is

called an(admissible) input and the functions x ∈ f(u) are called (the pos-

sible) states.

Definition 16. Any of

a) a system f with ∃X ∈ P ∗(S(n)),∀u ∈ U, f(u) = X,

b) a system f having the property that U has a single element,

c) a set X ∈ P ∗(S(n))

is called an autonomous (asynchronous) system.

Remark 6. The concept of system originates in the modeling of the asyn-

chronous circuits. The multi-valued character of the cause-effect association

is due to the statistical fluctuations in the fabrication process, the variations

in the ambiental temperature, the power supply etc. Sometimes the systems

are given by equations and/or inequalities.

An autonomous system is interpreted as a system without input and we

prefer to use for this the concept from Definition 16 c).

2. SEMI-DYNAMICAL SYSTEMS. AN EXAMPLE

Definition 17. Let M be a set. A family of mappings Υt : M →M, t ∈ [0,∞)

that fulfills the conditions

Υ0 = 1M , (3)
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∀t ∈ [0,∞),∀t′ ∈ [0,∞),Υt+t′ = Υt ◦Υt′ (4)

is called a semi-group of maps of M with one parameter.

Definition 18. A couple γ = (M,Υ = (Υt)t∈[0,∞)), where M is some set and

Υ : [0,∞) → MM ,Υ(t)
not
= Υt, t ∈ [0,∞) defines a semi-group of maps of M

with one parameter, is called a semi-dynamical system and the parameter

t is called time. The set M is called the phase space or the state space

and the points x ∈M are called phases or states.

Remark 7. A process is called deterministic in [1] if its whole future evolution

is uniquely determined by the present evolution. The semi-dynamical systems

are mathematical models of the deterministic processes.

Our purpose is that of adapting Definition 17 and Definition 18 to the

study of the asynchronous circuits that are real time, binary, non-deterministic

processes and we consider the next

Fig. 1.

Example 4. In Figure 1 the logical gates compute the Boolean function Φ :

B2 → B2,

∀(µ1, µ2) ∈ B2,Φ(µ1, µ2) = (µ2, µ1).

Let be (tk) ∈ Seq and the function ρ : R→ B2,

ρ(t) = (1, 0) · χ{t0}(t)⊕ (1, 1) · χ{t1}(t)⊕ (0, 1) · χ{t2}(t)⊕

⊕(1, 0) · χ{t3}(t)⊕ (1, 1) · χ{t4}(t)⊕ (0, 1) · χ{t5}(t)⊕ ...
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showing how Φ1 and Φ2 are computed: Φ1 at t0, Φ1 and Φ2 at t1, Φ2 at t2, Φ1

at t3, Φ1 and Φ2 at t4, Φ2 at t5,... Denote by (µ1, µ2) ∈ B2 the initial state.

We can immediately prove that

at t0 : (Φ1(µ1, µ2), µ2) = (µ2, µ2)

at t1 : (Φ1(µ2, µ2),Φ2(µ2, µ2)) = (µ2, µ2)

at t2 : (µ2,Φ2(µ2, µ2)) = (µ2, µ2)

at t3 : (Φ1(µ2, µ2), µ2) = (µ2, µ2)

at t4 : (Φ1(µ2, µ2),Φ2(µ2, µ2)) = (µ2, µ2)

at t5 : (µ2,Φ2(µ2, µ2)) = (µ2, µ2)

...

thus the behavior of the circuit is modeled by the function

x(t) = (µ1, µ2) · χ(−∞,t0)(t)⊕ (µ2, µ2) · χ[t0,∞)(t).

3. PROGRESSIVE SEQUENCES AND

PROGRESSIVE FUNCTIONS

Definition 19. The sequence α : N→ Bn, α(k)
not
= αk, k ∈ N is progressive

if ∀i ∈ {1, ..., n}, the set

{k|k ∈ N, αki = 1}

is infinite. The set of the N→ Bn progressive sequences is denoted by Πn.

Definition 20. The function ρ : R → Bn is called progressive, if α ∈ Πn

and (tk) ∈ Seq exist so that

ρ(t) = α0 · χ{t0}(t)⊕ ...⊕ αk · χ{tk}(t)⊕ ... (5)

The set of the progressive functions is denoted by Pn.

Remark 8. In the previous two definitions, the condition that all the sets

{k|k ∈ N, αki = 1} are infinite, i = 1, n expresses the idea that the coordi-

nates Φi, i = 1, n of some function Φ : Bn → Bn are computed countably

many times, thus their computation time is arbitrary, finite, possibly variable
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(depending on manufacturing fluctuations in delay related parameters, on the

temperature, on the tension of the mains etc.) This was anticipated at Example

4.

Some properties of invariance must be found in this context, of the form

...,∀ρ ∈ Pn, ... meaning that for each manufactured instance of a design, for

each admissible temperature and for each admissible tension of the mains, we

restrict our attention to the information that is common to all of them. Such

properties will be presented in Sections 22,...,28.

4. BOOLEAN DYNAMICAL SYSTEMS

Definition 21. Let Φ : Bn → Bn,Φ = (Φ1, ...,Φn) be a function (called

sometimes vector field). For λ ∈ Bn, λ = (λ1, ..., λn) we define the function

Φλ : Bn → Bn,

∀µ ∈ Bn,Φλ(µ) = (λ1 · µ1 ⊕ λ1 · Φ1(µ), ..., λn · µn ⊕ λn · Φn(µ))

called Φ at the power λ, or the λ−iterate of Φ.

Remark 9. The role of λ in the previous definition is that of showing which

coordinate Φi of Φ is computed: if λi = 0, then Φλ
i (µ) = µi and Φi is not

computed, while if λi = 1, then Φλ
i (µ) = Φi(µ) and Φi is computed, i = 1, n.

Definition 22. Let be α ∈ Πn. We define the functions Φα0...αk
: Bn →

Bn, k ∈ N by

∀k ∈ N,∀µ ∈ Bn,Φα0...αkαk+1
(µ) = Φαk+1

(Φα0...αk

(µ)). (6)

Definition 23. Let be ρ ∈ Pn,

ρ(t) = α0 · χ{t0}(t)⊕ ...⊕ αk · χ{tk}(t)⊕ ... (7)

where α ∈ Πn and (tk) ∈ Seq. We define Φ at the power ρ, Φρ : R→ (Bn)B
n

by ∀t ∈ R,∀µ ∈ Bn,

Φρ(t)(µ) = µ · χ(−∞,t0)(t)⊕ Φα0
(µ) · χ[t0,t1)(t)⊕ ... (8)
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...⊕ Φα0...αk

(µ) · χ[tk,tk+1)(t)⊕ ...

Remark 10. Suppose that (7) is true. A distinction should be made between

Φρ(t)(µ) given by (8) and

Φρ(t)(µ) =

{
Φαk

(µ), t = tk

µ, t /∈ {t0, ..., tk, ...}.

Definition 24. The couple φ = (Bn, (Φρ)ρ∈Pn) is called a Boolean dynam-

ical system. Bn is called the phase space, or the state space and its points

µ ∈ Bn are called phases, or states1. The function Φ is called the generator

function of φ and Φρ, ρ ∈ Pn are called the computations of Φ. The domain

R of the computations Φρ is the time set and t ∈ R is the time parameter.

Remark 11. We have given up the prefix ’semi’ in the terminology of ’Boolean

semi-dynamical system’ because, in the theory of the asynchronous systems,

the time set is always bounded from below (in the sense of the existence of the

initial values of the states x(−∞+0) and of the initial time t0); the possibility

of allowing a time set which is unbounded from below corresponds to the prefix

’pseudo’ in the terminology of ’Boolean dynamical pseudo-system’ and we are

not interested in the study of this concept at the moment.

The major difference between φ (Definition 24) and the usual semi-dynamical

systems γ (Definition 18) comes from the fact that here the modelled processes

are not deterministic, meaning that different ways that Φ may be computed

exist and they are indicated by the power ρ of Φρ. We conclude that the deter-

ministic process in γ has been replaced by a family of deterministic processes

in φ. The property (3) of no advance in time is replaced by

Φ(0,...,0) = 1Bn

and the request (4) of advancing time is replaced by (6), (7), (8).

Definition 25. For µ ∈ Bn and ρ ∈ Pn, the function Φρ(·)(µ) : R → Bn is

called the ρ−motion of the point µ.
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Definition 26. We define the ρ−orbit (or the ρ−phase trajectory) of µ

in the following way:

Orbρ(µ) = {Φρ(t)(µ)|t ∈ R}.

Definition 27. By definition, we call integral curve the graph

G = {(t,Φρ(t)(µ))|t ∈ R}.

5. REGULAR AUTONOMOUS ASYNCHRONOUS

SYSTEMS

Definition 28. Let be Φ : Bn → Bn. The set XΦ ⊂ S(n),

XΦ = {µ · χ(−∞,t0)(t)⊕ Φα0
(µ) · χ[t0,t1)(t)⊕ ...⊕ Φα0...αk

(µ) · χ[tk,tk+1)(t)⊕ ...

|µ ∈ Bn, α ∈ Πn, (tk) ∈ Seq}

is called the universal regular autonomous asynchronous system that

is generated by Φ. The function Φ is called the generator function of XΦ.

Definition 29. A non-empty set X ∈ P ∗(S(n)) is called regular autonomous

asynchronous system if Φ : Bn → Bn exists so that X ⊂ XΦ. If this inclu-

sion holds, then the function Φ is called the generator function of X.

Remark 12. In Definitions 28, 29 the terminology is the following: ’universal’

means maximal relative to the inclusion and ’regular’ means the existence of

a generator function Φ.

While the system XΦ is associated with the Boolean dynamical system φ =

(Bn, (Φρ)ρ∈Pn), its subsystems X ⊂ XΦ may result by requesting that the initial

states µ run over a subset of Bn only (initial conditions), or perhaps Φρ run

over a subset of all the computations of Φ only (restrictions imposed to the

computation time of the coordinate functions Φi, i = 1, n).

Notation 5.1. Consider a set Θ0 ∈ P ∗(Bn). Denote by XΘ0
Φ ⊂ XΦ the system

XΘ0
Φ = {µ · χ(−∞,t0)(t)⊕Φα0

(µ) · χ[t0,t1)(t)⊕ ...⊕Φα0...αk

(µ) · χ[tk,tk+1)(t)⊕ ...
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|µ ∈ Θ0, α ∈ Πn, (tk) ∈ Seq}.

Remark 13. In general the regular autonomous systems do not have a unique

generator function

∃Φ,Φ′ : Bn → Bn,Φ 6= Φ′ and XΦ ∩XΦ′ 6= ∅.

Such a situation results in the intersection of the systems from Example 6 and

Example 7 to follow.

6. EXAMPLES OF REGULAR AUTONOMOUS

ASYNCHRONOUS SYSTEMS

Example 5. Suppose that in Figure 1 the gates are identical, the computation

time of the coordinate functions is equal to 1, the initial state is (0, 0) and the

initial time instant is t0 = 0. Then the model of this circuit is given by the

autonomous system

X = {(1, 1) · χ[1,2)∪[3,4)∪[5,6)∪...}.

Example 6. Suppose that Φ : B→ B is the constant function

∃µ0 ∈ B,∀µ ∈ B,Φ(µ) = µ0.

We identify the constant function x ∈ S with the constant µ0 ∈ B and we

remark that

XΦ = {µ0} ∪ {µ0 · χ(−∞,t) ⊕ µ0 · χ[t,∞)|t ∈ R}.

Example 7. For Φ : B→ B the identity function

∀µ ∈ B,Φ(µ) = µ

we have

XΦ = B

(B has been identified with the set of the two constant 1-signals). The circuit

was drawn in Fig. 2.
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Fig. 2.

Example 8. We define Φ : B→ B by

∀µ ∈ B,Φ(µ) = µ.

We infer that

XΦ = {µ · χ(−∞,t0) ⊕ µ · χ[t0,t1) ⊕ µ · χ[t1,t2) ⊕ µ · χ[t2,t3) ⊕ ...|µ ∈ B, (tk) ∈ Seq}

and the circuit is the one from Fig. 3.

Fig. 3.

Example 9. We associate the function Φλ : B2 → B2,

Fig. 4.
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∀µ ∈ B2,Φλ(µ) = (λ1µ2, λ2µ1)

-where λ ∈ B2 is a parameter- with the universal regular autonomous system

XΦλ
. The states x ∈ XΦλ

model the behavior of the circuit from Fig. 4 under

the constant input λ. For example if λ = (0, 0), then

XΦ(0,0)
= {(µ1 · χ(−∞,t1), µ2 · χ(−∞,t2))|µ ∈ B2, t1, t2 ∈ R}.

7. FIXED POINTS VS. FINAL VALUES

Remark 14. The study of the fixed points is important because the final values

of the states of the stable X ⊂ XΦ systems are fixed points of Φ and the

accessible fixed points of Φ are final values of the states of those systems.

Theorem 7.1. The following fixed point property holds

∀µ ∈ Bn,∀µ′ ∈ Bn,∀ρ ∈ Pn, lim
t→∞

Φρ(t)(µ) = µ′ =⇒ Φ(µ′) = µ′.

Proof. We take µ ∈ Bn, µ′ ∈ Bn and ρ ∈ Pn arbitrarily with the property that

t′ ∈ R exists so that

∀t ≥ t′,Φρ(t)(µ) = µ′. (9)

We have the sequences α ∈ Πn and (tk) ∈ Seq so that

ρ(t) = α0 · χ{t0}(t)⊕ ...⊕ αk · χ{tk}(t)⊕ ...

and we can suppose that t′ = tk′ for some k′ ∈ N, thus from (9) we can write

Φρ(tk′)(µ) = Φα0...αk′

(µ) = µ′,

∀k ≥ 1,Φρ(tk′+k)(µ) = Φα0...αk′αk′+1...αk′+k

(µ) = (10)

= Φαk′+1...αk′+k

(Φα0...αk′

(µ)) = Φαk′+1...αk′+k

(µ′) = µ′.

We define the sets Ψk′+1, ...,Ψk′+p ⊂ {1, ..., n} in the following way

Ψk′+1 = {i|i ∈ {1, ..., n}, αk′+1
i = 1},

...
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Ψk′+p = {i|i ∈ {1, ..., n}, αk′+pi = 1},

Ψk′+1 ∪ ... ∪Ψk′+p = {1, ..., n}.

This is always possible and we have

t ∈ [tk′+1, tk′+2) : ∀i ∈ {1, ..., n},

xi(t) =

{
Φi(µ

′), i ∈ Ψk′+1

µ′i, i ∈ {1, ..., n} \Ψk′+1

(10)
= µ′i,

t ∈ [tk′+2, tk′+3) : ∀i ∈ {1, ..., n},

xi(t) =

{
Φi(µ

′), i ∈ Ψk′+1 ∪Ψk′+2

µ′i, i ∈ {1, ..., n} \ (Ψk′+1 ∪Ψk′+2)

(10)
= µ′i,

...

t ∈ [tk′+p,∞) : ∀i ∈ {1, ..., n},

xi(t) =

{
Φi(µ

′), i ∈ Ψk′+1 ∪ ... ∪Ψk′+p

µ′i, i ∈ {1, ..., n} \ (Ψk′+1 ∪ ... ∪Ψk′+p)

(10)
= µ′i.

It has followed that

∀i ∈ {1, ..., n},Φi(µ
′) = µ′i.

Theorem 7.2. We have ∀µ ∈ Bn,∀µ′ ∈ Bn,∀ρ ∈ Pn,

(Φ(µ′) = µ′ and ∃t′ ∈ R,Φρ(t′)(µ) = µ′) =⇒ lim
t→∞

Φρ(t)(µ) = µ′.

Proof. We fix µ,µ′ ∈ Bn, α ∈ Πn and (tk) ∈ Seq arbitrarily so that

ρ(t) = α0 · χ{t0}(t)⊕ ...⊕ αk · χ{tk}(t)⊕ ...

Φ(µ′) = µ′. (11)

If t′ < t0, we obtain

µ = Φρ(t′)(µ)
hypothesis

= µ′.
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On the other hand, from (11) we get that

Φα0
(µ) = ... = Φα0...αk

(µ) = ... = µ′

and the conclusion is fulfilled under the form

∀t ∈ R,Φρ(t)(µ) = µ′,

rest position.

We suppose now that t′ ≥ t0, thus k′ ∈ N exists with t′ ∈ [tk′ , tk′+1) and

Φρ(t′)(µ) = Φα0...αk′

(µ) = µ′.

But

Φα0...αk′αk′+1
(µ) = Φαk′+1

(Φα0...αk′

(µ)) = Φαk′+1
(µ′)

(11)
= µ′,

...

Φα0...αk′αk′+1...αk′+k

(µ) = Φαk′+1...αk′+k

(Φα0...αk′

(µ)) = Φαk′+1...αk′+k

(µ′)
(11)
= µ′,

...

and the conclusion is ∀t ≥ t′,Φρ(t)(µ) = µ′.

Remark 15. Here are two other results that are inferred from Theorems 7.1

and 7.2

∀x ∈ XΦ,∃ lim
t→∞

x(t) =⇒ Φ( lim
t→∞

x(t)) = lim
t→∞

x(t),

∀x ∈ XΦ,∀µ′ ∈ Bn, (Φ(µ′) = µ′ and ∃t′ ∈ R, x(t′) = µ′) =⇒ lim
t→∞

x(t) = µ′.

8. NULLCLINS AND FIXED POINTS

Definition 30. Let be the function Φ : Bn → Bn. For any i ∈ {1, ..., n}, the

nullclins of Φ are the sets

NCi = {µ|µ ∈ Bn,Φi(µ) = µi}.

If µ ∈ NCi, then the coordinate i is said to be not excited, or not enabled,

or stable and otherwise it is called excited, or enabled, or unstable.
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Theorem 8.1. The following statements are equivalent for µ ∈ Bn:

a) ∃ρ ∈ Pn, Orbρ(µ) = {µ};
b) ∃ρ ∈ Pn,∀t ∈ R,Φρ(t)(µ) = µ;

c) Φ(µ) = µ;

d) µ ∈ NC1 ∩ ... ∩NCn.

Proof. a)⇐⇒b) and c)⇐⇒d) are obvious from the way that Orbρ(µ) and

NC1, ..., NCn were defined.

b)=⇒c) Let be α ∈ Πn and (tk) ∈ Seq with the property that

ρ(t) = α0 · χ{t0}(t)⊕ ...⊕ αk · χ{tk}(t)⊕ ... (12)

and b) is fulfilled. We obtain

Φρ(t)(µ) = (13)

= µ · χ(−∞,t0)(t)⊕ Φα0
(µ) · χ[t0,t1)(t)⊕ ...⊕ Φα0...αk

(µ) · χ[tk,tk+1)(t)⊕ ... = µ

⇐⇒ Φα0
(µ) = ... = Φα0...αk

(µ) = ... = µ.

Denote

Ψ0 = {i|i ∈ {1, ..., n}, α0
i = 1}, ...,Ψk = {i|i ∈ {1, ..., n}, αki = 1}, ...

and we infer that

∀k ∈ N,∀i ∈ Ψ0 ∪ ... ∪Ψk,Φi(µ) = µi.

The existence of k ∈ N such that Ψ0 ∪ ... ∪Ψk = {1, ..., n} shows the validity

of c).

c)=⇒b) Let α ∈ Πn and (tk) ∈ Seq be arbitrary and define ρ ∈ Pn by (12).

By induction on k ∈ N it is shown that

Φα0
(µ) = ... = Φα0...αk

(µ) = ... = µ

wherefrom we get (see (13)) the truth of

∀t ∈ R,Φρ(t)(µ) = µ
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for arbitrary ρ ∈ Pn. b) is true.

Notation 8.1. The set of the fixed points (also called points of equilibrium)

of Φ is denoted by Eq.

9. THE SPEED

Definition 31. For any µ ∈ Bn and ρ ∈ Pn, we define the speed of the

ρ−motion of µ, vρ(·)(µ) : R→ Bn in the following manner

∀t ∈ R, vρ(t)(µ) = Φρ(t− 0)(µ)⊕ Φρ(t)(µ).

Remark 16. From the previous definition we infer that if

ρ(t) = α0 · χ{t0}(t)⊕ ...⊕ αk · χ{tk}(t)⊕ ...,

then

vρ(t)(µ) = DΦρ(t)(µ) =

= (µ⊕ Φα0
(µ)) · χ{t0}(t)⊕ (Φα0

(µ)⊕ Φα0α1
(µ)) · χ{t1}(t)⊕ ...

...⊕ (Φα0...αk−1
(µ)⊕ Φα0...αk

(µ)) · χ{tk}(t)⊕ ...

10. THE RELATION BETWEEN EQUATIONS

AND DYNAMICAL SYSTEMS

Theorem 10.1. We consider the point µ ∈ Bn and the function ρ ∈ Pn.
i) The equations {

x(−∞+ 0) = µ

Dx(t) = vρ(t)(µ)
,

{
x(−∞+ 0) = µ

x(t) = Φρ(t)(x(t− 0))

have both the unique solution

x(t) = Φρ(t)(µ).

ii) µ is a fixed point of Φ⇐⇒ ∀t ∈ R, vρ(t)(µ) = 0.
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Proof. Let be µ ∈ Bn, α ∈ Πn and (tk) ∈ Seq. Denote

ρ(t) = α0 · χ{t0}(t)⊕ ...⊕ αk · χ{tk}(t)⊕ ... (14)

We search the solutions of the two equations under the form

x(t) = µ · χ(−∞,t0)(t)⊕ x(t0) · χ[t0,t1)(t)⊕ ...⊕ x(tk) · χ[tk,tk+1)(t)⊕ ... (15)

where the unknowns are x(tk) ∈ Bn, k ∈ N. As we know, we have

Φρ(t)(µ) = µ · χ(−∞,t0)(t)⊕ Φα0
(µ) · χ[t0,t1)(t)⊕ ... (16)

...⊕ Φα0...αk

(µ) · χ[tk,tk+1)(t)⊕ ...

vρ(t)(µ) = (µ⊕ Φα0
(µ)) · χ{t0}(t)⊕ (Φα0

(µ)⊕ Φα0α1
(µ)) · χ{t1}(t)⊕ ... (17)

...⊕ (Φα0...αk−1
(µ)⊕ Φα0...αk

(µ)) · χ{tk}(t)⊕ ...

We solve the first equation, where

Dx(t) = (µ⊕ x(t0)) · χ{t0}(t)⊕ (x(t0)⊕ x(t1)) · χ{t1}(t)⊕ ... (18)

⊕(x(tk−1)⊕ x(tk)) · χ{tk}(t)⊕ ...

and we infer from (17) and (18)

µ⊕ x(t0) = µ⊕ Φα0
(µ), x(t0)⊕ x(t1) = Φα0

(µ)⊕ Φα0α1
(µ),

...

x(tk−1)⊕ x(tk) = Φα0...αk−1
(µ)⊕ Φα0...αk

(µ),

...

In other words

x(t0) = Φα0
(µ), x(t1) = Φα0α1

(µ),

...

x(tk) = Φα0...αk

(µ),

...
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thus Φρ(t)(µ) is a solution of the first equation.

We solve the second equation and we take into account the fact that

x(t− 0) = µ · χ(−∞,t0](t)⊕ x(t0) · χ(t0,t1](t)⊕ ...⊕ x(tk) · χ(tk,tk+1](t)⊕ ...

Φρ(t)(x(t− 0)) =

{
Φαk

(x(t− 0)), t = tk

x(t− 0), t /∈ {t0, ..., tk, ...}
.

We have

t < t0 : x(t) = x(t− 0) = x(−∞+ 0) = µ,

t = t0 : x(t0) = Φα0
(x(t0 − 0)) = Φα0

(µ),

t ∈ (t0, t1) : x(t) = x(t− 0) = Φα0
(µ),

t = t1 : x(t1) = Φα1
(x(t1 − 0)) = Φα1

(Φα0
(µ)) = Φα0α1

(µ),

t ∈ (t1, t2) : x(t) = x(t− 0) = Φα0α1
(µ),

...

t = tk : x(tk) = Φαk
(x(tk − 0)) = Φαk

(Φα0...αk−1
(µ)) = Φα0...αk

(µ),

t ∈ (tk, tk+1) : x(t) = x(t− 0) = Φα0...αk
(µ),

...

The fact that Φρ(t)(µ) satisfies the second equation was proved.

The uniqueness of the solution is proved for both equations like this. We

suppose against all reason that two distinct solutions x, x′ exist. Then we

observe that ∀t < t0, x(t) = x′(t) = µ, thus t1 ≥ t0 should exist such that

∀t < t1, x(t) = x′(t) and x(t1) 6= x′(t1). This supposition gives a contradiction

in both cases, meaning that the solution is unique.

The statement ii) is a consequence of the fact that Φ(µ) = µ ⇐⇒ µ =

Φα0
(µ) = Φα0α1

(µ) = ...

Remark 17. With any of the equations from Theorem 10.1, when µ runs in

Bn and ρ runs in Pn, we can associate the dynamical system φ = (Bn, (Φρ)ρ∈Pn).
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11. INVARIANT SETS IN THE PHASE SPACE

Definition 32. The set A ∈ P ∗(Bn) is ρ−invariant, ρ ∈ Pn if

∀µ ∈ A,∀t ∈ R,Φρ(t)(µ) ∈ A. (19)

Other definitions of invariance of A are the following:

∀µ ∈ A,∃ρ′ ∈ Pn,∀t ∈ R,Φρ′(t)(µ) ∈ A; (20)

∀µ ∈ A,∀ρ′ ∈ Pn,∀t ∈ R,Φρ′(t)(µ) ∈ A; (21)

∀µ ∈ A,∀λ ∈ Bn,Φλ(µ) ∈ A. (22)

Theorem 11.1. The following implications hold:

(22)⇐⇒ (21) =⇒ (19) =⇒ (20).

Proof. We prove (21)⇐⇒(22), because the other implications are obvious.

(21)=⇒(22) Let µ ∈ A, λ ∈ Bn and the sequence ρ′′ ∈ Pn be arbitrary,

ρ′′(t) = α′′0 · χ{t′′0}(t)⊕ ...⊕ α
′′k · χ{t′′

k
}(t)⊕ ...

with α′′ ∈ Πn and (t′′k) ∈ Seq. Define

ρ′(t) = λ · χ{t0}(t)⊕ α′′0 · χ{t0+t′′0}(t)⊕ ...⊕ α
′′k · χ{t0+t′′

k
}(t)⊕ ...

where t0 ∈ R is arbitrary and we can see that ρ′ ∈ Pn. (21) implies Φλ(µ) =

Φρ′(t0)(µ) ∈ A.
(22)=⇒(21) Let µ ∈ A and ρ′ ∈ Pn,

ρ′(t) = α′0 · χ{t′0}(t)⊕ ...⊕ α
′k · χ{t′

k
}(t)⊕ ...

be arbitrary, with α′ ∈ Πn, (t
′
k) ∈ Seq. (22) implies that

t < t′0 : Φρ′(t)(µ) = µ ∈ A,
t ∈ [t′0, t

′
1) : Φρ′(t)(µ) = Φα′0

(µ) ∈ A,

...

t ∈ [t′k, t
′
k+1) : Φα′0...α′k−1

(µ) ∈ A
due to the hypothesis of the induction and we have

Φρ′(t)(µ) = Φα′k
(Φα′0...α′k−1

(µ)) ∈ A, ...
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12. EXAMPLES OF INVARIANT SETS

Example 10. Consider a Φ : B2 → B2,∀µ ∈ B2,Φ(µ1, µ2) = (µ1, µ2) and

ρ(t) = (1, 1) · χ{0,1,2,...}(t). The set A = {(0, 1), (1, 0)} is ρ−invariant i.e. it

satisfies (19)

Φρ(t)(0, 1) = (0, 1) · χ(−∞,0)(t)⊕ (1, 0) · χ[0,1)(t)⊕

⊕(0, 1) · χ[1,2)(t)⊕ (1, 0) · χ[2,3)(t)⊕ ...

Φρ(t)(1, 0) = (1, 0) · χ(−∞,0)(t)⊕ (0, 1) · χ[0,1)(t)⊕

⊕(1, 0) · χ[1,2)(t)⊕ (0, 1) · χ[2,3)(t)⊕ ...

Similarly, A = {(0, 0), (1, 1)} satisfies the same invariance property.

Example 11. Consider a µ ∈ Bn. The set
⋃

ρ∈Pn

Orbρ(µ) is invariant in the

sense of the satisfaction of (21). In order to see this we take an arbitrary

vector µ′ ∈ ⋃
ρ∈Pn

Orbρ(µ), for which we have two possibilities:

a) µ′ = µ,

in this situation (21) is obviously fulfilled;

b) µ′ 6= µ,

in this case α ∈ Πn, (tk) ∈ Seq and k′ ∈ N exist such that

ρ(t) = α0 · χ{t0}(t)⊕ ...⊕ αk · χ{tk}(t)⊕ ...

µ′ = Φρ(tk′)(µ) = Φα0...αk′

(µ).

If ρ′ ∈ Pn is arbitrary,

ρ′(t) = α′0 · χ{t′0}(t)⊕ ...⊕ α
′k · χ{t′

k
}(t)⊕ ...

α′ ∈ Πn, (t
′
k) ∈ Seq, then the sequence

γ(t) = α0 · χ{t0}(t)⊕ ...⊕ αk
′ · χ{tk′}(t)⊕

⊕α′0 · χ{tk′+t′0}(t)⊕ ...⊕ α
′k · χ{tk′+t′k}(t)⊕ ...

belongs to Pn and for t ∈ R we have the following possibilities:
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b.1) t < t′0 when Φρ′(t)(µ′) = µ′ ∈ ⋃
ρ∈Pn

Orbρ(µ);

b.2) t ≥ t′0 when k′′ ∈ N exists such that t ∈ [t′k′′ , t
′
k′′+1) and

Φρ′(t)(µ′) = Φρ′(t′k′′)(Φ
ρ(tk′)(µ)) = Φρ′(t′k′′)(Φ

α0...αk′

(µ)) =

= Φα′0...α′k′′

(Φα0...αk′

(µ)) = Φα0...αk′α′0...α′k′′

(µ) = Φγ(tk′ + t′k′′)(µ)

thus Φρ′(t)(µ′) ∈ Orbγ(µ) ⊂ ⋃
ρ∈Pn

Orbρ(µ).

Example 12. We show that Eq is invariant in the sense of satisfaction of

(22). Indeed, let be µ ∈ Eq meaning that

Φ(µ) = µ (23)

is true and we take arbitrarily some λ ∈ Bn. Because

∀i ∈ {1, ..., n},Φλ
i (µ) =

{
Φi(µ), if λi = 1

µi, if λi = 0
= µi, (24)

we conclude that

Φ(Φλ(µ))
(24)
= Φ(µ)

(23)
= µ

(24)
= Φλ(µ),

thus Φλ(µ) ∈ Eq.

13. ATTRACTION

Definition 33. Let be A,B ∈ P ∗(Bn) and the function ρ ∈ Pn. We say that

A is ρ−attractive for B and that the points of B are ρ−attracted by the

set A if

∀µ ∈ B,∃t ∈ R,∀t′ ≥ t,Φρ(t′)(µ) ∈ A, (25)

i.e. A contains all the cyclic values of Φρ(t)(µ), µ ∈ B. Similarly, A is

attractive for B and the points of B are attracted by A if one of the non-

equivalent properties

∀µ ∈ B,∃ρ′ ∈ Pn,∃t ∈ R,∀t′ ≥ t,Φρ′(t′)(µ) ∈ A, (26)
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∀µ ∈ B,∀ρ′ ∈ Pn,∃t ∈ R,∀t′ ≥ t,Φρ′(t′)(µ) ∈ A (27)

holds.

Remark 18. The implications

(27) =⇒ (25) =⇒ (26)

hold. On the other hand if A ∈ P ∗(Bn) is ρ−invariant ((19) is fulfilled) then

it is ρ−attractive for itself ((25) is true with B = A).

Here is the special case of Definition 33 when B = {µ} :

∃t ∈ R,∀t′ ≥ t,Φρ(t′)(µ) ∈ A;

∃ρ′ ∈ Pn,∃t ∈ R,∀t′ ≥ t,Φρ′(t′)(µ) ∈ A;

∀ρ′ ∈ Pn,∃t ∈ R,∀t′ ≥ t,Φρ′(t′)(µ) ∈ A.

14. LIMIT CYCLES

Definition 34. Given the set B and the function ρ, the ρ−limit cycle

(ρ−limit set) of B is given by

LCρB = {µ′|µ′ ∈ Bn,∃µ ∈ B,∀t ∈ R,∃t′ > t,Φρ(t′)(µ) = µ′}.

Each µ′ ∈ LCρB is called ρ−cyclic, or ρ−limit point of B. Similarly, the

superior and the inferior limit cycle (limit set) of B are defined by

LCB = {µ′|µ′ ∈ Bn,∃µ ∈ B,∃ρ′ ∈ Pn,∀t ∈ R,∃t′ > t,Φρ′(t′)(µ) = µ′},

LCB = {µ′|µ′ ∈ Bn,∃µ ∈ B,∀ρ′ ∈ Pn,∀t ∈ R,∃t′ > t,Φρ′(t′)(µ) = µ′}.

Remark 19. The limit cycles are the sets of the cyclic values of the motions

Φρ(t)(µ) and the following inclusions

LCB ⊂ LCρB ⊂ LCB

are true.
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We have the special case at Definition 34, when B = {µ} :

LCρµ = {µ′|µ′ ∈ Bn,∀t ∈ R,∃t′ > t,Φρ(t′)(µ) = µ′};

LCµ = {µ′|µ′ ∈ Bn,∃ρ′ ∈ Pn,∀t ∈ R,∃t′ > t,Φρ′(t′)(µ) = µ′};

LCµ = {µ′|µ′ ∈ Bn,∀ρ′ ∈ Pn,∀t ∈ R,∃t′ > t,Φρ′(t′)(µ) = µ′}.

Theorem 14.1. Consider a B ∈ P ∗(Bn), ρ ∈ Pn and consider the Definition

33, property (25). Then the set LCρB is ρ−attractive for B and any A ∈
P ∗(Bn) which is ρ−attractive for B fulfills LCρB ⊂ A. Similar properties hold

for the properties (26), (27) and for the sets LCB, LCB.

Example 13. The function Φ : B2 → B2 defined by the following table:

(µ1, µ2) Φ

(0, 0) (0, 1)

(0, 1) (1, 1)

(1, 0) (1, 1)

(1, 1) (0, 1)

has the interesting property that ∀µ ∈ B2,∀ρ ∈ Pn,

LCρµ = {(0, 1), (1, 1)}.

Theorem 14.2. Let be µ ∈ Bn and ρ ∈ Pn. We have

a) LCρµ ⊂ Orbρ(µ),

b) LCρµ 6= ∅,
c) LCρµ = {µ′} =⇒ lim

t→∞
Φρ(t)(µ) = µ′,

d) ∃t0 ∈ R,∀t ≥ t0,Φρ(t)(µ) ∈ LCρµ,
e) the set LCρµ is invariant in the sense of satisfying (20).

Proof. d) This is true from the definition of LCρµ.

e) Let t0 ∈ R be the number that makes d) be true and we take some

arbitrary µ′ ∈ LCρµ. As all the points of LCρµ are ρ−cyclic values of Φρ(·)(µ),

we have

∃t′ > t0,Φ
ρ(t′)(µ) = µ′.
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We can see that the function

ρ′(t) = ρ(t) · χ(t′,∞)(t)

is progressive and we infer that

Φρ′(t)(µ′) =

{
µ′, t ≤ t′

Φρ(t)(µ), t > t′
∈ LCρµ.

15. THE EVOLUTIONS OF A SYSTEM

Definition 35. We have the following terminology, given by Moisil and Gavrilov

[3], [4]:

a) Orbρ(µ) \ LCρµ 6= ∅, |LCρµ| > 1

Moisil: finally cyclic evolution,

Gavrilov: successively repeated evolution;

b) Orbρ(µ) \ LCρµ 6= ∅, |LCρµ| = 1

Moisil: finally stabilized evolution,

Gavrilov: successive evolution;

c) Orbρ(µ) = LCρµ, |LCρµ| > 1

Moisil: cyclic evolution,

Gavrilov: repeated evolution;

d) Orbρ(µ) = LCρµ, |LCρµ| = 1

Moisil: rest position (or stable position).

Remark 20. We see that both Moisil and Gavrilov avoid referring to period-

icity or maybe to pseudo-periodicity; for them the evolution of a system is just

cyclic or repeated. On the other hand, in cases b), d), when |LCρµ| = 1, the

ρ−limit cycle LCρµ consists of one point µ′ that is a final value of Φρ(t)(µ),

thus a fixed point of Φ (see Theorem 7.1).
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16. STABLE MANIFOLD

Definition 36. Let be A ∈ P ∗(Bn) and ρ ∈ Pn. The ρ−stable manifold2 of

A, or the kingdom (the basin) of ρ−attraction of A is, by definition, the

set

Mρ
s (A) = {µ|µ ∈ Bn,∃t ∈ R,∀t′ ≥ t,Φρ(t′)(µ) ∈ A}. (28)

Two versions of this definition are the following:

M s(A) = {µ|µ ∈ Bn,∃ρ′ ∈ Pn,∃t ∈ R,∀t′ ≥ t,Φρ′(t′)(µ) ∈ A}; (29)

M s(A) = {µ|µ ∈ Bn,∀ρ′ ∈ Pn,∃t ∈ R,∀t′ ≥ t,Φρ′(t′)(µ) ∈ A}, (30)

giving the superior and the inferior stable manifold of A.

Remark 21. The stable manifolds of A are the sets of points which are at-

tracted by A and the following inclusions hold

M s(A) ⊂Mρ
s (A) ⊂M s(A).

We have the special case of Definition 36, when A = {µ0} :

Mρ
s (µ0) = {µ|µ ∈ Bn, lim

t→∞
Φρ(t)(µ) = µ0},

M s(µ
0) = {µ|µ ∈ Bn,∃ρ′ ∈ Pn, lim

t→∞
Φρ′(t)(µ) = µ0},

M s(µ
0) = {µ|µ ∈ Bn,∀ρ′ ∈ Pn, lim

t→∞
Φρ′(t)(µ) = µ0}.

Theorem 16.1. Let A ∈ P ∗(Bn), ρ ∈ Pn be given and we consider the Defin-

ition 36, property (28). We have that the points of Mρ
s (A) are ρ−attracted by

A and for any set B ∈ P ∗(Bn) whose points are ρ−attracted by A. We infer

B ⊂Mρ
s (A). Similar statements are true for the properties (29), (30) and the

sets M s(A),M s(A).

17. TOTAL AND PARTIAL ATTRACTION

Definition 37. If Mρ
s (A) 6= ∅, then the set A is called ρ−attractive. In this

case we have the possibilities:



302 Şerban E. Vlad

a) Mρ
s (A) = Bn, when A is called totally ρ−attractive;

b) Mρ
s (A) 6= Bn, when A is called partially ρ−attractive.

By replacing Mρ
s (A) with M s(A) (with M s(A)), we obtain the superior

(the inferior) attractive, totally attractive and partially attractive sets.

Remark 22. We have the special case of Definition 37, when A = µ0. If

Mρ
s (µ0) 6= ∅, then µ0 is a point of ρ−attraction

∃µ ∈ Bn, lim
t→∞

Φρ(t)(µ) = µ0

and we have the possibilities: Mρ
s (µ0) = Bn, when µ0 is totally ρ−attractive,

respectively Mρ
s (µ0) 6= Bn, when µ0 is partially ρ−attractive.

The situation is similar by replacing Mρ
s (µ0) with M s(µ

0) and M s(µ
0).

18. EQUIVALENCIES

Definition 38. Let be the generator functions Φ,Ψ : Bn → Bn. We say that

the Boolean dynamical systems φ = (Bn, (Φρ)ρ∈Pn) and ψ = (Bn, (Ψρ)ρ∈Pn)

are equivalent if a bijection H : Bn → Bn exists so that the following diagram

is commutative

Bn Φ→ Bn

H ↓ ↓ H
Bn Ψ→ Bn

If this is true, we say that H transforms the generator function Φ in the

generator function Ψ.

Remark 23. This definition concerning the equivalence of the Boolean dy-

namical systems refers to a change of the system of coordinates.

Lemma 1. If the function h : R → R is bijective, continuous and strictly

increasing, then h−1 has the same properties.

Proof. 3In [2], page 233, it is shown that if h : I → R is continuous and

strictly monotonous on the interval I ⊂ R (the choice I = R is possible), then

it has a continuous inverse. Obviously, if h : R → R is bijective and strictly
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monotonous, its inverse is strictly monotonous, with the same monotonicity

like h.

The conclusion is that if h is bijective, continuous and strictly increasing,

its inverse has the same properties.

Definition 39. Let us consider a µ ∈ Bn and the functions ρ, ρ′ ∈ Pn. The

equations {
x(−∞+ 0) = µ

x(t) = Φρ(t)(x(t− 0)),
(31)

{
y(−∞+ 0) = µ

y(t) = Φρ′(t)(y(t− 0))
(32)

and the motions Φρ(·)(µ) and Φρ′(·)(µ) are equivalent if the bijective, con-

tinuous strictly increasing function h : R→ R exists so that

Φρ′(t)(µ) = Φρ(h(t))(µ). (33)

Remark 24. This definition states that the solutions Φρ(·)(µ), Φρ′(·)(µ) of

(31),(32) are equivalent if they are equal functions regardless the time flow,

which is given by t for Φρ′(·)(µ) and by h(t) for Φρ(·)(µ). Lemma 1 guarantees

that Definition 39 is, indeed, that of an equivalence relation. We have the

sufficient condition ρ′ = ρ ◦ h in order that (33) is true:

Theorem 18.1. Let be µ ∈ Bn, ρ ∈ Pn and h : R → R bijective, continuous

strictly increasing. Then

Φρ◦h(t)(µ) = Φρ(h(t))(µ).

Proof. We take the sequences α ∈ Πn and (tk) ∈ Seq so that

ρ(t) = α0 · χ{t0}(t)⊕ ...⊕ αk · χ{tk}(t)⊕ ...

and we remark the truth of the following statements

h(t) ∈ (−∞, t0)⇐⇒ t ∈ (−∞, h−1(t0)),
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h(t) ∈ [t0, t1)⇐⇒ t ∈ [h−1(t0), h
−1(t1)),

...

h(t) ∈ [tk, tk+1)⇐⇒ t ∈ [h−1(tk), h
−1(tk+1)),

...

Because

(ρ ◦ h)(t) = ρ(h(t)) = α0 · χ{t0}(h(t))⊕ ...⊕ αk · χ{tk}(h(t))⊕ ...

= α0 · χ{h−1(t0)}(t)⊕ ...⊕ αk · χ{h−1(tk)}(t)⊕ ...

we infer that for arbitrary µ ∈ Bn we can write

Φρ◦h(t)(µ) =

= µ · χ(−∞,h−1(t0))(t)⊕ Φα0
(µ) · χ[h−1(t0),h−1(t1))(t)⊕ ...

...⊕ Φα0...αk

(µ) · χ[h−1(tk),h−1(tk+1))(t)⊕ ...

= µ ·χ(−∞,t0)(h(t))⊕Φα0
(µ) ·χ[t0,t1)(h(t))⊕ ...⊕Φα0...αk

(µ) ·χ[tk,tk+1)(h(t))⊕ ...

= Φρ(h(t))(µ).

Definition 40. Let be µ ∈ Bn and ρ, ρ′ ∈ Pn. The equations (31), (32) and

the motions Φρ(·)(µ), Φρ′(·)(µ) are equivalent if

LCρµ = LCρ
′

µ .

Remark 25. The motions Φρ(·)(µ), Φρ′(·)(µ) are equivalent conformably to

Definition 40 if they start from the same initial value µ and they reach the

same limit cycle. The equivalence class of Φρ(·)(µ) has the property that the

unique limit cycle reached by all its elements depends on µ only and it does

not depend on ρ.

Definition 41. The regular system X ⊂ XΦ is called perfect if ∀µ ∈ Bn,∀ρ ∈
Pn,∀ρ′ ∈ Pn,

(Φρ(·)(µ) ∈ X and Φρ′(·)(µ) ∈ X) =⇒ LCρµ = LCρ
′

µ .
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19. THE PROPERTIES OF THE REGULAR

AUTONOMOUS SYSTEMS

Remark 26. If X ⊂ XΦ is regular, then any subsystem X ′ ⊂ X is regular

and it has the same generator function like X. The intersection and the union

of X ⊂ XΦ and X ′ ⊂ XΦ are regular: X ∩X ′ ⊂ XΦ, X ∪X ′ ⊂ XΦ.

Theorem 19.1. Let be Θ0 ∈ P ∗(Bn).Then ∀x ∈ XΘ0
Φ ,∀d ∈ R, we have

x ◦ τd ∈ XΘ0
Φ i.e. XΘ0

Φ is invariant to translations.

Proof. Suppose that x ∈ XΘ0
Φ is given by

x(t) = µ · χ(−∞,t0)(t)⊕ Φα0
(µ) · χ[t0,t1)(t)⊕ ...⊕ Φα0...αk

(µ) · χ[tk,tk+1)(t)⊕ ...,

where µ ∈ Θ0, α ∈ Πn and (tk) ∈ Seq are arbitrary. Take d ∈ R arbitrarily

and remark that (tk + d) ∈ Seq. On the other hand, we get

(x ◦ τd)(t) = x(t− d) =

= µ · χ(−∞,t0)(t− d)⊕ Φα0
(µ) · χ[t0,t1)(t− d)⊕ ...

...⊕ Φα0...αk

(µ) · χ[tk,tk+1)(t− d)⊕ ...

= µ · χ(−∞,t0+d)(t)⊕ Φα0
(µ) · χ[t0+d,t1+d)(t)⊕ ...

...⊕ Φα0...αk

(µ) · χ[tk+d,tk+1+d)(t)⊕ ...,

thus, x ◦ τd ∈ XΘ0
Φ .

Remark 27. The dynamical system φ = (Bn, (Φρ)ρ∈Pn) is given. The sets

Orbρ(µ) with ρ ∈ Pn fixed do not represent a partition of Bn when µ runs

over Bn and we give the counterexample represented by Φ : B → B,Φ = 1

(the constant function), ρ = χ{0,1,2,...} for which

Orbρ(0) = {0, 1},

Orbρ(1) = {1}

are non-disjoint sets. The consequence is that points from R ×Bn exist rep-

resenting the intersection of several integral curves.
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Theorem 19.2. Let be µ ∈ Bn and ρ ∈ Pn arbitrary. Then the line R× {µ}
is an integral curve ⇐⇒ ∀t ∈ R,Φρ(t)(µ) = µ.

Proof. We have

{(t,Φρ(t)(µ))|t ∈ R} = R× {µ} ⇐⇒ ∀t ∈ R,Φρ(t)(µ) = µ.

20. ACCESSIBLE STATES

Definition 42. We say that the state µ′ ∈ Bn is directly accessible from

µ ∈ Bn if µ 6= µ′ 4 and some λ ∈ Bn exists with

µ′ = Φλ(µ).

Theorem 20.1. Take Θ0 ∈ P ∗(Bn), µ′, µ′′ ∈ Bn and suppose that µ′′ is di-

rectly accessible from µ′

∃λ ∈ Bn, µ′′ = Φλ(µ′). (34)

If µ′ is accessible from any initial state under the form

∀µ ∈ Θ0,∃ρ ∈ Pn,∃t ∈ R,Φρ(t)(µ) = µ′, (35)

then µ′′ is accessible from any initial state

∀µ ∈ Θ0,∃ρ′ ∈ Pn,∃t′ > t,Φρ′(t′)(µ) = µ′′. (36)

Proof. Let µ ∈ Θ0 be arbitrary. The truth of (35) for ρ ∈ Pn,

ρ = α0 · χ{t0} ⊕ ...⊕ αk · χ{tk} ⊕ ...

α ∈ Πn,(tk) ∈ Seq and t shows the existence of two possibilities.

Case t < t0. We choose ρ′ ∈ Pn,

ρ′ = α′0 · χ{t′0} ⊕ ...⊕ α
′k · χ{t′

k
} ⊕ ...

α ∈ Πn,(tk) ∈ Seq such that α′0 = the λ that makes (34) true and t′ = t′0 > t.

We have

Φρ(t)(µ) = µ = µ′,
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Φρ′(t′)(µ) = Φρ′(t′0)(µ
′) = Φα′0

(µ′) = Φλ(µ′) = µ′′.

Case t ≥ t0 and we can suppose that k ∈ N exists such that t = tk. We

choose ρ′ such that α′0 = α0, ..., α′k = αk, α′k+1 = the λ that makes (34) true,

(t′k) = (tk) and t′ = tk+1. We infer

Φρ′(t′)(µ) = Φρ′(tk+1)(µ) = Φα0...αkλ(µ) = Φλ(Φα0...αk

(µ)) =

= Φλ(Φρ(tk)(µ)) = Φλ(Φρ(t)(µ)) = Φλ(µ′) = µ′′.

21. HUFFMAN REGULAR AUTONOMOUS

SYSTEMS

Definition 43. The autonomous system X is called Huffman if it fulfills

one of the next two conditions a), b):

a) X ∈ P ∗(S(n)); the function Φ : Bn → Bn and the systems f, g : S(n) →
P ∗(S(n)) exist so that

∀y ∈ S(n),∃ lim
t→∞

Φ(y(t)) =⇒ ∀x ∈ f(y), lim
t→∞

x(t) = lim
t→∞

Φ(y(t)), (37)

∀x ∈ S(n),∃ lim
t→∞

x(t) =⇒ ∀y ∈ g(x), lim
t→∞

y(t) = lim
t→∞

x(t), (38)

X = {x|∃y ∈ S(n), x ∈ f(y) and y ∈ g(x)}; (39)

b) X ∈ P ∗(S(n+n′)); the function Φ : Bn → Bn and the systems f, g :

S(n) → P ∗(S(n)), f ′ : S(n) → P ∗(S(n′)) exist so that (37), (38) are true as

well as

X = {(x, x′)|∃y ∈ S(n), x ∈ f(y), x′ ∈ f ′(y) and y ∈ g(x)}. (40)

The two conditions a), b) have been drawn in Fig. 5.

Remark 28. A system f having the property that Φ exists with (37) true is

called combinational (or race-free stable relative to the function Φ). Property

(37) shows that f is a combinational system that computes the function Φ
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Fig. 5.

and (38) shows that g is a combinational system that computes the identity

function 1Bn; (39) links f and g and similarly (40) links f, g, f ′. As g from

(38) models the delay elements, we conclude that the Huffman autonomous

systems consist in combinational systems f having feedback loops with delay

elements.

Theorem 21.1. Consider a d > 0 and the systems f, g : S(n) → P ∗(S(n)), Xd
Φ ∈

P ∗(S(n)) defined as

∀y ∈ S(n), f(y) = {x|x(t) =

{
Φαk

(y(tk)), t = tk

x(t− 0), t /∈ {t0, ..., tk, ...},

x(−∞+ 0) ∈ Bn, α ∈ Πn, (tk) ∈ Seq, ∀k ∈ N, tk+1 − tk > d},

g(x) = {x ◦ τd},

Xd
Φ = {x|∃y ∈ S(n), x ∈ f(y) and y ∈ g(x)}.

Then:

a) f satisfies (37);

b) g satisfies (38);

c) Xd
Φ satisfies (39);
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d) ∀x ∈ Xd
Φ, we have the existence of µ ∈ Bn, α ∈ Πn, (tk) ∈ Seq with

∀k ∈ N, tk+1 − tk > d and

x(t) = Φα0·χ{t0}
⊕...⊕αk·χ{tk}⊕...(t)(µ),

i.e. Xd
Φ ⊂ XΦ.

Proof. a) Let be α ∈ Πn and (tk) ∈ Seq arbitrary so that ∀k ∈ N, tk+1−tk > d.

From the hypothesis we can suppose that for an arbitrary y ∈ S(n), k′ ∈ N

exists so that

∀t ≥ tk′ ,Φ(y(t)) = Φ(y(tk′)).

Define the sets Ψk′ , ...,Ψk′+p ⊂ {1, ..., n}, p ∈ N in the following way

Ψk′ = {i|i ∈ {1, ..., n}, αk′i = 1}, ...,Ψk′+p = {i|i ∈ {1, ..., n}, αk′+pi = 1},

Ψk′ ∪ ... ∪Ψk′+p = {1, ..., n}.

Because α is progressive, the definition of these sets is always possible. We

can also suppose that p ≥ 1. We infer for any x ∈ f(y) that

t ∈ [tk′ , tk′+1) : ∀i ∈ Ψk′ ,

xi(t) = Φi(y(tk′)),

t ∈ [tk′+1, tk′+2) : ∀i ∈ Ψk′ ∪Ψk′+1,

xi(t) =

{
Φi(y(tk′+1)), i ∈ Ψk′+1

xi(tk′+1 − 0), i ∈ Ψk′ \Ψk′+1

=

{
Φi(y(tk′)), i ∈ Ψk′+1

Φi(y(tk′)), i ∈ Ψk′ \Ψk′+1

= Φi(y(tk′)),

...

t ∈ [tk′+p,∞) : ∀i ∈ Ψk′ ∪ ... ∪Ψk′+p,

xi(t) =

{
Φi(y(tk′+p)), i ∈ Ψk′+p

xi(tk′+p − 0), i ∈ (Ψk′ ∪ ... ∪Ψk′+p−1) \Ψk′+p

=

{
Φi(y(tk′)), i ∈ Ψk′+p

Φi(y(tk′)), i ∈ (Ψk′ ∪ ... ∪Ψk′+p−1) \Ψk′+p

= Φi(y(tk′)).
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b) Some t′ ∈ R exists so that ∀t ≥ t′, x(t) = x(t′), wherefrom

∀t ≥ t′ + d, y(t) = g(x)(t) = x(t− d) = x(t′).

c) Obvious.

d) Let be x ∈ Xd
Φ arbitrary, in other words µ ∈ Bn, α ∈ Πn and (tk) ∈ Seq

exist so that ∀k ∈ N, tk+1 − tk > d and




x(−∞+ 0) = µ

x(t) =

{
Φαk

(x(tk − d)), t = tk

x(t− 0), t /∈ {t0, ..., tk, ...}.
(41)

Denote

ρ(t) = α0 · χ{t0}(t)⊕ ...⊕ αk · χ{tk}(t)⊕ ...

such that (41) becomes




x(−∞+ 0) = µ,

x(t) =

{
Φρ(tk)(x(tk − d)), t = tk,

x(t− 0), t /∈ {t0, ..., tk, ...}.
(42)

Because x(t) = x(t − 0), t /∈ {t0, ..., tk, ...}, the only discontinuity points of x

(i.e. for which x(t) 6= x(t − 0)) are found in the set (tk). Thus, taking into

account the fact that tk − d > tk−1, k ≥ 1, we conclude that

∀k ∈ N, x(tk − d) = x(tk − 0).

Equation (42) is equivalent to (i.e. it has the same solution like)
{

x(−∞+ 0) = µ

x(t) = Φρ(t)(x(t− 0)),

see also Theorem 10.1.

22. DELAY-INSENSITIVITY

Definition 44. The autonomous system X ∈ P ∗(S(n)) is, by definition,

delay-insensitive if the following property of stability is true

∃µ′ ∈ Bn,∀x ∈ X, lim
t→∞

x(t) = µ′.
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Theorem 22.1. Let be the set Θ0 ∈ P ∗(Bn). The next statements concerning

the delay-insensitivity of XΘ0
Φ are equivalent:

∃µ′ ∈ Bn,∀x ∈ XΘ0
Φ , lim

t→∞
x(t) = µ′; (43)

∃µ′ ∈ Bn,∀µ ∈ Θ0,∀ρ ∈ Pn, lim
t→∞

Φρ(t)(µ) = µ′; (44)

∃µ′ ∈ Bn,∀µ ∈ Θ0,∀α ∈ Πn, lim
k→∞

Φα0...αk

(µ) = µ′. (45)

Proof. (43)⇐⇒(44) Because XΘ0
Φ = {Φρ(·)(µ)|µ ∈ Θ0, ρ ∈ Pn}, the equiva-

lence is obvious.

(44)=⇒(45) Let be µ ∈ Θ0, α ∈ Πn, (tk) ∈ Seq arbitrary and use the

notation

ρ(t) = α0 · χ{t0}(t)⊕ ...⊕ αk · χ{tk}(t)⊕ ... (46)

The hypothesis states the existence of µ′ ∈ Bn with

∃t′ ∈ R,∀t ≥ t′,Φρ(t)(µ) = µ′ (47)

and we can suppose the existence of some k′ ∈ N with t′ = tk′ . Because

∀t ≥ t′,∃k ∈ N,

t ∈ [tk′+k, tk′+k+1) and Φρ(t)(µ) = Φα0...αk′αk′+1...αk′+k

(µ), (48)

we have that (47) implies

∃k′ ∈ N,∀k ∈ N,Φα0...αk′αk′+1...αk′+k

(µ) = µ′. (49)

(45)=⇒(44) Let be µ ∈ Θ0, α ∈ Πn and (tk) ∈ Seq arbitrary, for which

we define ρ like in (46), thus ρ ∈ Pn is an arbitrary element. The hypothesis

states the existence of µ′ ∈ Bn such that (49) holds. For t′ = tk′ , because (48)

is true, it follows the truth of (47).

23. EXAMPLES OF DELAY-INSENSITIVE

SYSTEMS

Example 14. The constant function Φ : Bn → Bn,

∃µ′ ∈ Bn,∀µ ∈ Bn,Φ(µ) = µ′
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fulfills (45) with Θ0 = Bn. Indeed, let µ ∈ Bn and α ∈ Πn be arbitrary and we

have the following possibilities.

Case µ = µ′.

Then Φ(µ) = µ and (45) is true under the form

∀k ∈ N,Φα0...αk

(µ) = µ′.

Case ∃p ∈ {1, ..., n},∃i1 ∈ {1, ..., n}, ...,∃ip ∈ {1, ..., n} such that µ′ = µ ⊕
εi1 ⊕ ...⊕ εip .

We define q ∈ N as the least number that satisfies

Ψ0 = {i|i ∈ {1, ..., n}, α0
i = 1}, ...,Ψq = {i|i ∈ {1, ..., n}, αqi = 1},

{i1, ..., iq} ⊂ Ψ0 ∪ ... ∪Ψq.

We have

Φα0
(µ) = µ⊕ Ξ

j∈Ψ0∩{i1,...,ip}
εj ,

...

Φα0...αq

(µ) = µ⊕ Ξ
j∈(Ψ0∪...∪Ψq)∩{i1,...,ip}

εj = µ′.

From this moment, for any q′ ≥ q, we have

Φα0...αq′

(µ) = µ′.

Notation 23.1. We use to underline sometimes the excited coordinates (see

Definition 30), for example (..., µi, ..., µj , ...) shows the fact that

..., µi 6= Φi(µ), ..., µj = Φj(µ), ...

Notation 23.2. If µ′ is directly accessible from µ (see Definition 42), we use

to denote this fact by an arrow µ→ µ′.

Example 15. In Fig. 6 we have drawn an RS flip-flop where λ1, λ2, µ1,

µ2 ∈ B.
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Fig. 6.

Corresponding to λ1 = 0, λ2 = 1, respectively to λ1 = 1, λ2 = 0 we have two

functions Φ,Φ′ : B2 → B2,

∀(µ1, µ2) ∈ B2,Φ(µ1, µ2) = (1, µ1),

∀(µ1, µ2) ∈ B2,Φ′(µ1, µ2) = (µ2, 1)

for which (43),...,(45) are fulfilled when Θ0 = B2. We show the fulfillment of

(45) by Φ and µ′ = (1, 0).

The behavior of the circuit from Fig. 6 with λ1 = 0, λ2 = 1 is the one from

Fig. 7.

Fig. 7.

Conformably to the Notations 23.1, 23.2, the excited coordinates were un-

derlined and the directly accessible states were outlined with arrows. The fact

that in the state (0, 0) any coordinate may be computed (both coordinates are

exited) implies that from there we can get in any of (0, 1), (1, 1), (1, 0); the
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states (0, 1) and (1, 1) have one excited coordinate only, thus one arrow to-

wards some directly accessible state. The only state that has no excited coor-

dinates is (1, 0), the system arrives and remains there from any initial value

µ ∈ Bn.

The satisfaction of (45) is proved.

24. HAZARD-FREEDOM, THE FIRST

DEFINITION

Definition 45. The system X ∈ P ∗(S(n)) is, by definition, hazard-free if

the property

∃µ′ ∈ Bn,∀x ∈ X,x(t) →
monotonous

µ′

is fulfilled. We have denoted by →
monotonous

the coordinatewise monotonous

convergence, i.e. each coordinate function xi is allowed to change value at

most once.

Remark 29. The coordinatewise monotonous x ∈ S(n) functions have a final

value. The hazard-freedom of X states that all the elements x ∈ X are coordi-

natewise monotonous and that they have the same final value. Note that, like

in the case of delay-insensitivity, this definition of hazard-freedom does not ask

that X be regular.

Theorem 24.1. Let be the set Θ0 ∈ P ∗(Bn). The next statements concerning

the hazard-freedom of XΘ0
Φ are equivalent:

∃µ′ ∈ Bn,∀x ∈ XΘ0
Φ , x(t) →

monotonous
µ′; (50)

∃µ′ ∈ Bn,∀µ ∈ Θ0,∀ρ ∈ Pn,Φρ(t)(µ) →
monotonous

µ′; (51)

∃µ′ ∈ Bn,∀µ ∈ Θ0,∀α ∈ Πn,Φ
α0...αk

(µ) →
monotonous

µ′. (52)

Proof. Similar with the proof of Theorem 22.1.

Example 16. For Θ0 = {(0, 0, 0), (1, 1, 1)}, we have

(0, 0, 0)→ (0, 0, 1)→ (0, 1, 1),
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(1, 1, 1)→ (0, 1, 1)

and because the state (0, 1, 1) has no underlined coordinates, it is a fixed point

of Φ and a final state of the system.

25. HAZARD FREEDOM, THE SECOND

DEFINITION

Remark 30. In Definition 45 of hazard-freedom, the vector µ′ ∈ Bn towards

which all x ∈ X converge is independent of x(−∞+ 0). We give now a possi-

bility of defining a hazard-freedom property for the regular systems where the

states x ∈ X converge towards the limit Φ(x(−∞+ 0)).

Definition 46. The regular system X ⊂ XΦ is called hazard-free if the

following property is true

∀x ∈ X,x(t) →
monotonous

Φ(x(−∞+ 0)). (53)

Theorem 25.1. Let be Θ0 ∈ P ∗(Bn). The next statements of hazard-freedom

of XΘ0
Φ are equivalent:

∀x ∈ XΘ0
Φ , x(t) →

monotonous
Φ(x(−∞+ 0)); (54)

∀µ ∈ Θ0,∀ρ ∈ Pn,Φρ(t)(µ) →
monotonous

Φ(µ); (55)

∀µ ∈ Θ0,∀α ∈ Πn,Φ
α0...αk

(µ) →
monotonous

Φ(µ). (56)

Proof. Similar with the proof of Theorem 22.1.

Remark 31. The theorem which follows gives a property that is equivalent

to the hazard-freedom of XΘ0
Φ . However, at the moment, we do not know the

proof of its necessity part.

Theorem 25.2. Let be Θ0 ∈ P ∗(Bn). If

∀µ ∈ Θ0,∀λ ∈ Bn,Φ(Φλ(µ)) = Φ(µ),

then XΘ0
Φ is hazard-free.
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Proof. We show that property (56) is implied and let for this µ ∈ Θ0, α ∈ Πn

be arbitrary. If Φ(µ) = µ holds, then the conclusion is true, thus we suppose

the existence of p ≥ 1 and {i1, ..., ip} ⊂ {1, ..., n} such that

µ⊕ Φ(µ) = εi1 ⊕ ...⊕ εip .

With

Ψk = {i|i ∈ {1, ..., n}, αki = 1}, k ∈ N,

we infer

Φα0
(µ) = µ⊕ Ξ

j∈Ψ0∩{i1,...,ip}
εj ,

Φα0α1
(µ) = Φα1

(Φα0
(µ)) = Φα1

(µ⊕ Ξ
j∈Ψ0∩{i1,...,ip}

εj) =

=





Φi(µ⊕ Ξ
j∈Ψ0∩{i1,...,ip}

εj), i ∈ Ψ1

µi ⊕ Ξ
j∈Ψ0∩{i1,...,ip}

εji , i ∈ {1, ..., n} \Ψ1

=





Φi(µ), i ∈ Ψ1

µi ⊕ Ξ
j∈Ψ0∩{i1,...,ip}

εji , i ∈ {1, ..., n} \Ψ1

=





µi ⊕ 1, i ∈ Ψ1 ∩ {i1, ..., ip}
µi, i ∈ Ψ1 \ {i1, ..., ip}

µi ⊕ 1, i ∈ ({1, ..., n} \Ψ1) ∩Ψ0 ∩ {i1, ..., ip}
µi, i ∈ ({1, ..., n} \Ψ1) \ (Ψ0 ∩ {i1, ..., ip})

=

{
µi ⊕ 1, i ∈ (Ψ1 ∩ {i1, ..., ip}) ∪ (({1, ..., n} \Ψ1) ∩Ψ0 ∩ {i1, ..., ip})

µi, otherwise

We denote by Ψ1 the set {1, ..., n} \Ψ1. We compute

(Ψ1 ∩ {i1, ..., ip}) ∪ (({1, ..., n} \Ψ1) ∩Ψ0 ∩ {i1, ..., ip}) =

= ((Ψ1 ∩ {i1, ..., ip}) ∪Ψ1) ∩ ((Ψ1 ∩ {i1, ..., ip}) ∪ (Ψ0 ∩ {i1, ..., ip}))

= ({i1, ..., ip} ∪Ψ1) ∩ (Ψ1 ∪Ψ0) ∩ {i1, ..., ip} = (Ψ1 ∪Ψ0) ∩ {i1, ..., ip}.
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By induction on k we can prove that the general term is

Φα0....αk

(µ) = µ⊕ Ξ
j∈(Ψ0∪...∪Ψk)∩{i1,...,ip}

εj

and it converges monotonously to

µ⊕ Ξ
j∈{i1,...,ip}

εj = Φ(µ).

Example 17. Define Φ : B3 → B3 by the following table:

(µ1, µ2, µ3) Φ

(0, 0, 0) (1, 1, 0)

(1, 0, 0) (1, 1, 0)

(0, 1, 0) (1, 1, 0)

(1, 1, 0) (1, 1, 0)

(0, 0, 1) (1, 1, 1)

(1, 0, 1) (1, 1, 1)

(0, 1, 1) (1, 1, 1)

(1, 1, 1) (1, 1, 1)

and we see that for Θ0 = B3 the hazard-freedom property (53) is fulfilled.

Remark 32. The first definition of hazard-freedom implies delay-insensitivity,

but the second does not.

26. SYNCHRONOUS-LIKENESS

Definition 47. We define for k ∈ N the function Φ(k) : Bn → Bn in the

following manner: ∀µ ∈ Bn,

Φ(0)(µ) = µ,

Φ(k+1)(µ) = Φ(Φ(k)(µ)).

Φ(k) is called the iterate of order k (or the k−th iterate) of Φ.
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Definition 48. The autonomous system X ⊂ XΦ is synchronous-like if

∀x ∈ X, ∃(tk) ∈ Seq, ∀k ∈ N, x(tk) = Φ(k+1)(x(−∞+ 0)). (57)

Remark 33. In formula (57) during some interval [tk, tk+1) x may change

value. The point is here that the values x(−∞+0), Φ(x(−∞+0)), Φ(Φ(x(−∞+

0))), Φ(Φ(Φ(x(−∞+ 0)))), ... are reached, in this order.

Theorem 26.1. Consider the set Θ0 ∈ P ∗(Bn). The next statements con-

cerning the synchronous-likeness of XΘ0
Φ are equivalent:

∀x ∈ XΘ0
Φ ,∃(tk) ∈ Seq, ∀k ∈ N, x(tk) = Φ(k+1)(x(−∞+ 0)); (58)

∀µ ∈ Θ0,∀ρ ∈ Pn,∃(tk) ∈ Seq, ∀k ∈ N,Φρ(tk)(µ) = Φ(k+1)(µ); (59)

∀µ ∈ Θ0,∀α ∈ Πn,∃(jk) ∈ Sub(N),∀k ∈ N; (60)

Φα0...αjk (µ) = Φ(k+1)(µ).

Proof. The line of the proof is similar with the proofs of Theorems 22.1, 24.1

and 25.1.

Theorem 26.2. Suppose that the system X satisfies the hazard-freedom prop-

erty (53)

∀x ∈ X,x(t) →
monotonous

Φ(x(−∞+ 0)).

Then it is synchronous-like.

Proof. For arbitrary x ∈ X, (57) is fulfilled with

∀k ≥ 2,Φ(k)(x(−∞+ 0)) = Φ(x(−∞+ 0)).

27. SYNCHRONICITY (THE TECHNICAL

CONDITION OF PROPER OPERATION)

Definition 49. The autonomous system X ⊂ XΦ is called synchronous and

we also say that it fulfills the technical condition of proper operation if
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the following property is satisfied: ∀x ∈ X, ∃(tk) ∈ Seq,

x(t) = x(−∞+ 0) · χ(−∞,t0)(t)⊕ Φ(x(−∞+ 0)) · χ[t0,t1)(t)⊕ ... (61)

...⊕ Φ(k+1)(x(−∞+ 0)) · χ[tk,tk+1)(t)⊕ ...

Theorem 27.1. Given the set Θ0 ∈ P ∗(Bn), the following statements con-

cerning the synchronicity of XΘ0
Φ are equivalent:

∀x ∈ XΘ0
Φ ,∃(tk) ∈ Seq, x(t) = x(−∞+ 0) · χ(−∞,t0)⊕ (62)

⊕Φ(x(−∞+ 0)) · χ[t0,t1) ⊕ ...⊕ Φ(k)(µ) · χ[tk,tk+1) ⊕ ...

∀µ ∈ Θ0,∀α ∈ Πn,∃j0 ∈ N,∃j1 ∈ N∗, ...,∃jk ∈ N∗, ... (63)

(Φα0...αk

(µ))k∈N = (µ, ..., µ︸ ︷︷ ︸
j0

,Φ(µ), ...,Φ(µ)︸ ︷︷ ︸
j1

, ...,Φ(k)(µ), ...,Φ(k)(µ)︸ ︷︷ ︸
jk

, ...),

where µ, ..., µ︸ ︷︷ ︸
0

means non-existing values,

∀µ ∈ Θ0,∀k ∈ N,Φ(k+1)(µ) = Φ(k)(µ) or (64)

or ∃i ∈ {1, ..., n},Φ(k+1)(µ) = Φ(k)(µ)⊕ εi.

Proof. (62)=⇒(63) Let µ ∈ Θ0, α ∈ Πn and (tk) ∈ Seq be arbitrary, thus

x(t) = µ · χ(−∞,t0)(t)⊕ Φα0
(µ) · χ[t0,t1)(t)⊕ ... (65)

...⊕ Φα0...αk

(µ) · χ[tk,tk+1)(t)⊕ ...

is an arbitrary element from XΘ0
Φ . The hypothesis of synchronicity of XΘ0

Φ

shows that ∃(t′k) ∈ Seq such that

x(t) = µ · χ(−∞,t′0)(t)⊕ Φ(µ) · χ[t′0,t
′
1)(t)⊕ ...⊕ Φ(k)(µ) · χ[t′

k
,t′

k+1)(t)⊕ ... (66)

By comparing (65) with (66) the validity of (63) follows.

(63)=⇒(62) Take some arbitrary µ ∈ Θ0, α ∈ Πn, (tk) ∈ Seq. In this

situation (65) represents an arbitrary x ∈ XΘ0
Φ . The hypothesis states the

existence of j0 ∈ N, j1 ∈ N∗, ..., jk ∈ N∗, ... such that

(Φα0...αk

(µ))k∈N = (µ, ..., µ︸ ︷︷ ︸
j0

,Φ(µ), ...,Φ(µ)︸ ︷︷ ︸
j1

, ...,Φ(k)(µ), ...,Φ(k)(µ)︸ ︷︷ ︸
jk

, ...),
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and this, looking at (65), means the existence of a subsequence (t′k) ∈ Seq of

(tk) such that (66) be true. XΘ0
Φ is synchronous.

(63)=⇒(64) Suppose, against all reason, that (64) is not true. In this situ-

ation µ ∈ Θ0, k ∈ N, p ∈ {2, ..., n} and i1, ..., ip ∈ {1, ..., n}distinct exist such

that

Φ(k+1)(µ) = Φ(k)(µ)⊕ εi1 ⊕ ...⊕ εip .

Then α ∈ Πn and k′ ∈ N exist such that

Φ(k)(µ) = Φα0...αk′

(µ),

Φα0...αk′αk′+1
(µ) /∈ {Φ(k)(µ),Φ(k+1)(µ)}

and this happens if we take αk
′+1 ∈ Bn with

∃j ∈ {1, ..., p},∃j′ ∈ {1, ..., p}, αk′+1
j = 1 and αk

′+1
j′ = 0.

We have obtained a contradiction with (63).

(64)=⇒(63) Let be µ ∈ Θ0 and α ∈ Πn arbitrary and prove (63) by induc-

tion on k ∈ N.

k = 0 : Φ(0)(µ) = µ and we have the possibilities:

- Φ(1)(µ) = Φ(0)(µ), then (Φα0...αk
(µ))k∈N has all the terms equal to µ and

j0 ∈ N, j1 ∈ N∗, ..., jk ∈ N∗, ... may be taken arbitrarily;

- ∃i ∈ {1, ..., n},Φ(1)(µ) = Φ(0)(µ)⊕ εi, then

Φα0
(µ) =

{
µ, if α0

i = 0 ( =⇒ j0 ≥ 1)

Φ(µ), if α0
i = 1 ( =⇒ j0 = 0)

k : from the hypothesis of the induction, some k′ ∈ N exists such that

Φα0...αk′

(µ) = Φ(k)(µ) and we have the possibilities:

- Φ(k+1)(µ) = Φ(k)(µ), then Φα0...αk′

(µ) = Φα0...αk′αk′+1
(µ) = ... = Φ(k)(µ)

and jk ∈ N∗, jk+1 ∈ N∗, ... may be chosen arbitrarily;

- ∃i ∈ {1, ..., n},Φ(k+1)(µ) = Φ(k)(µ)⊕ εi, then

Φα0...αk′αk′+1
(µ) =

{
Φ(k)(µ), if αk

′+1
i = 0

Φ(k+1)(µ), if αk
′+1
i = 1

.
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Remark 34. The synchronous systems are also synchronous-like. The point

is that in (57), during the intervals [tk, tk+1), x may change value, while in

(61), during the intervals [tk, tk+1), x is constant.

28. THE GENERALIZED TECHNICAL

CONDITION OF PROPER OPERATION

Definition 50. The regular system X ⊂ XΦ is said to satisfy the generalized

technical condition of proper operation if

∀x ∈ X, ∀ν ∈ {Φ(k)(x(−∞+ 0))|k ∈ N},∀λ ∈ Bn,

Φλ(ν) 6= Φ(ν) =⇒ Φ(Φλ(ν)) = Φ(ν).

Theorem 28.1. If the system X having the generator function Φ satisfies the

technical condition of proper operation (synchronicity), then it fulfills also the

generalized condition of proper operation.

Proof. Let be λ ∈ Bn, µ ∈ Bn and k ∈ N arbitrary (see (64)), for which

ν = Φ(k)(µ).

Case Φ(ν) = ν

Then Φλ(ν) = ν = Φ(ν) and the conclusion follows.

Case ∃i ∈ {1, ..., n},Φ(ν) = ν ⊕ εi

There are two possibilities, Φλ(ν) = ν (=⇒ Φ(Φλ(µ)) = Φ(ν)), Φλ(ν) =

Φ(ν) and the conclusion is true in both of them.

Theorem 28.2. If X ⊂ XΦ satisfies the generalized technical condition of

proper operation then it is synchronous-like.

Proof. Let be x ∈ X arbitrary,

x(t) = µ · χ(−∞,t0)(t)⊕ Φα0
(µ) · χ[t0,t1)(t)⊕ ...⊕ Φα0...αk

(µ) · χ[tk,tk+1)(t)⊕ ...
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with µ ∈ Bn, α ∈ Πn and (tk) ∈ Seq. If Φ(µ) = µ, then x(t) = µ is the

constant function and (57) is fulfilled, thus we can suppose that

∃i1 ∈ {1, ..., n}, ...,∃ip ∈ {1, ..., n},Φ(µ) = µ⊕ εi1 ⊕ ...⊕ εip .

We define q ∈ N as the least integer such that

Ψ0 = {i|i ∈ {1, ..., n}, α0
i = 1},

...

Ψq = {i|i ∈ {1, ..., n}, αqi = 1},

{i1, ..., ip} ⊂ Ψ0 ∪ ... ∪Ψq

and we have, see also the proof of Theorem 25.2,

Φα0...αq

(µ) = µ⊕ Ξ
j∈(Ψ0∪...∪Ψq)∩{i1,...,ip}

εj = Φ(µ).

We can define t′0 = tq, for which (57) is true under the form x(t′0) = Φ(µ).

The hypothesis of the induction shows the existence of the rank k1 ∈ N∗

and of the numbers t′0 < t′1 < ... < t′k−1 such that t′k−1 = tk1−1, x(t
′
1) =

Φ(2)(µ), ..., x(t′k−1) = Φ(k)(µ). If Φ(k+1)(µ) = Φ(k)(µ), then ∀t ≥ t′k−1, x(t) =

x(t′k−1) and (57) is fulfilled with arbitrary t′k > t′k−1 and x(t′k) = Φ(k+1)(µ),

thus we can suppose that

∃j1 ∈ {1, ..., n}, ...,∃jp′ ∈ {1, ..., n},Φ(k+1)(µ) = Φ(k)(µ)⊕ εj1 ⊕ ...⊕ εjp′ .

We define q′ ∈ N as the least integer such that

Ψk1 = {i|i ∈ {1, ..., n}, αk1i = 1},

...

Ψk1+q′ = {i|i ∈ {1, ..., n}, αk1+q′

i = 1},

{j1, ..., jp′} ⊂ Ψk1 ∪ ... ∪Ψk1+q′

for which we get

Φα0...αk1+q′

(µ) = Φ(k)(µ)⊕ Ξ
j∈(Ψk1

∪...∪Ψk1+q′ )∩{j1,...,jp′}
εj = Φ(k+1)(µ).

We define t′k = tk1+q′ and (57) is fulfilled under the form x(t′k) = Φ(k+1)(µ).
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29. DISCRETE TIME

Notation 29.1. Denote

N = {−1, 0, 1, 2, ...}.

Definition 51. Let be α ∈ Πn. Define Φ at the power α,Φα : N → (Bn)B
n

by

∀k ∈ N ,∀µ ∈ Bn,Φα(k)(µ) =

{
µ, k = −1

Φα0...αk
(µ), k ≥ 0.

Definition 52. The couple φ′ = (Bn, (Φα)α∈Πn) is called a discrete Boolean

dynamical system. Bn is the phase space, or the state space and µ ∈ Bn

is called phase, or state. The function Φ is the generator function of φ′

and Φα, α ∈ Πn are called the computations of Φ. The domain N of the

computations Φα is the time set and k ∈ N is the time parameter.

Remark 35. To be compared Definition 51 with Definition 23 and Definition

52 with Definition 24. Many definitions and also the reasoning from this paper

may be formulated in discrete time and, as a matter of fact, such discrete time

reasoning has been used.

Notes

1. We abusively identify a function x ∈ S(n) normally called state with its values µ = x(t).

2. The word ’manifold’ is traditional and it was borroughed from the literature by analogy; in

our case it has not a precise meaning, since the manifolds were not defined in the binary context.

3. The proof of this Lemma was suggested to us by Professor Sorin Gal.

4. this request is that of a strict accessibility
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