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                                     „L'histoire géologique nous montre que la vie n'est qu'un 

                                     court épisode entre deux etérnités de mort, et que, dans cet 
                                     épisode même, la pensée consciente n'a duré et ne duréra 

                                     qu'un moment. La pensée n'est qu'un éclair au milieu d'une 
                                     longue nuit, mais c'est cet eclair qui est tout.” 

 
                                            Henri Poincaré 

 
                                    „C'est avec la logique que nous prouvons et avec 

                                      l'intuition que nous trouvons.” 
 

Henri Poincaré 
 
 

The distinguished mathematician Mefodie Raţiu would have been be 78 years old at 
01 October  2013.  He leaved for posterity a durable scientific creation and the image of a 
remarkable scientist. The ideas and methods created in his scientific works represent an 
important moment in the development and confirmation of the Moldavian mathematics and 
science in the scientific world. 

Professor Mefodie Raţiu was an irrefutable leader of the Moldavian school of 
mathematical logic, which have had an important contribution to the mathematical logic, to 
the organization of mathematical research in the Republic of Moldova and to the education of 
new generations of highly-qualified specialists. 
 

A short life chronology of Professor Mefodie Raţiu: 
 

• October 01, 1935 – born in village Şipoteni,  Romania (now  Călăraşi district, 
Republic of  Moldova); 

• 1943 - 1954, pupil of secondary school, Republic of Moldova; 
• 1954-1955, school-teacher in village Volcineţ, Călăraşi district, Republic of Moldova; 
• 1955 - 1959, student at   “I.Creangă” State Pedagogical University, Chişinău; 
• 1959 - 1962, school-teacher  in  village Bravicea,  Călăraşi district; 
• 1960 - graduated at “I.Creangă” University, Chişinău; 
• 1962 - August 12, 2013, research worker at the Academy of Sciences of Republic of 

Moldova, holding several positions;  
• 1964 – 1967 – PhD student of the Institute of Mathematics of the Academy  of 

Sciences of R. Moldova; 
• 1968 – gained the PhD Degree, at Institute of Mathematics of the Siberian Branch of 

the Academy of Sciences of USSR, Novosibirsk, Russian Federation; 
• 1984 - 2013, leader of the Scientific Seminary on Mathematical logic and Algorithmic 

theory, member of the Scientific Council of the Institute of Mathematics and 
Computer  Science; 

• 1985 - 2013,  scientific  coordinator for doctoral theses; 
• 1986 – habilitatus doctor  in sciences, Moscow M.V. Lomonosov State University, 

Russian Federation; 
• 1991 - academic rank of professor,  Superior Certifying Commission of the USSR, 

Moscow, USSR; 
• 1994 – laureat of the State Prise of R.Moldova in the fields of science, technique and 

production; 
• 1999 - decorated  with State  order “Gloria Muncii” of  Republic of Moldova; 
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• 2000 - elected at academic rank of corresponding member  of the Academy of Science 
of  Republic of Moldova; 

• 2001 -  laureat of prize  „Academician Constantin Sibirschi”; 
• 2010 - elected Corresponding Member  of the American  Romanian Academy of Arts 

and Science; 
• August 12, 2013 – died, after painful non-long illness. 

  
 

    Mefodie Raţiu (Raţă, Ratsa) was born at October 01, 1935 in village Şipoteni, Romania 
(now   Călăraşi  district, Republic of  Moldova). Şipoteni is one of the old Romanian localities 
and is composed of two villages: Podul Lung and Şipoteni.  It is now a commune in Călăraşi 
district, Republic of Moldova.  

     In 1954 he successfully finished the local secondary (ten-year) school. Mefodie's 
teachers at the school were so impressed with his abilities that persuaded him to attend to a 
university. The mathematical formulas and logical deduction charmed him, and without any 
doubt he decided to continue the mathematical studies. But his financial status (that of a 
Moldavian peasant) did not permit him to continue the studies. One year he worked as a 
teacher in the school of village Volcineţ,  Călăraşi district,  Republic of Moldova. That was 
not a pleasant year. He felt the absence of mathematical and special psycho-pedagogical 
knowledge. In 1955 he started his universitary education at the Faculty of Physics and 
Mathematics of "Ion Creangă" Pedagogical State Institute Chişinău (now Chişinău "Ion 
Creangă"  Pedagogical State University). He was fascinated by the abstract algebraic 
construction. But the program of the algebra in the pedagogical institutions was scarce. 
Mefodie Raţiu began independently to explore additional facts about rings, algebraic 
operations, algebraic equations, algebraic identities. In 1959 he was appointed as a teacher in 
the school of village Bravicea, Călăraşi district, Republic of Moldova. After graduating the 
university in 1960, he continued exploring of additional algebraic facts. 
 
            In 1962 he heard that the Academy of Science of Moldova was founded in Chişinău. 
In that year he was appointed as a scientific worker of the Institute of Mathematics and 
Computer Sciences (named at that time Institute of Mathematics and Physics) of the Academy 
of Science of Moldova. Thus in 1962 Professor M.Raţiu, steady and full of energy, began the 
scholar activity and didactic carrier in university.  His whole future life was associated with 
the Academy of Science of Moldova, occupying successively the positions of lower 
researcher, researcher, senior researcher, coordinator scientific researcher, scientific secretary 
of the Institute of Mathematics and Computer Sciences, founder and head of the Section of 
mathematical logic, principal scientific researcher,  scientific consultant. 
 

In the mathematical logic and the theoretical informatics it is well known the problem 
of the determination of the functions (operations) of a given logic, which can be, in a sense or 
other, expressible through other beforehand given functions. The expressibility relation of the 
functions (functional expressibility) is interpreted as the possibility to obtain some functions 
from certain initial functions, through the method of superposition. In the semantic 
construction of the classical propositional logic, the fundamental objects of the analysis are 
the Boolean functions, understood as functions of the Boolean bivalent algebra (the 
propositional algebra). The study of expressibility in the classical logic was initiated in the 
papers of the American mathematician E. Post, which refers to the description of all closed 
(relative to expressibility) classes of Boolean functions. These classes, named subsequently 
Post classes, constitute, relative to the inclusion, a countable lattice, illustrated by a not very 
complicated diagram. Any Post class can be considered as a finite-generated algebra by 
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means of superpositions. On the base of the general consideration of these classes, it is not 
difficult to build a recognition algorithm of the expressibility in the classical logic, which, for 
any Boolean functions {f,  f1, f2,  ... ,fm} given by formulas or tables, allows to recognize if the 
function  f  can be expressed in terms of the system {f1, f2,  ... ,fm}. It can also be obtained an 
algorithm for recognition  the completeness in this logic, allowing to recognize, for any finite 
Boolean functions system, if the system is included in a finite number of Post classes. 
 
           A new interest, linked to the problem of the expressibility of the functions, appeared in 
the 50es of the past century, in connection with the applications of the mathematical logic in 
Informatics (Computer Sciences). The investigation of the expressibility, both in the classical 
logic and in its multi-valued generalizations, i.e. the general k–valued (k = 2, 3,…) logics was 
stimulated by prof. P.S. Novikov’s lectures at the Moscow  "M.V. Lomonosov" University. 
The general k-valued logic is considered mostly from a functional point of view, being 
interpreted as the class of all operations on the set of truth values of cardinal k. In more detail 
it was expressed the problem of completeness (relative to expressibility), which requires to be 
clarified the necessary and sufficient conditions (preferably uncomplicated and 
algorithmically) to express all the operations of the researched logic. The existence of the 
completeness criterion of the functions systems in the general k-valued logic was obtained by  
A.V. Kuznetzov.  S.V. Jablonskii  has established the completeness criteria in the 2-and 3-
valued logics  in terms of pre-complete classes and described some similar families in the k-
valued logic, for k> 3.  I. Rosenberg has established the completeness criterion in the k-valued 
logic, for any k > 3, based on six families of pre-complete classes. The connection of these 
problems with the algebra and their algebraic treatment were investigated by A.V. Kuznetzov 
and especially by A.I.Maltzev, which proposed in 1966 to research the iterative Post algebras. 
Such an algebra has as a support a closed class of k-valued logic functions, and the 
superposition in its various variations played the role of signature. In this way, we can 
ascertain that the iterative algebras possess a finite signature. Consequently, we will see that, 
from a functional point of view, the research of the iterative algebras, in most cases, is 
equivalent to the investigation of their supports, that are the closed classes of functions of the 
k-valued logic. The general problem of description of closed classes in the k-valued logic for 
k> 3, which are exactly the iterative algebras supports, become more complicated in essence 
through the presence in this logic of closed classes with infinite countable basis, as well as of 
closed classes, which generally do not have a basis. Consequently, the set of these classes 
forms, relatively to inclusion, a lattice of continuum cardinality. For the case of the general k-
valued logic (k> 3) these properties have been rendered by I.I. Ivanov and A.A. Mucinik. One 
should remark as well the efforts of many authors for the descriptions of some separate 
classes of functions from the k-valued logic, or of the families of such classes. But the 
problem of the complete description of these closed classes, even the problem of recognition 
of the completeness in the k-valued logic for k> 3 remains open.  
 
          Beginning with the papers of L. Brouwer, V.I. Glivenko, A. Heyting, A.N. 
Kolmogorov, C. Lewis, Gr. Moisil and others, the investigation of logical calculus and of 
non-classical logics defined through them, were initiated. These investigations appear in the 
context of the mathematical study of constructive notions, in the formalization of the natural 
language, in the demonstration theory, in the programming theory, and so on. In 1930 the 
intuitionistic logic was formalized and recognized as being the most important among the 
propositional logics used in the foundations of mathematics. We should remember that this 
logic, as it was demonstrated in 1932 by K. Gödel, cannot be adequately defined through a 
finite truth matrix, but as S. Jaskowski has shown in 1936, it can be approximated through an 
infinite series of such matrices. 



 
v 

 
          By suitable specifications, A.V. Kuznetzov has generalized the notion of expressibility 
for the formulas of the so-called super-intuitionistic logics and he has initiated the research of 
these logics from expressibility point of view. Professor Mefodie Rațiu succeeded to solve the 
completeness problem relative to the expressibility in the intuitionistic logic and, in general, 
in any super-intuitionistic logic. In this sense, the approach consisted in the research of similar 
problems for certain intermediary logics between the intuitionistic and classical logics. The 
simplest among these intermediary logics is Jaskowski’s First Matrix Logic. It coincides also 
with the logic of 3-valued pseudo-Boolean algebra, denoted by Mefodie Raţiu with the 
symbol LT. The LT logic functions are interpreted as functions of the mentioned pseudo-
Boolean algebra, termed as pseudo-Boolean functions. Professor Mefodie Raţiu has proved 
that the class  LT of all 3-valued pseudo-Boolean functions includes families of closed sub-
classes of continuous cardinality, with bases functionally independent of countable 
cardinality, as well as families of continuum cardinality of closed sub-classes, which 
generally do not accept independent bases. He initiated and developed the theory of chain 
iterative classes of pseudo-Boolean functions. Professor Mefodie Raţiu built and described all 
those chains in T closed classes of pseudo-Boolean functions, each of which comprises the 
constant function 0.  In  the last 60-70 years an increasing interest was paid for modal logics, 
that characterizes not only logic operations, but also modalities, as would be "necessity", 
"possibility",  "distinguishes", etc. C. Lewis and K. Gödel formulated the modal calculus, 
which successfully formalizes these logics. Moreover, K. Gödel, A. Tarski, P.S. Novikov, S 
Kripke developed the interpretation of modal logics, showing their connections with algebra, 
topology and foundations of mathematics. The logic S5 and the logic S4, which is closely 
related with intuitionistic logic and its interpretations, are the most known among the various 
modal logics. Logics S4 and S5 are defined by known logical calculus and are non tabular. 
              In 1981 Professor Mefodie Raţiu establishied algorithmical undecidability of the 
expressibility problem in modal logic S4 and in any its non-locally tabular extension, that is  
succeeded to demonstrate that neither for the logic S4 nor for its extensions of the mentioned 
type  expressibility recognition algorithms exist. A few years later he demonstrated the 
algorithmical undecidability of the expressibility problem in the Gödel-Lob provability logic 
and in some of its extensions. For this end Professor Mefodie Raţiu created the modeling 
method of relationship derivation of words in Post’s productions systems by the syntactical 
expressibility relationship in modal logics and provability logics.  He, for the first time, 
launched the concept of non-existence of recognition algorithms of syntactical expressibility 
in propositional logic calculus and demonstrated the non-existence of such algorithms. 

Hence, the new mathematical theories proposed by Professor Mefodie Raţiu from the 
logical and philosophical points of view are based on fundamental concepts of  mathematical 
logic, theory of algorithms, discrete mathematics, modern algebra, applied mathematics. 
Therefore, the mathematical theories of Professor Mefodie Raţiu  correspond to the modern 
spirit of Mathematics and Computer Science, embrace both classical branches of 
mathematical logic and new arose conceptions and problems, as well as offer the richest 
arsenal of well-elaborated methods of investigations. 
 

Professor Mefodie Raţiu  published more than 140 research papers and 4 monographs. 
Having a good prestige in the world of mathematics, Professor Mefodie  Raţiu has been 
invited at more them 40 prestigious international conferences in Algebra and Mathematical 
Logic  (Russia, Belarus, Ukraine, Poland, Romania, etc). For example, he actively 
participated in the International Congress of Mathematicians held in Warsaw (1983), at the 
Eighth International Congress of Logic, Methodology and Philosophy of Science in Moscow 
(1988),  the IV Congress with the same name held in Bucharest (1971), at the 5th Congress of 
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Romanian Mathematicians held in Piteşti, Romania (2003), the 6th Congress of the same 
name in Bucharest (2007), International Congress of ARA in Chişinau (1993), Braşov (2007), 
Sibiu (2009), Bari (2012) and Chişinău (2013). He passionately and skillfully organized in 
collaboration  with his colleagues several national and international conferences on Algebra 
and Mathematical Logic. 
 
          The contribution of Professor Mefodie Raţiu  to the education of new generations of 
highly-qualified mathematicians is enormous. He has trained 8 doctors of sciences and Ph.D's. 
He had a good influence on his colleagues and former students not only as a mathematician, 
but as a human being. He was simultaneous a professor of the State University of Moldova. 
 

Professor Mefodie Raţiu was an active member of many state communities and 
commissions. He was a member of the Chairman Commission of Experts and of the Scientific 
Council of the Higher Certifying Committee of USSR for the academic degree and rank of the 
Republic of Moldova (1995-2006), vice-President of ROMAI (1992-2005), Head of the 
Seminar on Algebra, Mathematical Logic and Theory of Numbers of the Republic of 
Moldova (2012-2013), President of the Trade Union of AŞM (1999-2005), member of the 
Trade Union of Education and Science of Moldova and member of the Confederation of 
Trade Unions of Moldova (2000-2005) etc. 
 

Professor Mefodie Raţiu  was awarded the State Prize of the Moldova, the prize 
"Academician Constantin Sibirschi" (2001), the "Honour Diploma of the AŞM, medal 
"Distinction in Labour", medal "Dimitrie Cantemir"  and order "Glory of Labour". 

Professor Mefodie Raţiu was a member of the Moldavian Mathematics Society, 
American Mathematical Society, of the Editorial Board of the Bulletin of the Academy of 
Science of Moldova - Mathematics, and of ROMAI Journal. 
 

In 2000 Professor Mefodie Raţiu  was elected  Corresponding Member  of  the 
Academy of Sciences of Republic of Moldova, the highest scientific forum of the Republic of 
Moldova and the highest recognition which a scholar may receive in the native country. In 
2010 Professor Mefodie Raţiu  was elected  Corresponding Member  of  the American 
Romanian Academy of Arts and Sciences.  

As a message to the succeeding generations we mention following words of the 
Academician Octav Mayer "It is possible to bring for the great disappeared scientists varied 

homages. Sometimes, the strong wind of progress erases the trace of their steps. To not forget 

them means to continue their works, connecting them to the living present", translated in 
English by Academician Radu Miron in his book  "The Geometry of Myller Configurations. 

Applications to Theory of Surfaces and  Nonholonomic  Manifoldfs",  Ed. Academiei Române, 
Bucureşti, 2010. 
 
 

Mitrofan Ciobanu, Ilie Burdujan, Petru Soltan, Vladimir Izbaş, Olga Izbaș, 

                  Anca Veronica Ion. 
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1. INTRODUCTION

In 1995, Florentin Smarandache introduced the notion of Neutrosophy as a new
branch of philosophy. Neutrosophy is the base of neutrosophic logic which is an ex-
tension of the fuzzy logic in which indeterminancy is included. In the neutrosophic
logic, each proposition is estimated to have the percentage of truth in a subset T ,
the percentage of indeterminancy in a subset I, and the percentage of falsity in a
subset F. Since the world is full of indeterminancy, several real world problems in-
volving indeterminancy arising from law, medicine, sociology, psychology, politics,
engineering, industry, economics, management and decision making, finance, stocks
and share, meteorology, artificial intelligence, IT, communication etc can be solved
by neutrosophic logic.

2. NEUTROSOPHIC ALGEBRAIC STRUCTURES

Using Neutrosophic theory, Vasantha Kandasamy and Florentin Smarandache in-
troduced the concept of neutrosophic algebraic structures in [12]. Some of the neutro-
sophic algebraic structures introduced and studied included neutrosophic fields, neu-
trosophic vector spaces, neutrosophic groups, neutrosophic bigroups, neutrosophic
N-groups, neutrosophic semigroups, neutrosophic bisemigroups, neutrosophic N-
semigroup, neutrosophic loops, neutrosophic biloops, neutrosophic N-loop, neutro-
sophic groupoids, neutrosophic bigroupoids and so on. In [13], Vasantha Kandasamy
introduced and studied neutrosophic rings. In [1], Agboola et al. studied the struc-
ture of neutrosophic polynomial rings and in [2], Agboola et al. studied neutrosophic
ideals and neutrosophic quotient rings. In [3], Agboola et al. studied neutrosophic
groups and subgroups.

1
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3. NEUTROSOPHIC GROUPS

Definition 3.1. [12] Let (G, ⋆) be any group and let N(G) = ⟨G ∪ I⟩. The couple
(N(G), ⋆) is called a neutrosophic group generated by G and I under the binary
operation ⋆.

I is called the neutrosophic element with the property I ⋆ I = I. I−1, the inverse of
I is not defined and hence does not exist.

N(G) is said to be commutative if a ⋆ b = b ⋆ a for all a, b ∈ N(G).

Theorem 3.1. [12] Let N(G) be a neutrosophic group. Then,

(1) N(G) in general is not a group;

(2) N(G) always contain a group.

Definition 3.2. Let N(G) be a neutrosophic group. Then,

(1) A proper subset N(H) of N(G), where H ⊂ G, is said to be a neutrosophic
subgroup of N(G) if N(H) is a neutrosophic group, that is, N(H) contains a
proper subset which is a group;

(2) N(H) is said to be a pseudo neutrosophic subgroup if it does not contain a
proper subset which is a group.

Example 3.1. (1) (N(Z),+), (N(Q),+) (N(R),+) and (N(C),+) are neutrosophic
groups of integer, rational, real and complex numbers, respectively.

(2) (⟨{Q − {0}} ∪ I⟩ , ·), (⟨{R − {0}} ∪ I⟩ , ·) and (⟨{C − {0}} ∪ I⟩ , ·) are neutrosophic
groups of rational, real and complex numbers, respectively.

Example 3.2. [3] Let N(G) = {e, a, b, c, I, aI, bI, cI} be a set, where a2 =

b2 = c2 = e, bc = cb = a, ac = ca = b, ab = ba = c, then N(G) is a commuta-
tive neutrosophic group under multiplication since {e, a, b, c} is the Klein 4-group.
N(H) = {e, a, I, aI}, N(K) = {e, b, I, bI} and N(P) = {e, c, I, cI} are neutrosophic
subgroups of N(G).

Theorem 3.2. [3] Let N(H) be a non-empty proper subset of a neutrosophic group
(N(G), ⋆). Then, N(H) is a neutrosophic subgroup of N(G) if and only if the follow-
ing conditions hold:

(1) a, b ∈ N(H) implies that a ⋆ b ∈ N(H);

(2) there exists a proper subset A of N(H) such that (A, ⋆) is a group.

Theorem 3.3. [3] Let N(H) be a non-empty proper subset of a neutrosophic group
(N(G), ⋆). Then, N(H) is a pseudo neutrosophic subgroup of N(G) if and only if the
following conditions hold:

(1) a, b ∈ N(H) implies that a ⋆ b ∈ N(H);

(2) N(H) does not contain a proper subset A such that (A, ⋆) is a group.
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4. HYPERGROUPS

The theory of hyperstructures was introduced in 1934 by Marty [9] at the 8th
Congress of Scandinavian Mathematicians. In a classical algebraic structure, the
composition of two elements is an element, while in an algebraic hyperstructure, the
composition of two elements is a set. Several books have been written on this topic,
see [4, 5, 5, 8, 10]. Hyperstructure theory both extends some well-known group
results and introduce new topics leading us to a wide variety of applications, as well
as to a broadening of the investigation fields. In this part, we present the notion of
hypergroup and some well-known related concepts. These concepts will be used in
the building of neutrosophic hypergroups, for more details we refer the readers to see
[4, 5, 5, 8, 9, 10].

Let H be a non-empty set and ◦ : H × H → P⋆(H) be a hyperoperation. The
couple (H, ◦) is called a hypergroupoid. For any two non-empty subsets A and B of
H and x ∈ H, we define

A ◦ B =
∪

a∈A,b∈B
a ◦ b, A ◦ x = A ◦ {x} and x ◦ B = {x} ◦ B.

Definition 4.1. A hypergroupoid (H, ◦) is called a semihypergroup if for all a, b, c of
H we have (a ◦ b) ◦ c = a ◦ (b ◦ c), which means that∪

u∈a◦b
u ◦ c =

∪
v∈b◦c

a ◦ v.

A hypergroupoid (H, ◦) is called a quasihypergroup if for all a of H we have a ◦ H =
H ◦ a = H. This condition is also called the reproduction axiom.

Definition 4.2. A hypergroupoid (H, ◦) which is both a semihypergroup and a quasi-
hypergroup is called a hypergroup.

Definition 4.3. Let (H, ◦) and (H′, ◦′) be two hypergroupoids. A map ϕ : H → H′,
is called

(1) an inclusion homomorphism if for all x, y of H, we have ϕ(x◦ y) ⊆ ϕ(x)◦′ ϕ(y);

(2) a good homomorphism if for all x, y of H, we have ϕ(x ◦ y) = ϕ(x) ◦′ ϕ(y).

Let (H, ◦) be a semihypergroup and R be an equivalence relation on H. If A and B
are non-empty subsets of H, then

ARB means that ∀a ∈ A,∃b ∈ B such that aRb and
∀b′ ∈ B,∃a′ ∈ A such that a′Rb′;

ARB means that ∀a ∈ A,∀b ∈ B, we have aRb.

Definition 4.4. The equivalence relation ρ is called

(1) regular on the right (on the left) if for all x of H, from aρb, it follows that
(a ◦ x)ρ(b ◦ x) ((x ◦ a)ρ(x ◦ b) respectively);
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(2) strongly regular on the right (on the left) if for all x of H, from aρb, it follows
that (a ◦ x)ρ(b ◦ x) ((x ◦ a)ρ(x ◦ b) respectively);

(3) ρ is called regular (strongly regular) if it is regular (strongly regular) on the
right and on the left.

Theorem 4.1. . Let (H, ◦) be a semihypergroup and ρ be an equivalence relation on
H.

(1) If ρ is regular, then H/ρ is a semihypergroup, with respect to the following
hyperoperation: x ⊗ y = {z | z ∈ x ◦ y};

(2) If the above hyperoperation is well defined on H/ρ, then ρ is regular.

Corollary 4.1. If (H, ◦) is a hypergroup and ρ is an equivalence relation on H, then
R is regular if and only if (H/ρ,⊗) is a hypergroup.

Theorem 4.2. Let (H, ◦) be a semihypergroup and ρ be an equivalence relation on
H.

(1) If ρ is strongly regular, then H/ρ is a semigroup, with respect to the following
operation: x ⊗ y = {z | z ∈ x ◦ y};

(2) If the above operation is well defined on H/ρ, then ρ is strongly regular.

Corollary 4.2. If (H, ◦) is a hypergroup and ρ is an equivalence relation on H, then
ρ is strongly regular if and only if (H/ρ,⊗) is a group.

Definition 4.5. Let (H, ◦) is a semihypergroup and A be a non-empty subset of H.
We say that A is a complete part of H if for any nonzero natural number n and for all
a1, . . . , an of H, the following implication holds:

A ∩
n∏

i=1
ai , ∅ =⇒

n∏
i=1

ai ⊆ A.

Theorem 4.3. If (H, ◦) is a semihypergroup and R is a strongly regular relation on
H, then for all z of H, the equivalence class of z is a complete part of H.

5. NEUTROSOPHIC HYPERGROUPS

Definition 5.1. Let (H, ⋆) be any hypergroup and let < H ∪ I >= {x = (a, bI) : a, b ∈
H}. The couple N(H) = (< H∪I >,⋆) is called a neutrosophic hypergroup generated
by H and I under the hyperoperation ⋆. The part a is called the non-neutrosophic
part of x and the part b is called the neutrosophic part of x.

If x = (a, bI) and y = (c, dI) are any two elements of N(H), where a, b, c, d ∈ H,
we define x⋆y = (a, bI)⋆(c, dI) = {(u, vI) | u ∈ a⋆c, v ∈ a⋆d∪b⋆c∪b⋆d} =
(a⋆c, (a⋆d∪b⋆c∪b⋆d)I). Note that a⋆c ⊆ H and (a⋆d∪b⋆c∪b⋆d) ⊆ H.



Introduction to Neutrosophic Hypergroups 5

Definition 5.2. Let N(H) be a neutrosophic hypergroup and let N(K) be a proper
subset of N(H). Then,

(1) N(K) is said to be a neutrosophic sub-hypergroup of N(H) if N(K) is a neu-
trosophic hypergroup, that is, N(K) must contain a proper subset which is a
hypergroup;

(2) N(K) is said to be a pseudo neutrosophic sub-hypergroup of N(H) if N(K) is
a neutrosophic hypergroup which contains no proper subset which is a hyper-
group.

Theorem 5.1. Let N(H) be a neutrosophic hypergroup. Then, N(H) is a semihyper-
group.

Proof. Let x = (a, bI), y = (c, dI), z = (e, f I) be arbitrary elements of N(H), where
a, b, c, d, e, f ∈ H. Then,

x ⋆ y = (a, bI) ⋆ (c, dI)
= {(u, vI) | u ∈ a ⋆ c, v ∈ a ⋆ d ∪ b ⋆ c ∪ b ⋆ d}
= (a ⋆ c, (a ⋆ d ∪ b ⋆ c ∪ b ⋆ d)I)
⊆ N(H).

Hence, (N(H), ⋆) is a hypergroupoid.
Next,

x ⋆ (y ⋆ z) = (a, bI) ⋆ ((c, dI) ⋆ (e, f I))
= (a, bI) ⋆ (c ⋆ e, (c ⋆ f ∪ d ⋆ e ∪ d ⋆ f )I))
= (a ⋆ (c ⋆ e), ((a ⋆ (c ⋆ f )) ∪ (a ⋆ (d ⋆ e)) ∪ (a ⋆ (d ⋆ f )) ∪ (b ⋆ (c ⋆ e))
∪(b ⋆ (c ⋆ f )) ∪ (b ⋆ (d ⋆ e)) ∪ (b ⋆ (d ⋆ f )))I)

= ((a ⋆ c) ⋆ e, (((a ⋆ c) ⋆ f ) ∪ ((a ⋆ d) ⋆ e) ∪ ((a ⋆ d) ⋆ f ) ∪ ((b ⋆ c) ⋆ e)
∪((b ⋆ c) ⋆ f ) ∪ ((b ⋆ d) ⋆ e) ∪ ((b ⋆ d) ⋆ f ))I)

= ((a, bI) ⋆ (c, dI)) ⋆ (e, f I)
= (x ⋆ y) ⋆ z.

Accordingly, (N(H), ⋆) is a semihypergroup.

Lemma 5.1. Let N(H) be a neutrosophic hypergroup. Then, x⋆N(H) = N(H)⋆ x ⊂
N(H) for all x = (a, bI) ∈ N(H).

Proof. We have

x ⋆ N(H) = (a, bI) ⋆ N(H)
= (a, bI) ⋆ {(h1, h2I) : h1, h2 ∈ H}
= {(a ⋆ h1, (a ⋆ h2 ∪ b ⋆ h1 ∪ b ⋆ h2)I) : a, b, h1, h2 ∈ H}
= {(u, vI) : u ∈ a ⋆ h1, v ∈ (a ⋆ h2 ∪ b ⋆ h1 ∪ b ⋆ h2)}
⊂ N(H)
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Similarly, N(H) ⋆ x ⊂ N(H) and therefore, x ⋆ N(H) = N(H) ⋆ x ⊂ N(H).

Theorem 5.2. If N(H) is a neutrosophic hypergroup, then

(1) N(H) in general is not a hypergroup;

(2) N(H) always contain a hypergroup.

Proof. (1) Follows directly from Theorem 5.3 and Lemma 5.4.
(2) Follows from the definition of a neutrosophic hypergroup.

Example 5.1. Let H = {a, b, (a, aI), (a, bI), (b, aI), (b, bI)} be a set and let ⋆ be a
hyperoperation on H defined in the table below.

⋆ a b (a, aI) (a, bI) (b, aI) (b, bI)

a a b (a, aI) (a, bI) (b, aI) (b, bI)

b b
a
b (b, bI)

(b, aI)
(b, bI)

(a, bI)
(b, bI)

(a, aI)
(a, bI)
(b, aI)
(b, bI)

(a, aI) (a, aI) (b, bI) (a, aI)
(a, aI)
(a, bI)

(b, aI)
(b, bI) (b, bI)

(a, bI) (a, bI)
(b, aI)
(b, bI)

(a, aI)
(a, bI)

(a, aI)
(a, bI)

(b, aI)
(b, bI)

(b, aI)
(b, bI)

(b, aI) (b, aI)
(b, bI)
(a, bI)

(b, aI)
(b, bI)

(b, aI)
(b, bI)

(a, aI)
(a, bI)
(b, aI)
(b, bI)

(a, aI)
(a, bI)
(b, aI)
(b, bI)

(b, bI) (b, bI)

(a, aI)
(a, bI)
(b, aI)
(b, bI)

(b, bI)
(b, aI)
(b, bI)

(a, aI)
(a, bI)
(b, aI)
(b, bI)

(a, aI)
(a, bI)
(b, aI)
(b, bI)

It is clear from the table that (H, ⋆) is a neutrosophic hypergroup since it contains a
proper subset {a, b} which is a hypergroup under ⋆.

Theorem 5.3. Let (N(H), ⋆1) and (N(K), ⋆2) be any two neutrosophic hypergroups.
Then, (N(H) × N(K), ⋆) is a neutrosophic hypergroup, where

(x1, x2)⋆(y1, y2) = {(x, y) : x ∈ x1⋆1y1, y ∈ x2⋆2y2, ∀ (x1, x2), (y1, y2) ∈ N(H)×N(K)}.
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Theorem 5.4. Let (N(H), ⋆) be a neutrosophic hypergroup and let (K, ◦) be a hyper-
group. Then, (N(H) × K, ⋆

′
) is a neutrosophic hypergroup, where

(h1, k1)⋆
′
(h2, k2) = {(h, k) : h ∈ h1 ⋆ h2, k ∈ k1 ◦ k2, ∀ (h1, k1), (h2, k2) ∈ N(H) × K}.

Definition 5.3. Let (N(H1), ⋆1) and (N(H2), ⋆2) be any two neutrosophic hyper-
groups and let f : N(H1)→ N(H2) be a map. Then,

(a) f is called a homomorphism if:
(1) for all x, y of N(H1), f (x ⋆1 y) ⊆ f (x) ⋆2 f (y),
(2) f (I) = I.

(b) f is called a good homomorphism if:
(1) for all x, y of N(H1), f (x ⋆1 y) = f (x) ⋆2 f (y),
(2) f (I) = I.

(c) f is called an isomorphism if f is a homomorphism and f −1 is also a homo-
morphism.

(d) f is called a 2-homomorphism if for all x, y of N(H1),

f −1( f (x) ⋆2 f (y)) = f −1( f (x ⋆1 y)).

(e) f is called an almost strong homomorphism if for all x, y of N(H1),

f −1( f (x) ⋆2 f (y)) = f −1( f (x)) ⋆1 f −1( f (y)).

Definition 5.4. Let N(K) be a neutrosophic sub-hypergroup of a neutrosophic hyper-
group (N(H), ⋆). Then,

(1) N(K) is said to be closed on the left (right) if for all k1, k2 ∈ N(K), x ∈ N(H)
we have k2 ∈ x ⋆ k1 (k2 ∈ k1 ⋆ x) implies that x ∈ N(K);

(2) N(K) is said to be ultraclosed on the left (right) if for all x ∈ N(H) we have
x ⋆ N(K) ∩ x ⋆ (N(H)\N(K)) = ∅(N(K) ⋆ x ∩ (N(H)\N(K)) ⋆ x = ∅);

(3) N(K) is said to be left (right) conjugable if N(K) is left (right) closed and if for
all x ∈ N(H), there exists h ∈ N(H) such that x ⋆ h ⊆ N(K) (h ⋆ x ⊆ N(K));

(4) N(K) is said to be (closed, ultraclosed, conjugable) if it is left and right (closed,
ultraclosed, conjugable).

Lemma 5.2. Let N(K) be a neutrosophic sub-hypergroup of a neutrosophic hyper-
group (N(H), ⋆). For all x ∈ N(H), we have

(1) x ⋆ N(K) ⊂ N(H);

(2) x ⋆ (N(H)\N(K)) ⊂ N(H);
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(3) x ⋆ N(K) ∪ x ⋆ (N(H)\N(K)) ⊂ N(H).

Lemma 5.3. Let N(K) be a neutrosophic sub-hypergroup of a neutrosophic hyper-
group (N(H), ⋆). For all x ∈ N(K), we have

(1) x ⋆ N(K) ⊂ N(K),

(2) x ⋆ (N(H)\N(K)) ⊂ N(K);

(3) x ⋆ N(K) ∪ x ⋆ (N(H)\N(K)) ⊂ N(H).

Theorem 5.5. Let N(K) be a neutrosophic sub-hypergroup of a neutrosophic hyper-
group (N(H), ⋆). Then,

(1) N(K) ⋆ N(K) ⊂ N(K);

(2) N(K) ⋆ (N(H)\N(K)) ⊂ N(K).

Theorem 5.6. Let N(K) be a neutrosophic sub-hypergroup of a neutrosophic hyper-
group (N(H), ⋆). If N(K) is conjugable then it is not ultraclosed.

Proof. Suppose that N(K) is conjugable. Then, N(K) is closed and for all x ∈ N(H),
there exists y ∈ N(H) such that x ⋆ y ⊆ N(K) and y ⋆ x ⊆ N(K). Let B = N(K) ∩
(N(H)\N(K)) so that

x ⋆ B = x ⋆ N(K) ∩ x ⋆ (N(H)\N(K))
⊂ N(H) ∩ N(H)
= N(H).

This shows that B , ∅ and thus, N(K) is not left ultraclosed. Similarly, it can be
shown that N(K) is not right ultraclosed. Hence, N(K) is not ultraclosed.

Theorem 5.7. Let (N(H1), ⋆1) and (N(H2), ⋆2) be any two neutrosophic hypergroups
and let f : N(H1)→ N(H2) be a map.

(1) If f is a bijective homomorphism, then f is an isomorphism if and only if it is
good.

(2) If f is a strong homomorphism, then it is almost strong.

(3) If f is a good homomorphism and N(K) is a neutrosophic(pseudo neutro-
sophic) sub-hypergroup of N(H1), then f (N(K)) is a neutrosophic(pseudo neu-
trosophic) sub-hypergroup of N(H2).

Theorem 5.8. Let (N(H), ⋆) be a neutrosophic hypergroup and let ρ be an equiva-
lence relation on N(H).

(1) If ρ is regular, then N(H)/ρ is a neutrosophic hypergroup.
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(2) If ρ is strongly regular, then N(H)/ρ is a neutrosophic group.

Proof. The proof follows from Theorem 4.7 and Corollary 4.8.

Theorem 5.9. Let (N(H), ⋆) be a neutrosophic hypergroup and let ρ be a regular
equivalence relation on N(H). Then, the map ϕ : N(H) → N(H)/ρ defined by
ϕ(x) = x is not a homomorphism (good homomorphism).

Proof. It is clear since I ∈ N(H) but ϕ(I) , I.

Theorem 5.10. Let (N(H), ⋆) be a neutrosophic hypergroup and let ρ be a strongly
regular equivalence relation on N(H). Then, for all x ∈ N(H), x is a complete part
of N(H).

6. CONCLUSION

In this paper, we have extended neutrosophic theory to hypergroup theory. Basic
properties of neutrosophic hypergroups were presented and it was shown that every
hypergroup is contained in a neutrosophic hypergroup but generally, a neutrosophic
hypergroup is not a hypergroup.

Acknowledgement: The authors are grateful to the anonymous referee for valuable suggestions.
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Abstract After applying the Finite Element Method (FEM) to the one-dimensional diffusion-type
and wave-type Partial Differential Equations (PDEs) with boundary conditions and ini-
tial conditions, a first order and a second order ODE systems are obtained respectively.
The latter can be reduced to a first order ODE system. These first order ODE systems
usually present high stiffness, so numerical methods with good stability properties are
required in their resolution. In this paper, we have studied the stiffness of the result-
ing first order ODE systems as function of the number of elements considered in the
discretization, the length of the domain in which the PDE is applied and the thermal
diffusivity (in the case of the diffusion-type PDE) and the wave speed propagation (in
the case of the wave-type PDE).
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2010 MSC: 65L05, 65N30.

1. INTRODUCTION

We will consider the diffusion equation (or heat equation) and the wave equation
given in terms of Partial Differential Equations (PDEs). In the case of the diffusion
equation, we will consider a thin rod of length L. We will assume that the ends of the
rod are kept at the same fixed temperature. Let u(x, t) represent the temperature at
the point x along the rod at time t, and assume that an initial temperature distribution
u(x, 0) = f (x) is given. The following PDE is used to model the one-dimensional
linear temperature evolution:

� Diffusion equation:


ut = α

2uxx, 0 < x < L, t > 0
BC : u(0, t) = 0 = u(L, t), t > 0
IC : u(x, 0) = f (x), 0 ≤ x ≤ L

(1)

where α2 = k
cρ is the thermal diffusivity, k the thermal conductivity, c the thermal

capacity and ρ the density, ut is the rate of change in temperature with respect to
time, uxx is the concavity of the temperature profile which compares the temperature
of one point to the temperature at neighbouring points. BC and IC are the boundary
conditions and the initial conditions respectively.

11
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In the case of the wave equation, a string of length L will be considered, where its
two ends held fixed at height zero. Assume that its initial position and speed are given,
f (x) and g(x) respectively. Let u(x, t) denote the vertical displacement of the string
from the x axis in time t. It is assumed that the string is undergoing small amplitude
transverse vibrations so that u(x, t) obeys the wave equation. The one-dimensional
linear wave equation with boundary conditions (BC) and initial conditions (IC) is
given by:

� Wave equation:


utt = α

2uxx, 0 < x < L, t > 0
BC : u(0, t) = 0 = u(L, t), t > 0
IC : u(x, 0) = f (x), ut(x, 0) = g(x), 0 ≤ x ≤ L

(2)

where α =
√

T
ρ is the speed propagation of the wave, T is the applied tension in the

string and ρ the linear mass density.
The continuous solution of both equations, (1) and (2), can be found using the

method of separation of variables [6]. The solution of the diffusion equation (1) is
given by:

u(x, t) =
∞∑

k=1

Ak sin
(
kπx
L

)
e−(kπα)2t (3)

where Ak =
2
L

∫ L
0 f (x) sin

(
kπx
L

)
dx.

And the solution of the wave equation (2) is given by:

u(x, t) =
∞∑

k=1

sin
(
kπx
L

) [
Ak sin

(
kπαt

L

)
+ Bk cos

(
kπαt

L

)]
(4)

where Ak and Bk are given by:

Ak =
2

kπα

∫ L
0 g(x) sin

(
kπx
L

)
dx

Bk =
2
L

∫ L
0 f (x) sin

(
kπx
L

)
dx

It is also possible to find the approximate solutions of equations (1) and (2) nu-
merically using the Finite Element Method (FEM), in which the process of finding
the solution u(x, t) consists of discretizing the domain L in elements and nodes. The
solution approach is based on the elimination of the spatial derivatives of the PDE
and this leads to a system of Ordinary Differential Equations (ODEs). The result-
ing system of ODEs can be solved using standard numerical methods [2], such as
Runge-Kutta methods [3], Backward Differentiation Formulae [8], or using the ode
solvers implemented in MATLAB [1]. The ode45, based on an embedded Runge-
Kutta method DOPRI(5,4) [5], and the ode15s, based on BDFs [8], are two of the
ode solvers offered by MATLAB.

The ODE system that results after the FEM discretization presents high stiffness
usually. Stiffness is a delicate as well as important concept when solving ODEs. Var-
ious authors [12, 14, 15] agree saying that there is no a rigorous definition of stiffness.
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It depends on the ODE, on its initial conditions, on the numerical method used for
its resolution and on the time interval in which the ODE is solved. In this article we
will use the definition of stiffness given in [10, 13], which says that stiffness occurs
when different magnitude eigenvalues exist in the solution, where this difference in
the magnitude could happen in the real part or in the imaginary part of the eigenval-
ues. The aim of this article is to study the stiffness of the ODE system which results
after the FEM discretization of the one-dimensional diffusion and wave PDEs.

The article is organized as follows: in Section (2) the formulation of the Finite
Element Method is given which enables us to obtain an ODE system from a PDE;
in Sections (3) and (4) the study of the stiffness of the resulting ODE system is done
and in Section (5) some conclusions are given.

2. THE FINITE ELEMENT METHOD

The Finite Element Method consists of finding solutions in a finite dimensional
space. Having chosen a basis of functions and having defined finite dimensional
subspaces, the PDE solution is written as linear combination of the functions of the
basis. To do this it is necessary to check that the scalar product of the differential
operator with all the functions of the subspace is zero. This requires a variational
formulation of the problem, which is obtained by integrating by parts.

2.1. APPLICATION OF THE FEM METHOD TO
THE DIFFUSION EQUATION

We will show the application of the Finite Element Method to the diffusion PDE
(1). A step size h > 0 of the spatial mesh will be considered, being h = L/(n + 1)
where n ∈ N. In this way the partition defined by the nodes:

x j = jh, j = 0, 1, ..., (n + 1) (5)

breaks up the spatial interval [0, L] in (n + 1) subintervals of length h: I j =
[
x j, x j+1

]
,

j = 0, ..., n. Observe that the first and the last nodes correspond to the end of the
interval [0, L]: x0 = 0, xn+1 = L.

Each internal node x j, j = 1, ..., n, is associated a piecewise continuous and linear
basis function N j(x), that verifies N j(xi) = δ ji for j = 1, ..., n and i = 0, ..., (n + 1),
being δ the Kronecker delta. Next, we introduce the vectorial subspace of dimension
n spanned by the functions

{
N j

}
j=1,...,n

:

Vh = span
{
N j : j = 1, ..., n

}
(6)

Approximate solutions of the diffusion PDE (1) in the subspace C([0,∞),Vh) are
found so that:

u(x, t) ≈ uh(x, t) =
n∑

j=1

d j(t)N j(x) (7)
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Observe that function (7) depends on the spatial variable x as well as on the tem-
porary variable t. The function (7) will be univocally defined if its coefficients d j(t)
are defined precisely. It has to be taken into account that because of the election of
the basis functions

{
N j

}
j=1,...,n

, d j(t) is the value of the function uh(x, t) in the point
x = x j.

The weak formulation to calculate the approximate solution uh is given by [11]:

find uh ∈ C1 ([0,∞) ; Vh) that verifies:∫ L

0
uh,t(x, t)wh(x)dx = −

∫ L

0
α2uh,x(x, t)w′h(x)dx, t > 0, ∀wh ∈ Vh (8)

and the initial condition:

uh(x, 0) = fh(x), 0 ≤ x ≤ L. (9)

In (9) an initial value uh,0 has been taken. This value can be taken in different
ways in order to approximate the initial value u0 of the diffusion equation. One of the
simplest ways to chose fh is as the orthogonal projection of u0 in Vh.

By substituting the expression (7) of uh(x, t) and its derivative u′h(x, t) in (8), and
applying this equality for all the functions Ni of the basis, the following system of n
first order Ordinary Differential Equations is obtained:

n∑
j=1


∫ L

0
Ni(x)N j(x)dx︸                ︷︷                ︸

mi j

 d′j(t) = −
n∑

j=1


∫ L

0
α2N′i (x)N′j(x)dx︸                    ︷︷                    ︸

ki j

 d j(t),

i = 1, 2, ..., n (10)

which in matricial form can be written as:Md′(t) = −Kd(t)
d(0) = ( f (x1), ..., f (xn))T (11)

where M = (mi j) and K = (ki j) are the mass and stiffness matrices of the FEM
discretization, and d j(t), j = 1, ..., n, are the unknowns.

2.2. APPLICATION OF THE FEM METHOD TO
THE WAVE EQUATION

The same partition
{
x j

}
j=1,...,n

as in the previous section, being x j = jh the nodes
of the interval [0, L] will be considered, where h = L/(n + 1), and I j = [x j, x j+1],
j = 0, ..., n, the elements in which the whole interval [0, L] has been partitioned. In
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this case the variational formulation to calculate the approximate solution uh is given
by:

find uh ∈ C2 ([0,∞) ; Vh) that verifies:∫ L

0
uh,tt(x, t)wh(x)dx = −

∫ L

0
α2uh,x(x, t)w′h(x)dx, t > 0, ∀wh ∈ Vh (12)

and the initial conditions:

uh(x, 0) = fh(x), u′h(x, 0) = gh(x), 0 ≤ x ≤ L (13)

where fh and gh are approximations of the initial conditions ( f , g) in Vh.
Proceeding as before, a second order ODE system is obtained:

n∑
j=1


∫ L

0
Ni(x)N j(x)dx︸                ︷︷                ︸

mi j

 d′′j (t) = −
n∑

j=1


∫ L

0
α2N′i (x)N′j(x)dx︸                    ︷︷                    ︸

ki j

 d j(t),

i = 1, 2, ..., n (14)

which in matricial form can be written using the mass M = (mi j) and stiffness matri-
ces K = (ki j) of the FEM:Md′′(t) = −Kd(t)

d(0) = ( f (x1), ..., f (xn))T , d′(0) = (g(x1), ..., g(xn))T (15)

and d j(t), j = 1, ..., n are the unknowns. Equation (15) can be reduced to a first order
ODE system with the form y′ = f (t, y):(

y′1(t)
y′2(t)

)
=

(
0 I

−M−1K 0

) (
y1(t)
y2(t)

)
, (16)

where:

y1(t) = d(t), y2(t) = d′(t)
y1(0) = d(0), y2(0) = d′(0)

.

3. STIFFNESS OF THE DIFFUSION PDE

We will consider the one-dimensional heat equation given by (1). In the previous
section we have seen that the FEM discretization of this equation with (n + 2) nodes
and (n+1) elements leads to a system of ODEs which in the form y′ = f (t, y) is given
by (11):

d′(t) = −M−1Kd(t), d(0) = d0 = ( f (x1), ..., f (xn))T

In this section the stiffness of the system (11) is studied, which means that the
eigenvalues of the jacobian matrix ∂f

∂d = −M−1K are studied depending on three
variables: the number of elements of the discretization, the length of the rod L and
the thermal diffusivity α2.
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3.1. STIFFNESS AS FUNCTION OF THE
ELEMENTS OF THE DISCRETIZATION

Two different materials have been considered: an epoxy called Araldite and an
epoxy/alumina (100/188), being their experimental thermal diffusivities α2 = 0.129 ·
10−2 cm2/s and α2 = 0.449 · 10−2 cm2/s respectively; they coincide with the theoret-
ical values given in [9] and [16] respectively. Having fixed α2 and the length of the
rod (L = 20 cm), we change the number of elements of the FEM discretization and
we analyse the values of the greatest and smallest eigenvalues in module, see Table
(1). The greatest eigenvalues in module of each case are represented in Figure (1).

Number of |λmax| |λmin| |λmax| |λmin|
elements epoxy epoxy epoxy/alum. epoxy/alum.

5 7.3478 · 10−4 3.2890 · 10−5 2.5575 · 10−3 1.1448 · 10−4

10 3.5991 · 10−3 3.2092 · 10−5 1.2527 · 10−2 1.1170 · 10−4

20 1.5198 · 10−2 3.1895 · 10−5 5.2897 · 10−2 1.1101 · 10−4

40 6.1635 · 10−2 3.1846 · 10−5 2.1453 · 10−1 1.1084 · 10−4

80 2.4739 · 10−1 3.1834 · 10−5 8.6108 · 10−1 1.1080 · 10−4

160 9.9043 · 10−1 3.1830 · 10−5 3.4473 · 100 1.1079 · 10−4

320 3.9626 · 100 3.1830 · 10−5 1.3792 · 101 1.1079 · 10−4

640 1.5851 · 101 3.1830 · 10−5 5.5172 · 101 1.1079 · 10−4

1280 6.3406 · 101 3.1829 · 10−5 2.2069 · 102 1.1079 · 10−4

Table 1: Eigenvalues of the ODE system (11) vs. number of elements.

Conclusions:

When the number of elements of the discretization is increased, the great-
est eigenvalue of the ODE system (11) grows and the smallest one does not
change.

If an initial discretization of m elements is multiplied by n, obtaining a new dis-
cretization of n · m elements, the greatest eigenvalue of the ODE system (11)
which corresponds to the second discretization is equal to the greatest eigen-
value of the first discretization’s ODE system multiplied by the coefficient n2.
For instance, in the material epoxy with 10 elements, the greatest eigenvalue
is given by |λmax| = 3.5991 · 10−3. If the number of elements is multiplied by
2, having in this way a discretization of 20 elements, the greatest eigenvalue is
multiplied by 22: |λmax| = 4 · 3.5991 · 10−3 = 1.4396 · 10−2 ≈ 1.5198 · 10−2.
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Fig. 1.: The greatest eigenvalue in module of the ODE system (11) vs. number of
elements.

3.2. STIFFNESS AS FUNCTION OF THE
LENGTH OF THE ROD

Having fixed α2 and the number of elements of the discretization, the length of
the rod has been changed and the values of the greatest and smallest eigenvalues in
module have been analysed. A discretization of 20 elements and the materials epoxy
(Araldite) and epoxy/alumina have been considered in this analysis. The greatest and
smallest eigenvalues of each case have been computed in Table (2).

Length of |λmax| |λmin| |λmax| |λmin|
the rod (cm) epoxy epoxy epoxy/alum. epoxy/alum.

2 1.5198 · 100 3.1895 · 10−3 5.2897 · 100 1.1101 · 10−2

20 1.5198 · 10−2 3.1895 · 10−5 5.2897 · 10−2 1.1101 · 10−4

200 1.5198 · 10−4 3.1895 · 10−7 5.2897 · 10−4 1.1101 · 10−6

2000 1.5198 · 10−6 3.1895 · 10−9 5.2897 · 10−6 1.1101 · 10−8

20000 1.5198 · 10−8 3.1895 · 10−11 5.2897 · 10−8 1.1101 · 10−10

Table 2: Eigenvalues of the ODE system (11) vs. length of the rod.
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Conclusions:

The shorter the length of the rod, the greater all the eigenvalues of the ODE
system (11).

Given a rod of length l, if this is multiplied by x obtaining a new rod of length
l · x, the eigenvalues of the resulting new ODE system are multiplied by 1

x2 .

3.3. STIFFNESS AS FUNCTION OF THE
THERMAL DIFFUSIVITY

The number of elements of the discretization and the length of the rod are fixed,
and two materials with thermal diffusivities α2

1 and α2
2 are considered, which verify

α2
1 = k ·α2

2. Making use of (10) it is easy to verify that the resulting matrices −M−1
1 K1

and −M−1
2 K2 of the system (11) verify the same relation as the thermal diffusivities

−M−1
1 K1 = k ·

(
−M−1

2 K2
)
. (17)

Given two proportional matrices A and B, we will see which is the connection of
their characteristic polynomials. Given a matrix A, the notation that we will use to
denote its characteristic polynomial will be χA(λ) = det(λI − A).

Theorem 3.1. Given A a square matrix of dimension n and the matrix B = k · A,
which is obtained by multiplying A by an scalar k , 0, the characteristic polynomials
of both matrices verify:

χB(λ) = knχA

(
λ

k

)
(18)

As a consequence, the eigenvalues of B are the eigenvalues of A multiplied by the
scalar k.

Proof. Taking into account the definition of the characteristic polynomial:

χB(λ) = det(λI − B) =

∣∣∣∣∣∣∣∣∣∣∣∣
λ − b11 −b12 · · · −b1n
−b21 λ − b22 · · · −b2n
...

...
. . .

...
−bn1 −bn2 · · · λ − bnn

∣∣∣∣∣∣∣∣∣∣∣∣ (19)

where: bi j = k · ai j.
Dividing each of the rows of the determinant (19) by the constant k, the value of

the determinant is divided by kn:

χB(λ) = kn

∣∣∣∣∣∣∣∣∣∣∣∣∣
λ−b11

k
−b12

k · · · −b1n
k−b21

k
λ−b22

k · · · −b2n
k

...
...

...
...

−bn1
k

−bn2
k · · · λ−bnn

k

∣∣∣∣∣∣∣∣∣∣∣∣∣
= kn

∣∣∣∣∣∣∣∣∣∣∣∣
λ
k − a11 −a12 · · · −a1n
−a21

λ
k − a22 · · · −a2n

...
...

. . .
...

−an1 −an2 · · · λ
k − ann

∣∣∣∣∣∣∣∣∣∣∣∣
(20)
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From (20) we have that:

χB(λ) = kndet
(
λ

k
I − A

)
= knχA

(
λ

k

)
⇒ χB(λ) = knχA

(
λ

k

)
(21)

So the relation (18) has been proved. Once proved (18), the next chain of equiva-
lences is obtained:

λ eigenvalue of B⇔ χB(λ) = 0⇔ χA

(
λ

k

)
= 0⇔ λ

k
eigenvalue of A (22)

Thus, if λ j is eigenvalue of A with multiplicity p, λ j · k is eigenvalue of B with
multiplicity p.

We have experimentally proved that the equality (18) is verified. The analysis
has been done using a rod of copper of length L = 20cm and another rod of the
same length but made of epoxy/alumina (100/188). The thermal diffusivities of both
rods are α2

ep.al. = 0.449 · 10−2 cm2/s and α2
copper = 1.0745 cm2/s. Both values

are experimental but they agree with the values given in [16] and [4]. The relation
between these diffusivities is given by:

k = α2
copper/α

2
ep.al. = 2.39 · 102 (23)

The eigenvalues of the resulting ODE systems have been obtained, see Table (3).
When the eigenvalues obtained for the material epoxy/alumina are multiplied by the
constant k (23), the eigenvalues of the copper are obtained.

Number of |λmax| |λmin| |λmax| |λmin|
elements epoxy/alum. epoxy/alum. copper copper

5 2.5575 · 10−3 1.1448 · 10−4 6.1203 · 10−1 2.7395 · 10−2

10 1.2527 · 10−2 1.1170 · 10−4 2.9979 · 100 2.6731 · 10−2

20 5.2897 · 10−2 1.1101 · 10−4 1.2659 · 10 2.6567 · 10−2

40 2.1453 · 10−1 1.1084 · 10−4 5.1338 · 10 2.6526 · 10−2

80 8.6108 · 10−1 1.1080 · 10−4 2.0607 · 102 2.6516 · 10−2

160 3.4473 · 100 1.1079 · 10−4 8.2498 · 102 2.6513 · 10−2

320 1.3792 · 101 1.1079 · 10−4 3.3006 · 103 2.6512 · 10−2

640 5.5172 · 101 1.1079 · 10−4 1.3203 · 104 2.6512 · 10−2

1280 2.2069 · 102 1.1079 · 10−4 5.2814 · 104 2.6512 · 10−2

Table 3: Eigenvalues of the ODE system (11) vs. number of elements.
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Conclusions:

The greater the thermal diffusivity, the greater the eigenvalues of the resulting
ODE system (11).

Given a value of a thermal diffusivity α2, if this value is multiplied by a con-
stant k, all the eigenvalues of the new ODE system are multiplied by the same
constant k. As the relation between the thermal diffusivities of the materials
epoxy/alumina and copper is given by (23), the connection that exists among
the eigenvalues of the jacobian matrices is exactly the same:

∣∣∣λmax,copper
∣∣∣ = 2.3931 · 102 ·

∣∣∣λmax,ep.al.
∣∣∣∣∣∣λmin,copper

∣∣∣ = 2.3931 · 102 ·
∣∣∣λmin,ep.al.

∣∣∣ (24)

4. STIFFNESS OF THE WAVE PDE

In Section (2) we have already seen that the FEM discretization of the wave PDE
(2) with (n + 2) nodes and (n + 1) elements leads to the ODE system (16). In this
section the eigenvalues of the jacobian matrix of the ODE system (16) have been
studied.

First of all, the relation between the eigenvalues of the ODE systems derived by the
diffusion and wave-type PDEs is proved. The previous relation between the eigen-
values of the jacobian matrices of these problems and the conclusions achieved in
the case of the diffusion PDE have been used in order to conclude the stiffness of the
problem (16) as function of the number of elements of the discretization, the length
of the string and the speed of propagation of the wave.

4.1. RELATION BETWEEN THE EIGENVALUES
OF THE ODE SYSTEMS DERIVED FROM
THE DIFFUSION AND WAVE-TYPE PDES

The jacobian matrices of the diffusion and wave-type PDEs are given by:

∂f
∂d
= A,

∂f
∂d
=

(
0 I
A 0

)
(25)

where A = −M−1K. In the following theorem the relation between the eigenvalues
of the matrices that verify (25) is proved.

Theorem 4.1. Let be A a square matrix of dimension n and B =
(
0 I
A 0

)
. Then, the

characteristic polynomials of both matrices verify:

χB(λ) = χA(λ2) (26)
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As a consequence of this result, the eigenvalues of the matrix B are the square root of
the eigenvalues of the matrix A.

Proof. The characteristic polynomial of B is given by:

χB(λ) = det
(
λI −I
−A λI

)
(27)

As A is a square matrix of dimension n, the matrix B has dimension 2n × 2n. If
in the determinant (27) the (n + i) column multiplied by λ is added to column i, and
this operation is repeated for the indexes i = 1, 2, 3, ..., n, obtaining the following
determinant:

χB(λ) = det
(
0 −I
C λI

)
(28)

where:

C =


−a11 + λ

2 −a12 · · · −a1n
−a21 −a22 + λ

2 · · · −a2n
...

...
. . .

...
−an1 −an2 · · · −ann + λ

2

 = λ2I − A (29)

Taking into account (29), expression (28) results:

χB(λ) = det
(

0 −I
λ2I − A λI

)
(30)

We will develope the determinant (30) starting from the first row. All the elements
of this row except from the element of position (n + 1) are zero. Observe that the
element of this position is −1. Then, we will continue developing the resulting deter-
minant from row 2, until we reach the row n and we develope from this row. After
these developments we obtain:

χB(λ) = (−1)1+(n+1)(−1)(−1)2+(n+2)(−1)...(−1)n+2n(−1)det(λ2I − A)

= (−1)n(−1)(−1)n(−1)...(−1)n(−1)det(λ2I − A)

= (−1)n2+ndet(λ2I − A) = det(λ2I − A) = χA(λ2)

(31)

During the proof (31), it has to be taken into account that n2 + n = n(n + 1) is even.
Once the equality (26) is proved, the following chain of equivalences is obtained:

λ eigenvalue of B⇔ χB(λ) = 0⇔ χA(λ2) = 0⇔ λ2 eigenvalue of A (32)

Thus, if λ j is eigenvalue of A with multiplicity p, then, ±
√
λ j is eigenvalue of B with

multiplicity p.

In the Table (4) the greatest and smallest eigenvalues of the ODE systems derived
from the diffusion and the wave-type PDEs when α2 = 1 and L = 8, are tabulated.
We hereby confirm that the eigenvalues of the ODE system (16) resulted from the
wave-type PDE are the square root of the eigenvalues of the ODE system obtained
from the diffusion PDE (11).
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Number of λmax λmin λmax λmin

elements diffusion diffusion wave wave

50 −4.6737 · 102 −1.5426 · 10−1 ±2.1619 · 101i ±3.9270 · 10−1i
200 −7.4986 · 103 −1.5422 · 10−1 ±8.6595 · 101i ±3.9270 · 10−1i
800 −1.2000 · 105 −1.5421 · 10−1 ±3.4641 · 102i ±3.9270 · 10−1i

Table 4: Eigenvalues of the ODE systems derived from the diffusion and wave-type
PDEs, being α2 = 1 and L = 8.

4.2. STIFFNESS AS FUNCTION OF THE
NUMBER OF ELEMENTS OF THE
DISCRETIZATION

Having fixed α2 and the length of the string, we change the number of elements
of the discretization. We are interested in analysing the greatest and the smallest
eigenvalues in module. Real data of a string of a guitar made of carbon fiber wire is
considered [7]: length L = 0.648m, diameter d = 0.254 · 10−3m, area of the section
S = 0, 25 · π · d2, frequency f = 329.60Hz and tension T = 4 · ρ · L2 · f 2, being
ρ = 1750 · S the mass per unit length and 1750kg/m3 the mass per unit volume of the
carbon fiber. It is considered as if the string movement was linear.

Number of |λmax| |λmin|
elements

50 1.1366 · 105 2.0649 · 103

100 2.2757 · 105 2.0647 · 103

200 4.5526 · 105 2.0646 · 103

400 9.1062 · 105 2.0646 · 103

800 1.8212 · 106 2.0646 · 103

Table 5: Eigenvalues of the problem (16) for the cited string of a guitar.

The eigenvalues of the resulting first ODE system have been computed in Table
(5), and these are the conclusions:

The greatest eigenvalue of the ODE system (16) increases as the number of
elements of the discretization increases.

Given a discretization of m elements, if this quantity is multiplied by n obtain-
ing in this way a discretization of n ·m elements, the greatest eigenvalue of the
ODE system (16) is multiplied by n.
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Fig. 2.: The greatest eigenvalue of the problem (16) for a string of a guitar.

4.3. STIFFNESS AS FUNCTION OF THE
LENGTH OF THE STRING

Having fixed α2 and the number of elements of the discretization, strings of dif-
ferent lengths are considered and the greatest and smallest eigenvalues in module are
analysed. Taking into account the relation between the jacobian matrices of the ODE
systems (11) and (16) obtained after having discretized the corresponding PDEs, and
considering the conclusions achieved in Section (3.2), it can be concluded that:

The smaller the length of the string, the greater the eigenvalues of the ODE
system (16).

Given a string of length l, if this length is multiplied by x obtaining in this
way a new string of length l · x, the eigenvalues of the ODE system (16) are
multiplied by 1

x .

4.4. STIFFNESS AS FUNCTION OF THE WAVE
SPEED OF PROPAGATION

Having fixed the length of the string and the number of elements of the discretiza-
tion, the parameter α2 is changed. Taking into account the relation (26) and the
conclusions achieved in Section (3.3), we have:

The greater α2, the greater the eigenvalues of the ODE system (16).

Given a value of α2, if this value is multiplied by k, all the eigenvalues of the
ODE system (16) are multiplied by

√
k.
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5. CONCLUSIONS

In this paper the one-dimensional diffusion-type and wave-type linear Partial Dif-
ferential Equations (PDEs) with boundary conditions and initial conditions have been
considered. After applying the FEM discretization to these equations, in the case of
the diffusion-type PDE a first order ODE system is obtained and a second order ODE
system in the case of the wave-type PDE, which can be reduced to a first order ODE
system doubling the number of unknowns and equations.

The stiffness of the resulting ODE systems has been studied. It has been numeri-
cally proved that the ODE system that results after having discretized the diffusion-
type PDE presents more stiffness when the number of elements of the discretization is
increased or when the length of the rod is shortened. For the same system, it has been
proved analytically that the stiffness of the ODE system increases with the increase
of the thermal diffusivity.

It has also been proved the relation between the eigenvalues of the ODE systems
obtained from the diffusion-type and the wave-type PDEs, the eigenvalues of the lat-
ter ODE system being the square root of the eigenvalues of the first one. Taking into
account this result and the conclusions achieved for the ODE system that results from
the diffusion PDE, it is concluded that the ODE system that results after discretizing
the wave-type PDE presents more stiffness as the number of elements or the speed of
propagation are increased, or when the length of the string is shortened.

Acknowledgements. The first author was partially funded by the Basque Government Consolidated
Research Group Grant IT649-13 on “Mathematical Modeling, Simulation, and Industrial Applications
(M2SI)”.
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We use below the notions and notation of [1].
Let K be a coreflective subcategory, and R be a reflective subcategory of the cat-

egory C2V of the locally convex topological vector Hausdorff spaces, with their cor-
responding functors r : C2V −→ R and k : C2V −→ K. For any object X of
category C2V examine the following construction: let kX : kX → X is K-coreplica,
and rkX : kX → rkX is R-replica of respective objects. We construct the pushout
square

vX · kX = uX · rkX (1)

Definition 1. 1. The full subcategory of all isomorphic objects to objects of type
vX is called the pushout right product of subcategories K and R and is denoted by
V = K ∗dc R.

2. The pushout square diagram (1) is called the pushout right product diagram of
the pair of subcategories (K,R) (diagram (PRP)).

kX

X vX

rkX-

-
? ?

rkX

kX

vX

uX

Let R a be reflective subcategory, and K- a coreflective subcategory of category
C2V. Let X be an object of category C2V, rX : X → rX - its R-replica, and krX :
krX → rX its K-coreplica. Then we can construct the pullback square

rX · wX = krX · tX . (2)

27
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Definition 2. 1. The full subcategory of all isomorphic objects to objects of type
wX is called the pullback left product of subcategories K and R and it is denoted by
W = K ∗sc R.

2. The pullback square diagram (2) is called the pullback left product diagram of
pair of subcategories (K,R) (diagram (PLP)).

wX

X rX

krX

-

-

??

tX

wX

rX

krX

Lemma 1. R ⊂ K ∗dc R.

Proof. Let |A| ∈ |R|, let kA : kA → A be the K-coreplica and rkA : kA → rkA be the
R-replica of respective objects. Then kA = f · rkA for a morphism f . It is evident that
f · rkA = 1 · kA is the pushout square built on morphisms kA and rkA. So vA = 1.

kA

A A

rkA

-

-

? ?

rkA

kA

1 = vA

f

Theorem 1. The X 7→ vX defines a functor

v : C2V→ K ∗dc R.

Proof. Let us define the functor v. Consider f : X → Y ∈ C2V. Examine the
diagrams (PRP) constructed for objects X and Y (next page).

For morphism f · kX there exists a unique morphism f1 : kX → kY such that

f · kX = kY · f1 (3)

Also, for morphism rkY · f1 there exists a morphism f2 : rkX → rkY such that

rkY · f1 = f2 · rkX . (4)

We have
vY · f · kX(3)

vY · kY · f1
(1)

uY · rkY · f1
(4)

uY · f2 · rkX
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or
(vY · f ) · kX = (uY · f2) · rkX . (5)

kY

Y vY

rkY-

-
? ?

rkY

kY

vY

uY

kX

X vX

rkX

-

-

? ?

rkX

kX

vX

uX

AA

AA

AAU

AA

AA

AAU

AA

AA

AAU AA

AA

AAUf
g

f1 f2

Given that (3) is an pushout square, the equality (5) implies the existence of a
single morphism g, such that

vY · f = g · vX (6)

uY · f2 = g · uX . (7)

We define g = t( f ). In equality (6) vY is an epimorphism. So, we deduce that
morphism g verifying equality (6), is unique. It follows that v(1) = 1 and v( f · h) =
v( f ) · v(h).

Concerning the functor v : C2V → K ∗dc R the next problem occurs: When v is a
reflector functor ?

We examine the next condition:
(PRP) For any object X of category C2V in diagram (PRP) the morphism uX be-

longs to the class µK.

Theorem 2. If the pair of subcategories (K,R) satisfies the condition (PRP), then
v is a reflector functor.

Proof. We examine the diagram (PRP) constructed for objects X and Y of category
C2V. Let f : X → vY . Because uY ∈ µK, it follows that

f · kX = uY · g (8)

for a morphism g. Further, rkX is R-replica of object kX and

g = h · rkX (9)

for a morphism h. We have
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f · kX (8)
uY · g (9)

uY · h · rkX

or

f · kX = (uY · h) · rkX (10)

Considering that the square (1) is pushout, we deduce that:

f = w · vX (11)

uY · h = w · uX (12)

kY

Y vY

rkY-

-
? ?

rkY

kY

vY

uY

kX

X vX

rkX

-

-

? ?

rkX

kX

vX

uX

��*

?

AAU

AA

AA

AA

AA

AAU

f

g

w

h

So the morphism f is extended through morphism vX . The uniqueness of this
extension results from the fact that vX is, like rkX , an epimorphism.

Theorem 3. Assume that K is a coreflective subcategory, R is a reflective subcate-
gory of the category C2V, M̃ is subcategory of the spaces with Mackey topology, and
S is subcategory of the spaces with weak topology. If K ⊂ M̃, and S ⊂ R, then the
pair of subcategories (K,R) verifies the condition (PRP).

Proof. Because S ⊂ R, it follows that εR ⊂ εS = Eu∩Mu = µM̃ ⊂ µK. We examine
the diagram (PRP) for an arbitrary object X of category C2V. We have rkX ∈ εR. So
vX ∈ εR. So vX , kX ∈ µK. But vX · kX ∈ µK and from equality

vX · kX = uX · rkX

it follows that uX · rkX ∈ µK. Hence uX ∈ µK, because rkX is an epimorphism.
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Example 1. For any coreflective subcategory K we have K ∗dc Π = Π, where Π is
a reflective subcategory of complete spaces with weak topology.

Example 2. For any coreflective subcategory K we have K ∗dc S = S, where S is
a reflective subcategory of spaces with weak topology.

Proof. We construct the diagram (PRP) for an arbitrary object X of the category
C2V relative with the pair of subcategory (K,Π). We present the reflector functor
π : C2V→ Π as composition

π = g0 · s.
So, assume skX : kX → skX is S-replica of object kX, and gskX

0 : skX → g0skX is Γ0-
replica of object skX, where Γ0 is subcategory of complete spaces. Hence gskX

0 · skX is
Π-replica of object kX. We construct the pushout squares by morphisms kX and skX:

uX
1 · skX = vX

1 · kX ,

by morphisms uX
1 and gskX

0 :
vX

2 · uX
1 = uX

2 · gskX
0 .

Then (vX
2 · vX

1 ) · kX = uX
2 · (gskX

0 · skX) is a pushout square constructed by morphisms
kX and gskX

0 · skX , or by morphisms kX and πkX .

X v1X v2X

kX skX g0skX = πkX

? ? ?
- -

- -

kX uX
1 uX

2

vX
1 vX

2

skX gskX
0

Because kX is an epimorphism, it results that the uX
1 and uX

2 are epimorphisms. So
uX

2 is retractable, and v2X ∈ |Π|. Further gskX
0 ∈ Epi ∩Mp. So vX

2 ∈ Epi ∩Mp, and
v1X ∈ |S|. So we proved that K ∗dc Π = Π, and K ∗dc S = S.

Return to the previous diagram. If for any object X ∈ |C2V| we have uX
2 ∈ µK, then

uX
2 is an isomorphism, and from equality

gskX
0 · skX = (uX

2 )−1 · vX
2 · vX

1 · kX

it results that kX ∈Mu, and M̃ ⊂ K.

Remark 1. Consider M̃ that does not belong to K. Then the pair (K,Π) does not
satisfy the condition (PRP), but K ∗dc Π = Π. So, the condition (PRP) is sufficient
but not necessary as the respective product to be a reflective subcategory.
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Remark 2. Lemma 1 indicates inclusion R ⊂ K∗dcR, while the previous examples
indicate that equality of these subcategories sometimes takes place.

Definition 3. (see [1]). Consider K a coreflective subcategory and L a reflective
subcategory of category C2V with respective functors k : C2V −→ K and l : C2V −→
L. The pair (K,L) is called a pair of conjugate subcategories if

µK = εL.

Theorem 4. Consider (K,L) a pair of conjugate subcategories, and R-a reflective
subcategory of category C2V. Then:

1. K∗dcR = QεL(R), where QεL(R) is the full subcategory of all (εL)-factorobjects
of objects of subcategory R,

2. K ∗dc R is a reflective subcategory of category C2V,
3. the subcategory K ∗dc R is closed with respect to (εL)-factorobject,
4. v · k = r · k,
5. If r(K) ⊂ K, then the coreflector functor k : C2V → K and reflector functor

v : C2V→ K ∗dc R commute: k · v = v · k.

Proof. 1. In diagram (PRP) kX ∈ µK = εL. Hence uX ∈ εL = µK. So K ∗dc R ⊂
QεL(R).
Conversely: consider b : A → X ∈ εL and A ∈ |R|. Then b · kA : kA → X is the
K-coreplica of object X, and

kA = f · rkA (13)

is the pushout square constructed by morphisms kX and rkX . So X ∈ |K ∗dc R|.

X X
?

?
A A

?

?

-

A
A
A
A
A
AAU

kX = kA rkA = rkX

kX

kA

b

rkA

1

1
b

f

2. It results from 1 and Theorem 3.
3. It results from 1.
4. For an object of the form kX, the diagram (PRP) looks like the following
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kX rkX

kkX = kX rkX

-

-

1 1

rkX

rkX

So vkX = rkX.
5. We examine the diagram (PRP) constructed for an arbitrary object X of category

C2V. Then rkX is V-replica of object kX. Further, uX ∈ µK and rkX ∈ |K|, in
accordance with hypothesis r(K) ⊂ K.

So kvX = rkX = vkX, or k · v = v · k.
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Abstract In this paper we study the deformation of right cylinders filled with an anisotropic,
inhomogeneous, microstretch elastic material. We assume it is subjected to a prescribed
thermal field which is linear in the axial coordinate. In order to construct the solution,
we study first the problem of extension–bending–torsion, when the thermal field does
not depend of the axial coordinate. Then, we study the problem of extension–bending–
torsion–flexure for a the thermal field which is linear in the axial coordinate. We reduce
the three-dimensional problem to the study of four plane problems. The influence of
thermal field on the deformation of the microstretch cylinder is outlined.

Keywords: microstretch solids, elastic cylinder, thermal stresses, Saint-Venant problem, anisotropic
material.
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1. INTRODUCTION

The theory of thermo-microstretch was introduced by Eringen [11,12]. The par-
ticles of the solid with microstretch can expand and contract independent of trans-
lations and the rotations which they execute. This theory can adequately describe
the behavior of materials that have internal structure, such as: composite materials
reinforced with elastic fibers or porous bodies with pores filled with gas etc.

In the classical theory of thermoelasticity the problem of thermal stresses was
studied by Ieşan [18]) and Chiriţă [5] (see also Boley and Weiner [1], Hetnarski and
Eslami [16]). Recently, the problem of thermal stresses was studied by Nappa [25]
for the case of microstretch elasticity, by Ieşan [24] in the context of the linear theory
of Cosserat thermoelasticity for Chiral elastic beams and by Bulgariu and Ghiba [4]
and Se Cicco and Ieşan [9] for the theory of thermoelastic materials with voids.

The Saint-Venant problem, in the context of the theory of microstretch elastic ma-
terials, was studied by Ieşan and Nappa [21,22], De Cicco and Nappa [10] and Scalia
[26].

We study the problem of equilibrium of a right cylinders filled with an anisotropic,
inhomogeneous, microstretch elastic material subjected to a temperature variation
which is linear in the axial coordinate. We reduce the three-dimensional problem to
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the study of four plane problems using the method of semi-inverse solutions intro-
duced by Ieşan [19,20] and Chiriţă [6,8] and used further by Galeş [13] and Ghiba
[14,15]. We have introduced mechanical loads on the ends in order to compare the
effects of the thermal field with those produced by the resultant of the forces which
act on the bases.

2. FORMULATION OF THE PROBLEM

Consider B the interior of a cylinder of length L filled with microstretch elastic
material. We choose a rectangular Cartesian system Ox1x2x3 so that the generator
of the cylinder is parallel with the Ox3 axis and one ends lies in the x1Ox2 plane.
We denote by ∂B the boundary of B and by D(x3) ⊂ R2 the interior of the bounded
cross-section situated at distance x3 from the x1Ox2 plane.

In this paper, the Latin subscripts and superscripts are understood to range over the
integers 1, 2, 3, unless we specify else, whereas Greek subscripts and superscripts are
confined to the range 1, 2; summation over repeated subscripts is implied and comma
followed by a subscript to denote partial derivative with respect to the corresponding
Cartesian coordinate; where no confusion may occur, we suppress the dependence
upon the spatial variables.

We consider the seven-dimensional vector U = (ui, φi, ψ) at which we attach θ,
the temperature variation from the reference moment, where ui be the components
of the displacement vector, φi the components of the microrotation vector and ψ the
microstretch function.

In the absence of body loads, the problem of thermal stresses consists in determin-
ing the solution of the system of partial differential equations given by equilibrium
equations [11]

t ji, j(U) = 0, m ji, j(U) + εirstrs(U) = 0, πi,i(U) − σ(U) = 0, (1)

the constitutive equations

ti j = Ai jrsers + Bi jrsκrs + Di jrγr + Ai jψ − βi jθ,

mi j = Brsi jers +Ci jrsκrs + Ei jrγr + Bi jψ −Ci jθ,

3πi = Drsiers + Ersiκrs + Di jγ j + diψ − ξiθ,

3σ = Arsers + Brsκrs + diγi + mψ − ζθ
(2)

where the linear strain measures are given by

ei j = u j,i + ε jikφk, κi j = φ j,i, γi = ψ,i. (3)

In the above relations ti j is the stress tensor, mi j is the couple stress tensor, πi is
the microstress vector, σ is the scalar microstress function, εi jk is the alternating
symbol and Ai jrs, Bi jrs,Ci jrs,Di jr, Ei jr, Ai j, Bi j, Ci j, βi j, di, ξi,m and ζ are constitutive
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coefficients, and Ai jrs,Ci jrs,Di j satisfy the symmetry conditions

Ai jrs = Arsi j, Ci jrs = Crsi j, Di j = D ji. (4)

In this paper we assume that the microstretch materials are inhomogeneous cross-
section. Thus, we have

Ai jrs = Ai jrs(x1, x2), Bi jrs = Bi jrs(x1, x2),

Ci jrs = Ci jrs(x1, x2), Di jr = Di jr(x1, x2), Ei jr = Ei jr(x1, x2),

Ai j = Ai j(x1, x2), Bi j = Bi j(x1, x2), Di j = Di j(x1, x2),

di = di(x1, x2), m = m(x1, x2), βi j = βi j(x1, x2),

Ci j = Ci j(x1, x2), ξi = ξi(x1, x2), ζ = ζ(x1, x2).

(5)

The surface loadings at a regular point x of the boundary ∂B, are given by

ti(U) = t ji(U)n j, mi(U) = m ji(U)n j, π(U) = πi(U)ni, (6)

where ni are the components of the unit outward normal vector at ∂B, at point x.
The cylinder is considered free of surface loadings, i.e.

Ai(U) ≡ tαi(U)nα = 0,

Bi(U) ≡ mαi(U)nα = 0,

C(U) ≡ πα(U)nα = 0 on ∂B.

(7)

Let R(U) = (R1,R2,R3) and M(U) = (M1,M2,M3) be two prescribed vectors
representing the resultant force and the resultant moment about the origin of the co-
ordinate system Ox1x2x3 of the tractions acting on D(0). On the end D(L) there are
tractions applied so that the equilibrium conditions for the considered cylinder to be
satisfied. We have introduced mechanical loads R(U) and M(U) in order to compare
the effects of temperature field with those produced by the resultants acting on the
ends. Then, for x3 = 0 we have the conditions∫

D(0)
t3i(U)da = −Ri,

∫
D(0)

(
ε3αβxβt33(U) + m3α(U)

)
da = −Mα,∫

D(0)

[
εαβ3xαt3β(U) + m33(U)

]
da = −M3.

(8)

The problem (P) of thermal stresses consists in determine the solution ui, φi and
ψ that satisfy the equations (1), (2)1,2,3,4 and (3) on B, the lateral surface conditions
(8) and conditions (9) on the base D(0), when θ and the constitutive coefficients are
known, and Ri,Mi, are prescribed. The internal energy density

2W(U) = Ai jrsei j(U)ers(U) +Ci jrsκi j(U)κrs(U) + ci jγi(U)γ j(U)

+ξψ2(U) + 2Bi jrsei j(U)κrs(U) + 2Di jrei j(U)γr(U)

+2Ei jrκi j(U)γr(U) + 2ai jei j(U)ψ(U) + 2bi jκi j(U)ψ(U)

+2diγi(U)ψ(U)

(9)
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is assumed to be a positive defined quadratic form in terms of the quantities ei j, κi j, γi
and ψ.

Following Ieşan [20] Chiriţă [5] and Bulgariu [3] we define the state of generalized
thermoelastic plane strain for the interior of the cross section D ⊂ R2, to be the state
in which

wi = wi(x1, x2), νi = νi(x1, x2),

ω = ω(x1, x2), τ = τ(x1, x2), (x1, x2) ∈ D.
(10)

For every state of generalized thermoelastic plain strain W = (wi(x1, x2),
νi(x1, x2), ω(x1, x2)) and temperature variation field τ(x1, x2) with (x1, x2) ∈ D, we
define the operators

Ti(W) ≡ [
Aαiβs(ws,β + εsβkνk) + Bαiβsνs,β + Dαiβω,β + Aαiω

−βαiτ − ε3βρAαi3βνρ
]
,α,

Si(W) ≡ [
Bβsαi(ws,β + εsβkνk) +Cαiβsνs,β + Eαiβω,β + Bαiω

−Cαiτ − ε3βρB3βαiνρ
]
,α + εirs

[
Arsβq(wq,β + εsβkνk)

+Brsβqνq,β + Drsβω,β + Arsω − βrsτ − ε3βρArs3βνρ
]
,

P(W) ≡ [
Dβsα(ws,β + εsβkνk) + Eβsανs,β + Dαβω,β + dαω

−ξατ − ε3βρD3βανρ
]
,α −

[
Aβ j(w j,β + ε jβkνk) + Bβ jν j,β

+dβω,β + mω − ζτ − ε3βρA3βνρ
]

in D,

Ai(W) ≡ [
Aαiβs(ws,β + εsβkνk) + Bαiβsνs,β + Dαiβω,β + Aαiω

−βαiτ − ε3βρAαi3βνρ
]
nα,

(11)

Bi(W) ≡ [
Bβsαi(ws,β + εsβkνk) +Cαiβsνs,β + Eαiβω,β + Bαiω

−Cαiτ − ε3βρB3βαiνρ
]
nα,

C(W) ≡ [
Dβsα(ws,β + εsβkνk) + Eβsανs,β + Dαβω,β + dαω − ξατ
−ε3βρD3βανρ

]
nα on ∂D.

The aim of the first part of this paper is to find the solution of the following two
problems:
(P0): extension–bending–torsion (Rα = 0), when the temperature distribution do not
depends of the axial coordinate;
(P1): extension–bending–torsion–flexure, when the temperature distribution is linear
in the axial coordinate.

3. THE SOLUTION OF THE PROBLEM (P0)
In the following two sections, using the method of semi-inverse solutions in-

troduced by Ieşan [19,20] and Chiriţă [6,8], we construct the solution of the prob-
lems (P0) and (P1) defined above. The method of semi-inverse solution consists in
analysing the thermal stresses problem using some generalized plane strain problems.



On thermal stresses in anisotropic inhomogeneous microstretch cylinders 39

The problem (P0) consists in finding a solution U0 = (u0, φ0, ψ0) of the problem
defined by the equations (1), boundary conditions (8) and (9) and the temperature
variation θ independent of the axial coordinate, i.e.

θ = T0(x1, x2) (12)

with T0 prescribed and Rα = 0.
Using the above method for Saint-Venant’s problem, Bulgariu [3] introduced the

following class CI of semi-inverse solutions:

CI =
{
(u0

i , φ
0
i , ψ

0) |


u0

i,3 = αi + εi jkβ jxk,

φ0
i,3 = βi,

ψ0
,3 = 0,

cu αi, βi ∈ R
}
, (13)

which after integration becomes

u0
α = −

1
2

aαx2
3 − ε3αβa4xβx3 + wα(x1, x2) , φ0

3 = a4x3 + ν3(x1, x2),

u0
3 = (a1x1 + a2x2 + a3)x3 + w3(x1, x2), ψ0 = ω(x1, x2),

φ0
α = ε3αβaβx3 + να(x1, x2) ,

(14)

excepting a rigid displacement and as, s = 1, 2, 3, 4, are constants to be found. The
state of generalized thermoelastic plain strain W is defined by

W =
4∑

s=1

asW(s). (15)

where W(s) = (w(s)
i , ν(s)

i , ω(s)), s = 1, 2, 3, 4, are solutions of the problems, denoted by
(∆s) and characterized by the equations

Ti(W(s)) + f (s)
i = 0 , Si(W(s)) + g(s)

i = 0 , P(W(s)) + 3h(s) = 0 , (16)

in D with lateral boundary conditions

Ai(W(s)) = T̃ (s)
i Bi(W(s)) = M̃(s)

i , C(W(s)) = 3Π̃(s) , (17)

on ∂D, with

f (γ)
i = (Aαi33xγ + ε3ργBαi3ρ),α, f (3)

i = (Aαi33),α,

f (4)
i = (ε3βρAαi3ρxβ + Bαi33),α,

g(γ)
i = (B33αixγ + ε3ργCαi3ρ),α + εirs(Ars33xγ + ε3αγBrs3α),

g(3)
i = (B33αi),α + εirsArs33,

g(4)
i = (ε3βρB3ραixβ +Cαi33),α + εirs(ε3βαArs3αxβ + Brs33),

3h(γ) = (D33αxγ + ε3ργE3ρα),α − (A33xγ + ε3αγB3α),

3h(3) = (D33α),α − A33,

(18)
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3h(4) = (ε3βρD3ραxβ + E33α),α − (ε3βαA3αxβ + B33),

T̃ (γ)
i = −(Aαi33xγ + ε3ργBαi3ρ)nα, T̃ (3)

i = −Aαi33nα,

T̃ (4)
i = −(ε3βρAαi3ρxβ + Bαi33)nα,

M̃(γ)
i = −(B33αixγ + ε3ργCαi3ρ)nα,

M̃(3)
i = −B33αinα, M̃(4)

i = −(ε3βρB3ραixβ +Cαi33)nα,

3Π̃(γ) = −(D33αxγ + ε3ργE3ρα)nα, 3Π̃(3) = −D33αnα,

3Π̃(4) = −(ε3βρD3ραxβ + E33α)nα.

(19)

The solutions of the generalized plane strain isothermal problems (∆s) are consid-
ered known. It is easy to see that the solution U0 ∈ CI can be written in the form

U0 =

4∑
s=1

asU(s) (20)

where

u(γ)
α = − 1

2 x2
3δαγ + w(γ)

α , u(3)
α = w(3)

α , u(4)
α = −ε3αβxβx3 + w(4)

α ,

u(γ)
3 = xγx3 + w(γ)

3 , u(3)
3 = x3 + w(3)

3 , u(4)
3 = w(4)

3 ,

φ
(γ)
α = ε3αγx3 + ν

(γ)
α , φ(3)

α = ν
(3)
α , φ(4)

α = ν
(4)
α

φ
(γ)
3 = ν

(γ)
3 , φ(3)

3 = ν
(3)
3 , φ(4)

3 = x3 + ν
(4)
3 .

(21)

Also Bulgariu [3] demonstrates that R3 and Mi are such that

−R3(U0) =
4∑

s=1

asD3s, −Mα(U0) =
4∑

s=1

ε3αβasDβs,

−M3(U0) =
∑4

s=1 asD4s,

(22)

where

Dβλ =

∫
D(0)

[
xβ

(
t(λ)
33 + ε3ρλB333ρ + A3333xλ

)
+ε3αβ

(
m(λ)

3α + ε3ρλC3α3ρ + B333αxλ
)]

da,

Dβ3 =

∫
D(0)

[
xβ

(
t(3)
33 + A3333

)
+ ε3αβ

(
m(3)

3α + B333α
)]

da,

Dβ4 =

∫
D(0)

[
xβ

(
t(4)
33 − ε3ρλA333ρxλ + B3333

)
+ε3αβ

(
m(4)

3α − ε3ρλB3ρ3αxλ +C3α33
)]

da,

(23)
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D3α =

∫
D(0)

[
t(α)
33 + ε3βαB333β + A3333xα

]
da,

D33 =

∫
D(0)

[
t(3)
33 + A3333

]
da,

D34 =

∫
D(0)

[
t(4)
33 − ε3αβA333αxβ + B3333

]
da,

D4λ =

∫
D(0)

[
ε3αβxα

(
t(λ)
3β + ε3ρλB3β3ρ + A3β33xλ

)
+ m(λ)

33

+ε3ρλC333ρ + B3333xλ
]
da,

D43 =

∫
D(0)

[
ε3αβxα

(
t(3)
3β + A3β33

)
+ m(3)

33 + B3333
]
da,

D44 =

∫
D(0)

[
ε3αβxα

(
t(4)
3β − ε3ρλA3β3ρxλ + B3β33

)
+ m(4)

33

−ε3ρλB3ρ33xλ +C3333
]
da.

and t(s)
i j ,m

(s)
i j , π

(s)
i , σ(s) are the stress tensor, the couple stress tensor, the microstress

vector and respectively the scalar microstress function for the state of generalized
thermoelastic plain strain in the isothermal case.

Scalia [26] proved that the system (22) has a unique solution, i.e.

det(Drs) , 0 (24)

thus, we can determine the constants the constants as, s = 1, 2, 3, 4. One can verify
that the solution given in this section corresponds to Rα = 0.

The values on the ends of the couple stress tensor and the microstress vector for
the constructed solution U0 of the problem (P0) are given by

mi = m(L)
i ≡ B333i(a1x1 + a2x2 + a3) + Bαs3i(ws,α + εsαkνk)

−ε3αγB3α3i(νγ + a4xβ) +C3i33a4 + ε3αγC3i3αaγ
+C3iαsνs,α + E3iαω,α + B3iω − β3iτ on D(L),

(25)

mi = −m(L)
i on D(0),

3π = 3π(L) ≡ D333(a1x1 + a2x2 + a3) + Dαs3(ws,α + εsαkνk)

−ε3αγD3α3(νγ + a4xβ) + E333a4 + ε3αγE3α3aγ
+Eαs3νs,α + D3αω,α + d3ω − ξ3τ on D(L),

3π = −3π(L) on D(0),

where W = (wi, νi, ω) are defined by relation (15).
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4. THE SOLUTION OF THE PROBLEM (P1)
The problem (P1) consists in the study of the deformation of the microstretch

cylinder similar to the problem (P0) but subject to the prescribed thermal field

θ = T0(x1, x2) + x3T1(x1, x2), (x1, x2) ∈ D. (26)

The class CII of semi-inverse solutions for the problem (P1) introduced by Bul-
gariu [3] is defined by the vectors U∗ = (u∗i , φ

∗
i , ψ
∗) satisfying∫

D
t3i(U∗,3)da = 0,

∫
D

[
ε3αβxαt3β(U∗,3) + m33(U∗,3)

]
da = 0, (27)

and moreover u∗,33 has the expression of a rigid displacement. Written extensively,
the solution U∗ has the following expression

u∗α = −
1
6

bαx3
3 −

1
2

cαx2
3 −

1
2
ε3αβb4xβx2

3 − ε3αβc4xβx3

+

4∑
s=1

(cs + bsx3)w(s)
α + w̃α(x1, x2) + x3ŵα(x1, x2),

u∗3 =
1
2

(b1x1 + b2x2 + b3)x2
3 + (c1x1 + c2x2 + c3)x3

+

4∑
s=1

(cs + bsx3)w(s)
3 + w̃3(x1, x2) + x3ŵ3(x1, x2),

φ∗α =
1
2
ε3αβbβx2

3 + ε3αβcβx3 +

4∑
s=1

(cs + bsx3)ν(s)
α + ν̃α(x1, x2)

+x3̂να(x1, x2),

(28)

φ∗3 =
1
2

b4x2
3 + c4x3 +

4∑
s=1

(cs + bsx3)ν(s)
3 + ν̃3(x1, x2) + x3̂ν3(x1, x2),

ψ∗ =
4∑

s=1

(cs + bsx3)ω(s) + ω̃(x1, x2) + x3ω̂(x1, x2),

where W(s) = (w(s)
i , ν(s)

i , ω(s)) are the solutions of the problems (∆s), w̃i, ŵi,
ν̃i, ν̂i, ω̃ and ω̂ are unknown functions, independent of x3 and bs, cs, (s = 1, 2, 3, 4),
are unknown constants which will be further determined.

We denote by ẽi j, κ̃i j and γ̃i the strain measure of the generalized strain problem
characterized by w̃i the components of displacement vector, ν̃i the components of
microrotation vector and with ω̃ the microstretch function. In this way

ẽα j = w̃ j,α + ε jαkν̃k , ẽ3α = −ε3αβ̃νβ , ẽ33 = 0 ,

κ̃α j = ν̃ j,α , κ̃3 j = 0 , γ̃α = ω̃,α , γ̃3 = 0 .
(29)
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Let us use the notations

t̃i j = Ai jαs̃eαs + Ai j3αẽ3α + Bi jαs̃καs + Di jαγ̃α + Ai jω̃ − βi jT0,

m̃i j = Bαsi j̃eαs + B3αi j̃e3α +Ci jαs̃καs + Ei jαγ̃α + Bi jω̃ −Ci jT0,

3π̃i = Dαsĩeαs + D3αĩe3α + Eαsĩκαs + Diαγ̃α + diω̃ − ξT0,

3σ̃ = Aα j̃eα j + A3αẽ3α + Bα j̃κα j + dαγ̃α + mω̃ − ζT0.

(30)

It is easy to observe that t̃i j, m̃i j, π̃i and σ̃ are the components of stress tensor, the cou-
ple stress tensor, microstress vector and respectively the scalar microstress function
that coresponds to the generalized plane strain state given by w̃i, ν̃i, ω̃ and T0.

Similarly, the strain measures corresponding to the state of generalized thermoe-
lastic plane strain defined by the field Ŵ = (ŵi, φ̂i, ψ̂) and T1 are

êα j = ŵ j,α + ε jαk̂νk, ê3α = −ε3αβ̂νβ, ê33 = 0,

κ̂α j = ν̂ j,α, κ̂3 j = 0, γ̂α = ω̂,α, γ̂3 = 0,
(31)

and

t̂i j = Ai jαŝeαs + Ai j3αê3α + Bi jαŝκαs + Di jαγ̂α + Ai jω̂ − βi jT1,

m̂i j = Bαsi ĵeαs + B3αi ĵe3α +Ci jαŝκαs + Ei jαγ̂α + Bi jω̂ −Ci jT1,

3̂πi = Dαsîeαs + D3αîe3α + Eαsîκαs + Diαγ̂α + diω̂ − ξiT1,

3σ̂ = Aα ĵeα j + A3αê3α + Bα ĵκα j + dαγ̂α + mω̂ − ζT1.

(32)

Using the relations (3), (28), (29) and (31), we obtain that

eαi =

4∑
s=1

(cs + bsx3)e(s)
αi + ẽαi + x3̂eαi,

e3α =

4∑
s=1

(cs + bsx3)e(s)
3α + ẽ3α + x3̂e3α − ε3αβ(c4 + b4x3)xβ + ŵα

+

4∑
s=1

bsw
(s)
α ,

e33 = c1x1 + c2x2 + c3 + (b1x1 + b2x2 + b3)x3 + ŵ3 +

4∑
s=1

bsw
(s)
3 ,
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καi =

4∑
s=1

(cs + bsx3)κ(s)
αi + κ̃αi + x3̂καi,

κ3α = ε3αβ(cβ + bβx3) + ν̂α +
4∑

s=1

bsν
(s)
α ,

κ33 = c4 + b4x3 + ν̂3 +

4∑
s=1

bsν
(s)
3 ,

γα =

4∑
s=1

(cs + bsx3)γ(s)
α + γ̃α + x3γ̂α,

γ3 =

4∑
s=1

bsω
(s) + ω̂,

(33)

where e(s)
i j , κ

(s)
i j and γ(s)

i , (s = 1, 2, 3, 4) are the strain measures corresponding to the

functions w(s)
i , φ(s)

i and ψ(s) and hence

e(s)
α j = w(s)

j,α + ε jαkν
(s)
k , e(s)

3α = −ε3αβν
(s)
β , e(s)

33 = 0 ,

κ(s)
α j = ν

(s)
j,α , κ(s)

3 j = 0 , γ(s)
α = ω

(s)
,α , γ(s)

3 = 0 .
(34)

The constitutive equations (2), in the light of relations (33), become

ti j =

4∑
s=1

(cs + bsx3)t(s)
i j + t̃i j + x3̂ti j +

4∑
s=1

bs
(
Ai j3rw

(s)
r + Bi j3rν

(s)
r

+Di j3ω
(s)) + Ai j3rŵr + Bi j3r̂νr + Di j3ω̂ − ε3αβ

[
Ai j3α(c4

+b4x3)xβ − Bi j3α(cβ + bβx3)
]
+ Ai j33(c1x1 + c2x2 + c3)

+Ai j33(b1x1 + b2x2 + b3)x3 + Bi j33c4 + Bi j33b4x3,

(35)

mi j =

4∑
s=1

(cs + bsx3)m(s)
i j + m̃i j + x3m̂i j +

4∑
s=1

bs
(
B3ri jw

(s)
r

+Ci j3rν
(s)
r + Ei j3ω

(s)) + B3ri jŵr +Ci j3r̂νr + Ei j3ω̂

−ε3αβ
[
B3αi j(c4 + b4x3)xβ −Ci j3α(cβ + bβx3)

]
+ B33i j(c1x1

+c2x2 + c3) + B33i j(b1x1 + b2x2 + b3)x3 +Ci j33c4 +Ci j33b4x3,
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3πi = 3
4∑

s=1

(cs + bsx3)π(s)
i + 3π̃i + 3x3π̂i +

4∑
s=1

bs
(
D3riw

(s)
r

+E3riν
(s)
r + Di3ω

(s)) + D3riŵr + E3rîνr + Di3ω̂ − ε3αβ
[
D3αi(c4

+b4x3)xβ − E3αi(cβ + bβx3)
]
+ D33i(c1x1 + c2x2 + c3)

+D33i(b1x1 + b2x2 + b3)x3 + E33ic4 + E33ib4x3,

3σ = 3
4∑

s=1

(cs + bsx3)σ(s) + 3σ̃ + 3x3σ̂ +

4∑
s=1

bs
(
A3rw

(s)
r + B3rν

(s)
r

+d3ω
(s)) + A3rŵr + B3r̂νr + d3ω̂ − ε3αβ

[
A3α(c4 + b4x3)xβ

−B3α(cβ + bβx3)
]
+ A33(c1x1 + c2x2 + c3)

+A33(b1x1 + b2x2 + b3)x3 + B33c4 + B33b4x3,

where t(s)
i j ,m

(s)
i j , π

(s) and σ(s) are given by

t(s)
i j = Ai jαre

(s)
αr + Ai j3αe(s)

3α + Bi jαrκ
(s)
αr + Di jαγ

(s)
α + Ai jω

(s),

m(s)
i j = Bαri je

(s)
αr + B3αi je

(s)
3α +Ci jαrκ

(s)
αr + Ei jαγ

(s)
α + Bi jω

(s),

3π(s)
i = Dαrie

(s)
αr + D3αie

(s)
3α + Eαriκ

(s)
αr + Diαγ

(s)
α + diω

(s),

3σ(s) = Aαre
(s)
αr + A3αe(s)

3α + Bαrκ
(s)
αr + dαγ

(s)
α + mω(s).

(36)

Now, we are able to say that the unknown functions w̃i, ŵi, ν̃i, ν̂i, ω̃ and ω̂ are solu-
tions of the following equations

t̃βi,β + f̃i = 0, m̃βi,β + εipq t̃pq + g̃i = 0, π̃α,α − σ̃ + h̃ = 0 in D(0) (37)

and
t̂βi,β = 0, m̂βi,β + εipq̂tpq = 0, π̂α,α − σ̂ = 0 in D(0). (38)

Also, the solutions of the problems characterized by the above equations must verify
the boundary conditions

t̃βinβ = T̃i, m̃βinβ = M̃i, π̃αnα = P̃ on ∂D(0) (39)

and
t̂βinβ = 0, m̂βinβ = 0, π̂αnα = 0 on ∂D(0), (40)

where

f̃i = t̂3i +

4∑
s=1

bs
[
t(s)
3i +

(
Aαi3rw

(s)
r + Bαi3rν

(s)
r + Dαi3ω

(s))
,α

]
+
(
Aαi3rŵr + Bαi3r̂νr + Dαi3ω̂

)
,α − ε3αβ

[
A3i3αb4xβ − B3i3αbβ

]
+A3i33(b1x1 + b2x2 + b3) + B3i33b4,

(41)
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g̃i = m̂3i +

4∑
s=1

bs
[
m(s)

3i +
(
B3rαiw

(s)
r +Cαi3rν

(s)
r + Eαi3ω

(s))
,α

+εipq
(
Apq3rw

(s)
r + Bpq3rν

(s)
r + Dpq3ω

(s))] + (
B3rαiŵr +Cαi3r̂νr

+Eαi3ω̂
)
,α + εipq

(
Apq3rŵr + Bpq3r̂νr + Dpq3ω̂

)
−ε3αβ

(
B3α3ib4xβ −C3i3αbβ

)
+ B333i(b1x1 + b2x2 + b3)

+C3i33b4,

3̃h = 3̂π3 +

4∑
s=1

bs
[
3π(s)

3 +
(
D3rαw(s)

r + E3rαν
(s)
r + Dα3ω

(s))
,α

−A3rw
(s)
r − B3rν

(s)
r − d3ω

(s)] + (
D3rαŵr + E3rα̂νr + Dα3ω̂

)
,α

−A3rŵr − B3r̂νr − d3ω̂ − ε3αβ
(
D3α3b4xβ − E3α3bβ

)
+D333(b1x1 + b2x2 + b3) + E333b4,

T̃i = −
[ 4∑

s=1

bs
(
Aαi3rw

(s)
r + Bαi3rν

(s)
r + Dαi3ω

(s))
+Aαi3rŵr + Bαi3r̂νr + Dαi3ω̂

]
nα,

M̃i = −
[ 4∑

s=1

bs
(
B3rαiw

(s)
r +Cαi3rν

(s)
r + Eαi3ω

(s))
+B3rαiŵr +Cαi3r̂νr + Eαi3ω̂

]
nα,

3P̃ = −
[ 4∑

s=1

bs
(
D3rαw(s)

r + E3rαν
(s)
r + Dα3ω

(s))
+D3rαŵr + E3rα̂νr + Dα3ω̂

]
nα.

(42)

We denote by (Π0) the thermoelastic generalized plane strain problem character-
ized by the equations (29), (30), (37) and the boundary conditions (39), while with
(Π1) we denote the thermoelastic generalized plane strain problem characterized by
the equations (31), (32), (38) and the boundary conditions (40).

The necessary and sufficient conditions for the existence of the solution of the
problem (Π1) are satisfied, while the problem (Π0) has a solution if and only if the
following conditions are satisfied∫

D(0)
f̃ida +

∫
∂D(0)

T̃ids = 0,∫
D(0)

(
ε3αβxα f̃β + g̃3

)
da +

∫
∂D(0)

(
ε3αβxαT̃β + M̃3

)
ds = 0.

(43)
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In the view of relations (23), (35), (41), (42) and the divergence theorem, we find
that ∫

D(0)
f̃αda +

∫
∂D(0)

T̃αds =
∫

D(0)
t3α,3da (44)

and moreover ∫
D(0)

f̃3da +
∫
∂D(0)

T̃3ds =
4∑

s=1

bsD3s +

∫
D(0)

t̂33da, (45)

∫
D(0)

(
ε3αβxα f̃β + g̃3

)
da +

∫
∂D(0)

(
ε3αβxαT̃β + M̃3

)
ds

=

4∑
s=1

bsD4s +

∫
D(0)

(
ε3αβxα̂t3β + m̂33

)
da.

As in [24], we have

t3α = (xαtρ3),ρ + xαt33,3 + ε3βαmρβ,ρ + ε3βαm3β,3,

t3α,3 = (xαtρ3),ρ3 + xαt33,33 + ε3βαmρβ,ρ3 + ε3βαm3β,33.
(46)

Using the divergence theorem and the constitutive equations (35), we find∫
D(0)

t3αda =
4∑

s=1

bsDαs +

∫
D(0)

(
xα̂t33 + ε3βαm̂3β

)
da,∫

D(0)
t3α,3da = 0.

(47)

In the same way as in Ieşan [24], we obtain that the systems to determine the
constants bs and cs, (s = 1, 2, 3, 4) are

4∑
s=1

bsDαs = −Rα − R∗α,
4∑

s=1

bsD3s = K1,

4∑
s=1

bsD4s = K2, (48)

and
4∑

s=1

csε3αβDβs = −Mα − M∗α,
4∑

s=1

csD3s = −R3 − R∗3,

4∑
s=1

csD4s = −M3 − M∗3,

(49)

where
R∗α =

∫
D(0)

(
xα̂t33 + ε3βαm̂3β

)
da, K1 = −

∫
D(0)

t̂33da,

K2 = −
∫

D(0)

(
ε3αβxα̂t3β + m̂33

)
da,

(50)
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M∗α =
∫

D(0)

{
ε3αβxβ

[̃
t33 +

4∑
s=1

bs
(
A333rw

(s)
r + B333rν

(s)
r

+D333ω
(s)) + A333rŵr + B333r̂νr + D333ω̂

]
+

4∑
s=1

bs
(
B3r3αw(s)

r

+C3α3rν
(s)
r + E3α3ω

(s)) + m̃3α + B3r3αŵr +C3α3r̂νr

+E3α3ω̂
}
da,

(51)

R∗3 =
∫

D(0)

[̃
t33 +

4∑
s=1

bs
(
A333rw

(s)
r + B333rν

(s)
r + D333ω

(s))
+A333rŵr + B333r̂νr + D333ω̂

]
da,

M∗3 =
∫

D(0)

{
ε3αβxα

[̃
t3β +

4∑
s=1

bs
(
A3β3rw

(s)
r + B3β3rν

(s)
r + D3β3ω

(s))
+A3β3rŵr + B3β3r̂νr + D3β3ω̂

]
+

4∑
s=1

bs
(
B3r33w(s)

r +C333rν
(s)
r

+E333ω
(s)) + m̃33 + B3r33ŵr +C333r̂νr + E333ω̂

}
da.

Hence, the solution of the problem (P2) is completely determined.
The values on the ends of the couple stress tensor and the microstress vector for

the constructed solution U∗ of the problem (P1) are given by

mi = −
{ 4∑

s=1

csm
(s)
3i + m̃3i +

4∑
s=1

bs
(
B3r3iw

(s)
r +C3i3rν

(s)
r

+E3i3ω
(s)) + B3r3iŵr +C3i3r̂νr + E3i3ω̂ − ε3αβ

[
B3α3ic4xβ

−C3i3αcβ
]
+ B333i(c1x1 + c2x2 + c3) +C3i33c4

}
on D(0),

(52)

mi =

4∑
s=1

(cs + Lbs)m
(s)
3i + m̃3i + Lm̂3i +

4∑
s=1

bs
(
B3r3iw

(s)
r

+C3i3rν
(s)
r + E3i3ω

(s)) + B3r3iŵr +C3i3r̂νr + E3i3ω̂

−ε3αβ
[
B3α3i(c4 + Lb4)xβ −C3i3α(cβ + Lbβ)

]
+B333i(c1x1 + c2x2 + c3) + B333i(b1x1 + b2x2 + b3)L
+C3i33c4 +C3i33Lb4 on D(L),
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3π = −
{
3

4∑
s=1

csπ
(s)
3 + 3π̃3 +

4∑
s=1

bs
(
D3r3w(s)

r + E3r3ν
(s)
r

+D33ω
(s)) + D3r3ŵr + E3r3̂νr + D33ω̂ − ε3αβ

[
D3α3c4xβ

−E3α3cβ
]
+ D333(c1x1 + c2x2 + c3) + E333c4

}
on D(0),

3π = 3
4∑

s=1

(cs + Lbs)π
(s)
3 + 3π̃3 + 3L̂π3 +

4∑
s=1

bs
(
D3r3w(s)

r

+E3r3ν
(s)
r + D33ω

(s)) + D3r3ŵr + E3r3̂νr + D33ω̂

−ε3αβ
[
D3α3(c4 + Lb4)xβ − E3α3(cβ + Lbβ)

]
+ D333(c1x1

+c2x2 + c3) + D333(b1x1 + b2x2 + b3)L
+E333c4 + E333Lb4 on D(L).

From (28), (48) and (49) we can see how being linear in the axial coordinate, the
thermal field produces an extension characterized by the force R∗3, a bending by the
moments M∗α, a torsion generated by the moment M∗3, a flexure associated with the
forces R∗α and a plane deformation parallel to the end D(0). If T1 = 0, then from (31),
(32), (38) and (40) we find that t̂i j, m̂i j, π̂i and σ̂ are zero and hence from (48), we
have that R∗α = 0 and Kα = 0, α = 1, 2.

A thermal field independent of x3 produces extension, bending and torsion of the
cylinder.
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1. INTRODUCTION

In this paper we study the following boundary value problem

Dq
c x(t) ∈ F(t, x(t)) a.e. ([0, T ]),

x(0) = 0, x′(0) = 0, ... , x(m−2)(0) = 0
x(T ) =

∑n
i=1 γi[I

βi x(ηi) − Iβi x(ξi)],
(1.1)

where m ∈ N, m ≥ 2, q ∈ (m − 1,m], Dq
c is the Caputo fractional derivative, Iβ is the

fractional integral of order β, F : [0,T ] × R → P(R) is a set-valued map, γi ∈ R,
βi > 0, i = 1, 2, ..., n and 0 < ξ1 < η1 < ... < ξn < ηn < 1.

Differential equations with fractional order have recently proved to be strong tools
in the modelling of many physical phenomena. As a consequence there was an in-
tensive development of the theory of differential equations of fractional order ([15,
17] etc.). The study of fractional differential inclusions was initiated by El-Sayed and
Ibrahim ([12]).

The present paper is motivated by a recent paper of Ahmad and Ntouyas ([1])
where existence results for problem (1.1) are established for convex as well as non-
convex set-valued maps. The existence results in [1] are based on a nonlinear alter-
native of Leray-Schauder type and Covitz-Nadler contraction principle for set-valued
maps. The situation when F is a single-valued map was studied in [2]. For the mo-
tivation, discussion on multi-strip boundary conditions, examples and a consistent
bibliography on these problems we refer to [1] and the references therein.
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As it is pointed out in [1] the boundary condition in (1.1) can be interpreted in the
sense that a controller at the right-end of the considered interval is influenced by a
discrete distribution of finite many nonintersecting strips of arbitrary length expressed
in terms of fractional integral boundary conditions.

The aim of our paper is to consider the situation when F(., .) has nonconvex values
and to present two new existence results for problem (1.1) which are Filippov type
existence results for this problem.

In our first approach we obtain an existence result by the application of the set-
valued contraction principle in the space of derivatives of solutions instead of the
space of solutions as in [1]. We note that the idea of applying the set-valued con-
traction principle due to Covitz and Nadler ([11]) in the space of derivatives of the
trajectories belongs to Tallos ([14, 18]) and it was already used for similar results
obtained for other classes of differential inclusions ([5-8]).

In our second approach we show that Filippov’s ideas ([13]) can be suitably adapted
in order to obtain the existence of solutions for problem (1.1). Recall that for a dif-
ferential inclusion defined by a lipschitzian set-valued map with nonconvex values,
Filippov’s theorem ([13]) consists in proving the existence of a solution starting from
a given ”quasi” or ”almost” solution. Moreover, the result provides an estimate be-
tween the ”quasi” solution and the solution obtained.

The paper is organized as follows: in Section 2 we recall some preliminary results
that we need in the sequel and in Section 3 we prove our main results.

2. PRELIMINARIES

In this short section we sum up some basic facts that we are going to use later.
Let (X, d) be a metric space and consider a set valued map T on X with nonempty

values in X. T is said to be a λ-contraction if there exists 0 < λ < 1 such that:

dH(T (x),T (y)) ≤ λd(x, y) ∀x, y ∈ X,

where dH(., .) denotes the Pompeiu-Hausdorff distance. Recall that the Pompeiu-
Hausdorff distance of the closed subsets A, B ⊂ X is defined by

dH(A, B) = max{d∗(A, B), d∗(B, A)}, d∗(A, B) = sup{d(a, B); a ∈ A},

where d(x, B) = infy∈B d(x, y).
The set-valued contraction principle ([11]) states that if X is complete, and T :

X → P(X) is a set valued contraction with nonempty closed values, then T (.) has a
fixed point, i.e. a point z ∈ X such that z ∈ T (z).

We denote by Fix(T ) the set of all fixed points of the set-valued map T . Obviously,
Fix(T ) is closed.
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Lemma 2.1. ([16]) Let X be a complete metric space and suppose that T1, T2 are
λ-contractions with closed values in X. Then

dH(Fix(T1), Fix(T2)) ≤ 1
1 − λ sup

z∈X
d(T1(z), T2(z)).

Let I = [0, T ], we denote by C(I,R) the Banach space of all continuous functions
from I to R with the norm ||x(.)||C = supt∈I |x(t)| and L1(I,R) is the Banach space of
integrable functions u(.) : I → R endowed with the norm ||u(.)||1 =

∫ T
0 |u(t)|dt.

Definition 2.2. ([15]) a) The fractional integral of order q > 0 of a Lebesgue
integrable function f (.) : (0,∞)→ R is defined by

Iq f (t) =
∫ t

0

(t − s)q−1

Γ(q)
f (s)ds,

provided the right-hand side is pointwise defined on (0,∞) and Γ(.) is the (Euler’s)
Gamma function defined by Γ(q) =

∫ ∞
0 tq−1e−tdt.

b) The Caputo fractional derivative of order q > 0 of a function f (.) : [0,∞)→ R
is defined by

Dq
c f (t) =

1
Γ(n − q)

∫ t

0
(t − s)−q+n−1 f (n)(s)ds,

where n = [q] + 1. It is assumed implicitly that f (.) is n times differentiable whose
n-th derivative is absolutely continuous.

We recall (e.g., [15]) that if q > 0 and f (.) ∈ C(I,R) or f (.) ∈ L∞(I,R) then
(Dq

c Iq f )(t) ≡ f (t).

Lemma 2.3. ([1]) For a given function f (.) ∈ C(I,R) the unique solution of the
boundary value problem

Dq
c x(t) = f (t),

x(0) = 0, x′(0) = 0, ... , x(m−2)(0) = 0
x(T ) =

∑n
i=1 γi[I

βi x(ηi) − Iβi x(ξi)],

is given by

x(t) = 1
Γ(q)

∫ t
0 (t − s)q−1 f (s)ds − tm−1

λΓ(q)

∫ T
0 (T − s)q−1 f (s)ds

+ tm−1

λΓ(q)
∑n

i=1
γi
Γ(βi)

[
∫ ηi

0

∫ s
0 (ηi − s)βi−1(s − u)q−1 f (u)duds

−
∫ ξi

0

∫ s
0 (ηi − s)βi−1(s − u)q−1 f (u)duds],

(2.1)

where

λ = (T m−1 −
n∑

i=1

γi
(ηβi+m−1

i − ξβi+m−1
i )Γ(m)

Γ(βi + m)
) , 0
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Remark 2.4. We denote A(t, s) = (t−s)q−1

Γ(q) χ[0,t](s), B(t, s) = − tm−1

λΓ(q) (T − s)q−1,

C(t, s) = tm−1

λΓ(q)
∑n

i=1
γi
Γ(βi)

[(
∫ ηi

s (ηi − u)βi−1(u − s)q−1du)χ[0,ηi](s) − (
∫ ξi

s (ξi − u)βi−1(u −
s)q−1du)χ[0,ξi](s)], where χS (.) is the characteristic function of the set S .

Using the fact that Γ(α)Γ(β)
Γ(α+β) =

1
tα+β−1

∫ t
0 (t − s)β−1sα−1ds, C(., .) can be written as

C(t, s) =
tm−1

λ

n∑
i=1

γi

Γ(βi + q)
[(ηi − s)βi+q−1χ[0,ηi](s) − (ξi − s)βi+q−1χ[0,ξi](s)].

We define G(t, s) = A(t, s) + B(t, s) +C(t, s). Then the solution x(.) in Lemma 2.3
may be written as

x(t) =
∫ T

0
G(t, s) f (s)ds, (2.2)

Moreover, for any t, s ∈ I we have

|G(t, s)| ≤ T q−1

Γ(q)
+

T m+q−2

|λ|Γ(q)
+

T m−1

|λ|

n∑
i=1

|γi|
Γ(βi + q)

(ηβi+q−1
i + ξ

βi+q−1
i ) =: M

At the same time, if we put

M1 :=
T q

Γ(q + 1)
+

T m+q−1

|λ|Γ(q + 1)
+

T m−1

|λ|

n∑
i=1

|γi|
Γ(βi + q + 1)

(ηβi+q
i + ξ

βi+q
i )

and using the fact that Γ(a + 1) = aΓ(a), a > 0 we obtain that if q ≥ T then M1 ≤ M.

Definition 2.5. A function x(.) ∈ C(I,R) with its Caputo derivative of order q ex-
isting on [0, T ] is a solution of problem (1.1) if there exists a function f (.) ∈ L1(I,R)
such that f (t) ∈ F(t, x(t)) a.e. (I) and (2.1) is satisfied.

3. THE MAIN RESULTS

We study first problem (1.1) with fixed point techniques. In order to do this we
introduce the following hypothesis.

Hypothesis 3.1. (i) F(., .) : I × R → P(R) has nonempty closed values and for
every x ∈ R, F(., x) is measurable.

(ii) There exists L(.) ∈ L1(I,R+) such that for almost all t ∈ I, F(t, .) is L(t)-
Lipschitz in the sense that

dH(F(t, x), F(t, y)) ≤ L(t)|x − y| ∀ x, y ∈ R.

(iii) d(0, F(t, 0)) ≤ L(t) a.e. (I)
Denote L0 :=

∫ T
0 L(s)ds.
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Theorem 3.2. Assume that Hypothesis 3.1 is satisfied and ML0 < 1. Let y(.) ∈
C(I,R) be such that y(0) = 0, y′(0) = 0, ..., y(m−2)(0) = 0, y(T ) =

∑n
i=1 γi[I

βiy(ηi) −
Iβiy(ξi)] and there exists p(.) ∈ L1(I,R+) with d(Dq

cy(t), F(t, y(t))) ≤ p(t) a.e. (I).
Then for every ε > 0 there exists x(.) ∈ C(I,R) a solution of problem (1.1) satisfy-

ing for all t ∈ I

|x(t) − y(t)| ≤ M
1 − ML0

∫ T

0
p(t)dt + ε.

Proof. For u(.) ∈ L1(I,R) define the following set-valued maps

Mu(t) = F(t,
∫ T

0
G(t, s)u(s)ds), t ∈ I,

T (u) = {ϕ(.) ∈ L1(I,R); ϕ(t) ∈ Mu(t) a.e. (I)}.
It follows from Lemma 2.3 that x(.) is a solution of problem (1.1) if and only if

Dq
c x(.) is a fixed point of T (.).
We shall prove first that T (u) is nonempty and closed for every u ∈ L1(I,R). The

fact that the set valued map Mu(.) is measurable is well known. For example the
map t →

∫ T
0 G(t, s)u(s)ds can be approximated by step functions and we can apply

Theorem III. 40 in [4]. Since the values of F are closed with the measurable selection
theorem (Theorem III.6 in [4]) we infer that Mu(.) admits a measurable selection ϕ.
One has

|ϕ(t)| ≤ d(0, F(t, 0)) + dH(F(t, 0), F(t,
∫ T

0
G(t, s)u(s)ds)) ≤

≤ L(t)(1 + M
∫ T

0
|u(s)|ds),

which shows that ϕ ∈ L1(I,R) and T (u) is nonempty.
On the other hand, the set T (u) is also closed. Indeed, if ϕn ∈ T (u) and ||ϕn−ϕ||1 →

0 then we can pass to a subsequence ϕnk
such that ϕnk

(t)→ ϕ(t) for a.e. t ∈ I, and we
find that ϕ ∈ T (u).

We show next that T (.) is a contraction on L1(I,R).
Let u, v ∈ L1(I,R) be given and ϕ ∈ T (u). Consider the following set-valued map

H(t) = Mv(t) ∩ {x ∈ R; |ϕ(t) − x| ≤ L(t)|
∫ T

0
G(t, s)(u(s) − v(s))ds|}.

From Proposition III.4 in [4], H(.) is measurable and from Hypothesis 3.1 ii) H(.)
has nonempty closed values. Therefore, there exists ψ(.) a measurable selection of
H(.). It follows that ψ ∈ T (v) and according with the definition of the norm we have

||ϕ − ψ||1 =
∫ T

0
|ϕ(t) − ψ(t)|dt ≤

∫ T

0
L(t)(

∫ T

0
|G(t, s)|.|u(s) − v(s)|ds)dt
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=

∫ T

0
(
∫ T

0
L(t)|G(t, s)|dt)|u(s) − v(s)|ds ≤ ML0||u − v||1.

We deduce that
d(ϕ, T (v)) ≤ ML0||u − v||1.

Replacing u by v we obtain

dH(T (u),T (v)) ≤ ML0||u − v||1,

thus T (.) is a contraction on L1(I,R).
We consider next the following set-valued maps

F1(t, x) = F(t, x) + p(t)[−1, 1], (t, x) ∈ I × R,

M1
u(t) = F1(t,

∫ T

0
G(t, s)u(s)ds),

T1(u) = {ψ(.) ∈ L1(I,R); ψ(t) ∈ M1
u(t) a.e. (I)}, u(.) ∈ L1(I,R).

Obviously, F1(., .) satisfies Hypothesis 3.1.
Repeating the previous step of the proof we obtain that T1 is also a ML0-contraction

on L1(I,R) with closed nonempty values.
We prove next the following estimate

dH(T (u),T1(u)) ≤
∫ T

0
p(t)dt. (3.1)

Let ϕ ∈ T (u) and define

H1(t) = M1
u(t) ∩ {z ∈ R; |ϕ(t) − z| ≤ p(t)}.

With the same arguments used for the set valued map H(.), we deduce that H1(.)
is measurable with nonempty closed values. Hence let ψ(.) be a measurable selection
of H1(.). It follows that ψ ∈ T1(u) and one has

||ϕ − ψ||1 =
∫ T

0
|ϕ(t) − ψ(t)|dt ≤

∫ T

0
p(t).

As above we obtain (3.1).
We apply Lemma 2.1 and we infer that

dH(Fix(T ), Fix(T1)) ≤ 1
1 − ML0

∫ T

0
p(t)dt.

Since v(.) = Dq
cy(.) ∈ Fix(T1) it follows that for any ε > 0 there exists u(.) ∈

Fix(T ) such that

||v − u||1 ≤
1

1 − ML0

∫ T

0
p(t)dt +

ε

M
.
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We define x(t) =
∫ T

0 G(t, s)u(s)ds, t ∈ I and we have

|x(t) − y(t)| ≤
∫ T

0
|G(t, s)|.|u(s) − v(s)|ds ≤ M

1 − ML0

∫ T

0
p(t)dt + ε

which completes the proof.

The assumption in Theorem 3.2 is satisfied, in particular, for y(.) = 0 and therefore,
via Hypothesis 3.1 (iii), with p(.) = L(.). We obtain the following consequence of
Theorem 3.2.

Corollary 3.3. Assume that Hypothesis 3.1 is satisfied and ML0 < 1. Then for
every ε > 0 there exists x(.) a solution of problem (1.1) satisfying for all t ∈ I

|x(t)| ≤ ML0

1 − ML0
+ ε. (3.2)

Remark 3.4. A similar result to the one in Corollary 3.3 is Theorem 3.4 in [1].
More exactly, if in addition to Hypothesis 3.1 F(., .) has compact values and L(.) ∈
C(I,R), then there exists a solution of problem (1.1) provided that M1L0 < 1.

Taking into account Remark 2.4, if q ≥ T then Corrolary 3.3. improves Theorem
3.4 in [1].

Moreover, the approach in [1], does not provides a priori bounds as in (3.2).

We present next the main result of this paper.

Theorem 3.5. Assume that Hypothesis 3.1 (i), (ii) is satisfied and ML0 < 1.
Let y(.) ∈ C(I,R) be such that y(0) = 0, y′(0) = 0, ..., y(m−2)(0) = 0, y(T ) =∑n

i=1 γi[I
βiy(ηi)− Iβiy(ξi)] and there exists p(.) ∈ L1(I,R+) with d(Dq

cy(t), F(t, y(t))) ≤
p(t) a.e. (I).

Then there exists x(.) ∈ C(I,R) a solution of problem (1.1) satisfying for all t ∈ I

|x(t) − y(t)| ≤ M
1 − ML0

∫ T

0
p(t)dt. (3.3)

Proof. The set-valued map t → F(t, y(t)) is measurable with closed values and

F(t, y(t)) ∩ {Dq
cy(t) + p(t)[−1, 1]} , ∅ a.e. (I).

It follows (e.g., Theorem 1.14.1 in [3]) that there exists a measurable selection
f1(t) ∈ F(t, y(t)) a.e. (I) such that

| f1(t) − Dq
cy(t)| ≤ p(t) a.e. (I) (3.4)

Define x1(t) =
∫ T

0 G(t, s) f1(s)ds and one has

|x1(t) − y(t)| ≤ M
∫ T

0
p(t)dt.
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We claim that it is enough to construct the sequences xn(.) ∈ C(I,R), fn(.) ∈
L1(I,R), n ≥ 1 with the following properties

xn(t) =
∫ T

0
G(t, s) fn(s)ds, t ∈ I, (3.5)

fn(t) ∈ F(t, xn−1(t)) a.e. (I), n ≥ 1, (3.6)

| fn+1(t) − fn(t)| ≤ L(t)|xn(t) − xn−1(t)| a.e. (I), n ≥ 1. (3.7)

If this construction is realized then from (3.4)-(3.7) we have for almost all t ∈ I

|xn+1(t) − xn(t)| ≤
∫ T

0
|G(t, t1)|.| fn+1(t1) − fn(t1)|dt1 ≤

M
∫ T

0
L(t1)|xn(t1) − xn−1(t1)|dt1 ≤ M

∫ T

0
L(t1)

∫ T

0
|G(t1, t2)|.

| fn(t2) − fn−1(t2)|dt2 ≤ M2
∫ T

0
L(t1)

∫ T

0
L(t2)|xn−1(t2) − xn−2(t2)|dt2dt1

≤ (M)n
∫ T

0
L(t1)

∫ T

0
L(t2)...

∫ T

0
L(tn)|x1(tn) − y(tn)|dtn...dt1 ≤

≤ (ML0)nM
∫ T

0
p(t)dt.

Therefore {xn(.)} is a Cauchy sequence in the Banach space C(I,R), hence con-
verging uniformly to some x(.) ∈ C(I,R). Therefore, by (3.7), for almost all t ∈ I,
the sequence { fn(t)} is Cauchy in R. Let f (.) be the pointwise limit of fn(.).

Moreover, one has

|xn(t) − y(t)| ≤ |x1(t) − y(t)| +∑n−1
i=1 |xi+1(t) − xi(t)| ≤

M
∫ T

0 p(t)dt +
∑n−1

i=1 (M
∫ T

0 p(t)dt)(ML0)i =
M

∫ T
0 p(t)dt

1−ML0
.

(3.8)

On the other hand, from (3.4), (3.7) and (3.8) we obtain for almost all t ∈ I

| fn(t) − Dq
cy(t)| ≤ ∑n−1

i=1 | fi+1(t) − fi(t)|+
+| f1(t) − Dq

cy(t)| ≤ L(t)
M

∫ T
0 p(t)dt

1−ML0
+ p(t).

Hence the sequence fn(.) is integrably bounded and therefore f (.) ∈ L1(I,R).
Using Lebesgue’s dominated convergence theorem and taking the limit in (3.5),

(3.6) we deduce that x(.) is a solution of (1.1). Finally, passing to the limit in (3.8)
we obtained the desired estimate on x(.).

It remains to construct the sequences xn(.), fn(.) with the properties in (3.5)-(3.7).
The construction will be done by induction.
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Since the first step is already realized, assume that for some N ≥ 1 we already
constructed xn(.) ∈ C(I,R) and fn(.) ∈ L1(I,R), n = 1, 2, ...N satisfying (3.5), (3.7)
for n = 1, 2, ...N and (3.6) for n = 1, 2, ...N − 1. The set-valued map t → F(t, xN(t))
is measurable. Moreover, the map t → L(t)|xN(t) − xN−1(t)| is measurable. By the
lipschitzianity of F(t, .) we have that for almost all t ∈ I

F(t, xN(t)) ∩ { fN(t) + L(t)|xN(t) − xN−1(t)|[−1, 1]} , ∅.

Theorem 1.14.1 in [3] yields that there exist a measurable selection fN+1(.) of
F(., xN(.)) such that

| fN+1(t) − fN(t)| ≤ L(t)|xN(t) − xN−1(t)| a.e. (I).

We define xN+1(.) as in (3.5) with n = N + 1. Thus fN+1(.) satisfies (3.6) and (3.7)
and the proof is complete.

Remark 3.6. Obviously, Theorem 3.5 extends Theorem 3.2. We do not suppose
that d(0, F(t, 0)) ≤ L(t) a.e. (I) and the estimate in (3.3) is better than the one in
Theorem 3.2.

Even if Theorem 3.5 improves Theorem 3.2, we chosen to present both results; on
one hand because the methods used in their proofs are different and on the other hand
to show that there exists situations when the fixed point approaches are less powerful.
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Abstract In this article, the distinct classes of continuous pseudometrics and metrics (perfect,
pseudo-perfect, quasi-perfect, complete pseudometrics and metrics) are defined and
studied in depth. The conditions under which the given class of pseudometrics is dense
in the space of all continuous pseudometrics are determined. Distinct examples which
show that the above mentioned notions are distinct are proposed.
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1. INTRODUCTION

By a space we understand a completely regular Hausdorff space. We use the
terminology from [6]. Let R be the space of reals, R∞ = R ∪ {+∞} and the sets
I = [0, 1], N = {1, 2, ...} are subspaces of the space R. We assume that x ≤ +∞ and
x+ (+∞) = (+∞)+ x = +∞ for each x ∈ R∞. The space R is an open subspace of the
space R∞ and the family {Vn∞ = {x ∈ R∞ : n < x} : n ∈ N} is a base of the space R∞

at the point +∞.
In the present article we study the properties of some concrete subspaces of the

space F(X × X) of all real functions on a space X × X endowed with the distinct
topologies. We continue the investigations started in [5, 11, 12, 14, 15]. On the space
F(X × X) the topology of uniform convergence is generated by distance of uniform
convergence d( f , g) = sup{| f (x, y) − g(x, y)| : x, y ∈ X}.

We also, investigate some subspaces of functions with distinct properties of space
F(X × X) . For instance, we study the subspaces:
• Fs(X × X) = {g ∈ F(X × X) : g(x, y) = g(y, x) for all x, y ∈ X} of all symmetrical

functions;
• Fd(X × X) = {g ∈ F(X × X) : g(x, x) ≤ g(x, y) for all x, y ∈ X} of all pseudo-

distance functions;
• Ft(X × X) = {g ∈ F(X × X) : g(x, z) ≤ g(x, y) + g(y, z) for all x, y, z ∈ X} of all

triangular functions.
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• Fz(X × X) = {g ∈ F(X × X) : g(x, x) = 0, g(x, y) ≥ 0 for all x, y ∈ X} of all
non-negative functions.

A pseudo-quasimetric on a set X is a function ρ : X × X → R∞ with the properties
ρ(x, x) = 0, ρ(x, y) ≥ 0 and ρ(x, z) ≤ ρ(x, y) + ρ(y, z) for all x, y, z ∈ X. The pseudo-
quasimetric ρ is a quasimetric when ρ(x, y) + ρ(y, x) = 0 holds if and only if x = y.
If ρ is a pseudo-quasimetric and ρ(y, x) = ρ(x, y) for all x, y ∈ X, then ρ is called a
pseudometric. If ρ is a pseudometric and a quasimetric, then ρ is called a metric.

For any pseudo-distance function d on X, any point x ∈ X and any ε > 0 we put
B(x, d, ε) = {y ∈ X : d(x, y) < d(x, x) + ε}. The set U ⊆ X is called d-open if for each
point x ∈ U there exists ε > 0 such that B(x, d, ε) ⊆ U. The family T (d) of all d-open
sets is the topology generated by the pseudo-distance function d on X.

If X is a topological space, then the pseudo-distance function d is continuous if
the sets B(x, d, ε) are open in X. We say that the pseudo-distance function d is weak
continuous if the d-open sets are open.

Any continuous pseudo-distance function is weak continuous.

Example 1.1. Let S = {(0, 0)}∪{(n, 0) : n ∈ N}∪{(n,m) : n,m ∈ N}, d(x, x) = 0 for
each x ∈ S , d((0, 0), (n, 0)) = d((n, 0), (0, 0) = n−1 for each n ∈ N, d((n, 0), (n,m)) =
d((n,m), (n, 0) = m−1 for each n,m ∈ N and d(x, y) = 1 for other distinct x, y ∈ S . The
distance function d is symmetric and non-negative. The topology T (d) is completely
regular. If ϵ ≤ 1, U ⊆ B((0, 0), d, ϵ) and the set U is open, then U = ∅. Thus the
pseudo-distance function d is weak continuous and not continuous.

Remark 1.2. For a pseudo-quasimetric ρ on a space X the following assertions
are equivalent:
• ρ is continuous;
• ρ is weak continuous;
• for every a ∈ X the function fa(x) = ρ(a, x) is continuous.

Denote by Pq(X) the space of all continuous pseudo-quasimetrics on a space X
and by P(X) the space of all continuous pseudometric on a space X.

For any continuous pseudometric ρ on a space X there exist a unique metric space
(X/ρ, ρ̂) and a continuous mapping pρ : X → X/ρ of X onto X/ρ such that ρ(x, y) =
ρ̂(pρ(x), pρ(y)) for all x, y ∈ X.

The pseudometric ρ ∈ P(X) is complete if the metric space (X/ρ, ρ̂) is complete.
Denote by CP(X) the space of all complete pseudometrics on a space X.

For any continuous pseudo-quasimetric ρ on a space X there exist a unique metric
space (X/ρ, ρ̂) and a continuous mapping pρ : X → X/ρ of X onto X/ρ such that
ρ(x, y) = ρ̂(pρ(x), pρ(y)) for all x, y ∈ X.

Let ρ be a pseudo-quasimetric on X. The sequence {xn : n ∈ N} is a ρ-Cauchy
sequence if for each ε > 0 there exists k ∈ N such that ρ(xn, xm) < ε for all n,m ≥ k.
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We say that the pseudo-quasimetric ρ is complete if on X/ρ any ρ̂-Cauchy sequence
is convergent.

If X is a discrete space, then P(X) is the space of all pseudometrics on X. Therefore
it is sufficient to study only the continuous pseudometrics and the weak continuous
distance function.

2. THE TOPOLOGY OF UNIFORM
CONVERGENCE

Denote by C(X) the space of all continuous real-valued functions of a space X.
If d( f , g) = sup{| f (x) − g(x)| : x ∈ X} for all f , g ∈ C(X), then (C(X), d) is a com-
plete metric space. The topology generated by the metric d is called the topology of
uniform convergence on C(X).

Obviously, P(X) and Pq(X) are subsets of the space C(X × X). The topology of
uniform convergence on F(X×X) is generated by the metric d(ρ1, ρ2) = sup{|ρ1(x, y)−
ρ2(x, y)| : x, y ∈ X} for all ρ1, ρ2 ∈ F(X × X).

Proposition 2.1. For any space X the following assertions are true:
1. The set Fs(X × X) of all symmetrical functions is closed in the space (F(X ×

X), d).
2. The set Fd(X×X) of all pseudo-distance functions is closed in the space (F(X×

X), d).
3. The set Ft(X×X) of all triangular functions is closed in the space (F(X×X), d).
4. The set Fz(X × X) of all non-negative functions is closed in the space (F(X ×

X), d).

Proof. Let ρ ∈ F(X × X) \ Fs(X × X). Then there exist two distinct points a, b ∈ X
such that ρ(a, b) , ρ(b, a). Assume that 2r = ρ(a, b) − ρ(b, a) > 0. If ψ ∈ F(X × X)
and d(ρ, ψ) < r, then ψ(a, b) − ψ(b, a) ≥ r − d(ρ, ψ) > 0. Hence the set U = {ψ ∈
F(X×X) : d(ρ, ψ) < r} is open in the space (F(X×X), d), ρ ∈ U and U∩Fs(X×X) = ∅.
Assertion 1 is proved.

Let ρ ∈ F(X × X) \ Fd(X × X). Then there exist two distinct points a, b ∈ X such
that ρ(a, b) < ρ(a, a). Assume that 2r = ρ(a, a) − ρ(a, b) > 0. If ψ ∈ F(X × X) and
d(ρ, ψ) < r, then ψ(a, a)−ψ(a, b) ≥ r−d(ρ, ψ) > 0. Hence the set U = {ψ ∈ F(X×X) :
d(ρ, ψ) < r} is open in the space (F(X × X), d), ρ ∈ U and U ∩ Fd(X × X) = ∅. We
prove that the set Fd(X × X) of all pseudo-distance functions is closed in the space
(F(X × X), d). Assertion 2 is proved.

Let ρ ∈ F(X × X) \ Ft(X × X). Then there exist three distinct points a, b, c ∈ X
such that ρ(a, c) > ρ(a, b) + ρ(b, c). Assume that 2r = ρ(a, c) − ρ(a, b) − ρ(b, c) > 0.
If ψ ∈ F(X × X) and d(ρ, ψ) < r, then ψ(a, c) − ψ(a, b) − ψ(b, c) ≥ r − d(ρ, ψ) > 0.
Hence the set U = {ψ ∈ F(X × X) : d(ρ, ψ) < r} is open in the space (F(X × X), d),
ρ ∈ U and U ∩ Ft(X × X) = ∅. Assertion 3 is proved.

Let ρ ∈ F(X × X) \ Fz(X × X). It is possible one of the following two cases.
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Case 1. ψ(a, b) < 0 for some a, b ∈ X. If 0 < 2ε < |ψ(a, b)|, then B(ψ, d, ε) ∩
Ft(X × X) = ∅.

Case 2. ψ(a, a) > 0 for some a ∈ X. If 0 < 2ε < ψ(a, a), then B(ψ, d, ε) ∩ Ft(X ×
X) = ∅.

Assertion 4 is proved. The proof is complete.

Since the subspace C(X × X) of all continuous functions on X × X is closed in the
space (F(X×X), d) and for the set Pq(X) of all continuous pseudo-quasimetrics on X
we have Pq(X) =C(X×X∩Fd(X×X)∩Ft(X×X)∩Fz(X×X), then from Proposition
2.1 it follows:

Corollary 2.2. The set Pq(X) of all continuous pseudo-quasimetrics on X is closed
in the spaces (C(X × X), d) and (F(X × X), d).

Since for the set P(X) of all continuous pseudometrics on X we have P(X) =
Pq(X) ∩ Fs(X × X), then from Proposition 2.1 and Corollary 2.2 it follows:

Corollary 2.2. The set P(X) of all continuous pseudoimetrics on X is closed in the
spaces (C(X × X), d) and (F(X × X), d).

Corollary 2.3. (P(X), d) and (Pq(X), d) are the complete metric spaces.

Let CPq(X) be the set of all complete continuous pseudo-quasimetrics on X and
CP(X) be the set of all complete continuous pseudometrics on X

A space X is pseudocompact if any continuous function on X is bounded.

Proposition 2.4. For a space X the following assertions are equivalent:
1. X is pseudocompact.
2. The set CP(X) of complete pseudometrics on a space X is closed in (P(X), d).
3. CP(X) = P(X).

Proof. Assume that X is not a pseudocompact space. Then there we have two cases.

Case 1. There exists a continuous function f ∈ C(X) such that:
• f (x) ≥ 1 for any x ∈ X;
• the set f (X) ∩ (n,+∞) is not connected for any n ∈ N}.
Then there exists a sequence {tn ∈ R \ f (X) : n ∈ N} such that tn+1 > 1 + tn and

f (X)∩ (tn, tn+1) , ∅ for any n ∈ N. We put U1 = f −1(−∞, t1) and Un+1 = f −1(tn, tn+1)
for any n ∈ N. By construction, {Un : n ∈ N is an infinite discrete cover of the space
X. For any n ∈ N there exists a point bn ∈ Un.

We construct the function g : X → [0, 1] such that g−1(2−1(2−n) = Un for any
n ∈ N. Let gn(x) = sup{g(x), 2−n} for any n ∈ N and for each x ∈ X. The functions g,
gn are continuous.

Now we put ρn(x, y) = |gn(x) − gn(y)|, ρ(x, y) = |g(x) − g(y)| for all x, y ∈ X
and n ∈ N. The pseudometrics ρn are complete, since X/ρn are finite spaces. Since
{bn : n ∈ N} is a non-convergent Cauchy sequence of the metric space (X/ρ, ρ̂), the
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pseudometrics ρ is not complete and d(ρ, ρn) = 2−n−1 for any n ∈ N. Thus the set
CP(X) is not closed in P(X).

Case 2. For any non-negative continuous function f ∈ C(X) there exists t( f ) ∈ R
such that the set f (X) ∩ (t( f ),+∞) is connected.

Since the space X is not pseudocompact, then there exists a non-negative un-
bounded continuous function f : X → R. We put g(x) = (1+ sup{t( f ), f (x)}− t( f ))−1

for any x ∈ X. Then g is a continuous function on X and g(X) = (0, 1]. For any n ∈ N
we fix a point bn ∈ g−1(2n). Let gn(x) = sup{g(x), 2−n} for any n ∈ N and for each
x ∈ X. The functions gn are continuous.

As in the case 1, now we put ρn(x, y) = |gn(x) − gn(y)|, ρ(x, y) = |g(x) − g(y)| for
all x, y ∈ X and n ∈ N. The pseudometrics ρn are complete, since X/ρn are compact
spaces. Since {bn : n ∈ N} is a non-convergent Cauchy sequence of the metric space
(X/ρ, ρ̂), the pseudometrics ρ is not complete and d(ρ, ρn) = 2−n−1 for any n ∈ N.
Thus the set CP(X) is not closed in P(X).

Let X be a pseudocompact space. If ρ ∈ P(X), then the (X/ρ, ρ̂) is a compact space.
Thus ρ̂ ∈ CP(X). The proof is complete.

3. THE SPACE OF PERFECT PSEUDOMETRICS

A pseudometric ρ ∈ P(X) is called a perfect pseudometric on a space X if the
mapping pρ : X → X/ρ is perfect, i.e. is continuous, closed and the fibers p−1

ρ (z) are
compact subsets of the space X.

Fix ρ ∈ P(X). We put H(x, ρ) = {y ∈ X : ρ(x, y) = 0}. The pseudometric ρ is
perfect if and only if:

– H(x, ρ) ia a compact set for any x ∈ X;
– for any x ∈ X and any open set U ⊇ H(x, ρ) there exists ε > 0 such that

B(x, ρ, ε) ⊆ U.
Let PK(X) be the set of all perfect pseudometrics on a space X. The space PK(X)

is non-empty if and only if X is a paracompact p-space. A space X is called a para-
compact p-space if X admits a perfect mapping onto some metric space [2].

We put CPK(X) = CP(X) ∩ PK(X). The space CPK(X) is non-empty if and only
if X is a paracompact C̆ech-complete space [2, 7].

Proposition 3.1. For a space X the following assertions are equivalent:
1. X is a paracompact p-space.
2. PK(X) , ∅.
3. The set PK(X) is dense in the space Pn(X).

Proof. Implication 1 → 2 → 1 follows from the Arhangel’skii’s caracterization
theorem of the paracompact p-spaces [2].

Implication 3→ 1 is obvious.
Let ρ0 ∈ PK(X), ρ ∈ P(X) and ε > 0. We can assume that ρ0(x, y) ≤ 1 for any

x, y ∈ X. We put ρε = ρ(x, y) + ερ0(x, y) for any x, y ∈ X. Then ρε ∈ PK(X) and
d(ρ, ρε) ≤ ε. The proof is complete.
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If ρ0 ∈ CPK(X), then ερ0 + ρ ∈ CPK(X) for any ρ ∈ P(X) and ε > 0. Hence we
proved the next proposition.

Proposition 3.2. For a space X the following assertions are equivalent:
1. X is a paracompact C̆ech-complete space.
2. CPK(X) , ∅.
3. The set CPK(X) is dense in the space (P(X), d).

Corollary 3.3. For a space X the next assertions are equivalent:
1. X is a compact space.
2. CPK(X) = PK(X) = P(X).
3. PK(X) is a non-empty closed subset of the space (P(X), d).
Let M(X) be the set of all continuous metrics on a space X. Then the metrics from

MK(X) = M(X) ∩ PK(X) generalized the topology of the space X.

Corollary 3.4. For a space X the next assertions are equivalent:
1. M(X) , ∅.
2. The set M(X) is dense in Pn(X).

Corollary 3.5. For a space X the next assertions are equivalent:
1. MK(X) , ∅.
2. The set MK(X) is dense in Pn(X).
Denote by CM(X) the set of all complete continuous metrics on a space X and

CMK(X) = CM(X) ∩ PK(X) the space of all complete metrics which generate the
topology of the space X. The space X is called complete submetrizable if CM(X) , ∅.

Corollary 3.6. For a space X the next assertions are equivalent:
1. The set CM(X) , ∅.
2. The set CM(X) is dense in Pn(X).
3. The space X is complete submetrizable.

Corollary 3.7. For a space X the next assertions are equivalent:
1. The set CMK(X) , ∅.
2. The set CMK(X) is dense in Pn(X).
3. The space X is complete metrizable.

Remark 3.8. If the space X is not compact, then on X there exists a continuous
pseudometric which is not a perfect pseudometric.

4. THE SPACE OF QUASI-PERFECT
PSEUDOMETRICS

A mapping f : X −→ Y of a space X onto a space Y is called quasi-perfect if it is
continuous, closed and the fibers f −1(y), y ∈ Y , are countably compact. Any perfect
mapping is quasi-perfect.
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One of the most important results of the theory of p-spaces is the following
Arhangel’skii’s characteristic of the perfect pre-images of the metric space: a space X
is a paracompact p-space if and only if X admits a perfect mapping onto some metric
space (see [2]). In this context it is interesting the next Morita’s concept: a space X is
called an M-space if X admits a quasi-perfect mapping onto some metric space (see
[10]). If Y is a complete metric space, then we say that X is a complete M-space [4].

A pseudometric ρ ∈ P(X) is called a quasi-perfect pseudometric on a space X if
the mapping pρ : X → X/ρ is quasi-perfect.

Fix ρ ∈ P(X). The pseudometric ρ is quasi-perfect if and only if:
– H(x, ρ) ia a countably compact set for any x ∈ X;
– for any x ∈ X and any open set U ⊇ H(x, ρ) there exists ε > 0 such that

B(x, ρ, ε) ⊆ U.
Let PQ(X) be the set of all quasi-perfect pseudometrics on a space X. The space

PQ(X) is non-empty if and only if X is an M-space.
We put CPQ(X) = CP(X) ∩ PQ(X). The space CPQ(X) is non empty if and only

if X is a complete M-space.

Proposition 4.1. For a space X the following assertions are equivalent:
1. X is an M-space.
2. PQ(X) , ∅.
3. The set PQ(X) is dense in the space Pn(X).
The proof is similar to the proof of Proposition 3.1.

Proposition 4.2. For a space X the following assertions are equivalent:
1. X is a complete M-space.
2. CPQ(X) , ∅.
3. The set CPQ(X) is dense in the space (P(X), d).

The proof is similar to the proof of Proposition 3.2.

Corollary 4.3. For a space X the next assertions are equivalent:
1. X is a countably compact space.
2. CPQ(X) = PQ(X) = P(X).
3. PQ(X) is a non-empty closed subset of the space (P(X), d).

Remark 4.4. If the space X is not countably compact, then on X there exists a
continuous pseudometric which is not a quasi-perfect pseudometric.

Remark 4.5. If the space X is countably compact and not compact, then on X
there exists a quasi-perfect pseudometric which is not a perfect pseudometric.
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5. THE SPACE OF PSEUDO-PERFECT
PSEUDOMETRICS

A subset L of a space X is called bounded if for every locally finite family γ of
open subsets in X the set {U ∈ γ : U ∩ L , ∅} is finite.

A subset L of a Tychonoff space X is bounded if and only if every continuous
function on X is bounded on L (see [6]).

A space X is called a µ-complete space if the closure clXF of any bounded subset
F of X is a compact subset of X.

A subset F of a space X is called a functionally closed subset of X if F = g−1(0)
for some continuous functions [6].

A mapping f : X −→ Y is called z-closed if the set f (H) is closed in Y for any
functionally closed subset H of the space X.

A mapping f : X −→ Y is called pseudo-perfect if it is z-closed and the fibers
f −1(y), y ∈ Y , are bounded subsets of X.

Any quasi-perfect mapping is pseudo-perfect.
We say that a space X is an aΠ-space (respectively, a complete aΠ-space) if X

admits a pseudo-perfect mapping onto some (respectively, complete) metric space
[4].

Let PB(X) be the set of all quasi-perfect pseudometrics on a space X. The space
PB(X) is non-empty if and only if X is an aΠ-space.

We put CPB(X) = CP(X) ∩ PB(X). The space CPB(X) is non empty if and only
if X is a complete aΠ-space.

Proposition 5.1. For a space X the following assertions are equivalent:
1. X is an aΠ-space.
2. PB(X) , ∅.
3. The set PB(X) is dense in the space Pn(X).
The proof is similar to the proof of Proposition 3.1.

Proposition 5.2. For a space X the following assertions are equivalent:
1. X is a complete aΠ-space.
2. CPB(X) , ∅.
3. The set CPB(X) is dense in the space (P(X), d).
The proof is similar to the proof of Proposition 3.2.

Corollary 5.3. For a space X the next assertions are equivalent:
1. X is a pseudocompact space.
2. CPB(X) = PB(X) = P(X).
3. PB(X) is a non-empty closed subset of the space (P(X), d).

Remark 5.4. We mention that for each space X the next assertions are true:
1. PK(X) ⊆ PQ(X) ⊆ PB(X) and MK(X) = M(X) ∩ PB(X).
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2. If PK(X) , ∅, then PK(X) = PQ(X) = PB(X).
3. If PQ(X) , ∅, then PQ(X) = PB(X).

Remark 5.5. If the space X is not pseudocompact, then on X there exists a con-
tinuous pseudometric which is not a pseudo-perfect pseudometric.

Remark 5.6. If the space X is pseudocompact and not countably compact, then
on X there exists a pseudo-perfect pseudometric which is not a quasi-perfect pseudo-
metric.

6. THE SPACE OF PERFECT
PSEUDO-QUASIMETRICS

A pseudo-quasimetric ρ ∈ P(X) is called a perfect pseudometric on a space X if
the mapping pρ : X → X/ρ is perfect.

Fix ρ ∈ P(qX). We put H(x, ρ) = {y ∈ X : ρ(x, y) + ρ(y, x) = 0}. The pseudometric
ρ is perfect if and only if:

– H(x, ρ) ia a compact set for any x ∈ X;
– for any x ∈ X and any open set U ⊇ H(x, ρ) there exists ε > 0 such that

B(x, ρ, ε) ⊆ U.
Let PKq(X) be the set of all perfect pseudo-quasimetrics on a space X.
We put CPKq(X) = CPq(X) ∩ PKq(X).

Proposition 6.1. For a space X the following assertions are equivalent:
1. PKq(X) , ∅.
2. The set PKq(X) is dense in the space Pq(X).

Proof. Implication 2→ 1 is obvious.
Let ρ0 ∈ PKq(X), ρ ∈ Pq(X) and ε > 0. We can assume that ρ0(x, y) ≤ 1 for any

x, y ∈ X. We put ρε = ρ(x, y) + ερ0(x, y) for any x, y ∈ X. Then ρε ∈ PKq(X) and
d(ρ, ρε) ≤ ε. The proof is complete.

If ρ0 ∈ CPKq(X), then ερ0 + ρ ∈ CPK(X) for any ρ ∈ P(X) and ε > 0. Hence we
proved the next proposition.

Proposition 6.2. Let CPKq(X) be the set of all complete quasimetrics on a space
X If the set CPKq(X) is non-empty, then the set CPKq(X) is dense in the space
(Pq(X), d).

7. THE COMPACT-OPEN TOPOLOGY

Let Cco(X,Y) be the set of all continuous mappings of a space X into a space Y
in the compact-open topology with the open base S (F1, F2, ..., Fn; V1,V2, ...,Vn) =
{ f ∈ C(X, Y) : f (Fi) ⊆ Vi} for any i ≤ n}, where F1, F2, ..., Fn are compact subsets of
X and V1,V2, ...,Vn are open subsets of Y .
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Any compact subset F of X and any pseudometric ρ ∈ P(Y) generated the pseudo-
metric d(ρ,F)( f , g) = sup{ρ( f (x), g(x)) : x ∈ F} on C(X, Y). The topology of the space
Cco(X,Y) is generated by the pseudometrics d(ρ,F). The compact-open topology is
called the compact convergence topology too.

For any space X the identical mapping Cn(X)→ Cco(X) is continuous.
Denote by Pco(X) the space P(X) in the compact-open topology.
Fix on X a family ξ of subsets with the properties:
• X = ∪ξ;
• if L,H ∈ ξ then L ∪ H ∈ ξ.
We say that ξ is an additive cover of X.
Then any L ∈ ξ generated the pseudometric dL(ρ1, ρ2) = sup{|ρ1(x, y) − ρ2(x, y)| :

x, y ∈ L}. The pseudometrics {dL : L ∈ ξ} generated the topology T(ξ). If X ∈ ξ, then
T(ξ) is the uniform topology. If ξ is the family of all compact subsets of X, then T(ξ)
is the compact open topology on P(X). If ξ is the family of finite subsets, then T(ξ) is
the topology of pointwise convergence. We say that T(ξ) is the topology of uniform
convergence on the sets L ∈ ξ.

The identical mapping PU(X)→ Pξ(X) is continuous.
If some set L ⊆ P(X) is dense in Pn(X), then the set L is dense in Pξ(X) for any

additive cover ξ on X.
Thus from the results of the above Sections we obtain the next sentences.

Corollary 7.1. For a space X the following assertions are equivalent:
1. MK(X) , ∅.
2. The set MK(X) is dense in Pξ(X) for some additive cover ξ on X.
3. The set MK(X) is dense in Pξ(X) for every additive cover ξ on X.
4. The set MK(X) is dense in Pco(X).

Corollary 7.2. For a space X the following assertions are equivalent:
1. PK(X) , ∅.
2. The set PK(X) is dense in Pξ(X) for some additive cover ξ on X.
3. The set PK(X) is dense in Pξ(X) for every additive cover ξ on X.
4. The set PK(X) is dense in Pco(X).

Corollary 7.3. For a space X the following assertions are equivalent:
1. CPK(X) , ∅.
2. The set CPK(X) is dense in Pξ(X) for some additive cover ξ on X.
3. The set CPK(X) is dense in Pξ(X) for every additive cover ξ on X.
4. The set CPK(X) is dense in Pco(X).

Corollary 7.4. For a space X the following assertions are equivalent:
1. X is a compact space.
2. PK(X) is a non-empty closed subset of Pξ(X) for some additive cover ξ on X.
3. CPK(X) is a non-empty closed subset of Pξ(X) for some additive cover ξ on X.
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4. P(X) = PK(X) = CPK(X).

Corollary 7.5. For a space X the following assertions are equivalent:
1. X is a complete metrizable space.
2. The set of complete perfect metrics CPK(X) is dense in the space Pξ(X) for

some additive cover ξ on X.
3. The set CPK(X) is dense in the space Pξ(X) for any additive cover ξ on X.
4. The set CPK(X) is dense in Pco(X).

Implication 1 → 4 for separable locally compact spaces was prowed by C.Varga
and G.Farcas in [15]. Problems of structure of the set of all complete metrics were
arised in [8, 9, 11, 12, 13, 14].

8. ON HEMICOMPACT SPACES

A space X is hemicompact if there exists a comutable family ξ0 of compact subsets
of X such that for any compact subset F of X there exists Φ ∈ ξ0 such that F ⊆ Φ.

Proposition 8.1. Let ξ be an additive cover of a space X. The following assertions
are equivalent:

1. The space Pξ(X) is metrizable.
2. The space Pξ(X) is first countable.
3. There exists a countable subfamily ξ0 ⊆ ξ such that for any F ∈ ξ there exists

Φ ∈ ξ0 such that F ⊆ clXΦ.
Proof. Implication 1→ 2 is obvious.

Fix an additive countable cover ξ0 of the space X. Then the topology of the space
Pξ0(X) is generated by a countably family of pseudometrics. Thus the space Pξ(X) is
metrizable. Let ξ̄ = {clXF : F ∈ ξ}. Then the spaces Pξ(X) and Pξ̄(X) are homeo-
morphic, i.e. T(ξ) = T(ξ̄). If ξ0 ⊆ ξ and for any F ∈ ξ we have F ⊆ clXΦ for some
Φ ∈ ξ0, then T(ξ) = T(ξ0). This fact proves the implication 3→ 1.

Assume that Pξ(X) is a first countable space and {Un : n ∈ N} is a base of the space
Pξ(X) at the pseudometric 0, where 0(x, y) = 0 for all x, y ∈ X. For any n there exist
εn > 0 and Φn ∈ ξ such that Vn = {ρ ∈ P(X) : dΦn(0, ρ) < εn} ⊆ Un and εn ≤ 2−n. By
construction, {Vn : n ∈ N} is a base of the space Pξ(X) at 0. Fix F ∈ ξ. There exists
n such that 0 ∈ Vn ⊆ {ρ ∈ P(X) : dF(0, ρ) < 1}. We affirm that F ⊆ clXΦn. Assume
that b ∈ U ∈ clXΦn\F. There exists a continuous function f : X → [0, 1] such that
f (b) = 1 and F ⊆ f −1(0). Then ρ f (x, y) = | f (x) − f (y)| is a continuous pseudometric
on X, dF(0, ρF) = 0, dΦn(0, ρ) = 1 and ρ f < Vn, a contradiction. Implication 2→ 3 is
proved. The proof is complete.

Corollary 8.2. For a space X the following assertions are equivalent:
1. The space Pco(X) is metrizable.
2. The space Pco(X) is first countable.
3. The space X is hemicompact.
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9. ON SPACES OF ADMISSIBLE
PSEUDOMETRICS

In special cases we have dealings with pseudometrics or metrics with concrete
properties. In this case it is necessary to have special constructions of ”small” pseu-
dometrics.

A family p = { fα ∈ C(X) : α ∈ A} of continuous functions on a space X is called
locally finite if for each point x ∈ X there exists an open set U such that x ∈ U and
the set {α ∈ A : U ∩ f −1

α (R \ {0}) , ∅} is finite.
If p = { fα) : α ∈ A} is a locally finite family of continuous functions on a space X,

then dp(x, y) = Σ{| fα(x) − fα(y)| : α ∈ A} is a continuous pseudometric on X.
A family p = { fα : α ∈ A} of continuous functions on a space X is called a partition

of unity of the space X if:
• Σ{ fα(x) : α ∈ A} = 1 for each x ∈ X;
• fα(x) ≥ 0 for all x ∈ X and α ∈ A;
• the family p is locally finite.
The partition of unity can be used to show the existence of Riemannian metrics

and of complete smooth metrics on manifolds. If X is a smooth manifold and d is a
pseudometric on X, then me say that the pseudometric d is smooth of the class Cn if
for each a ∈ X the function da(x) = d(a, x) is continuous on X and of the class Cn on
the domain X \ {a}.

A class aP(X) of continuous pseudometrics on a space X is called additive if it has
the following properties:

- if c > 0 and ρ ∈ aP(X), then cρ ∈ aP(X);
- if ρ1, ρ2 ∈ aP(X), then ρ1 + ρ2 ∈ aP(X).

Proposition 9.1. Assume that ξ is an additive cover of a space X, aP(X) is an
additive class of continuous pseudometrics on a space X and for each Y ∈ ξ there
exists ρ ∈ aP(X) ∩ CM(X) such that ρ(x, y) ≤ 1 for each x, y ∈ Y. Then the set
aP(X) ∩CM(X) is dense in the space (aP(X),T(ξ)).
Proof. In this case the set {d + cρ : d ∈ aP(X), ρ ∈ aP(X) ∩ CM(X), c > 0} is dense
in the space (aP(X),T(ξ)).

Corollary 9.2. Assume that ξ is an additive cover of compact subsets of a space
X, aP(X) is an additive class of continuous pseudometrics on a space X and aP(X)∩
CM(X) , ∅. Then the set aP(X) ∩CM(X) is dense in the space (aP(X),T(ξ)).

Corollary 9.3. Assume that ξ is an additive cover of compact subsets of a space
X, aP(X) is an additive class of continuous pseudometrics on a space X and aP(X)∩
CMK(X) , ∅. Then the set aP(X) ∩CMK(X) is dense in the space (aP(X),T(ξ)).
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[13] L. Răileanu, Varietaţi topologice şi diferenţiale, Iaşi, 1984.
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Abstract Physics-based animation of soft or rigid bodies for real-time applications often suffers
from numerical instabilities. We analyse one of the most common sources of unwanted
behaviour: the numerical integration strategy. To assess the impact of popular integra-
tion methods, we consider a scenario where soft and hard constraints are added to a
custom designed deformable linear object. Since the goal for this class of simulation
methods is to attain interactive frame-rates, we present the drawbacks of using explicit
integration methods over inherently stable, implicit integrators. To help numerical solver
designers better understand the impact of an integrator on a certain simulated world, we
have conceived a method of benchmarking the efficiency of an integrator with respect to
its speed, stability and symplecticity.

Keywords: numerical simulation, computer graphics, computer animation, numerical modeling.
2010 MSC: 65L07, 65L20, 62P35, 37M15, 68U20.

1. INTRODUCTION

Intricate physical and mathematical models for simulating soft or rigid bodies are
the centre of intensive research efforts. Computer animation, laparoscopic haptic
surgery simulations, graphical special effects or robotic manipulation are just a few
of the fields where such models play a key role. The focus of our research is to ad-
dress the issue of carrying out stable, physics-based simulations at interactive update
rates. For this purpose, we have conceived an elementary framework for building de-
formable objects with soft or stiff constraints. Using this framework, we can test the
efficiency and impact of several, well-known numerical integrators. To address our
goal, we look find an equilibrium between an integrator’s computational overhead,
its precision, symplecticity and, most importantly, its inherent stability.

Following the aforementioned goals, we present a short literature survey on the
numerical simulation of soft or semi-rigid bodies in section 2. The mathematical
apparatus for creating and simulating constrained objects is explained in section 3,
and our own, deformable linear object model case study is presented in section 4. We
present a general update strategy that supports any type of explicit or semi-implicit
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integration method in section 5. Finally, the efficiency of several popular integrators
is analysed and discussed in section 6, and we conclude this research in section 7.

2. RELATED WORK

Stability as a central attribute to Physics-based object simulation within the Com-
puter Graphics world was addressed by directly consider inherently stable integrators.
The most popular method employed is the first order, implicit Euler scheme. Servin
et al. [15] treated infinitely stiff springs as kinematic constraints and developed a
system capable of simulating elastic behaviour at the cost of solving a large sparse
linear system for each iteration. The hybrid method of Schroeder et al. [14] uses ex-
plicit updates for the elastic forces and implicit strategies for other components. This
complex idea tries to reduce the effect of suppressing material vibrations due to the
use of pure implicit integrators. By alternating between implicit, semi-implicit and
explicit methods, Volino et al. [20] demonstrated how different cloth materials can
be modeled to overcome the inabilities of one integrator to support a certain material
property. Some object models allow using for computing an analytical force approx-
imation for an implicit solver as demonstrated by Mesit et al. [12]. Their method of
simulating gas filled soft bodies can thus easily support any integrator, but it relies
on the topological structure for all analytical derivations. Finally, structured mass-
spring models using pure implicit integrators were popularized by Baraf and Witkin
[2] in their seminal paper on stable cloth simulation and by Desbrun et al. [5] where
inverse dynamics were used to tackle outstretching artefacts. For a discussion of the
performance of some popular implicit solvers we direct the user to the paper of Hauth
et al. [9].

Explicit methods are more popular due to their reduced complexity. Finite element
simulations using explicit integrators were performed by Fierz et al. [8]. To stabilize
the numerical process, the authors proposed modifying the stiffness matrices of ill-
conditioned tetrahedral elements. This allowed their simulation to use higher time
steps in spite of the explicit updates. Although less computationally demanding and
stable than their implicit counterparts, explicit integrators can share a fair amount of
stability, energy conserving capabilities and time reversibility. In this respect, Tsai et
al. [18] present a comprehensive survey on symplectic integrators used in molecular
dynamics.

In a different class of their own, position-based dynamics (see Bender et al. [1]
for a survey) offer a workaround for any force or impulse based system, avoiding the
intricacies of using integrators. This family of methods is, however, inaccurate for
scenarios where velocities and forces need to be measured, hence we mention it as
an alternative for special effects applications.

For a comprehensive list of simulation methods involving deformable objects, we
invite the reader to consult the work of Nealen et al. [13] or that of Jimenez [11].



On the impact of explicit or semi-implicit integration methods... 77

3. CONSTRAINED OBJECT ANIMATION

To better understand the elements involved in most physics-based animation sce-
narios, we will briefly introduce a simple constraint enforcing system. Supporting
this kind of simulation mechanism requires a discrete geometrical sampling of the ini-
tial shape of the object. For exemplification purposes, we consider a deformable lin-
ear object, embedded in a 3D space, whose cross-section is considerably smaller than
its length. Its elastic properties that determine how its discrete structure changes are
implemented by adding geometric constraints enforced by potentials (see the work
of Teschner et al. [17] for a more detailed and generalized application). These po-
tentials provide a direct measure of how the structure of points differs from its initial
configuration.

Generally, if p1, . . . , pN are the vertices of a constrained group, then a constraint
function is defined as follows:

C(p1, . . . ,pN) : R3N → R. (1)

This function incorporates additional information relating the current vertex configu-
ration of the group to the initial geometrical image through specific scalar measures
of length, area, angle, volume, etc. For example, a length based constraint incorpo-
rates the initial or rest lengths of directly connected vertices as a reference for the
measure of deviation. Generally, an energy function produces only positive amounts
and can be written as:

E(p1, . . . ,pN) =
1
2

C(p1, . . . ,pN)2. (2)

For a {p1, . . . , pN} configuration, we now consider the restriction of the energy func-
tion at a node pi. This function is written as:

Epi(x) : x ∈ R3 → R+. (3)

Since the gradient vector coincides with the direction of maximum potential in-
crease, it is natural to consider a penalty function that points in the opposite direction:

Fpi(x) = −∇Epi(x). (4)

This last equation can be written in an equivalent form:

Fpi(x) = −Cpi(x)∇Cpi(x). (5)

The simplest example of such a behaviour is the case of a linear spring connecting
two points pi and p j. The natural constraint function is defined as:

C(pi,p j) =
√

Kl
(
∥pi − p j∥ − L0

)
, (6)
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where L0 denotes the spring’s rest length. From this constraint function, a corre-
sponding elastic deformation potential energy can be expressed as:

E(pi, p j) =
Kl

2

(
∥pi − p j∥| − L0

)2
. (7)

We define the following operator:

∂

∂pi
E = ∇Epi , (8)

also known in some works as the variational or functional derivative operator.
An elastic spring force at node pi can be derived using equation (7):

F spring
pi (pi,p j) = −

∂

∂pi

(Kl

2

(
∥pi − p j∥| − L0

)2
)
.

After applying several derivative computation rules (chain rule and the derivative
of a product of two functions), we find the general elastic force expression:

F spring
pi (pi,p j) = −Kl

(
∥pi − p j∥| − L0

) (pi − p j)
∥pi − p j∥

, (9)

where Kl is the linear spring’s stiffness coefficient.
A deformable object defined as a closed surface can be discretized by dividing

its interior volume into tetrahedral cells. Apart from linear springs, it is desirable to
enforce local constraints aimed at preserving the volumes under deformation. Such
forces are easy to introduce by deriving them from a volume preserving constraint
function involving tetrahedral cells:

CV (pi,p j,pk, pl) =

√
KV
6

⟨
p j − pi, (pk − pi) × (pl − pi)

⟩
− V0

V0
, (10)

where V0 is the volume of the tetrahedron in its rest configuration. Subsequently, the
volume preserving potential is:

EV (pi, p j, pk,pl) =
KV

2
Cv(pi,p j,pk, pl)2. (11)

Using the same method as for linear springs, we compute the force at the pi vertex
by using the ∂

∂pi
operator:

FVpi
(pi, p j, pk,pl) = −

∂

∂pi
EV (pi,p j,pk, pl). (12)

After conveniently arranging the results from the derivation of equation (12), we can
write down the expanded formula of this force:

FVpi
(pi,p j,pk, pl) =

KV

6V2
0

[
1
6

(p j − pi) · (pk − pi) × (pl − pi) − V0

]
·

· (p j − pl) × (pk − pl),
(13)
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where KV is an added-in stiffness coefficient. Examining figure 1, we can see how the

Fig. 1.: Volumetric force on a tetrahedral cell.

volumetric force acts to prevent volume changes. For example, if point pi is shifted
and the volume increases as a consequence, the direction of the volumetric force is
given by the cross product vector (p j − pl) × (pk − pl). Inconsistent or ”flipped” cell
configurations, as well as degenerate tetrahedra can and are likely to be encountered
during a simulation. Compressible bodies prevent themselves from being completely
flattened by acting as non-linear spring elements. When their state is close to a col-
lapse, the elastic forces should increase asymptotically towards infinity. Since the
volumetric force component acts like a vertex to face spring in our system, we add
a non-linear spring component, as suggested in [3]. Hence, if V is the current vol-
ume of a (pi, p j, pk,pl) tetrahedron, then we can write the expression of the improved
volumetric force as:

FVpi
(pi, p j, pk, pl) =

KV

V − V0

6V2
0

− σ(V0)
V2

0

|V | + V

 · (p j − pl) × (pk − pl),
(14)

where σ(x) is the sign function defined on the set of real values.
Another scenario that can prevent the simulation from recovering its initial rest

shape in the absence of perturbing forces is the inversion phenomenon. The authors of
[16] present an improved mechanism, capable of handling the inversion of a tetrahe-
dral structure for finite element simulations. This process relies on finding a rotation
that best aligns the deformed cell with its undeformed counterpart and then deriving
penalty forces. While we could have used a similar approach, the above modifica-
tion works for cases where negative volumes are reported. The elastic penalty forces
described by equation (14) are capable of acting against the inversion. Addition-
ally, other constraint-based forces can be derived (e.g. area preserving forces for the
triangular faces of a tetrahedron or angle preserving forces).
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4. DEFORMABLE LINEAR OBJECT MODEL

Using constrained mass point configuration, we can now describe the steps re-
quired to build a tetrahedral cell-based deformable object along the geometric image
of a support curve:

1 A curve discretization: {r0, . . . , rN−1} where ri is a sample 3D point.

2 A set of frames: define the orientation vectors qk =
−−−−−→rkrk−1×−−−−−→rkrk+1

∥−−−−−→rkrk−1×−−−−−→rkrk+1∥
, and pk =

1
∥−−−−−→rkrk−1∥

qk × −−−−−→rkrk−1. At each point rk, a coordinate frame {−−−−−→rkrk+1,
−−−→rkqk,

−−−→rkpk} is
attached.

3 Volumetric cells: for each pair of neighbouring vertices, rkrk+1, three tetrahe-
dra are constructed: (Rk+1PkQkRk), (Rk+1Qk+1QkPk), and (Rk+1PkPk+1Qk+1)
(as depicted in figure 2 ).

Fig. 2.: Tetrahedral cell division of a DLO segment.

The tetrahedral cells allow retrieving consistent information about local torsion and
curvature changes from one link to another adjacent segment. A direct reference for
how the object twists around the RkRk+1 line is given by the relative orientation of
−−−−→
RkQk to

−−−−−−−−→
Rk+1Qk+1. Structural resistance is added by substituting the edges of the

tetrahedra with linear springs. These constraints tend to act like curvature springs
since they oppose the bending of the object around the RkQk line.

To account for plausible twisting behaviour, we introduce a quaternion based con-
straint system that acts like a torsional spring at each Rk node of the object. Consid-
ering there are three connected nodes, Ri,R j and Rk, in this order, the torsional spring
tends to reposition the Q j point such that the resulting configuration is closer to the
initial, rest configuration. Such a process requires finding a suitable axis and com-
puting the relative orientation of the

−−−−→
R jQ j vector with respect to the

−−−→
RiQi and

−−−−→
RkQk

vectors. We achieve this behaviour by computing a torsion compensating quaternion:

q̃ j = SLERP(q̌i j, q̌
∗
jk, λ), (15)

where q̌i j = Quat(R̂iR j,
1
2 (ui j(0) − ui j)), q̌ jk = Quat(R̂ jRk,

1
2 (u(0)

jk − u jk)) . Further,
Quat(ŵ, u) is the axis-angle representation of a quaternion and SLERP(q1, q2, λ) is the
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spherical linear interpolation result of the two unit quaternions with a ratio of λ, thus a
minimum torque path generator on the 3-sphere. The spherical interpolation scalar is

given by a linear blending based on the segment lengths λ = ∥−−−→RiR j∥
∥−−−→RiR j∥+∥

−−−→
R jRk∥

. The angle

expression uab = angleR̂aRb
(
−−−−→
RaQa,

−−−−→
RbQb) represents the angle between the

−−−−→
RaQa and

−−−−→
RbQb vectors with respect to the R̂aRb axis , and the (0) superscript designates values
for the initial, undeformed state of the object. The torsion quaternion, q̌ j can then

be used to rotate the
−−−−→
R jQ j vector to minimize the torsion offset. Instead of directly

rotating this vector, a force will be applied to the Q j node, thus mimicking the effects
of an angular spring. Figure 3 depicts how the torsion quaternions are derived with
respect to local geometry.

Fig. 3.: Torsion compensation using quaternions.

5. SIMULATION UPDATE LOGIC

In general, the steps required for a complete update of the object’s state can be
assembled as follows:

Numerical integration: compute the current acceleration a(n) from the current
state (x, v)(n). This is achieved by summing all force contributions acting at
the (n) instance. Any force contributions from the collision solver stage are
also added. Using an explicit integration method, the new (x, v)(n+1) state is
computed.

Approximate forces: f(n+1) = v(n+1)−v(n)

∆t . These values are to be used in the
collision response stage.

Collision resolution: pairwise link collisions are detected and response forces
and impulses are derived. These quantities are computed such that any collid-
ing links are driven out of the interpenetrating configuration. To correct the
positions and velocities, velocity (∆v) and force (∆f) residues are accumulated
by using the response impulses and reaction and friction forces. These residues
are fed back to the numerical integration scheme and are included in the accel-
eration component the next iteration will use. Since the design of collision
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solvers for rigid and soft bodies is a vast field, beyond the scope of this paper,
we direct the interested readers in more general models to consult the work of
Ericson [6].

These steps must then be performed in this order, leading to a plausible update effect
at interactive frame-rates.

6. RESULTS

We have used our model to simulate a simple laparoscopic suturing task. Given
a physical substrate, a thread was driven through a tissue-like structure (see figure
4). The wire model we used is ideal for testing the behaviour of an integrator where
both stiff and soft constraints drive the simulation. A simple methodology was em-
ployed to compute a score sheet for each integration scheme. We tracked the speed
and stability of several methods while varying the time-step. The results were quan-
tized by considering the explicit Euler method as a reference. The order of accuracy
is not particularly important as it is orthogonal to our stability goals. Due to their
energy-conserving properties, symplectic integrators are favoured when competing
with other methods that achieve similar scores.

(a) Driving a wire through a severed
tissue layer (b) Tightening the suturing wire

Fig. 4.: Suturing simulation using our custom C++ implementation

Analyzing table 1, the symplectic Euler method (discussed by Cromer [4]) is the
most stable for the total iteration time it needs (the score is obtained as the ratio
between the maximum time step and the time needed to execute one simulation it-
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Criteria

Method Max ∆t Time Symplectic Order Score

Explicit Euler 0.0098s 8ms NO O(h) 1.225
Symplectic Euler 0.0294s 8ms YES O(h) 3.675
Midpoint 0.0153s 8ms NO O(h2) 1.9125
Half-Step 0.0168s 10ms NO O(h2) 1.68
Verlet 0.023s 10ms YES O(h2) 2.3
Forest-Ruth 0.021s 12ms YES O(h3) 1.75
Symplectic Midpoint 0.028s 8ms YES O(h2) 3.5
Runge-Kutta 4 0.027s 14ms NO O(h4) 1.928
Moified Half-Step 0.0216s 10ms NO O(h2) 2.16

Table 1: Integrator benchmark results

eration). We modified the Midpoint method to achieve symplecticity, obtaining the
second highest score. Given the fact that the Midpoint family of methods is accurate
to the second order for the position terms (while being a first order method for the
velocity terms), we recommend it for applications where accuracy is of some im-
portance. The Verlet method ( [19] ), popular for molecular dynamics simulations,
also benefits from its relatively high stability, symplecticity and second order accu-
racy. A third order method, the Forest-Ruth integration scheme [7], represents the
best alternative for applications where accuracy is a key element. The Runge-Kutta
fourth order method, although supporting relatively high time steps, is the most time
consuming and probably not a good choice for real time applications.

Although symplectic integrators excel in scenarios where their energy preserving
features are central (e.g. where only conservative forces are involved), we have found
this family of integrators to outperform their explicit integrator counterparts. As a
last remark, we have also modified the Half Step method ([10]) to support a semi-
implicit update for the middle estimation (xn+ 1

2
, vn+ 1

2
). This modification significantly

increases the method’s stability, as seen in table 1.
As an additional benchmark study, we have used the pendulum equation, θ̈ =

− sin(θ). The explicit Euler is clearly the most unstable, introducing ghost energies
as seen in the phase space diagram comparison with respect to the midpoint method
in figure 5a. On the other hand, in figure 5b, the symplectic Euler and Midpoint
methods have a much higher stability range, with the latter yielding slightly lower
energy variations. As second order explicit integrators, the modified half step method
is also more stable than the original version (as depicted in figure 6a). Nevertheless,
both methods tend to add ghost energies, but are much more stable than the first order
explicit Euler. As the order of accuracy increases, larger time steps can be used (as it
is the case with Runge-Kutta methods), but the performance impact does not justify
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such a trade-off. Finally, for models where no damping or non-conservative forces
are involved, the Forest-Ruth and Verlet methods are the natural choices (comparative
phase space plots in figure 6b). Nevertheless, in case accuracy can be sacrificed, we
still recommend using the first order symplectic Euler method as it has the highest
stability versus complexity score.

(a) Explicit Euler (blue) and Midpoint
(yellow), ∆t = 0.03

(b) Symplectic Midpoint (blue) and
Symplectic Euler (yellow), ∆t = 0.9

Fig. 5.: First order integrators (phase space diagrams generated using SciLab )

(a) Half Step (blue) and Modified Half
Step (yellow), ∆t = 0.3

(b) Symplectic Euler (red), Verlet
(yellow), Forest-Ruth (blue), ∆t = 0.9

Fig. 6.: Higher order integrators (phase space diagrams generated using SciLab)

7. CONCLUSION

In this work we have discussed the implications of employing an explicit integra-
tion method for updating a soft or semi-rigid body simulation. For real time applica-



On the impact of explicit or semi-implicit integration methods... 85

tions where accuracy is not a goal, we recommend using a symplectic integrator as
it has the best performance and stability score. Even when non-conservative forces
are involved, this class of integrators is able to cope with stiff constraints. However,
for applications where accuracy cannot be sacrificed, both the Runge-Kutta or the
Forest-Ruth integrators can be used. The latter choice is accurate up to the third or-
der and conserves energy, while the Runge-Kutta progressively loses small amounts
of energy, counting for a slight increase in stability.

(a) Creating complex knots: tight
knots tend correspond to very high
elastic potentials. The numerical

stability is crucial for plausible knot
behaviour.

(b) Highly elastic cable unknotting
itself under the action of strong

constraint forces

Fig. 7.: Hose object knot tying - screenshots from our custom C++ implementation

On a final note, implicit integrators, mentioned in the related work section 2, are
not the usual choice for real time applications, thus motivating our investigation to-
wards an explicit integrator alternative.

APPENDIX. EXPLICIT INTEGRATION METHODS

In this appendix, we present the minor modifications of the explicit integration
methods that were tested in our simulation application.

Symplectic Midpoint Modified Half Step

vn+1 = vn +
h
2 f (xn, vn) vn+ 1

2
= vn +

h
2 f (xn, vn)

xn+1 = xn + hvn+1 xn+ 1
2
= xn +

h
2 vn+ 1

2

vn+1 = vn + h f (xn+ 1
2
, vn+ 1

2
)

xn+1 = xn + hvn+ 1
2

Table 2: Slightly modified integrators for improved stability and accuracy
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These numerical methods make use of an acceleration function, f , a fixed time-
step, h, and compute new positions and velocities, given the previous state (xn, vn).

References

[1] Jan Bender, Matthias Müller, Miguel A. Otaduy, Matthias Teschner, Position-based methods for
the simulation of solid objects in computer graphics, EUROGRAPHICS 2013 State of the Art
Reports, Eurographics Association, 2013.

[2] David Baraff, Andrew Witkin, Large steps in cloth simulation, Proceedings of the 25th annual
conference on Computer graphics and interactive techniques, SIGGRAPH ’98, pgs 43–54, New
York, NY, USA, 1998. ACM.

[3] Lee Cooper Cooper, Steve Maddock, Preventing collapse within mass-spring-damper models of
deformable objects, In The Fifth Internation Conference in Central Europe on Computer Graph-
ics and Visualization, pgs 70–78, 1997.

[4] Alan Cromer, Stable solutions using the euler approximation, American Journal of Physics,
49(5):455-459, 1981.
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Abstract One examines the chain logics C2,C3, . . . , which are intermediary between classical and
intuitionistic logics. The formula F is said to be implicitly expressible in logic L by the
system Σ of formulas if the relation L ⊢ (F ∼ q) ∼ ((G1 ∼ H1) & . . . & (Gk ∼ Hk))
is true, where q do not appear in F, and formulas Gi and Hi, for i = 1, . . . , k, are
explicitly expressible in L via Σ. The formula F is said to be implicitly reducible in
logic L to formulas of Σ if there exists a finite sequence of formulas G1,G2, . . . ,Gl

where Gl coincides with F and for j = 1, . . . , l the formula G j is implicitly expressible
in L by Σ ∪ {G1, . . . ,G j−1}. The paper contains researches of completeness with respect
to implicit reducibility in the logic Cm, for any m = 2, 3, . . . .

Keywords: Chain intermediate logic, pseudo-Boolean algebra, expressibility, implicit reducibility, cen-
tralizer.
2010 MSC: 03B55.

1. INTRODUCTION

The criterion of functional completeness in classical logic [1, 2] gives an algorithm
which permits, for each finite system of Boolean functions given by formulas or ta-
bles, to recognise whether it is possible or not to obtain any Boolean function via this
system using superpositions. Analogous criteria of completeness have been obtained
in general k-valued logic, k > 2 [2, 3], in propositional intuitionistic logic [4], etc.
Each of these criteria is based on a finite number of closed (relative to expressibility
in corresponding logic) classes of functions or formulas that are pre-complete (i. e.
maximal and non-complete).

A.V. Kuznethov [5] introduced the concepts of implicit expressibility, implicit re-
ducibility and parametrical expressibility, which are natural generalizations of usual
expressibility. He found a criterion for parametrical expressibility in any general
k-valued logic for k ≥ 2.

Formulas (of propositional logic) are constructed from variables p, q, r by means
of logical operations: & (conjunction), ∨ (disjunction), ⊃ (implication), ¬ (nega-
tion). In this paper the formulas are designated with capital letters of the Latin alpha-
bet. Using the mark
, and reading it as “means” we introduce designations for seven
formulas: 1 
 (p ⊃ p), 0 
 (p &¬p),⊥ F 
 (F ∨ ¬ F) (ternondation), (F ∼

89
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G)
 ((F ⊃ G) & (G ⊃ F)) (equivalence), (F ·G)
 ((F ∼ G) &¬¬G), (F &′G)

((F & G) ∼ ⊥ (F ∼ G) and (F,G,H) 
 ((F & G) ∨ (F & H) ∨ (G & H)) (median).
In the interpretation of formulas, the symbol F[α1, . . . , αn] designates the result of
substitution in the formula F of the values α1, . . . , αn for variables p1, . . . , pn, re-
spectively.

2. MAIN RESULT

We examine logics that are intermediary between classical logic and intuitionistic
one. They are constructed on finite or infinite chains (i.e. linear ordered sets) of true
values. It is known that the logic is called a chain if the formula ((p ⊃ q) ∨ (q ⊃ p))
is true in it. In the considered m-valued logic (m = 2, 3, . . .) the variables will
take values from the set Em, where Em = {0, 1, τ1, τ2, . . . , τm−2} if m is finite and
Em = {0, 1, τ1, τ2, . . . } if m is infinite. We remind that the set of all functions as
mappings from Em into Em is usually called general m-valued logic Pm. Further
we consider the linear ordering on the set Em by the relation 0 < τ1 < τ2 <
. . . . . . < τm−2 < 1. We define the operations &,∨,⊃, and ¬ on Em as follows:

p & q = min(p, q),
p∨ q = max(p, q), p ⊃ q =

{
1 if p ≤ q,
q if p > q, ¬ p = p ⊃ 0.

In the considered interpretation of symbols &,∨,⊃ and ¬ each formula expresses
some function of general m-valued logic. Let us observe that the function y p of P3
defined by the equalities y 0 =y τ1 = 1 and y 1 = 0 is not expressed by any formula.
We remind that the pseudo-Boolean algebra is the system A =< M; &, ∨,⊃,¬ >
that is a lattice by & and ∨, where ⊃ is relative pseudo-complement and ¬ is pseudo-
complement. The logic of this algebra is defined as the set of all formulas that are
true on A, i.e. formulas identically equal to the greatest element 1 of this algebra. We
will denote the algebra < Em; &,∨,⊃,¬ > (m = 2, 3, . . .) by Zm. The logic of this
algebra LZm is denoted by Cm.

The formula F is called implicitly expressible in logic L [5] via the system of
formulas Σ if there exist the formulas Gi and Hi (i = 1, . . . , k) explicitly expressible
in L by Σ such that the predicate L ⊢ (F ∼ q), where q is a variable not contained in
F, is equivalent to the predicate L ⊢ ((G1 ∼ H1) & . . . & (Gk ∼ Hk)).

Since the relation of implicit expressibility, generally speaking, is not transitive,
we are going to introduce a new concept. The formula F is called implicitly reducible
in logic L via formulas of Σ if there exists a finite sequence of formulas G1,G2, . . . ,Gl
, where Gl coincides with F and each term of this sequence can be implicitly express-
ible in L by Σ and terms of the sequence placed before it. We will say that the system
Σ′ of formulas is implicitly reducible in L to the system Σ if each formula of Σ′ is
implicitly reducible in L to Σ. It is clear that the relation of implicit reducibility is
transitive. The system Σ of formulas is called complete with respect to implicit re-
ducibility in logic L if each formula (in language of this logic) is implicitly reducible
in L to Σ. The system Σ of formulas is said to be pre-complete with respect to implicit
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reducibility in L if Σ is not complete by this reducibility in L, but the system Σ ∪ {F}
is complete relative to implicit reducibility in L, for any formula F.

Two functions f (x1, x2, . . . , xn) and g(x1, x2, . . . , xk) of Pm are called permutable
if the identity

f (g(x11, . . . , x1k), . . . , g(xn1, . . . , xnk)) = g( f (x11, . . . , xn1), . . . , f (x1k, . . . , xnk))

is true. The set of all functions of Pm, permutable with the given function f , is
called the centralizer of function f (denoted ≺ f≻). The set of all formulas which in
the interpretation on Zm are permutable with the function f (from Pm) is called the
formula centralizer on the algebra Zm of function f . We say the function f (x1, . . . , xn)
of Pm preserves the predicate (relation) R(x1, . . . , xw) if for any possible values of
variables xi j ∈ Em (i = 1, . . . ,w; j = 1, ..n), from the truth of

R(x11, x21, . . . , xw1), . . . ,R(x12, x22, . . . , xw2), . . . ,R(x1n, x2n, . . . , xwn)

follows the truth of

R( f (x11, x12, . . . , x1n), . . . , f (x21, x22, . . . , x2n), . . . , f (xw1, xw2, . . . , xwn)).

The centralizer ≺ f (x1, . . . , xn)≻ coincides with the set of all functions of Pm which
preserve the predicate f (x1, . . . , xn) = xn+1, where the variable xn+1 differs from
x1, . . . , xn [5]. We say that the formula F preserves, on the algebra Zm, the predicate
R if the function of logic Cm, expressed by formula F, preserves R. The predicate
could be replaced by the corresponding to it matrix (αi j) (i = 1, . . . ,w; j = 1, . . . , t)
of elements of algebra Zm such that the predicate R is true on all those and only those
sets of elements that are columns in this matrix.

We present the next affirmation without any proof.
Proposition. If the function f belongs to the class Cm (m = 2, 3, . . .) then the follow-
ing identity:

f (¬¬x1, . . . ,¬¬xn) = ¬¬ f (x1, . . . , xn)

is true.
Theorem 1 ( A.V. Kuznetsov [5]). The system Σ of formulas is complete by the
implicit reducibility in logic C2 iff Σ is not included in any of classes of formulas
preserving the predicates x = 0, x = 1, ¬x = y, x & y = z, x∨ y = z, (x ∼ (y ∼ z)) =
u on Z2.

According to [6] the next criterion of completeness relative to the implicit re-
ducibility in logic of First Iaśkowski’s Matrix is true:
Theorem 2. The system Σ of formulas is complete with respect to the implicit re-
ducibility in logic C3 iff Σ is complete in logic C2 and is not included in any of classes
of formulas preserving the predicates yy x = y, ⊥x = ⊥y, (x & y = z) & (¬x =
¬y), ((x ∼ y) &¬¬y = z) & (¬x = ¬y), ((x & y) ∼ ((x ∼ y) ∨ ¬(x ∼ y)) = z) & (¬x =
¬y) on Z3.
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The next criteria of completeness with respect to the implicit reducibility in any
chain logic included in C4 are true:
Theorem 3. For any m = 4, 5, . . . the system Σ of formulas is complete by the implicit
reducibility in logic Cm iff Σ is complete by implicit reducibility in logic C3 and is not
included in the following two classes of formulas preserving the predicates f1(x) = y
and f2(x) = y on Z4.

Proof. Necessity. Let the system Σ be complete with respect to the implicit reducibil-
ity in logic Cm (m ≥ 4). Then, since the implicit reducibility in logic Cm (m ≥ 2)
implies the implicit reducibility in Cm−1, it results that Σ is complete by the implicit
reducibility in C3. Because formula centralizers are closed relative to the implicit
reducibility in logic C4, then they are closed relative to the implicit reducibility in Cm
where m > 4. Moreover, they are not complete in Cm, because they do not contain
for example the formula ((x ⊃ y) &¬¬y). So no one of them could contain Σ.

Sufficiency. Let Σ be complete by the implicit reducibility in logic C3 and be not
included in any of two formula centralizers ≺ f1(p)≻, ≺ f2(p)≻. Let us suppose that
these formulas do not contain other variables except p1, . . . , pn. It is sufficient to
prove that every formula of system {p & q, p∨ q, p ⊃ q, ¬p} is implicitly reducible
to the system Σ of formulas in Cm (m = 4, 5, . . .). It is known that in any chain logic
Cm the relation

Cm ⊢ (p∨ q) ∼ (((p ⊃ q) ⊃ q) & ((q ⊃ p) ⊃ p))

is true. The conjunction is implicitly expressible via the implication in any chain
logic Cm, because the relation

Cm⊢((p & q) ∼ r) ∼ (((p ⊃ (q ⊃ r)) ∼ 1)&((r ⊃ p) ⊃ 1)&((r ⊃ q) ∼ 1))

is true. It remains to prove that the formulas ¬p and p ⊃ q are implicit reducible to
the system Σ in any chain logic included in C4.

This fact results from the next lemmas.
Lemma 1. If the formula ¬ p is implicitly reducible to the system Σ of formulas in
logic C3 then this formula is implicitly reducible to Σ in logic Cm, for any m = 3, 4, . . .

Lemma 2. If the formula 0 is implicitly reducible to the system Σ of formulas in logic
C2 then this formula is implicitly reducible to Σ in logic Cm, for any m = 3, 4, . . .
Lemma 3. The formula 1 is explicitly expressible through 0 and ¬p in Cm, for any
m = 3, 4, . . .
Lemma 4. If the formula ⊥p is implicitly reducible to the system Σ of formulas in
logic C3 then this formula is implicitly reducible to Σ in logic Cm, for any m = 3, 4, . . .

Lemma 5. If the formula p & q is implicitly reducible to the system Σ of formulas in
logic C2 then the formula ¬¬(p & q) is explicitly expressible through 0, 1, ¬p and Σ
in logic Cm, for any m = 3, 4, . . .
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Lemma 6. If the formula ¬p & q is implicitly reducible to the system Σ of formulas
in logic C3 then the formulas ¬p & q and ¬p∨ q are implicitly expressible through
0, 1, ¬p, ⊥p, ¬¬(p & q) and Σ in the logic Cm, for any m = 3, 4, . . .

In order to obtain the implication we further present 5 lemmas without proofs.
Lemma 7. For any m = 3, 4, . . . at least one of 4 following formulas:

p ⊃ q, p ∼ q, ⊥p∨⊥q, (p & q) ∼ ((p ∼ q) ∨ ¬ (p ∼ q))

is explicitly expressible in Cm through formulas of the system

{0, 1, ¬p, ⊥p, ¬p & q, ¬p∨ q} (1)

and F, which don’t preserve the predicate (x & y = z) & (¬x = ¬y) on Z3.
Lemma 8. For any m = 3, 4, . . . at least one of 3 formulas:

p ⊃ q, ⊥p ∨⊥q, (p & q) ∼ ((p ∼ q) ∨ ¬ (p ∼ q))

is explicitly expressible through formulas of the system (1) and F,G which do not
preserve the predicate ((x ∼ y) &¬¬y = z) & (¬x = ¬y) on Z3.
Lemma 9. For any m = 3, 4, . . . at least one of following 4 systems:

{p ⊃ q}, {(p ∼ q)∨ q}, {(p & q) ∼ ((p ∼ q) ∨ ¬ (p ∼ q)), T ′}, {⊥p∨⊥q, T ′}, (2)

is explicitly expressible through formulas of the system (1) and F,G, M which do not
preserve the predicate ((x & y) ∼ ((x ∼ y) ∨ ¬(x ∼ y)) = z) & (¬x = ¬y) on Z3 where

T ′[τ, τ, 1] = T ′[τ, 1, τ] = τ, T ′[τ, 1, 1] = 1. (3)

Lemma 10. The implication (p ⊃ q) is implicitly expressible in Cm, for any m =
4, 5, . . ., through formulas of system (1), formula N, which do not preserve the pred-
icate f1(x) = y on Z4 and any of two systems {(p ∼ q)∨ q} or {(p & q) ∼ ((p ∼
q) ∨ ¬ (p ∼ q)),T ′}, where T ′ is 3-ary formula, which satisfies (3) conditions.
Lemma 11. The formula p ⊃ q is implicitly expressible in Cm, for any m = 4, 5, . . .,
through formulas of (1), formulas N, P, which do not preserve the predicate f2(x) = y
on Z4 and the system {⊥ p∨ ⊥ q,T ′}, where T ′ is the 3- ary formula satisfying
conditions (3).

From the formulated above lemmas it results that conditions of theorem are suffi-
cient, namely the formula ¬p is implicitly reducible to the system Σ of formulas in
logic Cm, for any m = 3, 4, . . .. Lemmas 1 – 11 allow us to deduce that the impli-
cation p ⊃ q is implicitly reducible to Σ in any chain logic Cm included in C4. So,
according to lemmas 1 – 6 the formulas of the system (1) are implicitly reducible to
Σ. Lemmas 7 – 9 permit to conclude that at least one of 4 systems of formulas (2)
is explicitly expressible in logic Cm through formulas (1) and F,G,M. Therefore it
remains to observe that one of these systems consists of p ⊃ q, but the implication
is implicitly expressible in Cm through any other of 3 systems and formulas N, P and
(1), in accordance with Lemmas 10 and 11.
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1. INTRODUCTION

Throughout this paper, we assume that the reader is familiar with the fundamental
results and the standard notations of the Nevanlinna value distribution theory [9],
[10], [15]. In addition, we will use the notation σ ( f ) to denote the order of an entire
function f (z) , τ ( f ) to denote the type of f (z) with 0 < σ ( f ) = σ < +∞, which is
defined to be

τ ( f ) = lim sup
r→+∞

log M (r, f )
rσ

,

where M (r, f ) = max|z|=r | f (z)| . The hyper-order σ2 ( f ) of f is defined by ([15])

σ2 ( f ) = lim sup
r→+∞

log log T (r, f )
log r

= lim sup
r→+∞

log log log M (r, f )
log r

,

where T (r, f ) is the Nevanlinna characteristic function of f .

For k > 2, we consider the linear differential equation

f (k) + Ak−1 (z) f (k−1) + · · · + A1 (z) f ′ + A0 (z) f = 0, (1)

where A0 (z) , · · · , Ak−1 (z) are entire functions with A0 (z) . 0. It is well known that
all solutions of (1) are entire functions. A classical result, due to Wittich [14], tells
that all solutions of (1) are of finite order of growth if and only if all coefficients are

95
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polynomials. For a complete analysis of possible orders in the polynomial case, see
[8]. If some (or all) of the coefficients are transcendental, a natural question is to ask
when and how many solutions of finite order may appear. Partial results have been
available since a paper of Frei [4]. In its generality, however, the problem remains
open.

Throughout this paper, we will use the following notations: Given ε > 0 small enough
and 0 6 θ1 < θ2 < 2π, let S (ε) denote the sector S (ε) = {z ∈ C : θ1 + ε 6 arg z 6
θ2 − ε}. We also denote S (0) = {z ∈ C : θ1 6 arg z 6 θ2}.

In [5], Gundersen proved the following results.

Theorem 1.1. [5] Let A0 (z) . 0 and A1 (z) be entire functions such that for real
constants α, β, θ1, θ2 with α > 0, β > 0 and θ1 < θ2, we have

|A0 (z)| > exp
{
(1 + o (1))α |z|β

}
and

|A1 (z)| 6 exp
{
o (1) |z|β

}
as z→ ∞ with θ1 6 arg z 6 θ2. Then every solution f . 0 of the differential equation

f ′′ + A1 (z) f ′ + A0 (z) f = 0 (2)

has infinite order.

Theorem 1.2. [5] Let A0 (z) . 0 and A1 (z) be entire functions such that for real
constants α, β, θ1, θ2 with α > 0, β > 0 and θ1 < θ2, we have

|A1 (z)| > exp
{
(1 + o (1))α |z|β

}
and

|A0 (z)| 6 exp
{
o (1) |z|β

}
as z→ ∞ with θ1 6 arg z 6 θ2. If f is a nontrivial solution of (2) of finite order, then
the following conclusions hold:
(i) There exists a constant b , 0 such that f (z)→ b as z→ ∞ in S (ε) . Indeed,

| f (z) − b| 6 exp
{
− (1 + o (1))α |z|β

}
.

(ii) For each integer k > 1∣∣∣ f (k) (z)
∣∣∣ 6 exp

{
− (1 + o (1))α |z|β

}
as z→ ∞ in S (ε) .
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Theorem 1.1 has been generalized to the higher order case by Belaı̈di and Hamouda
as follows.

Theorem 1.3. [1] Let A0 (z) . 0, A1 (z) , · · · , Ak−1 (z) be entire functions such that
for real constants α, β, µ, θ1, θ2 with 0 6 β < α, µ > 0 and θ1 < θ2, we have

|A0 (z)| > eα|z|
µ

and ∣∣∣A j (z)
∣∣∣ 6 eβ|z|

µ

( j = 1, · · · , k − 1)

as z→ ∞ with θ1 6 arg z 6 θ2. Then every solution f . 0 of (1) has infinite order.

Theorem 1.2 has been generalized to the higher order case by Belaı̈di and Hamani as
follows.

Theorem 1.4. [2] Let A0 (z) . 0, A1 (z) , · · · , Ak−1 (z) be entire functions such that
for real constants α, β, θ1, θ2 with α > 0, β > 0 and θ1 < θ2, we have

|A1 (z)| > exp
{
(1 + o (1))α |z|β

}
,∣∣∣A j (z)

∣∣∣ 6 exp
{
(o (1)) |z|β

}
, j = 0, 2, 3, · · · , k − 1

as z→ ∞ with θ1 6 arg z 6 θ2. If f is a nontrivial solution of (1) of finite order, then
the following conclusions hold:
(i) There exists a constant b , 0 such that f (z)→ b as z→ ∞ in S (ε) . Indeed,

| f (z) − b| 6 exp
{
− (1 + o (1))α |z|β

}
.

(ii) For each integer m > 1∣∣∣ f (m) (z)
∣∣∣ 6 exp

{
− (1 + o (1))α |z|β

}
as z→ ∞ in S (ε) .

This result has been generalized by Laine and Yang by taking As (z) instead of A1 (z) .

Theorem 1.5. [11] Let θ1 < θ2 be given to fix a sector S (0) = {z ∈ C : θ1 6 arg z 6
θ2}, let k > 2 be a natural number, and let δ > 0 be any real number such that kδ < 1.
Suppose that A0 (z) , A1 (z) , · · · , Ak−1 (z) with A0 (z) . 0 are entire functions such
that for real constants α > 0, β > 0, we have, for some s = 1, · · · , k − 1,

|As (z)| > exp
{
(1 + δ)α |z|β

}
, (3)∣∣∣A j (z)

∣∣∣ 6 exp
{
δα |z|β

}
(4)
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for all j = 0, · · · , s−1, s+1, · · · , k−1 whenever |z| = r > rδ in the sector S (0). Given
ε > 0 small enough, if f is a transcendental solution of (1) of finite order ρ < ∞,
then the following conclusions hold:
(i) There exists j ∈ {0, · · · , s − 1} and a complex constant b j , 0 such that f ( j) (z) →
b j as z→ ∞ in S (ε) . More precisely,∣∣∣ f ( j) (z) − b j

∣∣∣ 6 exp
{
− (1 − kδ)α |z|β

}
in S (ε) , provided |z| is large enough.
(ii) For each integer m > j + 1,∣∣∣ f (m) (z)

∣∣∣ 6 exp
{
− (1 − kδ)α |z|β

}
in S (3ε) for all |z| large enough.

Recently in [13], Tu and Yi investigated the case when most coefficients in (1) have
the same order with each other and obtained the following result.

Theorem 1.6. [13] Let A j (z) ( j = 0, · · · , k − 1) be entire functions satisfyingσ (A0) =
σ, τ (A0) = τ, 0 < σ < ∞, 0 < τ < ∞, and let σ

(
A j

)
6 σ, τ

(
A j

)
< τ if σ

(
A j

)
= σ

( j = 1, · · · , k − 1) , then every solution f . 0 of (1) satisfies σ2 ( f ) = σ (A0) .

The remainder of the paper is organized as follows. In Section 2, we shall show our
main results which improve and extend many results in the above-mentioned papers.
Section 3 is for some lemmas and basic theorems. The other sections are for the
proofs of our main results.

2. RESULTS
In this paper, we extend the above results by proving the following two theorems.

Theorem 2.1. Let A0 (z) . 0, A1 (z) , · · · , Ak−1 (z) be entire functions such that for
real constants α, β, µ, θ1, θ2 with 0 6 β < α, µ > 0 and (θ1, θ2) ⊂

[
0, π2n

)
∪

(
3π
2n ,

2π
n

)
,

we have
|A0 (z)| > exp

{
α |z|µ} (5)

and ∣∣∣A j (z)
∣∣∣ 6 exp

{
β |z|µ} ( j = 1, · · · , k − 1) (6)

for arg z ∈ (θ1, θ2) , with |z| large enough. Then every solution f . 0 of the differential
equation

f (k) + Ak−1 (z) ezn
f (k−1) + · · · + A1 (z) ezn

f ′ + A0 (z) ezn
f = 0 (7)

has infinite order.
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Theorem 2.2. Let A0 (z) . 0, A1 (z) , · · · , Ak−1 (z) be entire functions such that for
real constants α, β, µ, θ1, θ2 with 0 6 β < α, µ > 0 and (θ1, θ2) ⊂

[
0, π2n

)
∪

(
3π
2n ,

2π
n

)
,

we have for some s = 1, · · · , k − 1,

|As (z)| > exp
{
α |z|µ} (8)

and ∣∣∣A j (z)
∣∣∣ 6 exp

{
β |z|µ} (9)

for all j = 0, · · · , s−1, s+1, · · · , k−1 for arg z ∈ (θ1, θ2) , with |z| large enough.Given
ε > 0 small enough, if f is a transcendental solution of (7) of finite order σ < ∞,
then the following conclusions hold:
(i) There exists j ∈ {0, · · · , s − 1} and a complex constant b j , 0 such that f ( j) (z) →
b j as z→ ∞ in S (ε) . More precisely,∣∣∣ f ( j) (z) − b j

∣∣∣ 6 exp
{
(β + τ − α) |z|µ}

in S (ε) , provided |z| is large enough, where 0 < τ < α−β
k .

(ii) For each integer m > j + 1,∣∣∣ f (m) (z)
∣∣∣ 6 exp

{
(β + τ − α) |z|µ}

in S (3ε) , provided |z| is large enough, where 0 < τ < α−β
k .

3. PRELIMINARY LEMMAS
Lemma 3.1. [6] Let f be a transcendental entire function of finite order σ, let
Γ = {(k1, j1) , (k2, j2) , · · · , (km, jm)} denote a finite set of distinct pairs of integers
that satisfy ki > ji > 0 (i = 1, · · · ,m) , and let ε > 0 be a given constant. Then there
exists a set E ⊂ [0, 2π) that has linear measure zero, such that if ψ0 ∈ [0, 2π) − E,
then there is a constant R0 = R0

(
ψ0

)
> 1 with the property that for all z satisfying

arg z = ψ0 and |z| > R0, and for all (k, j) ∈ Γ, we have∣∣∣∣∣∣ f (k) (z)
f ( j) (z)

∣∣∣∣∣∣ 6 |z|(k− j)(σ−1+ε) .

Remark 3.1. In this paper, we use Lemma 3.1 several times and the resulting ex-
ceptional sets E are not the same each time, although they are denoted by the same
letter.

Lemma 3.2. [11] Let f (z) be an entire function and suppose that
∣∣∣ f (k) (z)

∣∣∣ is un-
bounded on some ray arg z = θ. Then there exists an infinite sequence of points
z j = r jei θ ( j = 1, 2, · · · ) , where r j → +∞, such that f (k)

(
z j
)
→ ∞ and∣∣∣∣∣∣∣∣

f (q)
(
z j
)

f (k)
(
z j
)
∣∣∣∣∣∣∣∣ 6 1

(k − q)!
(1 + o (1))

∣∣∣z j
∣∣∣k−q (q = 0, · · · , k − 1) .
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Lemma 3.3. Given µ > 0 and h > 0, the integral I (r) =
∫ +∞

r exp (−htµ) dt converges.
More precisely we have

I (r) 6 exp
{
(−h + ε) rµ

}
for r large enough and ε > 0.

Proof. It is easy to prove that
∫ +∞

r exp (−htµ) dt converges. For r large enough, we
have

I (r) =
∫ +∞

r
exp

(−htµ
)

dt =
∫ +∞

r

t2

t2 exp
(−htµ

)
dt

6 r2 exp
(−hrµ

) ∫ +∞

r

1
t2 dt = r exp

(−hrµ
)
6 exp

{
(−h + ε) rµ

}
(ε > 0) .

Lemma 3.4. (Phragmén-Lindelöf Theorem, see [12], p. 214). Let f (z) be analytic
in the sector D =

{
z : α < arg z < β, r0 < |z| < ∞

}
and continuous on D = D ∪ Γ,

where Γ is the boundary of D. If for any given small ε > 0, there exists r1 (ε) > 0
such that for |z| > r1 (ε) , z ∈ D, we have

| f (z)| < exp
{
ε |z|

π
β−α

}
,

and for z ∈ Γ, we have | f (z)| 6 M (M > 0 is a constant), then | f (z)| 6 M for all
z ∈ D. | f (z)| = M if and only if f is a constant.

Remark 3.2. (see [3]). Now suppose that g (z) is analytic in the sector D = {z : α <
arg z < β, r0 6 |z| < ∞} and satisfies |g (z)| 6 exp {|z|σ} for some constant 0 6 σ < ∞.
If a subset E ⊂ (α, β) has linear measure zero and for any ψ0 ∈ (α, β) − E, |g (z)|
is bounded for all z satisfying arg z = ψ0 and |z| > r0, then for any given small
ε > 0, there exists r1 (ε) > r0 such that |g (z)| 6 exp

{
ε |z|σ+1

}
for |z| = r > r1.

We may choose points θ j ∈ (α, β) − E ( j = 1, · · · , n) such that θ1 < θ2 < · · · < θn
(α < θ1 6 α + ε, β − ε 6 θn < β) and max{θ j+1 − θ j : 1 6 j 6 n − 1} < π

σ+1 . Now
from Lemma 3.4, |g (z)| 6 M holds in the sectors {z : θ j 6 arg z 6 θ j+1, |z| > r0}
( j = 1, · · · , n − 1) . Hence |g (z)| 6 M holds in the sector {z : α + ε 6 arg z 6
β − ε, |z| > r0}.

Here, we give a special case of the result due to G. G. Gundersen and E. Steinbart
in [7]:

Lemma 3.5. Let k > 2 be an integer. Suppose that w (z) is an entire function, where
σ (w) < +∞. Let λ, µ, η, θ1 and θ2 be real constants satisfying λ > 0, µ > 0, 0 < η < λ

k
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and θ1 < θ2. Suppose that there exists a set E ⊂ R that has linear measure zero such
that for any θ ∈ (θ1, θ2) − E, we have

|w (z)| 6 exp
{
(−λ + η) |z|µ} (10)

as z −→ ∞ along arg z = θ. Then for any θ ∈ (θ1, θ2) , (10) holds as z −→ ∞ along
arg z = θ.

4. PROOF OF THEOREM 2.1

Suppose that f . 0 is a solution of (7) with σ ( f ) = σ < ∞. From Lemma 3.1, there
exists a set E ⊂ [0, 2π) that has linear measure zero, such that if ψ0 ∈ (θ1, θ2) − E,
then ∣∣∣∣∣∣ f ( j) (z)

f (z)

∣∣∣∣∣∣ 6 |z|kσ , j = 1, · · · , k (11)

as z→ ∞ with arg z = ψ0 ∈ (θ1, θ2) ⊂
[
0, π2n

)
∪

(
3π
2n ,

2π
n

)
. From (7), we obtain

1 6
∣∣∣∣∣ 1
A0 (z) ezn

∣∣∣∣∣
∣∣∣∣∣∣ f (k)

f

∣∣∣∣∣∣ + k−1∑
j=1

∣∣∣A j (z)
∣∣∣

|A0 (z)|

∣∣∣∣∣∣ f ( j)

f

∣∣∣∣∣∣ . (12)

By using (5), (6) and (11), we get∣∣∣∣∣∣ A j (z)
A0 (z)

∣∣∣∣∣∣
∣∣∣∣∣∣ f ( j) (z)

f (z)

∣∣∣∣∣∣ 6 1
e(α−β)|z|µ |z|

kσ ( j = 1, · · · , k − 1) .

So

lim
z→∞

∣∣∣∣∣∣ A j (z)
A0 (z)

∣∣∣∣∣∣
∣∣∣∣∣∣ f ( j) (z)

f (z)

∣∣∣∣∣∣ = 0 ( j = 1, · · · , k − 1) . (13)

Also from (5) and (11), we have∣∣∣∣∣ 1
A0 (z) ezn

∣∣∣∣∣
∣∣∣∣∣∣ f (k) (z)

f (z)

∣∣∣∣∣∣ 6 1

eα|z|
µ+|z|n cos(n arg z)

|z|kσ

and by taking z→ ∞ with arg z ∈ (θ1, θ2) ⊂
[
0, π2n

)
∪

(
3π
2n ,

2π
n

)
, we obtain

lim
z→∞

∣∣∣∣∣ 1
A0 (z) ezn

∣∣∣∣∣
∣∣∣∣∣∣ f (k) (z)

f (z)

∣∣∣∣∣∣ = 0. (14)

Using (13) and (14) in (12) we get a contradiction. So, every solution f . 0 of (7)
has infinite order.
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5. PROOF OF THEOREM 2.2

First we prove that f (s) (z) is bounded in S (ε) . From Lemma 3.1, there exists a set
E ⊂ [0, 2π) that has linear measure zero, such that for all j = s + 1, · · · , k∣∣∣∣∣∣ f ( j) (z)

f (s) (z)

∣∣∣∣∣∣ 6 |z|( j−s)(σ−1+ε) 6 |z|kσ (15)

along any ray arg z = φ ∈ (θ1, θ2) − E with |z| > r1 large enough, provided 0 < ε < 1.
If we suppose that f (s) (z) is unbounded on some ray arg z = ϕ ∈ S (0) \E, then by
Lemma 3.2 there exists an infinite sequence of points zq = rqei ϕ (q = 1, 2, · · · ) ,
where rq → +∞, such that f (s)

(
zq

)
→ ∞ and∣∣∣∣∣∣∣∣

f ( j)
(
zq

)
f (s)

(
zq

)
∣∣∣∣∣∣∣∣ 6 1

(s − j)!
(1 + o (1))

∣∣∣zq
∣∣∣s− j
6 2

∣∣∣zq
∣∣∣k (16)

for all j = 0, · · · , s − 1 when
∣∣∣zq

∣∣∣ > r2 large enough. From (7), we can write

1 6
1

|As (z)|

∣∣∣∣∣ 1
ezn

∣∣∣∣∣
∣∣∣∣∣∣ f (k) (z)
f (s) (z)

∣∣∣∣∣∣ + |Ak−1 (z)|
|As (z)|

∣∣∣∣∣∣ f (k−1) (z)
f (s) (z)

∣∣∣∣∣∣
+ · · · + |As+1 (z)|

|As (z)|

∣∣∣∣∣∣ f (s+1) (z)
f (s) (z)

∣∣∣∣∣∣ + |As−1 (z)|
|As (z)|

∣∣∣∣∣∣ f (s−1) (z)
f (s) (z)

∣∣∣∣∣∣
+ · · · + |A0 (z)|

|As (z)|

∣∣∣∣∣∣ f (z)
f (s) (z)

∣∣∣∣∣∣ . (17)

Combining (8), (9), (15) and (16) with (17) we obtain a contradiction as rq → +∞.
Therefore, f (s) (z) remains bounded on all rays arg z = ϕ ∈ S (0) \E. By Remark 3.2,
we conclude that f (s) (z) is bounded, say

∣∣∣ f (s) (z)
∣∣∣ 6 M, in the whole sector S (ε) . By

s-fold iterated integration along the line segment [0, z] , we have

f (z) = f (0) + f ′ (0) z + · · · + 1
(s − 1)!

f (s−1) (0) zs−1

+

z∫
0

· · ·
ζ∫

0

ξ∫
0

f (s) (t) dtdξ · · · du.

So, we get
| f (z)| 6 M′ |z|s . (18)

Now, from (7), we can write∣∣∣ f (s) (z)
∣∣∣ 6 | f (z)|
|As (z)|

(∣∣∣∣∣ 1
ezn

∣∣∣∣∣
∣∣∣∣∣∣ f (k) (z)

f (z)

∣∣∣∣∣∣ + |Ak−1 (z)|
∣∣∣∣∣∣ f (k−1) (z)

f (z)

∣∣∣∣∣∣
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+ · · · + |A1 (z)|
∣∣∣∣∣ f ′ (z)

f (z)

∣∣∣∣∣ + |A0 (z)|
)

(19)

and recalling Lemma 3.1, (18) and the assumptions (8) and (9), we conclude∣∣∣ f (s) (z)
∣∣∣ 6 C |z|s+kσ exp (β |z|µ)

exp (α |z|µ)
= C |z|s+kσ exp

{
(β − α) |z|µ} ,

where C > 0 is a constant, so∣∣∣ f (s) (z)
∣∣∣ 6 exp

{
(β + τ − α) |z|µ} , (20)

where 0 < τ <
α − β

k
, along any ray arg z = ϕ ∈ (θ1 + ε, θ2 − ε) \E, provided |z| > r3

large enough. By combining ρ
(

f (s)
)
< +∞ and Lemma 3.5, we obtain that (20)

remains valid in the sector S (2ε) . For m > s, we take z = reiθ ∈ S (3ε) such that
the disk Γ (z) centered at z and of radius at most ρ = ((m − s)!)1/(m−s) is contained in
S (2ε) , i.e., we must take r > ρ/ sin ε. By the Cauchy formula

f (m) (z) =
(m − s)!

2πi

∫
Γ(z)

f (s) (w)
(w − z)m−s+1 dw

and using (20), we get ∣∣∣ f (m) (z)
∣∣∣ 6 exp

{
(β + τ − α) |z|µ} (21)

as |z| is large enough along any ray arg z = ϕ ∈ S (2ε) . Until now, we have proved
the second assertion for m > s. We start to prove the first assertion for j = s − 1. Set

as−1 =

+∞∫
0

f (s)
(
teiθ

)
eiθdt.

By (20), it is easy to see that
+∞∫
0

f (s)
(
teiθ

)
eiθdt converges for θ ∈ S (2ε). Moreover,

as−1 is independent of θ, because by using (20), the integral of f (s) (z) over the arc
Reiθ, θ ∈ (ϕ, φ) in S (2ε) tends to zero as R→ +∞.Define now bs−1 = f (s−1) (0)+as−1,
and suppose that bs−1 , 0. Let z = reiθ ( r large enough ) be an arbitrary point in
S (2ε). Then by applying (20), and Lemma 3.3, we get∣∣∣ f (s−1) (z) − bs−1

∣∣∣ = ∣∣∣ f (s−1) (z) − f (s−1) (0) − as−1
∣∣∣

=

∣∣∣∣∣∣∣∣∣
z∫
0

f (s) (u) du −
+∞∫
0

f (s)
(
teiθ

)
eiθdt

∣∣∣∣∣∣∣∣∣
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=

∣∣∣∣∣∣∣∣∣
|z|∫
0

f (s)
(
teiθ

)
eiθdt −


|z|∫
0

f (s)
(
teiθ

)
eiθdt +

+∞∫
|z|

f (s)
(
teiθ

)
eiθdt


∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣−
+∞∫
|z|

f (s)
(
teiθ

)
eiθdt

∣∣∣∣∣∣∣∣∣ 6
+∞∫
|z|

∣∣∣∣ f (s)
(
teiθ

)∣∣∣∣ dt 6 exp
{
(β + 2τ − α) |z|µ} (22)

as |z| large enough along any ray arg z = θ ∈ S (2ε) . Thus, we have completed the

proof in the case bs−1 , 0. Now if bs−1 = 0, we define as−2 =
+∞∫
0

f (s−1)
(
teiθ

)
eiθdt

and bs−2 = f (s−2) (0) + as−2. To estimate f (s−2) (z) − bs−2, we apply Lemma 3.3 and∣∣∣ f (s−1) (z)
∣∣∣ 6 exp

{
(β + 2τ − α) |z|µ}

in place of (20) exactly as in (22) to obtain∣∣∣ f (s−2) (z) − bs−2
∣∣∣ 6 exp

{
(β + 3τ − α) |z|µ}

as |z| is large enough in S (2ε) . By the same method, if bs−1 = bs−2 = · · · = b j+1 = 0
and b j , 0 ( j ∈ {0, · · · , s − 1}) , then∣∣∣ f ( j) (z) − b j

∣∣∣ 6 exp
{
(β + (s − j + 1) τ − α) |z|µ} . (23)

Now it remains to show that the case bs−1 = bs−2 = · · · = b0 = 0 is not possible. In
this case we have∣∣∣ f (m) (z)

∣∣∣ 6 exp
{
(β + (s − m + 1) τ − α) |z|µ} ( for all 0 6 m 6 s) (24)

and for m > s we have formula (21). From (7), we can write∣∣∣∣∣∣ f (s) (z)
f (z)

∣∣∣∣∣∣ 6 1
|As (z)|

∣∣∣∣∣ 1
ezn

∣∣∣∣∣
∣∣∣ f (k) (z)

∣∣∣
| f (z)| +

|Ak−1 (z)|
|As (z)|

∣∣∣ f (k−1) (z)
∣∣∣

| f (z)|

+ · · · + |A1 (z)|
|As (z)|

| f ′ (z)|
| f (z)| +

|A0 (z)|
|As (z)| . (25)

By using (8), (9) and Lemma 3.1 in (25), we obtain∣∣∣∣∣∣ f (s) (z)
f (z)

∣∣∣∣∣∣ 6 exp
{
(β + τ − α) |z|µ} . (26)

Also by using (24) for m = 0 in (26), we get∣∣∣ f (s) (z)
∣∣∣ 6 exp

{[
2 (β − α) + (s + 2) τ

] |z|µ} (27)
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in S (2ε) \E, hence in S
(
2ε + ε

2

)
by Lemma 3.5. If we repeat the steps (22) and (23)

until j = 0 by using (27), we will get

| f (z)| 6 exp
{[

2 (β − α) + (2s + 2) τ
] |z|µ} . (28)

Then (28) with (26) give∣∣∣ f (s) (z)
∣∣∣ 6 exp

{[
3 (β − α) + (2s + 3) τ

] |z|µ}
in S

(
2ε + ε

2

)
\E, hence in S

(
2ε + ε

2 +
ε
22

)
by Lemma 3.5. Now inductively, suppose

that we have ∣∣∣ f (s) (z)
∣∣∣ 6 exp

{[
T (β − α) + ((T − 1) s + T ) τ

] |z|µ} (29)

holds in the sector S
(
2ε +

T−1∑
j=1

ε
2 j

)
. Repeating the steps (22), (23) until j = 0 with

(26), we get ∣∣∣ f (s) (z)
∣∣∣ 6 exp

{[
(T + 1) (β − α) + (T s + T + 1) τ

] |z|µ}
in S

(
2ε +

T−1∑
j=1

ε
2 j

)
\E provided |z| large enough. By Lemma 3.5, this inequality re-

mains valid in the whole sector S
(
2ε +

T∑
j=1

ε
2 j

)
. Thus we have proved in this special

case of bs−1 = bs−2 = · · · = b0 = 0, that (29) is valid in S
(
2ε +

+∞∑
j=1

ε
2 j

)
= S (3ε) for

all T ∈ N∗, provided |z| large enough. Fix now a finite line segment in S (3ε) with |z|
large enough. Since (s + 1) τ 6 kτ < α − β, it follows that

T (β − α) + ((T − 1) s + T ) τ = − [
(α − β) − (s + 1) τ

]
T − sτ→ −∞

as T → +∞. By (29), we will obtain that f (s) (z) vanishes identically on such line
segment. Therefore, by the standard uniqueness theorem of entire functions, f has
to be a polynomial, a contradiction. So, the case bs−1 = bs−2 = · · · = b0 = 0 is not
possible, which completes the proof.

Acknowledgments. The authors would like to thank the referee for his helpful remarks and sugges-
tions to improve the paper.
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Abstract A generalized linear operator Og,h(α) is defined on the space of normalized analytic
functions for each pair (g, h) of normalized analytic functions. In the present investiga-
tion differential subordination, differential superordination and corresponding sandwich
results are obtained for this generalized linear operator Og,h(α) as well as some relevant
connections with earlier results are pointed out.

Keywords: analytic function, subordination, starlike function, convex function.
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1. INTRODUCTION

Let H(D) be the set of analytic functions defined on unit diskD := {z ∈ C : |z| < 1}.
For any a ∈ C and n ∈ N∗, we shall denote H[a, n] = { f ∈ H(D) : f (z) = z+anzn+· · · }
and the class of normalized analytic functions An = { f ∈ H(D) : f (z) = z+an+1zn+1+

· · · }. Indeed the class A = A1 consists of normalized analytic functions of the form

f (z) = z + a2z2 + a3z3 + · · · . (1)

The subclass of A consisting of univalent functions is denoted by S. Among all the
geometrically defined classes in the Geometric Function Theory (GFT) the classes
of starlike and convex functions are the most prominent topics. A domain D ⊂ C
is starlike with respect to a point w0 ∈ D if the line segment joining any point in D
to w0 lies entirely inside D, while a domain is convex if it is starlike with respect
to all its points. A function f ∈ A is starlike if and only if f (D) is starlike with
respect to origin, and convex if f (D) is convex. A function which maps D onto
starlike domain is called the starlike function and the one which mapsD onto a convex
domain is called the convex functions. Analytically, a function f ∈ A is starlike if
and only if Re(z f ′(z))/( f (z)) > 0, whereas f ∈ A is convex if and only if Re(1 +
(z f ′′(z))/( f ′(z))) > 0. The classes consisting of starlike and convex functions are
denoted by S∗ and K respectively.

For two analytic functions f and g, we say that f is subordinate to g or g is superor-
dinate to f , if there is a Schwarz function w with |w(z)| ≤ |z| such that f (z) = g(w(z)).
If g is univalent, then f ≺ g if and only if f (0) = g(0) and f (D) ⊆ g(D).
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Let ψ : C3 ×D→ C and ϕ be an univalent function in the unit disk D. Let p be an
analytic function in D and satisfies the second order differential subordination

ψ(p(z), zp′(z), z2 p′′(z); z) ≺ ϕ(z), (2)

then p is called a solution of the differential subordination. The univalent function q
is called a dominant of p, if p ≺ q for all p satisfying (2). A dominant q̃ such that
q̃ ≺ q for all dominants q of p is called the best dominant. The best dominant is
unique up to the rotation of the unit disk D.

Let ψ : C3 × D → C and ϕ be a univalent function in the open unit disk D.
Assume p is analytic and ψ(p(z), zp′(z), z2 p′′(z); z) analytic univalent function in D
that satisfies the second order differential subordination

ϕ(z) ≺ ψ(p(z), zp′(z), z2 p′′(z); z). (3)

Then p is called a solution of the differential superordination. The analytic function q
is called a subordinant of p, if q ≺ p for all p satisfying (3). A subordinant q̃ such that
q ≺ q̃ for all subordinants q of p is called the best subordinant. The best subordinant
is unique up to the rotation of the unit disk D.

In the recent past, differential subordination and differential superordination results
involving various linear operators were studied by many authors [1, 2, 4, 5, 7, 16, 17,
18, 19] (see also the references cited therein).

Lupaş in two sperate papers [3] and [4] introduced a new operator RIα(n, λ, l) for
functions f ∈ A and f ∈ An respectively as follows:

RIα(n, λ, l) f (z) = (1 − α)Rn f (z) + αI(n, λ, l) f (z) (α ≥ 0),

where Rn f (z) and I(n, λ, l) f (z) are respectively the Ruscheweyh derivative operator
[14] and the generalized multiplier transform [2].

Lupaş also introduced [1] another operator using the generalized Sǎlǎgean operator
[5] Dn

λ and Ruscheweyh derivative operator for f ∈ A as follows:

RDn
λ,α f (z) = (1 − α)Rn f (z) + αDn

λ f (z) (α ≥ 0, n ∈ N).

In the present investigation an attempt has been made to unify these above men-
tioned operators of Lupaş using the Hadamard product and derive the differential
sandwich results associated with this operator introduced here for functions in A.
Recall that the Hadamard product of two functions f given by (1) and g(z) = z +
g2z2 + g3z3 + · · · is defined by

( f ∗ g)(z) = z + a2g2z2 + a3g3z3 + · · · .

Definition 1.1. For f ∈ A and α ∈ C, let us define the operator Og,h(α) by

Og,h(α) f (z) = (1 − α)( f ∗ g)(z) + α( f ∗ h)(z),
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where g(z) = z +
∑∞

k=2 gkzk and h(z) = z +
∑∞

k=2 hkzk.

Remark 1.1. By taking suitable values to α and appropriate functions g, h, the op-
erator Og,h(α) reduces to the several known operator introduced in [1, 2, 3, 4, 5, 12,
13, 15, 17]. For instance, if we set α ≥ 0,

g(z) = z +
∞∑

k=2

Cn
n+k−1zk and h(z) = z +

∞∑
k=2

(
1 + λ(k − 1) + l

l + 1

)m

zk,

then the operator Og,h(α) reduces to the operator RIα(m, λ, l) introduced by Lupas
[4]. Further if we take g(z) = z+

∑∞
k=2 Cn

n+k−1zk and h(z) = z+
∑∞

k=2[1+ (k− 1)λ]nzk,
then Og,h(α) = RDn

λ,α, the operator introduced by Lupas [1].

The following notation and lemmas are required in sequel: let us denote by Q, the
set of all functions f (z) that are analytic and injective on D \ E( f ), where

E( f ) = {ζ ∈ ∂D : lim
z→ζ

f (z) = ∞},

and are such that f ′(ζ) , 0 for ζ ∈ ∂D \ E( f ).

Lemma 1.1. [6, 8] Let ϕ be a convex function in D, with ϕ(0) = a, γ , 0 and
Re γ ≥ 0. If p ∈ H[a, n] satisfies the subordination

p(z) +
zp′(z)
γ
≺ ϕ(z),

then
p(z) ≺ q(z) ≺ ϕ(z),

where

q(z) =
γ

nzγ/n

∫ z

0
ϕ(t)tγ/n−1dt.

The function q is the convex and is the best (a,n)-dominant.

Lemma 1.2. [9] Let ϕ be a convex function in D, with ϕ(0) = a, γ , 0 and Re γ ≥ 0.
Let p ∈ H[a, n] ∩ Q be such that p(z) + (zp′(z))/γ is univalent in D and satisfies the
subordination

ϕ(z) ≺ p(z) +
zp′(z)
γ

.

Then

q(z) =
γ

nzγ/n

∫ z

0
ϕ(t)tγ/n−1dt ≺ p(z).

The function q is the convex and is the best (a,n)-subordinant.
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Lemma 1.3. [7] Let w be a convex function in D and let ϕ(z) = w(z) + nδzw′(z),
where δ > 0 and n is a positive integer. If

p(z) = w(0) + pnzn + pn+1zn+1 + · · · ,

is analytic in D and p(z) + δzp′(z) ≺ ϕ(z), then p(z) ≺ w(z) and this result is sharp.

For real or complex numbers a, b and c (c , 0,−1,−2,−3, · · · ), the Gauss hyper-
geometric function [20] is defined by

2F1(a, b; c; z) = 1 +
ab
c

z
1!
+

a(a + 1)b(b + 1)
c(c + 1)

z2

2!
+ · · · .

Lemma 1.4. [20] For real or complex parameters a, b and c (c , 0,−1,−2,−3, · · · ),∫ 1

0
tb−1(1 − t)c−b−1(1 − tz)−adt =

Γ(b)Γ(c − b)
Γ(c) 2F1(a, b; c; z) (Re(c) > Re(b) > 0); (4)

(b + 1) 2F1(1, b; b + 1; z) = (b + 1) + bz 2F1(1, b + 1; b + 2; z). (5)

2. SANDWICH RESULTS

Let us denote Bδα(g, h) := { f ∈ A : Re(Og,h(α) f (z))′ > δ, 0 ≤ δ < 1}.
Theorem 2.1. The set Bδα(g, h) is convex.

Proof. Let

f j(z) = z +
∞∑

k=2

ak jzk ∈ Bδα(g, h) ( j = 1, 2).

Define the function H by

H(z) = γ1 f1(z) + γ2 f2(z),

where γ1 and γ2 are non-negative real number such that γ1 + γ2 = 1. Now it suffices
to show that the function H ∈ Bδα(g, h) or Re(Og,h(α)H(z))′ > δ. We have

H(z) = z +
∞∑

k=2

[γ1ak1 + γ2ak2]zk.

Therefore

Og,h(α)H(z) = z +
∞∑

k=2

(αhk + (1 − α)gk)[γ1ak1 + γ2ak2]zk

and

Re(Og,h(α)H(z))′ = 1 + Re
∞∑

k=2

(αhk + (1 − α)gk)[γ1ak1 + γ2ak2]kzk−1. (6)
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Since f j ∈ Bδα(g, h), we have

Re{
∞∑

k=2

(αhk + (1 − α)gk)kak jzk−1} > δ − 1 ( j = 1, 2). (7)

Thus, it is clear from (6) and (7) that Re(Og,h(α)H(z))′ > δ and hence Bδα(g, h) is
convex.

Remark 2.1. The above Theorem 2.1 can be extended as follows: If f j ∈ Bδα(g, h) ( j =
1, 2, 3...n), then

∑n
j=1 γ j f j ∈ Bδα(g, h), where γi are non-negative real numbers such

that
∑n

j=1 γ j = 1. Note that Theorem 2.1 generalizes the result [4, Theorem 2.1] of
Lupaş.

Theorem 2.2. Let ϕ be a convex function in D with ϕ(0) = 1. Let Re(c) > −1, f ∈ A
and the function F is defined by

F(z) =
c + 1

zc

∫ z

0
tc−1 f (t)dt. (8)

1 If (Og,h(α) f (z))′ ≺ ϕ(z), then ((Og,h(α))F(z))′ ≺ q(z), where q is a convex
function and is the best dominant given by

q(z) =
c + 1
zc+1

∫ z

0
ϕ(t)tcdt. (9)

2 Let (Og,h(α) f (z))′ be analytic univalent in D. If ϕ(z) ≺ (Og,h(α) f (z))′ and
(Og,h(α)F(z))′ ∈ H[1, 1] ∩ Q, then q(z) ≺ ((Og,h(α))F(z))′, where q, given by
(9), is a convex function and is the best subordinant.

Proof. It can be easily seen from (8) that

cF(z) + zF′(z) = (c + 1) f (z). (10)

Now convoluting on both sides of (10) with ϕ(z) = z +
∑∞

k=2(αhk + (1 − α)gk)zk and
then differentiating, we get

(Og,h(α)F(z))′ +
z(Og,h(α)F(z))′′

c + 1
= (Og,h(α) f (z))′. (11)

In view of the first assumption of Theorem 2.2 namely (Og,h(α) f (z))′ ≺ ϕ(z), (11)
reduces to

(Og,h(α)F(z))′ +
z(Og,h(α)F(z))′′

c + 1
≺ ϕ(z). (12)

If we assume p(z) = (Og,h(α)F(z))′, then (12) becomes

p(z) +
zp′(z)
c + 1

≺ ϕ(z). (13)
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Now an application of Lemma 1.1 with n = 1, γ = c + 1 implies p(z) ≺ q(z) or
equivalently (Og,h(α)F(z))′ ≺ q(z), where q given by (9), is convex and is the best
dominant. The second half of the proof follows in a similar way by using Lemma
1.2.

The above Theorem 2.2 leads to the following sandwich result:

Corollary 2.1. Let ϕi (i = 1, 2) be convex function in D, with ϕi(0) = 1. Let Re c >
−1, f ∈ A, (Og,h(α) f (z))′ is analytic univalent in D and (Og,h(α)F(z))′ ∈ H[1, 1]∩Q.
If

ϕ1(z) ≺ (Og,h(α) f (z))′ ≺ ϕ2(z),

then
q1(z) ≺ (Og,h(α)F(z))′ ≺ q2(z),

where qi be given by

qi(z) =
c + 1
zc+1

∫ z

0
ϕi(t)t

cdt, (14)

and F is given by (8).

Corollary 2.2. Let f ∈ A and F be defined by (8). If Re c > −1 and

f ′(z) + (1 − α)z f ′′(z) ≺ 1 + (1 − 2β)z
1 + z

(β < 1), (15)

then
F′(z) + (1 − α)zF′′(z) ≺ 2(1 − β) 2F1(1, c + 1; c + 2;−z) + 2β − 1. (16)

The function on the right hand side of (16) is convex and is the best dominant.

Proof. If we take g(z) = z/(1 − z) and h(z) = z/(1 − z)2, then it is easy to see that
( f ∗ g)(z) = f (z) and ( f ∗ h)(z) = z f ′(z). Therefore, we have Og,h(α) f (z) = (1−α)( f ∗
g)(z)+ α( f ∗ h)(z) = (1− α) f (z)+ αz f ′(z) and thus, (Og,h(α) f (z))′ = f ′(z)+ αz f ′′(z).
Similarly (Og,h(α)F(z))′ = F′(z)+αzF′′(z).By taking ϕ(z) = (1+(1−2β)z)/(1+z), β <
1 in the first part of Theorem 2.2 yields (25). Further we have

q(z) =
c + 1
zc+1

∫ z

0

1 + (1 − 2β)t
1 + t

tcdt.

Now a computation using Lemma 1.4, yields

q(z) = 2(1 − β) 2F1(1, c + 1; c + 2;−z) + 2β − 1.

This completes the proof.

Remark 2.2. When c = 0 and α = 1 Corollary 2.2 reduces to the result [8, Lemma
5.5k ] of Miller and Mocanu.
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Theorem 2.3. Let q be a convex function in D with ϕ(0) = 1. Further assume that
f ∈ A and F is defined by (8). If

(Og,h(α) f (z))′ ≺ q(z) +
zq′(z)
c + 1

(c > −1),

then (Og,h(α)F(z))′ ≺ q(z).

Proof. Let p(z) = (Og,h(α)F(z))′. Proceeding as described in the proof of Theo-
rem 2.2, we arrive at

p(z) +
zp′(z)
c + 1

≺ q(z) +
zq′(z)
c + 1

.

Now the result follows at once by an application of Lemma 1.3.

If we set q(z) = (1 + (1 − 2β)z)/(1 − z) (0 ≤ β < 1) in Theorem 2.3, we obtain the
following result:

Corollary 2.3. Let f ∈ A and the function F be as defined in (8). If

Re(Og,h(α) f (z))′ > β +
β − 1

2(c + 1)
(0 ≤ β < 1, c > −1), (17)

then Re(Og,h(α)F(z))′ > β. The result is best possible.

Proof. Let

q(z) =
1 + (1 − 2β)z

1 − z
(0 ≤ β < 1).

Clearly q is convex in D with q(0) = 1. A calculation shows that

q(z) +
zq′(z)
c + 1

=
1 + (1 − 2β)z

1 − z
− 2(1 − β)z

(c + 1)(1 − z)2 .

Now an application of Theorem 2.3 yields

(Og,h(α) f (z))′ ≺ 1 + (1 − 2β)z
1 − z

− 2(1 − β)z
(c + 1)(1 − z)2 .

This implies (26) and hence the result follows at once.

Remark 2.3. By setting β = 0 in the above Corollary 2.3, we have

Re(Og,h(α) f (z))′ >
−1

2(c + 1)
, c > −1

implies Re(Og,h(α)F(z))′ > 0. This shows that Og,h(α)F(z) is univalent even though
Og,h(α) f (z) is not.

Theorem 2.4. Let ϕ be a convex function in D, with ϕ(0) = 1 and f ∈ A.
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1 If (Og,h(α) f (z))′ ≺ ϕ(z), then ((Og,h(α)) f (z))/z ≺ q(z), where q is a convex
function and is the best dominant given by

q(z) =
1
z

∫ z

0
ϕ(t)dt. (18)

2 Let (Og,h(α) f (z))′ be analytic univalent in D. If ϕ(z) ≺ (Og,h(α) f (z))′ and
((Og,h(α)) f (z))/z ∈ H[1, 1] ∩ Q, then q(z) ≺ ((Og,h(α)) f (z))/z, where q, given by
(9), is a convex function and it is the best subordinant.

Proof. Let us prove the first part of the theorem by assuming

p(z) =
Og,h(α) f (z)

z
. (19)

It is clear that p(0) = 1 and p ∈ H[1, 1]. From (19), we have

p(z) + zp′(z) = (Og,h(α) f (z))′. (20)

Since (Og,h(α) f (z))′ ≺ ϕ(z), (20) implies p(z) + zp′(z) ≺ ϕ(z). Now an application of
Lemma 1.1 with n = 1 and γ = 1 leads to p(z) ≺ q(z) or

Og,h(α) f (z)
z

≺ q(z),

where q, given by (1), is a convex function and it is the best dominant. The second
half of the proof follows in a similar way by using Lemma 1.2.

Corollary 2.4. Let ϕi (i = 1, 2) be convex in D with ϕi(0) = 1 and f ∈ A. Assume
that ((Og,h(α)) f (z))/z ∈ H[1, 1] ∩ Q and (Og,h(α) f (z))′ is analytic univalent in D. If

ϕ1(z) ≺ (Og,h(α) f (z))′ ≺ ϕ2(z),

then
q1(z) ≺ (Og,h(α)F(z))′ ≺ q2(z),

where qi is given by

qi(z) =
1
z

∫ z

0
ϕi(t)dt. (21)

By taking g(z) = z/(1− z), h(z) = z/(1− z)2 and ϕ(z) = (1+ (1− 2β)z)/(1− z) with
(0 ≤ β < 1) in Theorem 2.4, we obtain the following result:

Corollary 2.5. Let f ∈ A. If

Re( f ′(z) + (1 − α)z f ′′(z)) > β,
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then

Re
(
α f (z) + (1 − α)z f ′(z)

z

)
> 2(β − 1) ln 2 + 2β − 1.

Remark 2.4. The above result generalizes the result of Owa et al. [11, Corollary 1]
and, for α = 0, the result reduces to the result [6, Theorem 6] of Hallenbeck.

Theorem 2.5. Let q be a convex function in D with q(0) = 1. If f ∈ A satisfies the
subordination (Og,h(α) f (z))′ ≺ q(z) + zq′(z), then

((Og,h(α)) f (z))/z ≺ q(z).

The function q is convex and is the best dominant.

Proof. Proceeding as in the proof of Theorem 2.4, we have (20). Now (20) and the
assumption ϕ(z) = q(z) + zq′(z) lead to

p(z) + zp′(z) ≺ q(z) + zq′(z).

An application of Lemma 1.3 completes the proof.

Remark 2.5. Let us consider

q(z) =
1 + (1 − 2β)z

1 − z
(0 ≤ β < 1).

Then q is convex in D and q(0) = 1. Further taking g(z) = z/(1 − z) and h(z) =
z/(1 − z)2 in Theorem 2.5 we conclude that

α f (z) + (1 − α)z f ′(z)
z

≺ 1 + (1 − 2β)z
1 − z

whenever
f ′(z) + (1 − α)z f ′′(z) ≺ 1 + (1 − 2β)z

1 − z
+

2(1 − β)z
(1 − z)2 .

Thus we have the following result:

Corollary 2.6. Let f ∈ A. If

Re( f ′(z) + (1 − α)z f ′′(z)) >
3β − 1

2
(0 ≤ β < 1),

then

Re
(
α f (z) + (1 − α)z f ′(z)

z

)
> β.

Remark 2.6. The Corollary 2.6 coincide with the results [16, Example 3.5] of Kumar
et al. and [10, Theorem 2] of Obradović, for α = 0 and 1 respectively.
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Theorem 2.6. Let ϕ be a convex function in D, with ϕ(0) = 0 and f ∈ A.

1 If Og,h(α) f (z)+ z(Og,h(α) f (z))′ ≺ ϕ(z), then Og,h(α) f (z) ≺ q(z), where the func-
tion q, given by (1), is convex and is the best dominant.

2 Let Og,h(α) f (z)+z(Og,h(α) f (z))′ be analytic univalent inD. If ϕ(z) ≺ Og,h(α) f (z)+
z(Og,h(α) f (z))′ and Og,h(α) f (z) ∈ H[0, 1] ∩ Q, then q(z) ≺ Og,h(α) f (z), where
the function q, given by (1), is convex and is the best subordinant.

Proof. Let
p(z) = Og,h(α) f (z). (22)

Then clearly p(0) = 0 and p ∈ H[0, 1]. A computation using (22) yields

p(z) + zp′(z) = Og,h(α) f (z) + z(Og,h(α) f (z))′. (23)

Since Og,h(α) f (z) + z(Og,h(α) f (z))′ ≺ ϕ(z), (23) reduces to p(z) + zp′(z) ≺ ϕ(z). Now
an application of Lemma 1.1 with γ = n = 1 completes the proof of first part of the
theorem. The second half of the proof follows similarly by using Lemma 1.2.

From Theorem 2.6, we have the following sandwich result:

Corollary 2.7. Let ϕi (i = 1, 2) be convex functions in D, with ϕi(0) = 0 and f ∈ A.
Assume that Og,h(α) f (z)+z(Og,h(α) f (z))′ is analytic univalent inD and Og,h(α) f (z) ∈
H[0, 1] ∩ Q. If

ϕ1(z) ≺ Og,h(α) f (z) + z(Og,h(α) f (z))′ ≺ ϕ2(z),

then
q1(z) ≺ Og,h(α) f (z) ≺ q2(z),

where qi (i = 1, 2) is given by (21).

By taking g(z) = h(z) = ϕ(z) = z/(1−z)2 in the first part of Theorem 2.6, we obtain
the following result:

Example 2.1. Let f ∈ A. If

Re(α f (z) + (2 − α)z f ′(z) + (1 − α)z2 f ′′(z)) > −1
2
,

then Re(α f (z) + (1 − α)z f ′(z)) > ln 2 − 1.

Theorem 2.7. Let q be a convex function in D and ϕ(z) = q(z) + zq′(z). Assume that
f ∈ A. If

Og,h(α) f (z) + z(Og,h(α) f (z))′ ≺ ϕ(z),

then
Og,h(α) f (z) ≺ q(z).
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The proof is much akin to the proof of Theorem 2.5 and hence it is skipped here.

Theorem 2.8. Let ϕ be a convex function in D, with ϕ(0) = 1 and f ∈ A.
1 If (Og,h(α) f (z))′ + z(Og,h(α) f (z))′′ ≺ ϕ(z), then (Og,h(α) f (z))′ ≺ q(z), where the

function q, given by (1) is convex and is the best dominant.

2 Let (Og,h(α) f (z))′+z(Og,h(α) f (z))′′ is analytic univalent inD. If ϕ(z) ≺ (Og,h(α) f (z))′

+z(Og,h(α) f (z))′′, and Og,h(α) f (z) ∈ H[1, 1] ∩ Q, then q(z) ≺ (Og,h(α) f (z))′,
where the function q, given by (1), is convex and is the best subordinant.

The proof is similar to that of Theorem 2.6 and hence it is skipped here.
We have the following sandwich result from Theorem 2.8:

Corollary 2.8. Let ϕi (i = 1, 2) be convex functions in D, with ϕi(0) = 1 and
f ∈ A. Assume that (Og,h(α) f (z))′ + z(Og,h(α) f (z))′′ is analytic univalent in D and
Og,h(α) f (z) ∈ H[1, 1] ∩ Q. If

ϕ1(z) ≺ (Og,h(α) f (z))′ + z(Og,h(α) f (z))′′ ≺ ϕ2(z),

then
q1(z) ≺ (Og,h(α) f (z))′ ≺ q2(z),

where qi (i = 1, 2) be given by (21).

By taking g(z) = h(z) = z/(1− z) and ϕ(z) = (1+ (1− 2β)z)/(1− z) with 0 ≤ β < 1
in the first part of Theorem 2.8, we deduce the following result:

Example 2.2. Let f ∈ A. If

Re( f (z) + z f ′(z)) > β (0 ≤ β < 1),

then Re( f (z)) > 2(1 − β) ln 2 + 2β − 1.

Theorem 2.9. Let q be a convex function in D and ϕ(z) := q(z) + zq′(z). Assume that
f ∈ A. If

(Og,h(α) f (z))′ + z(Og,h(α) f (z))′′ ≺ ϕ(z),

then
(Og,h(α) f (z))′ ≺ q(z).

The proof of theorem is similar to that of Theorem 2.5 and hence we skip it here.
By setting g(z) = h(z) = z/(1 − z) and q(z) = (1 + (1 − 2β)z)/(1 − z), 0 ≤ β < 1 in

Theorem 2.9, we deduce the following result:

Example 2.3. Let f ∈ A. If Re( f ′(z) + z f ′′(z)) > 2(1 − β) ln 2 + 2β − 1 (0 ≤ β < 1),
then Re f ′(z) > β.
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Abstract The present paper treats the topic of the distribution of the maximum and minimum of
a sequence of an independent identically distributed random variables (i.i.d.r.v.) in a
random number in a unitary manner and from the perspective of the power series dis-
tribution class. The general formulas are obtained, and by using concrete examples,
they lead to some of the distributions obtained by Adamidis and Loukas (1998), Kus
(2007), Tahmasbi and Rezaei (2008), Leahu and Lupu (2010), Baretto-Souza, Morais
and Cordeiro (2011), Morais and Baretto-Souza (2011), Cancho, Louzada and Bar-
riga (2011), Louzada, Roman and Cancho (2011), Flores, Borges, Cancho and Louzada
(2013). Examples of new distributions are also presented.
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1. INTRODUCTION

The introduction of this new (generalized) distribution is connected with reliability
problems when lifetime can be expressed as the maximum or minimum of a sequence
of i.i.d.r.v., which represents the risk times of the system components. In recent years,
some researchers have proposed a series of new distributions for the maximum and
minimum of a sequence of i.i.d.r.v.. For example, Adamidis and Loukas [1], Kus [6],
Tahmasbi and Rezaei [12], Leahu and Lupu [7], Louzada, Roman and Cancho [9],
as well as the Cancho, Louzada and Barriga [3], have been concerned with deter-
mining the maximum or minimum distribution when the components in a sequence
of i.i.d.r.v. are exponentially distributed, and the number of the components are of
a discrete type. Next, Flores, Borges, Cancho and Louzada [4] treat the distribu-
tion of a vector’s maximum with components that are exponentially distributed in
an random number of a power series distribution type. This type of distribution is
called complementary exponential power series (CEPS) distribution. Also, Morais
and Baretto-Souza [11] considered the analysed Weibull distribution class by means
of the power series distribution class (WPS). Recently, Louzada, Bereta and Franco
[10] have formulated a mathematical model that unifies the procedure for obtaining a
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distribution of the maximum and minimum of a sequence of i.i.d.r.v. of the absolutely
continuous type in a random number N characterized by the generating function. But
the problem of determining the general formula when the r.v. N forms part of a power
series distributions remains unsolved.

2. THE POWER SERIES DISTRIBUTION OF
THE MAXIMUM AND MINIMUM

Let us consider r.v. Z such that P (Z ∈ {1, 2, . . .}) = 1.

Definition 2.1. ([5]) We say that r.v. Z has a power series distribution if:

P (Z = z) =
azΘ

z

A(Θ)
, z = 1, 2, . . . ; Θ ∈ (0, τ); (1)

where a1, a2, . . . are nonnegative real numbers, τ is a positive number bounded by the
convergence radius of power series (series function) A (Θ) =

∑
z≥1

azΘ
z, ∀ Θ ∈ (0, τ),

and Θ is power parameter of the distribution (Table 1).

PSD denotes the power series distribution functions class. If the r.v. Z has the
distribution from relationship (1), then we write that Z ∈ PS D.

Table 1: The representative elements of the PSD class for various truncated distribu-
tions

Distribution az Θ A(Θ) τ

Binom∗(n, p)
(
n
z

)
p

1−p (1 + Θ)n − 1 ∞

Poisson∗(α) 1
z! α eΘ − 1 ∞

Log(p) 1
z p −ln(1 − Θ) 1

Geom∗(p) 1 1 − p Θ
1−Θ 1

Pascal(k, p)
(

z−1
k−1

)
1 − p

(
Θ

1−Θ
)k

1

Bineg∗(k, p)
(
z+k−1

z

)
p (1 − Θ)−k − 1 1

On the other hand, as Z is a r.v. discrete type for which P (Z ∈ {1, 2, . . .}) = 1, then
we can write its distribution function:
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FZ(x) = P (Z ≤ x) =


0 if x < 1

[x]∑
z=1
P (Z = z) if x ≥ 1. .

Therefore we can formulate the following proposition which characterizes the
power series distribution class.

Proposition 2.1. The necessary and sufficient condition for the r.v. Z to have a power
series distribution is that the distribution function be characterized by:

FZ(x) =
[x]∑
z=1

azΘ
z

A(Θ)
, x ≥ 1, (2)

where the entities (az)z≥1, Θ, A(Θ) are characterized by the Definition 2.1.

Proof. Necessity: assume that r.v. Z ∈ PS D. Then in accordance with Definition 2.1,
this has the distribution

Z :
 1 2 3 . . . n . . .

a1Θ
A(Θ)

a2Θ
2

A(Θ)
a3Θ

3

A(Θ) . . .
anΘ

n

A(Θ) . . .

 .
Then the distribution function FZ(x) = P(Z ≤ x) =

∑
z≤x
P(Z = z) =

[x]∑
z=1

azΘ
z

A(Θ) .

Sufficiency: assume that r.v. Z has the distribution function characterized by the re-
lationship (2). With this we can restore the values of the r.v., namely P (Z ∈ {1, 2, . . .} = 1),

as well as the probabilities. We have that: P(Z = i) = F(i) − F(i − 0) =
i∑

z=1

azΘ
z

A(Θ) −
i−1∑
z=1

azΘ
z

A(Θ) =
azΘ

z

A(Θ) , therefore Z ∈ PS D.

The next result defines the distribution function for the maximum and minimum
of a sequence of i.i.d.r.v. in random number.

Proposition 2.2. If r.v. U = max {X1, X2, . . . , XZ} and V = min {X1, X2, . . . , XZ},
where (Xi)i≥1 are nonnegative i.i.d.r.v., with the known distribution function FXi(x) =
F(x), ∀x > 0 and Z ∈ PS D with P (Z = z) = azΘ

z

A(Θ) , z = 1, 2, . . . ; Θ ∈ (0, τ), τ > 0,
r.v. (Xi)i≥1 and Z being independent, then the distribution function of the r.v. U,
respectively V are the following:

U(x) =
A [ΘF(x)]

A(Θ)
, x > 0, (3)

V(x) = 1 − A [Θ(1 − F(x))]
A(Θ)

, x > 0. (4)
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Proof. For Z = z, the distribution function of the maximum of a sample of size z with
the distribution function F, is Uz(x) = [F(x)]z. Using the total probability formula,
then the distribution function of the maximum of a sequence of i.i.d.r.v. in random
number Z has the expression U(x) =

∑
z≥1

Uz(x) · P (Z = z) =
∑
z≥1

[F(x)]z · P (Z = z).

Since Z ∈ PS D (the relationship (1)), the result is relationship (3).
In the case of the minimum, we have V(x) =

∑
z≥1

Vz(x) · P (Z = z), where the dis-

tribution function of the minimum of a sample of size z, is characterized by the rela-
tionship Vz(x) = 1 − [1 − F(x)]z.

Therefore,

V(x) =
∑
z≥1

[
1 − [1 − F(x)]z] · P (Z = z)

= 1 −
∑
z≥1

az [Θ(1 − F(x))]z

A(Θ)
.

Taking into account the definition of A(Θ), relation (4) is obtained.

The following results characterize the survival functions and the probability den-
sity functions (pdf) for the maximum, respectively minimum of a sequence of i.i.d.r.v.
in random number.

Consequence 2.1. If r.v. U = max {X1, X2, . . . , XZ} and V = min {X1, X2, . . . , XZ},
where (Xi)i≥1 are nonnegative i.i.d.r.v., with the known distribution function FXi(x) =
F(x), ∀x > 0 and Z ∈ PS D with P (Z = z) = azΘ

z

A(Θ) , z = 1, 2, . . . ; Θ ∈ (0, τ), τ >
0, r.v. (Xi)i≥1 and Z being independent, then the survival function of the r.v. U,
respectively V are the following:

S U(x) = 1 − A [ΘF(x)]
A(Θ)

, x > 0, (5)

S V (x) =
A [Θ(1 − F(x))]

A(Θ)
, x > 0. (6)

Consequence 2.2. If r.v. U = max {X1, X2, . . . , XZ}, where (Xi)i≥1 are nonnegative
i.i.d.r.v., absolutely continuous type, with the known pdf fXi(x) = f (x), ∀x > 0 and
Z ∈ PS D with P (Z = z) = azΘ

z

A(Θ) , z = 1, 2, . . . ; Θ ∈ (0, τ), τ > 0, r.v. (Xi)i≥1 and Z
being independent, then the pdf of the r.v. U is the following:

u(x) =
Θ f (x)A

′
[ΘF(x)]

A(Θ)
, x > 0. (7)

Proof. The pdf of the r.v. U is obtained by determining the derivative of the relation-
ship (3) with respect to variable x.
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Consequence 2.3. If r.v. V = min {X1, X2, . . . , XZ}, where (Xi)i≥1 are nonnegative
i.i.d.r.v., absolutely continuous type, with the known pdf fXi(x) = f (x), ∀x > 0 and
Z ∈ PS D with P (Z = z) = azΘ

z

A(Θ) , z = 1, 2, . . . ; Θ ∈ (0, τ), τ > 0, r.v. (Xi)i≥1 and Z
being independent, then the pdf of the r.v. V is the following:

v(x) =
Θ f (x)A

′
[Θ(1 − F(x))]
A(Θ)

, x > 0. (8)

Proof. By determining the derivative of the relationship (4) with respect to variable
x, (8) is obtained.

In the above conditions, the hazard rate under definition, we can formulate the
following proposition:

Proposition 2.3. The hazard rate for the r.v. U, respectively V are characterized by
the following relations:

hU(x) =
u(x)

1 − U(x)
=
Θ f (x)A

′
[ΘF(x)]

A(Θ) − A [ΘF(x)]
,

and

hV (x) =
v(x)

1 − V(x)
=
Θ f (x)A

′
[Θ(1 − F(x))]

A [Θ(1 − F(x))]
.

The next result shows a characteristic of the distribution of the maximum of a
random number of i.i.d.r.v. with the distribution function FXi(x) ≡ F(x), x > 0.

Proposition 2.4. If (Xi)i≥1 is a sequence of i.i.d.r.v., nonnegative, absolutely con-
tinuous type, with the distribution function FXi(x) ≡ F(x), x > 0 and Z ∈ PS D
with P (Z = z) = azΘ

z

A(Θ) , (az)z≥1 a sequence of nonnegative real numbers; A (Θ) =∑
z≥1

azΘ
z, ∀ Θ ∈ (0, τ), then r.v. U = max {X1, X2, . . . , XZ} has the limited distribu-

tion F if Θ→ 0+. In other words,

lim
Θ→0+

U(x) = [F(x)]k , x > 0

where k = min {n ∈ N∗, an > 0}.
Proof. By using the power series in (3) and by passing to the limit when Θ → 0+,
we obtain:

lim
Θ→0+

U(x) = lim
Θ→0+

A [ΘF(x)]
A(Θ)

=
0
0
.

By applying the l ′ Hospital rule k-time, we have:

lim
Θ→0+

U(x) = lim
Θ→0+

A(k) [ΘF(x)] · [F(x)]k

A(k)(Θ)

=
k!ak [F(x)]k

k!ak
= [F(x)]k , x > 0
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and k = min {n ∈ N∗, an > 0} .

Similarly, we can formulate a result regarding the distribution of the minimum of
a sequence of i.i.d.r.v. in a random number.

Proposition 2.5. Given the conditions the hypothesis of Proposition 2.4, r.v. V =
min {X1, X2, . . . , XZ} has the limited distribution F if Θ→ 0+, or

lim
Θ→0+

V(x) = 1 − [1 − F(x)]l , x > 0

where l = min {n ∈ N∗, an > 0}.

The expressions of the rth moments of the two distributions (maximum and mini-
mum) can be derived as follows.

Proposition 2.6. The rth moment, r ∈ N, r ≥ 1 of the r.v. U = max {X1, X2, . . . , XZ},
where Z ∈ PS D, is given by:

EUr =
∑
z≥1

azΘ
z

A(Θ)
E

[
max {X1, X2, . . . , Xz}

]r . (9)

Proof. By using the total probability formula with the help of the conditional mean,
we obtain:

EUr = E
(
EUr |Z = z

)
=

∑
z≥1

E
[
max {X1, X2, . . . , Xz}

]r · P(Z = z)

=
∑
z≥1

azΘ
z

A(Θ)
· E [

max {X1, X2, . . . , Xz}
]r

and this ends the proof.

Similarly, we obtain the sth moment, s ∈ N, s ≥ 1 of the r.v. V:

EV s =
∑
z≥1

azΘ
z

A(Θ)
E

[
min {X1, X2, . . . , Xz}

]s . (10)

Consequence 2.4. If (Xi)i≥1 is a sequence of i.i.d.r.v., nonnegative, absolutely con-
tinuous type, with the distribution function FXi(x) ≡ F(x), x > 0 and pdf fXi(x) ≡
f (x), x > 0, then the rth and sth moments, r, s ∈ N, r, s ≥ 1 of the r.v. U, respectively
V are given by (9) and (10) where pdf ′ s fmax{X1, X2,...,Xz}(x) = z f (x) [F(x)]z−1 and
fmin{X1, X2,...,Xz}(x) = z f (x) [1 − F(x)]z−1.
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3. SPECIAL CASES

This section presents examples of the distribution class of the maximum (U) and
minimum (V) of a sequence (Xi)i≥1 of i.i.d.r.v., nonnegative, of the absolutely contin-
uous type. Briefly, let us call them the Max-Poisson distribution and the Min-Poisson
distribution. The special cases are accompanied by expressions of the distribution
function, the pdf, the hazard rate, the survival function, the mean and the variance.

3.1. THE MAX-POISSON DISTRIBUTION

In this subsection we present general distributions , which, when using concrete
examples, can lead us to the complementary exponential Poisson distribution intro-
duced by Cancho and others [3]. How Z ∼ Poisson⋆(α) ∈ PS D, α > 0, and
A(Θ) = eΘ − 1, Θ = α, then the distribution function of the r.v. UPoisson is:

UPoisson(x) =
eΘF(x) − 1

eΘ − 1
, x > 0, (11)

and the pdf., hazard rate and survival function are given by:

uPoisson(x) =
Θ f (x)eΘF(x)

eΘ − 1
, (12)

hUPoisson(x) =
Θ f (x)eΘF(x)

eΘ − eΘF(x)

and

S UPoisson(x) =
eΘ − eΘF(x)

eΘ − 1
.

The mean and variance of the Max-Poisson distribution are given by:

E UPoisson =
1

eΘ − 1

∑
z≥1

azΘ
zE

[
max {X1, X2, . . . , Xz}

]
,

and

Var UPoisson =
1

eΘ − 1

∑
z≥1

azΘ
zE

[
max {X1, X2, . . . , Xz}

]2 −

− 1
eΘ − 1

∑
z≥1

azΘ
zE

[
max {X1, X2, . . . , Xz}

]2 .
Particular case: if Xi ∼ Exp(λ), λ > 0, then the relationships (11) and (12) lead to

the distribution function introduced by Cancho and others [3]:
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UExp−Poisson(x) =
e−αe−λx − e−α

1 − e−α

and

uExp−Poisson(x) =
αλe−λx−αe−λx

1 − e−α
.

3.2. THE MIN-POISSON DISTRIBUTION

A new general distribution is illustrated in this section given the fact that V =
min {X1, X2, . . . , XZ}, Z ∼ Poisson⋆(α) ∈ PS D, α > 0, A(Θ) = eΘ − 1, Θ = α,
while (Xi)i≥1 are i.i.d.r.v. absolutely continuous and nonnegative type.

Taking into account the relations (4) and (8) we obtain the distribution function,
the pdf, the hazard rate and the survival function

VPoisson(x) =
eΘ − eΘ(1−F(x))

eΘ − 1
, (13)

vPoisson(x) =
Θ f (x)eΘ(1−F(x))

eΘ − 1
, (14)

while

hVPoisson(x) =
Θ f (x)eΘ(1−F(x))

eΘ − eΘ(1−F(x))

and

S VPoisson(x) =
eΘ(1−F(x)) − 1

eΘ − 1
.

The mean and variance of the Min-Poisson distribution are:

E VPoisson =
1

eΘ − 1

∑
z≥1

azΘ
zE

[
min {X1, X2, . . . , Xz}

]
,

while

Var VPoisson =
1

eΘ − 1

∑
z≥1

azΘ
zE

[
min {X1, X2, . . . , Xz}

]2 −

− 1
eΘ − 1

∑
z≥1

azΘ
zE

[
min {X1, X2, . . . , Xz}

]2 .
Particular case: if Xi ∼ Exp(λ), λ > 0, then through the relationships (13) and

(14), the distribution function and the pdf, obtained by Kus [6] are the following:

VExp−Poisson(x) =
1 − e−ΘF(x)

1 − e−Θ
=

1 − e−α(1−e−λx)

1 − e−α
,
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and:

vExp−Poisson(x) =
Θ f (x)e−ΘF(x)

1 − e−Θ
=
αλe−α−λx+αe−λx

1 − e−α
.

4. ON SOME DISTRIBUTIONS IN PROGRESS

We present in tabular form the different distributions that have been discussed and
analyzed by some researchers in works [6] and [11], as well as an example of the new
Gamma-Poisson distribution for the minimum and the Weibull-Poisson distribution
for the maximum. The distribution function and the pdf are determined for each case.

Table 2: Distribution function and pdf of the r.v. VPoisson for different combinations

Authors Distribution Distribution Probability
Z Xi function density

Kus(2007)

Poisson⋆(α)
Exp(λ) 1−eα(e−λx−1)

1−e−α
αλe−α−λx+αe−λx

1−e−α
Morais and

Bareto-Souza

(2011)

Weibull(λ, ν) eα−eαe−( x
λ )ν

eα−1
α ν
λ ( x

λ )ν−1e−( x
λ )νeαe

−( x
λ )ν

eα−1

New Gamma(a, b) e
αe−bx a−1∑

i=0

(bx)i
i!

eα−1
αba xa−1e

−bx+αe−bx a−1∑
i=0

(bx)i
i!

(a−1)!(eα−1)

Table 3: Distribution function and pdf of the r.v. UPoisson for different combinations

Authors Distribution Distribution Probability
Z Xi function density

Cancho and al
(2011) Poisson⋆(α) Exp(λ) e−αe−λx−e−α

1−e−α
αλe−λx−αe−λx

1−e−α

New Weibull(λ, ν) e−αe
−( x

λ )ν−e−α
1−e−α

α ν
λ ( x

λ )ν−1eα
ν
λ ( x

λ )ν−1
e
−( x

λ )ν−( x
λ )ν

eα−1
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1. INTRODUCTION

Taking its origins within the works of F.Rellich [1], T.Kato [2] and B.Sz-Nagy, the
perturbation theory extends and attracts more and more the mathematical community.
To the comparatively new subjects of this theory, spectral problems for differential
operators in domains with perturbed boundaries are related [3]-[5]. The most pow-
erful approach to solve spectral problems in the perturbation theory of Fredholm
operators, based on Newton diagram method of bifurcation theory was developed by
V.A.Trenogin [6, 7]. M.K.Gavurin has suggested [8] the pseudoperturbediteration
method, developed later by the authors [9]-[11], based on the special perturbation
construction such that the known approximations of the eigenvalues, eigenvectors
and generalized Jordan chains become exact for the perturbed operator.

In this work, the perturbation and pseudoperturbation methods are applied to spec-
tral problems for Laplace operator in domains with perturbed boundaries.

When applying perturbation processes, at every step, it is required to solve nonho-
mogeneous equations. For the application of classical results, it is needed to assume
that the right-hand sides of these equations also would satisfy the boundary condi-
tions, that significantly restricts the classical Fourier method application possibilities.
The relevant particular cases of its application are indicated in n.3 and 4. Such diffi-
culties can be avoided by considering the investigated problems in the space L2(Ω0)
or some Sobolev spaces.

To solve the problems investigated in sections 3.2, 4.2 the pseudoperturbation
method is applied. Since the multiplicities of sought for eigenvalues are in advance
unknown, here the regularization methods suggested in the work [11] are used.
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Everywhere below the terminology and notations of the monograph [7] are used.
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2. REGULARIZATION IN THE PERTURBATION
OF DISCRETE SPECTRUM

Let E1, E2 be Banach spaces, A(λ; ε) be a family of operators, depending on
spectral parameter λ and on small complex parameter ε and λ0 be Fredholm
point of A(λ; 0), i.e. B = A(λ0; 0) is densely defined operator with relevant zero-
and defect-subspaces N(B) = span

{
φi0

}n
1 ,N

∗(B) = span
{
ψi0

}n
1 ,

{
γi0

}n
1 ∈ E∗1 and

{zi0}n1 ∈ E2 are biorthogonal systems ⟨φi0, γ j0⟩ = δi j, ⟨zi0, ψ j0⟩ = δi j.
For λ = λ0 + µ we assume the analytical dependence of A(λ; ε) − A(λ0; 0) on µ

and ε, that is A(λ; ε)− A(λ0; 0) =
∑

k+l≥1
Aklµ

kεl. It is required to find the eigenvalues

λ0+µ(ε) of the operator A(λ; ε) such that µ(ε)→ 0, ε→ 0 and the corresponding to
them eigenelements. According to F. Rellich theorem [1] the operator A(λ; ε) has
exactly n eigenvalues λi(ε), taking into account their multiplicities with relevant
eigenelements φi(ε), ψi(ε),where the multiplicity of λi(ε) is beforehand unknown.

Everywhere below the following assumption is assumed to be fulfilled.

Condition 2.1. (degeneration removal). The unperturbed operator and perturba-
tion haven’t common zero-elements.

For every i = 1, n and λ close to λ0 we introduce the operators

Ai (λ; ε) ≡ A (λ; ε) +
∑
j,i

⟨
·, γ j0

⟩
z j0. (1)

Theorem 2.1. For every i = 1, n and sufficiently small ε there exist constants
cis(ε), dis(ε), s , i, such that λi(ε) are simple eigenvalues of the operator (1)
with the relevant eigenelement φ̃i(ε) = φi(ε) +

∑
s,i

cis(ε)φs(ε) and defect-functional

ψ̃i(ε) = ψi(ε) +
∑
s,i

dis(ε)ψs(ε).

Proof. From the equality 0 = Ai (λi; ε) φ̃i(ε) =

= A (λi; ε)φi +
∑
j,i

ci jA (λi; ε)φ j +
∑
j,i

⟨
φi, γ j0

⟩
z j0 +

∑
j,i

∑
s,i

cis
⟨
φs, γ j0

⟩
z j0

we obtain

0 =
∑
j,i

ci jA (λi; ε)φ j +
∑
j,i

⟨
φi, γ j0

⟩
z j0 +

∑
j,i

∑
s,i

cis
⟨
φs, γ j0

⟩
z j0.
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After the functionals ψk0, k , i application one has∑
s,i

cis
[⟨
φs, γk0

⟩
+

⟨
A (λi; ε)φs, ψk0

⟩]
= − ⟨

φi, γk0
⟩
, k , i. (2)

Here is A (λi; ε)φs = A (λi; ε)φi + A (λi; ε)
(
φs − φi

)
= A (λi; ε)

(
φs − φi

)
. Then ac-

cording to the expansions [1] φs(ε) = φs0 + εφs1 + ε2φs2 + · · · and
A (λi; ε) = A (λ0; 0) + O(ε), one can find

A (λi; ε)
(
φs − φi

)
= (A (λ0; 0) + O(ε))

(
φs0 − φi0 + O(ε)

)
= O(ε).

Since
⟨
φi, γk0

⟩
= 1 + O(ε), the determinant of the system (2) is nonzero and it has

unique solution. The uniqueness of ψ̃i(ε) can be proved analogously.

Let φ̃i(ε) be eigenelement of the operator Ai (λi; ε) corresponding to the eigen-
value λi(ε). Then Ai (λi; ε) φ̃i(ε) = 0, that can be rewritten in the form

A(λ0)φ̃i(ε) = A
(
µi(ε)

)
φ̃i(ε) + Hi (λi(ε); ε) φ̃i(ε) −

∑
j,i

⟨
φ̃i(ε), γ j0

⟩
z j0, (3)

where A
(
µi(ε)

)
= A

(
µi(ε), 0

)
= [A(λ0; 0) − A(λi(ε); 0) − ∑

j,i

⟨
·, γ j0

⟩
z j0],

Hi (λi(ε); ε) = A (λi(ε), 0) − A (λi(ε); ε) .

By using the E. Schmidt regularizer Ã(λ0) , Γ = Ã−1(λ0) [7], we change the
equation (3) by the equivalent system{

Ã(λ0)φ̃i(ε) = A
(
µi(ε)

)
φ̃i(ε) + Hi (λi(ε); ε) φ̃i(ε) + ξizi0,

ξi = ⟨φ̃i(ε), γi0⟩.
(4)

The substitution of the solution

φ̃i(ε) = ξi

[
I − ΓA

(
µi(ε)

) − ΓHi (λi(ε); ε)
]−1

φi0 (5)

of the first equation (4) into the second one gives the branching equation (BEq) sep-
aretely for every λi(ε):

⟨
[
A

(
µi(ε)

)
+ Hi (λi(ε); ε)

] [
I − ΓA

(
µi(ε)

) − ΓHi (λi(ε); ε)
]−1

φi0, ψi0⟩ = 0. (6)

Since L10 = ⟨A1φi0, ψi0⟩ , 0, µi(ε) for every i = 1, n are determined from the
equations (6) in the form of the series on integer degrees of ε. Determination of
µi(ε) according to (5) allows to find the relevant eigenelement φ̃i(ε) also in the
form of series on integer degrees of ε. By this the following statement is proved

Theorem 2.2. If dimN (A(λ0)) = dimN∗ (A(λ0)) = n and ⟨A1φi0, ψi0⟩ , 0 for all
i = 1, n, then for sufficiently small ε there exict exactly n simple eigenvalues
λi(ε) (λi(0) = λ0) of the operator Ai(λ, ε) with corresponding eigenelements φ̃i(ε)
and defect-functionals φ̃i(ε), which are analytic by ε.
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3. BOUNDARY EIGENVALUE PROBLEM FOR
LAPLACE OPERATOR IN PERTURBED
RECTANGULAR DOMAIN

In planar membranes oscillation theory the following problem arises

A(u, λ) ≡ ∆u + λu = 0 in Ω = Ωε; u = 0 on ∂Ωε, (7)

where Ωε = {(x, y)| 0 ≤ x ≤ π, −ε f (x) ≤ y ≤ π + ε f (x)}, f (0) = f (π) = 0, and f (x)
is 2π- periodic function, continuous together with their derivatives up to second
order, ε is a small real parameter, |ε| < π

2M , M = max
x∈[0,π]

| f (x)|. Thus Ωε is the

perturbed square with symmetrically perturbed lower and upper boundaries.

3.1. USUAL PERTURBATION THEORY
TECHNIQUES APPLICATION.

For this techniques application introduce the change of variables

ξ = x, η = η(x, y) =
π(y + ε f (x))
π + 2ε f (x)

, η(x,−ε f (x)) = 0, η(x, π + ε f (x)) = π, (8)

which realizes the mapping of the domain Ωε on the square with side of the length
π. Then taking into account the relations x = ξ, y =

(
1 + 2

πε f (ξ)
)
η − ε f (ξ) one has

the boundary eigenvalue problem (1),(2) in variables ξ, η

w
′′
ξξ + w

′′
ηη


(
1 − 2

π
η

)
ε2 f ′2(ξ)(

1 + 2
πε f (ξ)

)2 +
1(

1 + 2
πε f (ξ)

)2

+
+2w

′′
ξη f ′(ξ)

(
1 − 2

π
η

)
ε(

1 + 2
πε f (ξ)

)+ (9)

+w′η

(
1 − 2

π
η

) ε f ′′(ξ)
1 + 2

πε f (ξ)
− 4
π

f ′2(ξ)
ε2(

1 + 2
πε f (ξ)

)2

 + λw = 0,

w = 0 on ∂Ω0.

Remark 1. If the unknown function w together with its derivatives on η up to
second order and mixed second derivative satisfies the boundary conditions then to
arised further inhomogeneous equations can be applied Fourier method in the space
C2(Ω0).

This gives the following perturbed boundary eigenvalue problem equivalent to the
original one (1),(2)

A(µ, ε)w ≡ A0w +
∞∑

n=1

εnA0nw + µA10w = 0, (10)
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w|∂Ω0 = 0,

where µ = λ − λ0, λ0 = k2
mn = m2 + n2 (m, n are integers) are the eigenvalues

of unperturbed operator A0 with relevant eigenfunctions φmn =
2
π sinmξsinnη

corresponding to the problem (1) in the square domain Ω0. Simple computations at
the usage of power series give

A01w = 2 f ′
(
1 − 2

π
η

)
w′′ξη −

4 f
π

w′′ηη +
4 f
π

(
1 − 2

π
η

)
f ′′w′η,

A02w = − f ′
(
1 − 2

π
η

)
4 f
π

w′′ξη +

 f
′2

(
1 − 2

π
η

)2

+ 3
(
2 f
π

)2 w′′ηη+

+

(
1 − 2

π
η

)  f ′′
(
2 f
π

)2

− 4
π

f
′2

 w′η,

............

A0nw = (−1)n−12
(
2 f
π

)n−1 (
1 − 2

π
η

)
f ′w′′ξη+

+(−1)n
(
2 f
π

)n−2  f
′2

(
1 − 2

π
η

)
(n − 1) + (n + 1)

(
2 f
π

)2 w′′ηη+

+(−1)n−1
(
1 − 2

π
η

) (
2 f
π

)n−2 − f ′′
(
2 f
π

)2

+
4
π

(n − 1) f
′2

 w′η,

Consider the partial case of two-multiple eigenvalue λ0, s.t. m2
i + n2

i = k2 =

λ0, i = 1, 2. Then the Schmidt regularizator Γ0 = Ã0
−1 for

Ã0w = ∆w + λ0w +
2∑

j=1

⟨w, φ j0⟩φ j0

is presented by the integral operator w = Γ0h =
π∫

0

π∫
0

K(t; s; ξ; η)h(t; s)dtds, where

K(t, s, ξ, η) =
∞∑

m=1

∞∑
n=1

ωmn sin mt sin ns sin mξ sin nη, ωmini =
π2

4 , ωmn =
π2

4 ·
1

λ0−m2−n2 .

Obviously that Γφi0 = φi0, for i = 1, 2.
Applying to the equation (10) the Schmidt regularization write it as the system:

Ã0w + µA10 +

∞∑
n=1

εnA0nw =
2∑

i=1

ξiφi0, ξk = ⟨w, φk0⟩.
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Determination of w =
2∑

i=1
ξi

[
I + µΓA10 +

∞∑
n=1

εnA0n

]−1

φi0 from the first equation

with subsequent its substitution in the second one gives the branching equation (BEq):

L(µ; ε) ≡
∑

k+s≥2

Lksµ
kεs = 0 (11)

where L20 = det∥⟨A10φi0, φ j0⟩∥ = 1, A10 = I. Then Newton diagram method leads to
the following result

Theorem 3.1. If the function f (ξ) is such that Lo j = 0 for j = 2, q − 1 and
L0q , 0, then µi(ε), φi(ε), i = 1, 2, are represented by the convergent series on
the degrees of εq. In particular when L02 = det∥⟨A01φi0, φ j0⟩∥ , 0, q = 2 and
µi(ε), φi(ε) are analytic functions of small parameter ε.

Example 3.1. Let f (x) = 1
4 sinx, and λ0 = 5.

Here φ10 =
2
π sin 2ξ · sin η, φ20 =

2
π sin ξ · sin 2η and BEq (11) coefficients are the

following:

L20 = 1, L11 =

(
2
π

)2

· 281
48
≈ 2, 375, L02 =

1105
96π2 ≈ 0, 474.

Branching equation (11) has the following solutions µσ = λ
(σ)
2 · ε

2 + o(ε2), σ =
1, 2, where λ(σ)

2 are the roots of the equation L02 + L11λ2 + L20λ
2
2 = 0, i.ĂĽ.

λ(1)
2 = −0, 695, λ(1)

2 = −1, 68. Consequently,

µ1 = −0, 695 · ε2 + o(ε2), µ2 = −1, 68 · ε2 + o(ε2).

3.2. PSEUDOPERTURBITERATION METHOD
APPLICATION.

Here it is more conveniently to represent the problem (9), i.e. the problem (7),
after the change of variables, without small parameter ε, considering f (x) as the
small magnitude

A(λ)w = w′′ξξ + w′′ηη

 1(
1 + 2

π f (ξ)
)2 +

f ′2(ξ)
(
1 − 2

πη
)2(

1 + 2
π f (ξ)

)2

 + 2w′′ξη ·
f ′(ξ)

(
1 − 2

πη
)

1 + 2
π f (ξ)

+

+w′η

(
1 − 2

π
η

)  f ′′(ξ)
1 + 2

π f (ξ)
− 4
π
· f ′2(ξ)(

1 + 2
π f (ξ)

)2

 + λw = 0 (12)

w(0, η) = 0, w(π, η) = 0, w(ξ, 0) = 0, w(ξ, π) = 0.
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In a neighborhood of the eigenvalue λ0 = m2
i + n2

i of the unperturbed problem
(12) there are two eigenvalues λ(1) and λ(2), to the finding of which further the
pseudoperturbation method is applied.

Approximate eigenvalue λ0 to the following perturbed boundary eigen-value
problem is λ0 with relevant eigenvectors φ10, φ20. Choosing them as initial ap-
proximations, compute the discrepancies σi0, τi0, i = 1, 2, σi0 = A(λ0)φi0, τi0 =

A∗(λ0)ψi0 (here ψi0 = φi0, γi0 = zi0 = φi0 ). It is required to construct the conjugate
operator A∗(λ0) applying standard methods [12]. Conjugate equation has the form

A∗(λ)v = v′′ξξ + v′′ηη

 1(
1 + 2

π f (ξ)
)2 +

f ′2(ξ)
(
1 − 2

πη
)2(

1 + 2
π f (ξ)

)2

 + 2v′′ξη ·
f ′(ξ)

(
1 − 2

πη
)

1 + 2
π f (ξ)

−

−4
π
· f ′(ξ)

1 + 2
π f (ξ)

v′ξ + v′η ·

(
1 − 2

πη
)2(

1 + 2
π f (ξ)

)2

[
−8
π

f ′2 + f ′′
(
1 +

2
π

f (ξ)
)]
+

+v ·

−2
π

f ′′(ξ)
1 + 2

π f (ξ)
+

8
π2

f ′2(
1 + 2

π f (ξ)
)2

 + λv = 0

The regularization is made

Ai(λ) = A(λ) +
∑
j,i

⟨·, φ j0⟩φ j0, i = 1, 2.

A∗i(λ) = A∗(λ) +
∑
j,i

⟨φ j0, ·⟩φ j0, i = 1, 2.

Computing the discrepancies σi0 = Ai(λ0)φi0, τi0 = A∗i(λ0)φi0 introduce the
pseudoperturbation operator Di0w = ⟨w, γi0⟩σi0+ ⟨w, τi0⟩zi0 posessing by the prop-
erties Di0φi0 = σi0, D∗i0ψi0 = τi0, i = 1, 2. Then N(Ai(λ0)−Di0) = {φi0},N(A∗i(λ0)−
D∗i0) = {φi0}.

According to theorem 2.1 there are two simple eigenvalues λ(1) and λ(2) of the
operators Ai(λ), i = 1, 2, correspondingly.

Writing the regularized problem in the form

Ai(λ)w ≡
(
Ai(λ0) − Di0 + ⟨·, φi0⟩φi0

)
w + (λ − λ0)A10w + Di0w = ξφi0,

and applying to them Schimdt’s regularization, obtain nonlinear algebraic equations,
as simple roots of which are λ(1) and λ(2) :

Fi(t) ≡
⟨
{I − [I − Γi0 ((t − λ0)A10 + Di0)]−1}φi0, γi0

⟩
= 0, i = 1, 2, (13)
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where Γi0 = Γ0 =

[
A(λ0) − Di0 +

2∑
i=1
⟨·, γi0⟩zi0

]−1

[7].

Our further actions more detaily are described in sec. 4.2.
For the determination λ(1) and λ(2) the modified Newton-Kantorovich method

is applied λ(i)
ν+1 = λ

(i)
ν −

[
F′i (λ0

]−1
Fi(λ

(i)
ν ), ν = 1, 2, . . . . Since Fi(λ

(i)
ν ) = ⟨X(ν)

i , φi0⟩−
1, where X(ν)

i =
[
I − (λ(i)

ν − λ0)Γ0A10 + Γ0D0
]−1

φi0, then for the iteration process
realization it is needed to solve on every step one equation of the form

∆X(ν)
i + λνX

(ν)
i +

2∑
j=1

⟨X(ν)
i , γi0⟩zi0 = g(X(ν)

i , ξ, η), i = 1, 2. (14)

For the solving of the equation (14) the successive approximations method is
applied

∆X(ν)
in + λνX

(ν)
in +

2∑
j=1

⟨X(ν)
in , γ j0⟩z j0 = g(X(ν)

i,n−1, ξ, η), i = 1, 2, (15)

setting X(ν)
i0 = φi0. The solution to (15) is sought in the form X(ν)

i,n =
∞∑

k=1

∞∑
l=1

B(ν)
inklsinkξsinlη.

Note that on the first step for the computation of the magnitude F′i (λ0), it is needed
to solve one more equation

∆Y (0)
i + λ0Y (0)

i +

2∑
j=1

⟨Y (0)
i , γi0⟩zi0 = A10X(0)

i + g(Y (0)
i , ξ, η), i = 1, 2.

4. BOUNDARY EIGENVALUE PROBLEM FOR
LAPLACE OPERATOR IN THE ELLIPSE
DOMAIN

4.1. SOLVING OF A PROBLEM BY METHODS
OF THE PERTURBATION THEORY

Now consider the problem (7) for the ellipse domain Ω =
{
(x, y)| x2

a2 +
y2

b2 ≤ 1
}
,

after the following linear transform ξ = b
a x, η = y application Ω is transformed

in the circle D =
{
(ξ, η)| ξ

2

b2 +
η2

b2 ≤ 1
}

and the equation (7) takes the form

b2

a2 ·
∂2v
∂ξ2 +

∂2v
∂η2 + λv = 0, v|∂D = 0. (16)
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Let the ellipse eccentricity will be small ε =
√

1 − b2

a2 . Then the following perturbed
eigenvalue problem arises(

A0 − ε2B + λI
)

v ≡ ∆v − ε2 ∂
2v
∂ξ2 + λv = 0, v|∂D = 0. (17)

or in polar coordinates

A(ρ, θ)w + λw = ε2B(ρ, θ)w, w(b, θ) = 0, (18)

where B(ρ, θ)w = cos2 θ · ∂
2w
∂ρ2 −

sin 2θ
ρ

∂2w
∂ρ∂θ

+
sin2 θ

ρ2

∂2w
∂θ2 +

sin 2θ
ρ
· ∂w
∂θ
+

sin2 θ

ρ

∂w
∂ρ
,

A(ρ, θ)w =
1
ρ
· ∂
∂ρ

(
ρ
∂w
∂ρ

)
+

1
ρ2 ·

∂2w
∂θ2 .

The eigenvalues of the operator A(ρ, θ) for the circle are λmn =

(
µ(n)

m
b

)2
with

relevant eigenelements φ1mn(ρ, θ) = Jn

(
µ(n)

m
b ρ

)
cosnθ,

φ2mn(ρ, θ) = Jn

(
µ(n)

m
b ρ

)
sinnθ, where µ(n)

m - is the m-th root of the Bessel function
Jn(µ). Since the unperturbed problem (4) is selfadjoint, then φ jmn(ρ, θ) = ψ jmn(ρ, θ),

z jmn = γ jmn =
2

b2εnπ[J′n(µ(n))]2φ jmn, εn =

{
2, n = 0,
1, n , 0.

Let λ0 =

(
µ

(n0)
m0
b

)2

be some its 2-multiple eigenvalue with the relevant eigenele-

ments φ1m0n0
(ρ, θ) = Jn0

(
µ

(n0)
m0
b ρ

)
cos n0θ, φ2m0n0

(ρ, θ) = Jn0

(
µ

(n0)
m0
b ρ

)
sin n0θ.

The inverse operator to Ã0(ρ, θ)w = A0(ρ, θ)w +
2∑

s=1
⟨w, φsm0n0

⟩φsm0n0
, where

A0(ρ, θ)w = ∆w + λ0w is the integral operator

w = Γh =

2π∫
0

b∫
0

K(ρ, θ, r, φ)h(r, φ)rdrdφ.

Here K(ρ, θ, r, φ) =
∞∑

n=0

∞∑
m=1

ωmnJn

(
µ(n)

m
b ρ

)
Jn

(
µ(n)

m
b r

)
cos n(θ − φ) and

ωmn =
2

(λm0n0 − λmn)πb2
[
J′n(µ(n)

m )
]2 , ωm0n0 =

2

πb2
[
J′n(µ(n)

m )
]2 .

The BEq for two-multiple λ0 takes the form:∑
k+l≥2

Lklµ
kεl ≡
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≡ det
∥∥∥∥∥⟨[I + µΓ − ε2ΓB(ρ, θ)

]−1
φim0n0

, φ jm0n0

⟩
− δi j

∥∥∥∥∥ = 0 (19)

where

L20 =

[
b2 · εn ·

π2

2
·
[
J′n0

(µ(n0)
m0 )

]2
]2

,

L12 = b2 · εn ·
π2

2
·
[
J′n0

(µ(n0)
m0 )

]2 ·


µ(n0)

m0

b

2

· a1 − n2
0 · a2 +

µ(n0)
m0

b
· a3

 ,
L04 =

π2

4

µ(n0)
m0

b

4

· a2
1 +

π2

4
·
−n2

0 · a2 +
µ(n0)

m0

b
· a3

 n2
0 · a2 +

µ(n0)
m0

b
· a1

 .
a1 =

b∫
0

Jn0

(
µ

(n0)
m0
b ρ

)
J′′n0

(
µ

(n0)
m0
b ρ

)
ρdρ =

= − b2

2 ·
[
J′n0

(
µ(n0)

m0

)]2
+

n0b2(
µ

(n0)
m0

)2 ·
[
1 − J2

0

(
µ(n0)

m0

)
−

n0−1∑
k=1

J2
k

(
µ(n0)

m0

)]
,

a2 =
b∫

0

1
ρ

[
Jn0

(
µ

(n0)
m0
b ρ

)]2

dρ = b
2n0µ

(n0)
m0

·
[
1 − J2

0

(
µ(n0)

m0

)
−

n0−1∑
k=1

J2
k

(
µ(n0)

m0

)]
,

a3 =
b∫

0

[
Jn0

(
µ

(n0)
m0
b ρ

)]2

dρ = (−1)n0 · µ(n0)
m0 · b · J2

0

(
µ(n0)

m0

)
.

According to Newton diagram method this branching equation has the solutions
of the form µ(σ) = λ(σ)

2 ε2 + o(ε2), where λ(σ)
2 are the roots of quadratic equation

L04 + L12λ2 + L20λ
2
2 = 0, i.e.

λ(σ)
2 =

(
−L12 ±

√
L2

12 − 4L04L20

)
· 1

2L20
.

Since ∆ = L2
12 − 4L04L20 , 0, then the BEq (19) has two small solutions

µ(σ) = λ(σ)
2 ε2 +

∞∑
i=1

aσiε
2+i, σ = 1, 2.

4.2. APPROXIMATE SOLVING OF PROBLEM
BY PSEUDOPERTURBATION METHOD

The considered problem is selfadjoint, therefore

φi0 = ψi0, zi0 = γi0 =
2

b2πεn
[
J′n0(µ(n0)

m0 )
]2φi0, i = 1, 2, εn =

{
2, n = 0,
1, n , 0.
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According to theorem 2.2 the eigenvalue problem (18) has two eigenvalues which
are simple for the regularized operator Ãi(λ) = A(λ) +

∑
j,i
⟨·, φ j0⟩φ j0, i = 1, 2, where

A(λ)w = A(ρ, θ)w − a2−b2

a2 B(ρ, θ)w + λw. Computing the discrepancies τi0 = σi0 =

A(λ0)φi0, i = 1, 2, construct the pseudoperturbation operators in the form Di0w =
⟨w, γi0⟩σi0 + ⟨w, σi0⟩zi0. Then the sought for eigenvalues λ(i) turn out to be simple
of the equation

Fi(t) ≡
⟨
{I − [I − Γi0 ((t − λ0)A10 + Di0)]−1}φi0, γi0

⟩
= 0, i = 1, 2, (20)

At the application Newton-Kantorovich method to the equation (20) on every step of
the iteration it is needed to solve the equation

∆X(ν)
i + λν · X

(ν)
i +

2∑
k=1

⟨X(ν)
i , φk0⟩zk0 = zi0 + B(ρ, θ)X(ν)

i , i = 1, 2. (21)

For the solving of (21) the successive approximations method is applied

∆X(ν)
in + λνX

(ν)
in +

2∑
j=1

⟨X(ν)
i , γi0⟩zi0 = zi0 + B(ρ, θ)X(ν)

i,n−1, i = 1, 2, (22)

setting X(ν)
i0 = φi0, the solution of which is sought for the form

X(ν)
i,n =

∞∑
m=1

∞∑
l=0

B(ν)
inmlJl

µ(l)
m

b
ρ

 cos lθ +C(ν)
inmlJl

µ(l)
m

b
ρ

 sin lθ
 .

On the first step for the computation of F′i (λ0), it is needed to solve two more
equations

∆Y (0)
i + λ0Y (0)

i +

2∑
j=1

⟨Y (0)
i , γi0⟩zi0 = X(0)

i + B(ρ, θ)Y (0)
i , i = 1, 2.

For the proof of the convergence of soccessive approximations method consider
the differences

X(ν)
i,s+1 − X(ν)

i,s =

=
∑
m,l

Jl

µ(l)
m

b
ρ

 [(Bi,s+1,ml − Bisml
)2 cos lθ +

(
Ci,s+1,ml −Cisml

)2 sinlθ
]
,

for which by virtue at Parseval-Steklov equality the relation∥∥∥∥X(ν)
i,s+1 − X(ν)

i,s

∥∥∥∥2
=
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=
∑
m,l

[(
Bi,s+1,ml − Bisml

)2
+

(
Ci,s+1,ml −Cisml

)2
]
·
[
b2πεn

[
J′n0

(µ(n0)
m0 )

]2
]2

(23)

is true. Since
Bi,s+1,ml − Bisml =

=
1

(λ0 − λml)∥φ1m0n0
∥

2π∫
0

b∫
0

B(r, φ)
(
X(ν)

i,s − X(ν)
i,s−1

)
Jl

µ(l)
m

b
ρ

 cos lφrdrdφ,

Ci,s+1,ml −Cisml =

=
1

(λ0 − λml)∥φ2m0n0
∥

2π∫
0

b∫
0

B(r, φ)
(
X(ν)

i,s − X(ν)
i,s−1

)
Jl

µ(l)
m

b
ρ

 sinlφrdrdφ,

then according to absolute convergence of the series (23) there exist the numbers
Mis < 1 such that ∥∥∥∥X(ν)

i,s+1 − X(ν)
i,s

∥∥∥∥ ≤ Mis

∥∥∥∥X(ν)
i,s − X(ν)

i,s−1

∥∥∥∥ .
The introduction of the designations N = max

i,m,l
{∥φiml∥}, K2 =

∑
m,l

1
|λ0−λml |2 , gives

|Bi,s+1,m,l − Bisml| ≤
1

|λ0 − λml| · ∥φ1m0n0
∥ · M · ∥φ1mn∥ ·

∥∥∥∥X(ν)
i,s − X(ν)

i,s−1

∥∥∥∥
and

|Ci,s+1,m,l −Cisml| ≤
1

|λ0 − λml| · ∥φ2m0n0
∥ · M · ∥φ2mn∥ ·

∥∥∥∥X(ν)
i,s − X(ν)

i,s−1

∥∥∥∥ .
Then Mis = MNK and if to suppose MNK < 1 , the operator wuold be contractive,
i.e. the iterations are convergent.

Remark. Note that the last proof takes place when the problem is investigated in
Sobolev’s space W2

2 .
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Abstract The aerodynamic modeling of the wind turbine blades constitutes one of the most im-
portant processes in the design of the turbine. The aim of this modeling is to calculate
the aerodynamic loads, to determine the optimal parameters of the blades and estimate
the wind extracted power. The design of the blade geometry must provide the optimal
shape of the rotor blade capable to produces the maximum extracted power. This design
must be done for a specific aerodynamic profile and a specific site, since this modeling
must be based on statistical analysis of meteorological data of this given site.
In this work aerodynamic loads for small wind turbine blades are calculated as well as
the total power extracted by the turbine. This design has a great impact on the turbine
efficiency and consequently on its economical feasibility.

Keywords: Wind Energy, Aerodynamics, Numerical Methods, fluid mechanics.
2010 MSC:97U99.

1. INTRODUCTION

Small wind turbine technology can be a meaningful contributor to long-term eco-
nomic growth by assuring independence in energy supplies and providing benefits to
local economy. Moreover wind is a clean non-polluting energy source and the elec-
tricity generated by this mean is becoming economically efficient compared to other
sources. The aerodynamic modeling of the wind turbine blades constitutes one of the
most important processes in the design of the turbine. The rotor blades are the most
important part of this turbine because of their aerodynamic shape and profiles that
play the main role in extracting the wind energy.
The aerodynamic modeling is used in order to estimate the aerodynamic loads and
the wind extracted power. This modeling must be done for a given wind speed and a
given rotor blades. The design of the blade geometry must provide the optimal shape
of the rotor blade capable to produce the maximum extracted power. In order to de-
termine the optimal shape of the blades, one must compute the optimal parameters of
the blade geometry such as the chord length distribution, the thickness and the twist
angle distribution along the blade span.
In the aerodynamic modeling two aerodynamic theories are used, the first one is the
axial momentum theory and the second is the blade element theory [1]. In the first

143



144 Zine Labidine Mahri, Said Zid, Rouabah Mohamed Salah

theory, the flow is considered to be completely axial, while in the second theory the
effect of wake rotation is included, assuming that the flow downstream rotates.
The momentum theory that employs simply the mass and momentum conservation
principles cannot provide alone the necessary information for the rotor design. How-
ever, the blade element theory that uses the angular momentum conservation princi-
pal, gives complementary information about the blade geometry such as airfoil shape
and twist distribution. When both theories are combined the aerodynamic loads and
the produced power can be obtained.
In order to compute the optimal parameters of the blade geometry that give the max-
imum power, an iterative algorithm is used until the maximum value of extracted
power is reached. This design must be done for a specific aerodynamic profile and
a specific site, since we must use the characteristic wind speed that gives the maxi-
mum available power in a given site. This characteristic wind speed is determined by
statistical modeling of meteorological data. The design can be repeated for different
sites and profiles.
The estimation of aerodynamic loads can be useful as well in strength calculation of
the blades in order to predict the structural problems such as fatigue failure, which is
the major cause of wind turbine breakdown.
This design has a great impact on the turbine efficiency and consequently on its eco-
nomical feasibility.

2. AERODYNAMIC MODELING

In this aerodynamic modeling two aerodynamic theories are used.

2.1. AERODYNAMIC MODELING

In this simple one-dimensional model, airflow is assumed to be incompressible,
completely axial and rotationally symmetric [2]. This model applies the principles
of mass and momentum conservation on the annular control volumes surrounding
the flow as shown in figure 1. In this figure, the symbol Ai represents the section
area at the station i, and the symbol A is the section area at the rotor plane, while V
represents the wind speed.

The thrust force T at the rotor disc can be found, by applying the conservation of
linear momentum to the control volume in the axial direction:

T =
.

m(V0 − V1) = ρAV(V0 − V1) (1)

where ρ is the density of the air.
Bernoulli’s equation can be applied to obtain the thrust as:

(p − p′)A = T =
1
2

Aρ(V2
0 − V2

1 ) (2)
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Fig. 1.: Annular control volume

The power extracted from the wind by the rotor is:

P =
1
2

.
m(V2

0 − V2
1 ) =

1
2
ρVA(V2

0 − V2
1 ) (3)

Introducing the axial interference factor,a, which is defined as the fractional decrease
in wind velocity between the free stream and the rotor plane:

V = (1 − a)V0 (4)

The thrust expression of equation (2) becomes:

T =
1
2
ρAV2

0 4a(1 − a) (5)

The power extracted by the rotor is:

P =
1
2
ρAV3

0 4a(1 − a)2 (6)

2.2. THE BLADE ELEMENT THEORY

This analysis uses the angular momentum conservation principle, taking into ac-
count the blade geometry characteristics, in order to determine the forces and the
torque exerted on a wind turbine. This method is known as blade element theory [3].
The control volume used in the previous one-dimensional model can be divided into
several annular stream tube control volumes, which split the blade into a number of
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distinct elements, each of length dr (figure 2).In this figure, the symbol wi represents
the wake angular velocity at the station i, and w is the wake angular velocity at the
rotor plane.

Fig. 2.: Annular stream tube control volumes

In this theory it is assumed that there is no interference between these blade elements
and these elements behave as airfoils.
The differential rotor thrust, dT, at a given span location on the rotor (at a specified
radius r) can be derived from the previous theory using equation (5):

dT = 4a(1 − a)ρV2
0πrdr (7)

In the previous model, it was assumed that airflow doesn’t rotate. However, the con-
servation of angular momentum implies the rotation of the wake, if the rotor is to
extract useful torque. Moreover, the flow behind the rotor will rotate in the opposite
direction [3], as shown in figure 3.
The effect of wake rotation will be now included. In describing this effect, the as-
sumption is made that upstream of the rotor, the flow is entirely axial and that the
flow downstream rotates with an angular velocity ω.
The conservation of angular momentum can be applied to obtain the differential
torque at the rotor disc, dQ, resulting in:

dQ = 2πρVωr3dr (8)

The total torque is:

Q =2πρ

R∫
0

Vωr3dr (9)
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Fig. 3.: Wake rotation

The differential extracted power is given by the expression:

dP=2πρΩVωr3dr (10)

The total extracted power is:

P=2πρΩ

R∫
0

Vωr3dr (11)

In order to calculate P and Q, the wake angular velocity ω has to be known. Intro-
ducing, for this purpose, the tangential interference factor a′ defined as:

ω = a′Ω (12)

The differential lift and drag forces are:

dL = CL.dq (13)

dD = CD.dq (14)

with:
dq =

1
2
ρW2dA =

1
2
ρW2cdr (15)

where CL and CD are lift and drag coefficients.
The components of the resulting force are (see figure 4.):

dFx = Cx.dq (16)

dFy = Cy.dq (17)

where:
Cx = CL sin ϕ −CD cos ϕ (18)
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Fig. 4.: Blade element section at radius r

Cy = CL cos ϕ +CD sin ϕ (19)

The following relation can be derived from figure 4:

tan ϕ =
(1 − a)V0

(1 + a′)Ωr
(20)

where:
α = ϕ − β (21)

The differential thrust and torque can now be derived as follows:

dT = BCydq = BCy
1
2
ρW2cdr (22)

dQ = BCxdqr = BCx
1
2
ρW2crdr (23)

where:
Ω: is the rotation speed of the rotor
W: is the wind relative speed
c: is the chord length
Equating the thrust in equations (7) and (22) as well as the torque in equations (8)
and (23), will yield to the expressions of the both interference factors:

a =
1

4sin2ϕ
σCy
+ 1

(24)
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a′ =
1

4 sin ϕ cos ϕ
σCx

− 1
(25)

The local solidity σ is defined by the following formula:

σ =
cB
2πr

(26)

where: B is the number of blades.
In order to carry out this calculation:
• The wind speed must be determined from the graph of the power probability den-
sity (figure 9).
• This calculation procedure is repeated iteratively till the values of the interference
factors are corrected.
• In order the get the optimal blade geometry that can extract the maximum power,
one must use the optimal incidence angle αopt that gives

(
CL
CD

)
Max

The distributions of aerodynamic loads (at different blade stations) due to a wind
speed of 15 m/s for a blade having a NACA 63-421 profile, are given by table 1.

Table 1: Distribution of aerodynamic loads wind speed 15 m/s

Station (r/R) Axial force(N) Tangential force (N) Torque (N.m)

0.16 86.02 221.24 206.30
0.25 81.92 351.16 305.56
0.34 73.37 466.19 372.82
0.43 57.87 586.57 467.49
0.51 35.67 764.83 724.62
0.60 39.33 908.37 1120.22
0.69 83.60 998.27 1686.21
0.78 221.50 1012.80 2591.9
0.87 211.31 1109.45 2746.15
0.96 169.79 1181.84 2434.31
1.00 140.04 1206.90 2100.65

The local (differential) loads obtained are integrated numerically, over the length
of the blade, to determine the overall aerodynamic loads as well as the total output
power. Their values are given as follows:
Total axial force on one blade = 553.24 N
Total tangential force on one blade = 4729.56 N
Total axial force on the rotor= 1659.72N
Total torque = 8218.81 N.m
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3. OPTIMIZATION OF THE BLADE GEOMETRY

In this part the blade optimal form (chord length and twist angle) is determined. It
has been established, that the extracted power of the turbine is given by the following
expression [2]:

P=
1
2
ρπR2V0

3.
4λ2

R4

R∫
0

(1 − a)a′r3dr (27)

The power coefficient is defined as follows:

Cp =
P

1
2ρV3

0 A
=

Extracted.power
Available.Power

(28)

The extracted Power reaches its maximum value when Cp is maximum.
It has been demonstrated that Cp is maximum when:

a′ =
(1 − 3a)
(4a − 1)

(29)

Thorough calculation will yield that the optimal chord length is given by the expres-
sion:

C =
8πr
BCL

(1 − cos θ) (30)

and the optimal twist is expressed as follows:

β = ϕ − αopt (31)

where: θ = 2
3 tan−1

(
V0
Ωr

)
and the optimal incidence angle αopt is obtained when the

ratio of the lift coefficient to the drag coefficient is maximum, that means: α = αopt ⇒(
cl
cd

)
max

.
The optimal distribution of the twist angle and the chord length are given by figure 5.
and 6.

4. STATISTICAL ANALYSIS OF WIND DATA

In this part a statistical analysis is carried out in order to estimate wind characteris-
tics in different regions of Algeria and accordingly determine the most efficient sites.
The statistical distribution of wind speed (the frequency of occurrence of each speed)
is also valuable in making an optimal design of wind turbine such as in fatigue failure
prediction as well as in the adaptation of a machine to a site [4].

4.1. EXPERIMENTAL WIND DATA
STATISTICAL DISTRIBUTION

The estimation of the wind resources presents a particular difficulty because of the
variability of wind speed characteristics which varies with the season and the hour of
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Fig. 5.: optimal distribution of twist angle

Fig. 6.: optimal distribution of chord length

the day [5].
The statistical distribution of wind speed characteristics varies also from one place
to another, since it depends on the local climatic conditions and the landscape of the
site.
Wind characteristics such as: average speed, speed frequency and directions facilitate
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the estimation of the total energy extracted by wind turbine. These parameters have
a direct influence on the operation of turbine (starting, stopping, orientation etc.)
This information is also required to optimize the design of the wind turbine in order
to maximize the extracted energy and therefore to minimize the electricity production
cost [6].
In order to determine the wind properties of a site, wind data must be available over
a long period of time (one to ten years).

Fig. 7.: Probability Density of wind speed (Town of Adrar)

4.2. ESTIMATION OF THE AVERAGE
AVAILABLE POWER (POWER
DISTRIBUTION)

The available wind power per unit area varies proportionally with the cube of the
wind speed, as follows:

P =
1
2
ρV3 (32)

where ρ is the density of the air, P is the available power of the wind per unit of area.
By multiplying the available power (at each wind speed) by the probability of occur-
rence of this speed, one obtains the distribution of the wind power at various speeds
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of wind. This last distribution is also called the power density [7]. It is important

Fig. 8.: probability Density of the average power (Town of Setif))

Fig. 9.: Probability Density of the average power (Town of Tindouf))

to note that at speeds higher than the mean velocity, in a given site, where the major
part of power is produced.
The optimal design of the wind rotor, for a given site, must be based on the speed of
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wind that gives the maximum available energy. For the town of Setif (Figure 8) this
speed is 7 m/s.

5. CONCLUSION

In this work the blade element theory was used to calculate aerodynamic loads for
small wind turbine blades. This method can also estimate the power extracted by the
turbine. This design must is done for a specific aerodynamic profile and a specific
site, since we must use the characteristic wind speed that gives the maximum avail-
able power in a given site. The value of this characteristic wind speed is determined
from the wind data statistical analysis of this site. The design can be repeated for
different sites and profiles until we determine the right blade profile the suits each
site.

According to results of the wind statistical analysis Tindouf has the highest average
power (figure 9). This average power is the most determinant parameter to use in the
selection of the wind site.

Actually the criterion of maximum annual energy production used to optimize
blade geometry is not sufficient. Whereas the optimization of wind turbine must be
based on minimum cost of energy which requires a multidisciplinary method that
includes aerodynamic and structural models for blades along with a cost model for
the whole turbine [8]. This work can be a part of a global optimization study aiming to
minimize cost and structural problems of wind turbine while maximizing its energetic
performance.
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Abstract Recently, Sarmanov’s family of bivariate distributions gained interest due to its flexible
structure that easily joins given marginals. In this paper, we focus on the parameters
estimation for the bivariate Sarmanov distribution with normal-type marginals. The
maximum likelihood method is discussed and illustrated on both real and simulated
data.
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1. INTRODUCTION

Sarmanov’s bivariate distribution was originally introduced in the literature by Sar-
manov (1966), and, later on, it was also proposed in physics by Cohen (1984) under
a more general form. Lee (1996) suggested a multivariate version and discussed
several applications in medicine. Recently, due to its flexible structure, Sarmanov’s
bivariate distribution became of interest in different applied studies. For example,
Schweidel et al. (2008) used a bivariate Sarmanov model to capture the relation-
ship between a prospective customer’s time until acquisition of a particular service
and the subsequent duration for which he retains it. Miravete (2009) presented two
models based on Sarmanov distribution and used them to compare the number of
tariff plans offered by two competing cellular telephone companies. Danaher and
Smith (2011) discussed applications to marketing (see also the references therein).
In the insurance field, Hernández-Bastida et al. (2009) and Hernández-Bastida and
Fernández-Sánchez (2012) used the bivariate Sarmanov distribution for premiums
evaluation.

The flexible structure and, hence, the applicability of Sarmanov’s distribution re-
sults from the way this distribution is built: the marginal distributions are guaranteed
to take a desired form and joint into a dependence structure that can model a vast
range of data dependencies. However, performing statistical inference for this dis-
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tribution raises some difficulties, due also to its high number of parameters. This is
why, in this paper, we focus on the parameters estimation for the bivariate Sarmanov
distribution with some normal-type marginals that could be of interest in different ap-
plications. Therefore, the structure of the paper is as follows: we start by recalling in
Section 2 the univariate distributions that we shall use as marginal distributions (i.e.,
the normal, lognormal and skew-normal distributions). In Section 3, we present the
general bivariate Sarmanov distribution and the corresponding maximum likelihood
method, followed by the particular cases of interest and the related likelihood sys-
tems. We end with some numerical studies in Section 4, both on real and simulated
data.

2. NOTATION AND USEFUL FORMULAS

We shall now introduce some notation and present some formulas on the univariate
normal distribution and two related distributions that will be useful in next section.

2.1. NORMAL DISTRIBUTION

Let φ (·) and Φ (·) denote the probability density function (pdf) and, respectively,
the cumulative distribution function (cdf) of the standard normal N (0, 1) distribu-
tion. To denote the pdf of the general normal N

(
µ, σ2

)
distribution, we use the same

symbol φ emphasizing the parameters, i.e.,

φ
(
x; µ, σ2

)
=

1

σ
√

2π
e−

(x−µ)2

2σ2 , x, µ ∈ R, σ > 0.

We also recall the Laplace transform of the normal distribution

LN(µ,σ2) (α) =
∫ ∞

−∞
e−αxφ

(
x; µ, σ2

)
dx = e−αµ+α

2σ2/2. (1)

Also, some calculation gives

1
σ
√

2π

∫ ∞
−∞ xe−αxe−

(x−µ)2

2σ2 dx = eα
2σ2/2−αµ 1

σ
√

2π

∫ ∞
−∞ xe−

(x−µ+ασ2)2

2σ2 dx

= eα
2σ2/2−αµ

(
µ − ασ2

)
,

(2)

from where

νN(µ,σ2) (α) =
∫ ∞
−∞ x

(
e−αx − LN(µ,σ2) (α)

)
φ
(
x; µ, σ2

)
dx

= e−αµ+α
2σ2/2

(
µ − ασ2

)
− µe−αµ+α

2σ2/2

= −ασ2e−αµ+α
2σ2/2.
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2.2. LOGNORMAL DISTRIBUTION

As it is well-known, a random variable (rv) X follows a lognormal LN
(
µ, σ2

)
distribution if ln X ∼ N

(
µ, σ2

)
, σ > 0, hence having the pdf

fLN(µ,σ2) (x) =
1

xσ
√

2π
e−

(ln x−µ)2

2σ2 , x > 0.

The first two moments of this distribution are

EX = eµ+σ
2/2, VarX = e2µ+σ2 (

eσ
2 − 1

)
.

2.3. SKEW-NORMAL DISTRIBUTION

To allow for asymmetry, Azzalini (1985) introduced an additional parameter into
the normal distribution leading to the so called skew-normal distribution. We say that
the rv X follows a skew-normal distribution S N

(
µ, σ2, λ

)
, σ > 0, if its pdf is given

by
fS N(µ,σ2,λ) (x) = 2φ

(
x; µ, σ2

)
Φ (λ (x − µ) /σ) , x ∈ R. (3)

Later on, more general forms and extensions to the multivariate setting were derived,
see e.g., the survey of Arnold and Beaver (2002).

The first moments of the above skew-normal distribution are

EX = µ +

√
2
π
γ, VarX = σ2 − 2

π
γ2, E (X − EX)3 =

√
2 (4 − π)
π3/2 γ3, (4)

where γ = λσ/
√

1 + λ2.

3. BIVARIATE SARMANOV DISTRIBUTION

3.1. THE GENERAL DISTRIBUTION

The bivariate random vector X = (X1, X2)′ follows a bivariate Sarmanov distribu-
tion if its joint pdf is given by (see, e.g., Kotz et al., 2000)

fX (x1, x2) = f1 (x1) f2 (x2)
(
1 + ωϕ1 (x1) ϕ2 (x2)

)
, (5)

where ( fi)i=1,2 are the corresponding marginal pdf’s,
(
ϕi

)
i=1,2 are bounded non-constant

kernel functions, and ω is a real number such that∫ ∞
−∞ ϕi (x) fi (x) dx = 0, i = 1, 2, and (6)

1 + ωϕ1 (x1) ϕ2 (x2) ≥ 0, for all (x1, x2) ∈ R2. (7)

If we denote νi =
∫ ∞
−∞ xϕi (x) fi (x) dx, i = 1, 2, then

cov (X1, X2) = ων1ν2. (8)
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Note that when ω=0, from (5), X1 and X2 are independent. As to the choice of the
kernel functions ϕi, the following particular cases satisfying (6) have already been
discussed in the literature (see, e.g., Lee, 1996):

1 ϕi = 1 − 2Fi, where Fi is the cdf of Xi. In this case, Sarmanov’s distribution
is called Farlie-Gumbel-Morgenstern and verifies the restrictive condition that
the correlation coefficient corr (X1, X2) cannot exceed 1/3 in absolute value.
However, in general, Sarmanov’s distribution is not restricted by such a condi-
tion.

2 ϕi (x) = xα − E
[
Xα

i

]
, assuming that E

[
Xα

i

]
< ∞. In this case, νi = E

[
Xα+1

i

]
−

E
[
Xα

i

]
EXi, if it is finite. If, moreover, α = 1, then the marginal correlation is

corr (X1, X2) = ω
√

Var [X1] Var [X2].

3 ϕi (x) = e−αx − E
[
e−αXi

]
, where E

[
e−αXi

]
is the Laplace transform of Xi.

4 ϕi (x) = fi (x) −
∫ ∞
−∞ f 2

i (y) dy.

3.2. PARAMETERS ESTIMATION

3.2.1 General case. We shall estimate the parameters using the max-
imum likelihood method (MLM) based on the random data sample

{(
x1 j, x2 j

)}n

j=1
consisting of n successive couples of observations. If Θ denotes the parameters set
of Sarmanov’s distribution, then the loglikelihood function to be maximized results
from (5) as

ln L
({(

x1 j, x2 j
)}n

j=1
;Θ

)
=

n∑
j=1

(
ln f1

(
x1 j

)
+ ln f2

(
x2 j

)
+ ln

(
1 + ωϕ1

(
x1 j

)
ϕ2

(
x2 j

)))
.

The parameters to be estimated areω, the parameters of fi, and, eventually, the param-
eters of ϕi. Letting θ denote a generic parameter of fi, the corresponding maximum
likelihood (ML) system is

0 =
∂ ln L
∂θ
=

n∑
j=1

∂ ln f1
(
x1 j

)
∂θ

+
∂ ln f2

(
x2 j

)
∂θ

 + ω n∑
j=1

1

1 + ωϕ1

(
x1 j

)
ϕ2

(
x2 j

)
×

ϕ1

(
x1 j

) ∂ϕ2

(
x2 j

)
∂θ

+ ϕ2

(
x2 j

) ∂ϕ1

(
x1 j

)
∂θ

 , θ ∈ Θ

0 =
∂ ln L
∂ω

=
n∑

j=1

ϕ1

(
x1 j

)
ϕ2

(
x2 j

)
1 + ωϕ1

(
x1 j

)
ϕ2

(
x2 j

)
.

(9)
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This system can become quite complex and, therefore, it must be solved by numerical
methods that require starting values for the unknown parameters. Such starting values
easily result by the method of moments (MM). Moreover, since the last equation of
the system raised numerical problems as noticed by Pelican and Vernic (2013), a
value for ω can be obtained from the empirical correlation coefficient, ρ.

Alternatively, instead of solving the ML system, one can use numerical methods
to directly find the maximum of the loglikelihood function. The corresponding max-
imization problem

max
Θ

ln L
({(

x1 j, x2 j
)}n

j=1
;Θ

)
,

can be completed with some constraints (see in the following the formulas of σ2
i ),

and can be solved using, e.g., a Variable Neighborhood Search (VNS) algorithm as
presented by Mladenovic and Hansen (1997).

3.2.2 Normal marginals. We start by considering normally distributed
marginals, i.e., Xi ∼ N

(
µi, σ

2
i

)
, µi ∈ R, σi > 0. In this case, the loglikelihood function

is

ln L
({(

x1 j, x2 j
)}n

j=1
;Θ

)
= −n (lnσ1 + lnσ2 + ln (2π))

−
n∑

j=1


(
x1 j − µ1

)2

2σ2
1

+

(
x2 j − µ2

)2

2σ2
2

 + n∑
j=1

ln
(
1 + ωϕ1

(
x1 j

)
ϕ2

(
x2 j

))
,

with Θ =
(
µ1, µ2, σ1, σ2, ω

)
. Then the ML system (9) becomes for i = 1, 2

0 =
∂ ln L
∂µi

=
1
σ2

i

(
n∑

j=1
xi j − nµi

)
+ ω

n∑
j=1

ϕ3−i

(
x3−i; j

)
1 + ωϕ1

(
x1 j

)
ϕ2

(
x2 j

) ∂ϕi

(
xi j

)
∂µi

0 =
∂ ln L
∂σi

= − n
σi
+

n∑
j=1

(
xi j − µi

)2

σ3
i

+ ω
n∑

j=1

ϕ3−i

(
x3−i; j

)
1 + ωϕ1

(
x1 j

)
ϕ2

(
x2 j

) ∂ϕi

(
xi j

)
∂σi

0 =
∂ ln L
∂ω

=
n∑

j=1

ϕ1

(
x1 j

)
ϕ2

(
x2 j

)
1 + ωϕ1

(
x1 j

)
ϕ2

(
x2 j

)
.

(10)

Particular case I: ϕi (x) = x − E [Xi] .. This particular case has also been
studied in Pelican and Vernic (2013). Since ϕi (x) = x − µi, the second equation of
system (10) yields

− n
σi
+

n∑
j=1

(
xi j − µi

)2

σ3
i

= 0,
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and therefore the ML system reduces to

σ2
i =

1
n

n∑
j=1

(
xi j − µi

)2

n
(∑n

j=1 xi j − nµi

)
∑n

j=1

(
xi j − µi

)2 − ω
n∑

j=1

x3−i; j − µ3−i

1 + ω
(
x1 j − µ1

) (
x2 j − µ2

) = 0

n∑
j=1

(
x1 j − µ1

) (
x2 j − µ2

)
1 + ω

(
x1 j − µ1

) (
x2 j − µ2

) = 0

,

i = 1, 2.
Moreover, we have the correlation coefficient

corr (X1, X2) = ω
√

Var [X1] Var [X2] = ωσ1σ2,

from which we can obtain an estimated/starting value for ω.

Particular case II: ϕi (x) = e−αi x − E
[
e−αiXi

]
.. Recalling the Laplace

transform of a normal distribution from (1), we have in this case ϕi (x) = e−αi x −
e−αiµi+α

2
i σ

2
i /2, i = 1, 2. Inserting this into the first two equations of system (10) yields

ωαie−αiµi+α
2
i σ

2
i /2

n∑
j=1

e−α3−i x3−i; j − e−α3−iµ3−i+α
2
3−iσ

2
3−i/2

1 + ω
(
e−α1 x1 j − e−α1µ1+α

2
1σ

2
1/2

) (
e−α2 x2 j − e−α2µ2+α

2
2σ

2
2/2

)
+

1
σ2

i

(
n∑

j=1
xi j − nµi

)
= 0

−ωα2
i σie−αiµi+α

2
i σ

2
i /2

n∑
j=1

e−α3−i x3−i; j − e−α3−iµ3−i+α
2
3−iσ

2
3−i/2

1 + ω
(
e−α1 x1 j − e−α1µ1+α

2
1σ

2
1/2

) (
e−α2 x2 j − e−α2µ2+α

2
2σ

2
2/2

)
− n
σi
+

n∑
j=1

(
xi j − µi

)2

σ3
i

= 0

,

i = 1, 2.
Therefore, the ML system becomes

σ2
i =

∑n
j=1

(
xi j − µi

)2

n − αi
(∑n

j=1 xi j − nµi

)
ωαie−αiµi+α

2
i σ

2
i /2

n∑
j=1

e−α3−i x3−i; j − e−α3−iµ3−i+α
2
3−iσ

2
3−i/2

1 + ω
(
e−α1 x1 j − e−α1µ1+α

2
1σ

2
1/2

) (
e−α2 x2 j − e−α2µ2+α

2
2σ

2
2/2

)
+

1
σ2

i

(
n∑

j=1
xi j − nµi

)
= 0

n∑
j=1

(
e−α1 x1 j − e−α1µ1+α

2
1σ

2
1/2

) (
e−α2 x2 j − e−α2µ2+α

2
2σ

2
2/2

)
1 + ω

(
e−α1 x1 j − e−α1µ1+α

2
1σ

2
1/2

) (
e−α2 x2 j − e−α2µ2+α

2
2σ

2
2/2

) = 0

,
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i = 1, 2.
Note that since this system has five equations, it is useful for estimating µi and σi, i =
1, 2, when the values of the parameters α1 and α2 are known. If we also want to

estimate the αis, we need two more equations that can be obtained from
∂ ln L
∂αi

= 0,

yielding

n∑
j=1

((
µi − αiσ

2
i

)
e−αiµi+α

2
i σ

2
i /2 − xi je−αi xi j

) (
e−α3−i x3−i; j − e−α3−iµ3−i+α

2
3−iσ

2
3−i/2

)
1 + ω

(
e−α1 x1 j − e−α1µ1+α

2
1σ

2
1/2

) (
e−α2 x2 j − e−α2µ2+α

2
2σ

2
2/2

) = 0,

i = 1, 2.
Also, using formula (3), we obtain νi = −αiσ

2
i e−αiµi+α

2
i σ

2
i /2, and hence (8) yields

corr (X1, X2) =
ων1ν2

σ1σ2
= ωα1α2σ1σ2e−α1µ1−α2µ2+(α2

1σ
2
1+α

2
2σ

2
2)/2.

We can use this relation to estimate ω by MM.

3.2.3 Lognormal marginals and ϕi (x) = x − E [Xi]. We shall now
assume that each marginal is lognormally distributed, i.e., Xi ∼ LN

(
µi, σ

2
i

)
, µi ∈

R, σi > 0. Taking ϕi (x) = x − E [Xi] yields the corresponding Sarmanov pdf

fX (x1, x2) =
2∏

i=1

1

xiσi
√

2π
e
− (ln xi−µi)2

2σ2
i

(
1 + ω

(
x1 − eµ1+σ

2
1/2

) (
x2 − eµ2+σ

2
2/2

))
,

x1, x2 > 0.
Denoting yi = ln xi, this pdf can be rewritten as

fX (y1, y2) =
2∏

i=1

1

eyiσi
√

2π
e
− (yi−µi)2

2σ2
i

(
1 + ω

(
ey1 − eµ1+σ

2
1/2

) (
ey2 − eµ2+σ

2
2/2

))
,

from where we note that fX (y1, y2) =
g (y1, y2)

ey1+y2
,with g a Sarmanov pdf having normal

marginals and kernel functions ϕ′i (x) = e−αi x − E
[
e−αiXi

]
with α1 = α2 = −1. More-

over, the loglikelihood functions are related by ln fX (y1, y2) = ln g (y1, y2)− (y1 + y2),
hence we can estimate the parameters of fX by estimating the parameters of g. In
other words, we can estimate the parameters of a Sarmanov distribution with lognor-
mal marginals Xi ∼ LN

(
µi, σ

2
i

)
and kernel functions x − E [Xi] by simply estimating

the parameters of a Sarmanov distribution having the normal marginals Yi = ln Xi

and the kernel functions ex − E
[
eYi

]
. Therefore, we reduced the estimation problem

to the above particular case II.
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3.2.4 Different marginals: one normal and one skew-normal.
We shall now take advantage of Sarmanov’s distribution characteristic to easily join
distinct marginals. Therefore, we consider that X2 ∼ N

(
µ2, σ

2
2

)
, while this time

X1 ∼ S N
(
µ1, σ

2
1, λ

)
. Sarmanov’s pdf (5) becomes in this case

fX (x1, x2) = 2φ
(
x1; µ1, σ

2
1

)
φ
(
x2; µ2, σ

2
2

)
Φ

(
λ
(
x1 − µ1

)
/σ1

)
× (

1 + ωϕ1 (x1) ϕ2 (x2)
)
.

For simplicity, we shall consider only the case ϕi (x) = x − E [Xi] , i = 1, 2, where
ξ1 = E [X1] results from (4).

4. NUMERICAL STUDY

4.1. REAL DATA STUDY

We used the distributions presented in Section 3.2 to model a bivariate data sample
from motor insurance consisting of estimated and approved costs from a Romanian
insurer during 2002-2004. All the claims included in our sample had been settled.
The sample size is n=101, and for each claim we observed X1 the estimated cost
of the total damage and X2 the approved (and paid) cost in ROL. Since the data
values are quite large (e.g., their empirical means are 21312871 and, respectively,
19453147), we logaritmized the entire data set and obtained the following empirical
characteristics

Min Max Mean Variance

X1 13.9978 19.3369 16.3211 1.0397

X2 13.4970 18.6349 16.2666 1.0805

and correlation coefficient ρ = 0.831.
These empirical characteristics were used as starting values when estimating the

parameters by the methods described above. To compare the fitted distributions, we
calculated the corresponding loglikelihood and AIC values, where AIC (Akaike’s
information criterion, see e.g., Akaike, 1974) is defined as

AIC = 2(s − ln L);

here s is the number of estimated parameters and L the likelihood function. The
preferred model is the one with the lowest AIC value.

We assumed that both log-marginals are normally distributed and considered both
cases for ϕi. For ϕi (x) = e−αi x−E

[
e−αiXi

]
,we also considered the case α1 = α2 = −1,

i.e., the distribution we fitted to the not transformed data has lognormal marginals (as
in Section 3.2.3). The results are presented in Table 1, columns 2 and 3. According to
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ln L and AIC, the best fit is given by the second log-Sarmanov distribution with nor-
mal marginals (bold values), followed by the Sarmanov distribution with lognormal
marginals.

Table 1. Estimations and ranking results for the real data set

ϕi (x) = x − µi

ϕi (x) = e−αx − E
[
e−αXi

]
α1 = −1.3946 α1 = −1
α2 = −1.2914 α2 = −1

ϕi (x) = x − µi
λ1 = 0.7805
λ2 = 0.2644

µ1 16.3920 16.2758 16.3334 16.2288
σ2

1 1.0345 1.0856 1.0424 1.2127
µ2 16.2760 16.3017 16.2645 16.2507
σ2

2 1.0699 1.0781 1.0675 0.9889
ω 0.454 7.55 × 10−20 7 × 10−15 0.9776

ln L -3558.01 -3456.92 -3504.40 -3548.27
AIC 7126.02 6927.84 7018.80 7110.54

Moreover, hoping to improve the fitting, we also assumed that both log-marginals are
skew-normal distributed. Unfortunately, the results presented in the last column of
Table 1 are not as good as expected, and the AIC penalizes this model.

4.2. SIMULATION STUDY

To illustrate the estimation methods for the bivariate Sarmanov distribution with
different marginals, we used generated samples from a bivariate Sarmanov distribu-
tion having one skew-normal marginal and one normal marginal, i.e., we considered
X1 ∼ S N

(
µ1, σ

2
1, λ

)
and X2 ∼ N

(
µ2, σ

2
2

)
, σ1, σ2 > 0. As in Pelican and Vernic

(2013), we used the inversion method as generating method, based on the conditional
cdf

FX2 |X1=x1 (x) =
∫ x

−∞

fX (x1, x2)
f1 (x1)

dx2

= F2 (x) + ω
(
x1 − ξ1

) ∫ x

−∞
f2 (x2)

(
x2 − µ2

)
dx2

= Φ

(
x − µ2

σ2

)
− ω (

x1 − ξ1
) σ2√

2π
e
− 1

2

(
x−µ2
σ2

)2

,

with ξ1 = EX1. Moreover, we applied MM and MLM to estimate the parameters, the
values obtained by MM being used as starting values for MLM. The moments used
in MM for the skew-normal distribution are the ones from (4).

We started by generating samples of different sizes, while the parameters values
were set at µ1 = µ2 = σ1 = σ2 = λ = 1 and ω = 0.5. The results are presented in
Table 2 and we note that the sample size strongly affects the results (of course, this
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is also related to the generating errors). Also, based on the loglikelihoods values, the
MLM outperforms the MM as expected.

Table 2. Estimations results for MM and MLM when varying the sample size
(real values µ1 = µ2 = σ1 = σ2 = λ = 1, ω = 0.5)

n = 1000 n = 2000 n = 5000 n = 10000
MM MLM MM MLM MM MLM MM MLM

µ1 0.8402 0.9045 1.1449 1.0848 1.0213 0.9990 1.0736 1.0049
µ2 1.0521 1.0596 0.9957 0.9916 1.0030 1.0091 0.9967 0.9923
σ1 1.1139 1.0671 0.9285 0.9606 0.9808 0.9898 1.0277 0.9966
σ2 1.0365 1.0176 1.0016 1.0014 1.0101 1.0100 0.9632 1.0277
λ 3.4200 1.4710 0.8019 0.8000 1.2707 0.9700 1.0277 0.9631
ω 0.4627 0.6940 0.4909 0.6846 0.4690 0.6179 0.4760 0.6097

ln L -2656.39 -2521.18 -5110.88 -5076.90 -12862.89 -12728.24 -25893.48 -25672.22

We also varied the value of the parameter λ that controls the asymmetry of the
skew-normal distribution, while keeping the other parameters and the sample size
fixed at µ1 = µ2 = σ1 = σ2 = 1, ω = 0.5 and n = 10000. From Table 3, it seems that
the results are better for a larger λ (meaning a more asymmetric distribution).

Also, when looking at the estimated values of λ in both tables, the MM clearly
gives biased results.

Table 3. Estimations results for MM and MLM when varying λ (real values
µ1 = µ2 = σ1 = σ2 = 1, ω = 0.5)

Real λ = 0.5 Real λ = 1 Real λ = 1.5
n = 10000 MM MLM MM MLM MM MLM

µ1 1.2423 0.9861 1.0736 1.0049 1.0384 1.0025
µ2 0.9955 0.9828 0.9967 0.9923 0.9925 1.0002
σ1 0.9445 0.9993 1.0277 0.9966 0.9746 1.0066
σ2 1.0103 1.0104 0.9632 1.0277 0.9998 0.9997
λ 0.1487 0.4801 1.0277 0.9631 2.2501 1.4970
ω 0.4457 0.6089 0.4760 0.6097 0.4690 0.5704

ln L -26703.97 -26538.18 -25893.48 -25672.22 -25228.33 -24626.06
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Abstract This paper deals with the eigenvalue problems in some bounded convex domainΩ ⊂ RN ,
N ≥ 2, under Dirichlet and Neumann conditions. In particular another proof of Payne

- Weinberger’s inequality µ1 ≥
(
π
D
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will be provided, where µ1 is the first nontrivial
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1. INTRODUCTION

This paper deals with the following basic eigenvalue problems

∆u + λu = 0, x ∈ Ω, u = 0, x ∈ ∂Ω, (1)

and

∆v + µv = 0, x ∈ Ω, ∂v
∂n
= 0, x ∈ ∂Ω, (2)

where Ω is a bounded convex domain in RN , N ≥ 2. In (2) ∂v
∂n is the outward normal

derivative of v on the boundary ∂Ω.
It is well known that these problems have nontrivial solutions only for specific

values λ and µ called eigenvalues satisfying

0 < λ1 < λ2 ≤ λ3 ≤→ ∞, (3)

0 = µ0 < µ1 ≤ µ2 ≤→ ∞, (4)

The corresponding eigenfunctions are denoted by uk (associated to λk) and vk (asso-
ciated to µk). These eigenvalues and eigenfunctions depend on the geometry and the
size of Ω.

These quantities are known only for particular domains including parallelepipeds
and balls. The goal of this paper is to derive the following result:

Let Ω be a bounded convex domain in RN , N ≥ 2. Then we have
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|u|−2
max

∫
Ω

u2dx ≤ 1
2
|Ω|, (5)

|v|−2
max

∫
Ω

v2dx ≤ 1
2
|Ω|, (6)

where |Ω| :=
∫
Ω

dx is the volume of Ω. Assuming that Ω is bounded strictly convex
in R2, we have the inequalities

u2(P) ≤ 1
2
|u|2max, with |∇u(P)| = max

Ω
|∇u|, (7)

v2(P) ≤ 1
2
|v|2max, with |∇v(P)| = max

Ω
|∇v|, (8)

Inequalities (5), (7) are valid for all eigenfunctions uk(x) and (6), (8) are valid
for all nontrivial eigenfunctions vk(x). Finally, a new proof of Payne-Weinberger’s
inequality [5]

µ1 ≥
( π
D

)2
(9)

will be provided. Inequality (9) holds for a bounded convex domain Ω ⊂ RN , n ≥ 2,
D is the diameter of Ω. Section 2 of this paper reviews Payne-Stakgold’s maximum
principle ([4]) which is the main tool of this investigation. The proofs of (5)-(9) are
presented in Section 3.

2. PAYNE-STAKGOLD’S MAXIMUM PRINCIPLE

Payne and Stakgold have established the following maximum principle ([4]):

Theorem 2.1. Let u(x) be an arbitrary eigenfunction of the problem (1) associated
to the eigenvalue λ. Assuming Ω bounded convex with a smooth boundary ∂Ω, the
auxiliary function

Ψ(x) := |∇u|2 + λu2 (10)

takes its maximum value at a critical point of u(x), i.e. we have

|∇u|2 ≤ λ
{
|u|2max − u2

}
, x ∈ Ω. (11)

Payne and Stakgold have formulated Theorem 2.1 only for the first eigenvalue and
eigenfunction, but the result and the proof extends to all (λk, uk). A similar maximum
principle holds for all eigenfunctions vk of the problem (2).

Theorem 2.2. Let v(x) be an arbitrary eigenfunction of the problem (2) associated
to the nontrivial eigenvalue µ. Assuming Ω is bounded and convex with a smooth
boundary ∂Ω, the auxiliary function

Φ(x) := |∇v|2 + µv2, x ∈ Ω, (12)
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takes its maximum value at a critical point of v(x), i.e. we have

|∇v|2 ≤ µ
{
|v|2max − v2

}
, x ∈ Ω. (13)

Proof. : The proof of Theorem 2.2 is similar to that of Theorem 2.1. We have to
show that the auxiliary function Φ satisfies the following two conditions

∂Φ

∂n
≤ 0, x ∈ ∂Ω, (14)

and
∆Φ + |∇v|−2W⃗ .∇Φ ≥ 0, x ∈ Ω − ω, (15)

where W̄ is some regular vector field defined on Ω, and ω := {x ∈ Ω| ∇v(x) = 0} is
the set of critical points of v(x). The conclusion of Theorem 2.2 is a straightforward
consequence of (14), (15), together with Hopf’s first ([1], [6]) and second ([2], [6])
principles. The differential inequality (15) is established in [4]. It remains to justify
(14). Let n⃗ = (n1, . . . , nN) be the outward unit normal vector on ∂Ω. Making use
of the notation v,k = ∂v

∂xk
, k = 1, . . . ,N and adopting the summation convention on

repeated subscripts we compute

∂Φ

∂n
=

1
2
∂

∂n

(
|∇v|2

)
= v,kv,kini = v,k

(
v,ini

)
,k
− v,kv,ini,k (16)

with ∂v
∂n = v,ini we have for x ∈ ∂Ω

v,k
(
v,ini

)
,k
= v,k

{
nl

(
nl

∂

∂xk
− nk

∂

∂xl

)(
∂v
∂n

)
+ nlnk

(
∂v
∂n

)
,l

}
= 0 (17)

Note that the first term on the right side of (17) vanishes since it is a linear combina-
tion of tangential derivatives of ∂v

∂n . Moreover, we have

v,iv,kni,k = v,iv,k
{
ni,k − ni, jn jnk

}
= v,iv,kBik, (18)

where
Bik := ni,k − ni, jn jnk (19)

is the curvature matrix associated to ∂Ω. This matrix depends only on the geometry
of Ω. If ∂Ω is represented locally by the equation φ(x) = 0, then Bik has the form

Bik =
φ,ik

|∇φ| −
1
|∇φ|3

{
φ,lkφ,lφ,i + φ,liφ,lφ,k

}
+
φ,l jφ,lφ, j

|∇φ|5
φ,iφ,k. (20)

This shows that Bik is symmetric. The eigenvalues of Bik are therefore real. More-
over we have Biknink = 0 so that n⃗ is an eigenvector associated to the eigenvalue zero.
The N − 1 other eigenvalues k1, . . . , kN−1 are the principal curvatures of ∂Ω . By the
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convexity of Ω we have ki ≥ 0 on ∂Ω, i = 1, . . . ,N − 1. The matrix Bik is therefore
positive semi-definite. From this fact together with (16), (17), (18) we obtain

∂Φ

∂n
= −Bikv,iv,k ≤ 0, x ∈ ∂Ω. (21)

This achieves the proof of Theorem 2.2.

3. APPLICATIONS

1. Integrating (13) over Ω we obtain∫
Ω

|∇v|2dx + µ
∫
Ω

v2dx ≤ µ|Ω| |v|2max, (22)

where |Ω| :=
∫
Ω

dx is the volume of Ω. Dividing (22) by
∫
Ω

v2dx and noting that∫
Ω
|∇v|2dx∫
Ω

v2dx
= µ, we get

|v|−2
max

∫
Ω

v2dx ≤ 1
2
|Ω|, (23)

in agreement with (6). The proof of (5) is similar.

2. For the proof of (7), (8) we need the following two results of Payne (see [3]).

Theorem 3.1. Let u(x) be an arbitrary function in C2(Ω) with u = ∆u = 0 on
a portion γ of ∂Ω on which the average curvature is positive. Then |∇u| takes its
maximum value at P ∈ γ if and only if u ≡ 0 in Ω.

Theorem 3.2. Let v(x) be an arbitrary function in C2(Ω) with ∂v
∂n = 0 on a portion γ

of ∂Ω on which the (N − 1) principal curvatures ki are positive.
Then |∇v| takes its maximum value at P ∈ γ if and only if v ≡ const in Ω.

It follows from Theorem 3.1 that each point P at which an eigenfunction u(x) of
(1) satisfies |∇u(P)| = |∇u|max is an interior point of Ω assumed bounded and convex,
so that we must have at P

1
2

(
|∇u|2

)
,k
= u,iku,i = 0, k = 1, . . . ,N (24)

and
1
2
∆
(
|∇u|2

)
= u,iku,ik + 2(∆u),ku,k = u,iku,ik − λ|∇u|2 ≤ 0, (25)

where λ is the corresponding eigenvalue. With |∇u| , 0 at P, (24) implies

det |u,ik| = 0 at P (26)

In the particular case of a plane domain Ω, (26) leads to

u,iku,ik = (∆u)2 = λ2u2 at P. (27)
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From (25) and (27) we obtain

|∇u|2 ≥ λu2 at P. (28)

Inequalities (11) and (28) lead to

2λu2 ≤ |∇u|2 + λu2 ≤ λ|u|2max at P, (29)

in agreement with (7). The proof of (8) is similar except that we make use of Theorem
3.2 instead of Theorem 3.1.

3. To conclude this section we want to produce another proof of Payne-Weinberger’s
inequality (9), based on the maximum principle (13). We note that the first noncon-
stant eigenfunction v(x) of (2) changes sign inΩ. Its nodal set Γ := {x ∈ Ω : v(x) = 0}
separates Ω in two subdomains Ω± with v > 0 in Ω+ and v < 0 in Ω−. Γ has no self
intersection and extends up to the boundary ∂Ω. In R2, Γ is a curve inside Ω joining
two distinct boundary points. From Hopf’s second principle ([2]. [6]), |∇v| does not
vanish on Γ, so that the auxiliary functionΦ defined by (12) cannot take its maximum
value on Γ. Theorem 2.2 is therefore separately applicable on both subdomains Ω±.
This lead to the somewhat sharper version of (13)

|∇v|2 ≤
 µ

{
v2

max − v2}, x ∈ Ω+,
µ
{
v2

min − v2}, x ∈ Ω−.
(30)

Let P+ be a point in Ω̄+ at which v(x) takes its maximum value , and Q+ be a
point of Γ nearest to P+. Integrating (30) along the segment |P+Q+| located in Ω+ we
obtain

√
µ

∫ P+

Q+
dx =

√
µd+ ≥

∫ vmax

0

dv√
v2

max − v2
=
π

2
, (31)

where d+ is the length of |P+Q+| ∈ Ω+. In the same way we obtain

√
µd− ≥

π

2
, (32)

where d− is the length of |P−Q−| ∈ Ω− joining P− where v(x) takes its minimum value
to the nearest point Q− of Γ. Adding the inequalities (31) and (32) we obtain

π ≤ √µ(d− + d+) ≤ √µD (33)

where D is the diameter of Ω. This achieves the proof of (9).
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Abstract In this paper the numerical modelling of heat transfer in a two-dimensional crystalline
solid is considered. It is assumed that some parameters (the relaxation time and the
boundary conditions) appearing in the mathematical model of the problem analyzed are
given as interval numbers. The problem discussed has been solved using the interval
form of the lattice Boltzmann method using the rules of the directed interval arithmetic
[2].
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1. INTRODUCTION

Microscale heat transfer is a new field of study which arises from the need to un-
derstand the mechanisms of the energy transport in thin films. Microscale heat trans-
fer can be defined as the study of thermal energy transfer with taking into account
individual carriers. The classical diffusion-based model for transient heat transfer
cannot be used for analyzing small length scale. In semiconductors and dielectric
materials, the heat transfer is carried mainly by vibrations in the crystal lattice called
phonons. The more common method to analyze this kind of phenomena is the appli-
cation of the Boltzmann transport equation.

In the mathematical model describing this process some parameters as the relax-
ation time are estimated experimentally, so it seems natural to take the values of
these parameters as interval numbers [5]. This assumption is closer to the real phys-
ical conditions of the problem analyzed. In the paper the interval lattice Boltzmann
method for solving non-steady transient heat transfer with interval thermophysical
parameters has been presented.

2. DIRECTED INTERVAL ARITHMETIC

Let us consider a directed interval ā which can be defined as a set D of all directed
pairs of real numbers defined as

173
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ā =
[
a−, a+

]
:=

{
ā ∈ D

∣∣∣ a− , a+ ∈ R
}

where a− and a+ denote the beginning and the end of the interval, respectively. The
left or the right endpoint of the interval ā can be denoted as as, s ∈ {+, −}, where s is
a binary variable. This variable can be expressed as a product of two binary variables
and is defined as follows

+ + = − − = +
+ − = − + = −

An interval is called proper if a− ≤ a+, improper if a− ≥ a+ and degenerate if
a− = a+. The set of all directed interval numbers can be written as D = P ∪ I, where
P denotes a set of all directed proper intervals and I denotes a set of all improper
intervals. Additionally a subset Z = ZP ∪ ZI ∈ D should be defined, where

ZP =
{
ā ∈ P| a− ≤ 0 ≤ a+

}
ZI =

{
ā ∈ I| a+ ≤ 0 ≤ a−

}
For directed interval numbers two binary variables are defined. The first of them

is the direction variable

τ (ā) =
{
+, i f a− ≤ a+

−, i f a− > a+

and the other is the sign variable

σ (ā) =
{
+, i f a− > 0, a+ > 0
−, i f a− < 0, a+ < 0 , ā ∈ D\Z

For zero argument σ ([0, 0]) = σ(0) = +, for all intervals including the zero
element ā ∈ Z, σ (ā) is not defined.

The sum of two directed intervals ā =
[
a−, a+

]
and b̄ =

[
b−, b+

]
can be written as

ā + b̄ =
[
a− + b−, a+ + b+

]
, ā, b̄ ∈ D

The difference is of the form

ā − b̄ =
[
a− − b+, a+ − b−

]
, ā, b̄ ∈ D

The product of the directed intervals is described by the formula

ā · b̄ =



[
a−σ(b̄) · b−σ(ā), aσ(b̄) · bσ(ā)

]
ā, b̄ ∈ D\Z[

aσ(ā)τ(b̄) · b−σ(ā), aσ(ā)τ(b̄) · bσ(ā)
]
, ā ∈ D\Z, b̄ ∈ Z[

a−σ(b̄) · bσ(b̄)τ(ā), aσ(b̄) · bσ(b̄)τ(ā)
]
, ā ∈ Z, b̄ ∈ D\Z[

min
(
a− · b+, a+ · b−) , max

(
a− · b−, a+ · b+)] , ā, b̄ ∈ ZP[

max
(
a− · b−, a+ · b+) , min

(
a− · b+, a+ · b−)] , ā, b̄ ∈ ZI

0,
(
ā ∈ ZP, b̄ ∈ ZI

)
∪

(
ā ∈ ZI , b̄ ∈ ZP

)
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The quotient of two directed intervals can be written using the formula

ā/b̄ =


[
a−σ(b̄)/bσ(ā), aσ(b̄)/b−σ(ā)

]
, ā, b̄ ∈ D\Z[

a−σ(b̄)/b−σ(b̄)τ(ā), aσ(b̄)/b−σ(b̄)τ(ā)
]
, ā ∈ Z, b̄ ∈ D\Z

In the directed interval arithmetic are defined two extra operators, inversion of
summation

−Dā =
[−a−, −a+

]
, ā ∈ D

and inversion of multiplication

1/Dā =
[
1/a−, 1/a+

]
, ā ∈ D\Z

So, two additional mathematical operations can be defined as follows

ā−Db̄ =
[
a− − b−, a+ − b+

]
, ā, b̄ ∈ D

and

ā/Db̄ =


[
a−σ(b̄)/b−σ(ā), aσ(b̄)/bσ(ā)

]
, ā, b̄ ∈ D\Z[

a−σ(b̄)/bσ(b̄), aσ(b̄)/bσ(b̄)
]
, ā ∈ Z, b̄ ∈ D\Z

Now, it is possible to obtain the number zero by subtraction of two identical inter-
vals ā−Dā = 0 and the number one as the result of the division ā/Dā = 1, which was
impossible when applying classical interval arithmetic [2].

3. THE INTERVAL LATTICE BOLTZMANN
METHOD

In dielectric materials and semiconductors the heat transport is mainly realized by
quanta of lattice vibrations called phonons. Phonons always ”move” from the part
with the higher temperature to the part with the lower temperature. During this pro-
cess phonons carry energy. This process can be described by the Boltzmann transport
equation (BTE)

∂ f
∂t
+ v · ∇ f =

f 0 − f
τr

+ ge f

where f is the phonon distribution function, f 0 is the equilibrium distribution func-
tion given by the Bose-Einstein statistic, v is the frequency-dependent phonon prop-
agation speed, τr is the frequency-dependent phonon relaxation time and ge f is the
phonon generation rate due to electron-phonon scattering.

The BTE is one of the fundamental equations of solid state physics. In order to
take advantage of the simplifying assumption of the Debye model, the Boltzmann
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transport equation can be transformed to an equivalent phonon energy density equa-
tion [1]

∂ e
∂ t
+ v · ∇e = −e − e 0

τr
+ qv

where e is the phonon energy density, e 0 is the equilibrium phonon energy density
and qv is the internal heat generation rate related to an unit of volume. This equation
must be supplemented by the adequate boundary-initial conditions.

The dependence between phonon energy and lattice temperature can be calculated
from the following formula using the Debye model

e (T ) =

9η k b

Θ3
D

ΘD/T∫
0

z3

exp(z) − 1
dz

 T 4

where ΘD is the Debye temperature of the solid, k b is the Boltzmann constant, T is
the lattice temperature while η is the number density of oscillators.

The interval lattice Boltzmann method (ILBM) is a discrete representation of the
interval Boltzmann transport equation [6]. The ILBM discretizes the space domain
considered by defining lattice sites where the phonon energy density is calculated.
The lattice is a network of discrete points arranged in a regular mesh with phonons
located in lattice sites.

 

 

 
Fig. 1. Two dimensional 4-speed (D2Q4) lattice Boltzmann model

There are a few possibilities for spatial position of the particles. In the paper
the D2Q4 lattice, which has two dimensions and four velocities, has been applied.
Phonons can travel only to neighboring lattice sites by ballistically travelling with a
certain velocity and collide with other phonons residing at these sites (see Fig. 1).
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The discrete set of propagation velocities in the main lattice directions can be defined
as

c1 = (c, 0) c2 = (0, c) c3 = (−c, 0) c4 = (0,−c)

In the ILBM it is needed to solve four interval equations supplemented by the
boundary and initial conditions allowing to compute interval phonon energy in differ-
ent lattice nodes. The interval Boltzmann transport equations for a two-dimensional
problem take the following form [1, 3, 4]

∂ ē 1
∂ t + c∂ ē 1

∂ x = −
ē 1−ē0

1

[τ−r , τ+r ] + qv

∂ ē 2
∂ t + c∂ ē 2

∂y = −
ē 2−ē0

2

[τ−r , τ+r ] + qv

∂ ē 3
∂ t − c∂ ē 3

∂ x = −
ē 3−ē0

3

[τ−r , τ+r ] + qv

∂ ē4
∂ t − c∂ ē4

∂y = −
ē4−ē0

4

[τ−r , τ+r ] + qv

This set of equations must be supplemented by the boundary conditions
x = 0, 0 ≤ y ≤ L : e(0, y, t) = e(T b1)
x = L, 0 ≤ y ≤ L : e(L, y, t) = e(T b2)
y = 0, 0 ≤ x ≤ L : e(x, 0, t) = e(T b3)
y = L, 0 ≤ x ≤ L : e(x, L, t) = e(T b4)

and the initial condition of the following form

t = 0 : ē (x, y, 0) = ē (T 0)

where T̄ b1 = [T −b1, T +b1], T̄ b2 = [T −b2, T +b2], T̄ b3 = [T −b3, T +b3] and T̄ b4 = [T −b4, T +b4]
are the interval boundary temperatures, T0 is the initial temperature.

The total interval energy density is defined as the sum of discrete interval phonon
energy densities in all the lattice directions

ē =
4∑

d=1

ē d

After subsequent computations the interval lattice temperature is determined using
the formula describing the relation between interval phonon energy and interval lat-
tice temperature

T̄ f+1 =
4

√√√√√√√
ē(T̄ f )Θ3

D

/9η kb

ΘD/T̄ f∫
0

z3

exp(z) − 1
dz
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4. RESULTS OF COMPUTATIONS

As a numerical example the heat transport in a silicon thin film of the dimen-
sions 200 nm × 200 nm has been analyzed. The following input data have been
introduced: the relaxation time τ̄r = [6.36675, 6.69325] ps, the Debye temperature
ΘD = 640 K, the boundary conditions T̄ b1 = [780, 820] K and T̄ b2 = T̄ b3 = T̄ b4 =

[292.5, 307.5] K, the initial temperature T0 = 300 K. The lattice step ∆x = ∆y =
20 nm and the time step ∆t = 5 ps have been assumed.
Calculations were carry out at the three internal nodes (40, 20) - 1, (160, 40) - 2 and
(100, 100) - 3 (see fig. 2).

Fig. 2. Discretized domain

Figures 3 and 4 present the courses of the temperature function at chosen internal
nodes for the heat source qv = 0 and qv = 1018 W/m3 respectively. 

 

 

Fig. 3. The interval heating curves for qv = 0
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Fig. 4. The interval heating curves for qv = 1018 W/m3

5. CONCLUSIONS

The interval lattice Boltzmann method is an effective tool to numerical simulation
of the heat transfer in crystalline solids. The generalization of LBM allows one to find
the numerical solution in the interval form and such an information may be important
especially for the parameters which are estimated experimentally, for example the re-
laxation time. In the paper the Boltzmann transport equation with the interval values
of the relaxation time and the boundary conditions has been considered.
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Abstract The nonlinear differential system s(1, 4) ẋ = P1(x, y) + P4(x, y), ẏ = Q1(x, y) + Q4(x, y),
is considered, where Pi and Qi are homogeneous polynomials of degree i (i ∈ {1, 4})
in x and y. From the paper M. N. Popa, V. V. Pricop Applications of algebraic meth-
ods in solving the center-focus problem, BASM n.1 (71), 2013 (http://arxiv.org/abs/
1310.4343), it is known that the number of algebraically independent Lyapunov quan-
tities in Sibirsky algebra on the Sibirsky invariant variety, which take part in solving
the center-focus problem for the differential system s(1, 4), does not exceed 13. Using
Hilbert series and Sibirsky graded algebras of invariants we obtain that the number of al-
gebraically independent Lyapunov quantities, which take part in solving the center-focus
problem for the differential system s(1, 4), may not exceed 11.

Keywords: differential systems, the center-focus problem, Lyapunov quantities, Sibirsky graded alge-
bras, Hilbert series, Krull dimension, Lie algebras of operators.

1. INTRODUCTION

Let the differential system s(1, 4)

ẋ = cx + dy + gx4 + 4hx3y + 6ix2y2 + 4 jxy3 + ky4 ≡ P(x, y),

ẏ = ex + f y + lx4 + 4mx3y + 6nx2y2 + 4oxy3 + py4 ≡ Q(x, y),
(1)

is given, where variables and coefficients of the right-hand side of the analyzed sys-
tem take values from the field R of real numbers.

It is known that if the roots of the characteristic equation of the singular point
O(0, 0) of the system (1) are imaginary, then the singular point O is either a center
(surrounded by closed trajectories) or a focus (surrounded by spirals) [1]. In this case
the origin of coordinates is said to be a singular point of the second type.

The center-focus problem for the differential system (1) was examined in [2]-[4]
when this system has some special properties.
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In the abstact of [5] (CAIM, 2011) there are given some estimations of the number
of algebraically independent Lyapunov quantities in Sibirsky algebra on the Sibirsky
invariant variety (Remark 1.1), which take part in solving the center-focus problem
for the differential system (1), without any restrictions. Further, using the methods of
generating functions and Hilbert series for Sibirsky graded algebras of comitants and
invariants [6], the results announced in [5] are argued.

It is known from [1] that for the singular point O(0, 0) of the system (1) to be a
center it is necessary and sufficient that the infinite sequence of polynomials (called
Lyapunov quantities)

L1, L2, ..., Lk, ... (2)

that depend on the coefficients of the right-hand side of the system (1) to be equal to
zero. Otherwise this point is a focus.

From [6], using Sibirsky graded algebra of comitants and invariants on Sibirsky
invariant variety (Remark 1.1), we conclude that the number of algebraically inde-
pendent Lyapunov quantities from (2), which take part in distinguishing center from
focus for the system (1), does not exceed 13.

In what follows we improve this estimation.
Let us examine the Lyapunov function U for the system (1) having the form [6]

U(x, y) = k2 +

∞∑
k=3

fk(x, y), (3)

where
k2 = −ex2 + (c − f )xy + dy2, (4)

is the center-affine (unimodular) comitant [7]–[8] of the system (1), and fk(x, y) is a
homogeneous function of degree k in the phase variables x, y.

Using the comitant (4) and invariants [7] i1 = c + f , i2 = c2 + 2de + f 2 of the
system (1) in [6] is given the next Remark

Remark 1.1. Note that the set

V = {i1 = c + f = 0, Discr(k2) = 2i2 − i21 < 0} (5)

is a Sibirsky invariant variety for center and focus for the system (1), because the
comitant k2 . 0 from (4) through a real center-affine transformation of the plane xOy
can be brought to the form

x2 + y2, (6)

and the system (1) can be brought to the corresponding form [5], for which the roots
of the characteristic equation are imaginary, i. e. the origin of coordinates for this
system is a singular point of the second type (center or focus).

Considering the Remark 1.1 we get
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Remark 1.2. Taking into account the comitant k2 from (4) and the fact that its ex-
pression through a real center-affine transformation on the invariant variety V can
be brought to the form (6), then formally this variety for the system (1) can be written
as

V = { f = −c} ∪ {c = 0, d = −e = 1}. (7)

Let us consider for the system (1) the identity

P(x, y)
∂U
∂x
+ Q(x, y)

∂U
∂y
=

∞∑
k=1

Gkkk+1
2 , (8)

where U(x, y) has the form (3).
According to the Remark 1.1 or Remark 1.2 and formulation of the center-focus

problem [6] for any polynomial differential system, in particular case for the system
(1), we conclude that between Lk from (2) and Gk from (8) the following equalities
take place:

Lk = Gk|V (k = 1, 2, ...), (9)

where V is from (5).
From the above mentioned follows

Remark 1.3. The identity (8) with the function (3) on the variety V from (5) guaran-
tees that the system (1) has at the origin of coordinates a singular point of the second
type (center or focus).

We write the function (3) as

U = k2 + [a0x3 + 3a1x2y + 3a2xy2 + a3y3] + [b0x4 + 4b1x3y+

+6b2x2y2 + 4b3xy3 + b4y4] + [c0x5 + 5c1x4y + 10c2x3y2+

+10c3x2y3 + 5c4xy4 + c5y5] + [d0x6 + 6d1x5y + 15d2x4y2+

+20d3x3y3 + 15d4x2y4 + 6d5xy5 + d6y6] + [e0x7 + 7e1x6y+

+21e2x5y2 + 35e3x4y3 + 21e5x2y5 + 7e6xy6 + e7y7] + [ f0x8+

+8 f1x7y + 28 f2x6y2 + 56 f3x5y3 + 70 f4y4 + 56 f5x3y5+

+28 f6x2y6 + 8 f7xy7 + f8y8] + ...,

(10)

where k2 . 0 is from (4) and a0, a1, ..., f7, f8, ... are unknown constants. Then, tak-
ing into account the identity (8) along the trajectories of the system (1) with the
function (10), we observe that it splits into a linear system of equations in powers
of x3, x2y, xy2, y3, ... with respect to unknowns a0, a1, ..., f7, f8, ...,G1,G2, .... Note
that from the obtained equalities besides x2, xy, y2 according to k2 . 0 we obtain
i1 = c + f = 0 ∈ V, which we will call the null Lyapunov pseudo-quantity. To de-
termine the quantities Gk we use the matrix form of the system, in which the identity
(8) splits in case of the system (1) without taking into account i1 = 0 ∈ V. From
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this system we obtain that the quantities G1,G2 are null. In order to determine the
quantity G3 we use the matrix equation

A3B3 = C3, (11)

where A3 = [A′3|A′′3 |A′′′3 ] and

A′3 =



5c 5e 0 0 0 0 0
5d 20c + 5 f 20e 0 0 0 0
0 20d 30c + 20 f 30e 0 0 0
0 0 30d 20c + 30 f 20e 0 0
0 0 0 20d 5c + 20 f 5e 0
0 0 0 0 5d 5 f 0
5g 5l 0 0 0 0 8c
20h 20g + 20m 20l 0 0 0 8d
30i 80h + 30n 30g + 80m 30l 0 0 0
20 j 120i + 20o 120h + 120n 20g + 120m 20l 0 0
5k 80 j + 5p 180i + 80o 80h + 180n 5g + 80m 5l 0
0 20k 120 j + 20p 120i + 120o 20h + 120n 20m 0
0 0 30k 80 j + 30p 30i + 80o 30n 0
0 0 0 20k 20 j + 20p 20o 0
0 0 0 0 5k 5p 0



A′′3 =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
8e 0 0 0 0 0

56c + 8 f 56e 0 0 0 0
56d 168c + 56 f 168e 0 0 0

0 168d 280c + 168 f 280e 0 0
0 0 280d 280c + 280 f 280e 0
0 0 0 280d 168c + 280 f 168e
0 0 0 0 168d 56c + 168 f
0 0 0 0 0 56d
0 0 0 0 0 0



A′′′3 =



0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 −e4

0 0 4ce3 − 4e3 f
0 0 −6c2e2 + 4de3 + 12ce2 f − 6e2 f 2

0 0 4c3e − 12cde2 − 12c2e f + 12de2 f + 12ce f 2 − 4e f 3

0 0 −c4 + 12c2de − 6d2e2 + 4c3 f − 24cde f − 6c2 f 2 + 12de f 2 + 4c f 3 − f 4

0 0 −4c3d + 12cd2e + 12c2d f − 12d2e f − 12cd f 2 + 4d f 3

56e 0 −6c2d2 + 4d3e + 12cd2 f − 6d2 f 2

8c + 56 f 8e −4cd3 + 4d3 f
8d 8 f −d4
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and

B3 =



c0
c1
c2
c3
c4
c5
f0
f1
f2
f3
f4
f5
f6
f7
f8

G3



, C3 =



2eg − cl + f l
−cg + f g + 8eh − 2dl − 4cm + 4 f m
−4ch + 4 f h + 12ei − 8dm − 6cn + 6 f n
−6ci + 6 f i + 8e j − 12dn − 4co + 4 f o
−4c j + 4 f j + 2ek − 8do − cp + f p

−ck + f k − 2dp
0
0
0
0
0
0
0
0



(12)

Because the dimension of the matrix A3 is 15 × 16, it is obvious we have at least
one free parameter. Therefore, choosing fi (i ∈ {0, 1, ..., 8}) as a free parameter with
the help of Cramer’s rule, from the system (11) for each fixed i we obtain

G3 =
G3,i + F3,i fi

σ3,i
, (13)

where G3,i, F3,i, σ3,i are polynomials in the coefficients of the system (1), and fi are
undetermined coefficients of the function U(x, y) from (10).

Studying the matrices (12) of the system (11) we conclude that G3,i from (13) are
homogeneous polynomials of degree 14 with respect to the coefficients of linear part,
and of degree 2 with respect to the coefficients of nonhomogeneities of degree 4 of
the system (1).

Since G3,i from (13) are homogeneous polynomials with respect to the coefficients
of the system (1), then according to [10],[11] for i = 0, 8 we can determine the
corresponding isobarities

(7,−1), (6, 0), (5, 1), (4, 2), (3, 3), (2, 4), (1, 5), (0, 6), (−1, 7)

For the system (1), using the formula of comitant’s weight from the theory of in-
variants of differential systems [8],[10], we obtain that the numerators of the fractions
(13) can be coefficients in comitants of weight −1 of the type (4, 14, 2). Using the
Lie differential operator D3 from (17) for the system (1), taking into account [6],[10]
and the numerator of the fraction (13), we obtain the system of 8 linear homogeneous
differential equations equations

D3(G3,0 + F3,0 f0) = G3,1 + F3,1 f1, D3(G3,1 + F3,1 f1) = −G3,2 − F3,2 f2,
−D3(G3,2 + F3,2 f2) = G3,3 + F3,3 f3, D3(G3,3 + F3,3 f3) = −G3,4 − F3,4 f4
−D3(G3,4 + F3,4 f4) = G3,5 + F3,5 f5, D3(G3,5 + F3,5 f5) = −G3,6 − F3,6 f6
−D3(G3,6 + F3,6 f6) = G3,7 + F3,7 f7, D3(G3,7 + F3,7 f7) = −G3,8 − F3,8 f8

(14)
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with respect to nine unknowns f0, f1, ..., f8. Note that a particular solution of this
system is f0 = f1 = ... = f8 = 0, for which the polynomial

f ′8(x, y) = G3,0x8 − 8G3,1x7y − 4G3,2x6y2 + 8G3,3x5y3 + 2G3,4x4y4−
−8G3,5x3y5 − 4G3,6x2y6 + 8G3,7xy7 +G3,8y8 (15)

is a center-affine comitant of the system (9). This fact is confirmed by the Theorem 1
[6] using the operators

X1 = x
∂

∂x
+ D1, X2 = y

∂

∂x
+ D2, X3 = x

∂

∂y
+ D3, X4 = y

∂

∂y
+ D4, (16)

where

D1 = d
∂

∂d
− e

∂

∂e
− 3g

∂

∂g
− 2h

∂

∂h
− i

∂

∂i
+ k

∂

∂k
− 4l

∂

∂l
− 3m

∂

∂m
−

−2n
∂

∂n
− o

∂

∂o
,

D2 = e
∂

∂c
+ ( f − c)

∂

∂d
− e

∂

∂ f
+ l

∂

∂g
+ (m − g)

∂

∂h
+ (n − 2h)

∂

∂i
+

+(o − 3i)
∂

∂ j
+ (p − 4 j)

∂

∂k
− l

∂

∂m
− 2m

∂

∂n
− 3n

∂

∂o
− 4o

∂

∂p
,

D3 = −d
∂

∂c
+ (c − f )

∂

∂e
+ d

∂

∂ f
− 4h

∂

∂g
− 3i

∂

∂h
− 2 j

∂

∂i
− k

∂

∂ j
+

+(g − 4m)
∂

∂l
+ (h − 3n)

∂

∂m
+ (i − 2o)

∂

∂n
+ ( j − p)

∂

∂o
+ k

∂

∂p
,

D4 = −d
∂

∂d
+ e

∂

∂e
− h

∂

∂h
− 2i

∂

∂i
− 3 j

∂

∂ j
− 4k

∂

∂k
+ l

∂

∂l
− n

∂

∂n
−

−2o
∂

∂o
− 3p

∂

∂p
,

(17)

which in case of the system (1) can be written as

X1( f ′8) = X4( f ′8) = f ′8 , X2( f ′8) = X3( f ′8) = 0.

It is obvious that the differential system (14) has an infinity of solutions f0, f1, ..., f8
that define a center-affine comitants of the type (15).

According to the above mentioned and following [6] we obtain that these comi-
tants, and in particular case (15), belongs to the linear space S (4,14,2)

1,4 .
Note that the comitant (15) on the variety V from (5) for the system (1) has the

following form:
f ′8(x, y)|V = 648L1(x2 + y2)4, (18)
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where

L1 = 7gh + 18hi + 3g j + 18i j + 3hk + 7 jk − 7gl − 3il − 8hm − 7lm−
−3gn + 3kn − 18mn + 8 jo − 3lo − 18no + 3ip + 7kp − 3mp − 7op,

is the first non-zero Lyapunov quantity of the system (1) on the invariant variety V.
Similarly to the previous case, for the non-zero quantities Gn (n = 3k) of the

differential system s(1, 4) we obtain

G3k =
G3k,i1,i2,...,ik + B3k,i1,i2,...,ik bi1 + · · · + Z3k,i1,i2,...,ik zik

σ3k,i1,i2,...,ik
. (19)

Now it is important to determine degree of the polynomial G3k,i1,i2,...,ik in coeffi-
cients of the system (1). It has been found that a comitant of weight −1 of the system
s(1, 4) from (1), containing as a semi-invariant (the coefficient of the highest degree
of x) the expression G3k,i1,i2,...,ik , which corresponds to the quantity G3k(Gn = 0 if
n , 3k), has the type (

2(k + 1),
1
2

(15k2 + 11k + 2), 2k
)
, (20)

where 2(k + 1) is degree of homogeneity of the comitant in the phase variables x, y,
1
2

(15k2 + 11k + 2) is degree of homogeneity of the comitant in coefficients of the
linear part, 2k is degree of homogeneity of the comitant in coefficients of nonhomo-
geneities of degree 4 of the system s(1, 4) from (1).

Hereafter the expressions G3k,i1,i2,...,ik , which determine the types of comitants (20)
corresponding to the quantity G3k (k = 1, 2, 3, ...) will be called generalized Lyapunov
pseudo-quantities. The comitants of the type (20) for k = 1, 2, 3, ..., which contain as
coefficients expressions with the generalized Lyapunov pseudo-quantities

G3k,i1,i2,...,ik + B3k,i1,i2,...,ik bi1 + · · · + Z3k,i1,i2,...,ik zik .

will be called comitants associated to the generalized Lyapunov pseudo-quantities.

2. GRADED ALGEBRAS OF COMITANTS
WHOSE SPACES CONTAIN COMITANTS
ASSOCIATED TO THE GENERALIZED
LYAPUNOV PSEUDO-QUANTITIES OF THE
SYSTEM (1)

Thus for the system (1) we obtain the set of spaces of center-affine (unimodular)
comitants

R = S (0,0,0)
1,4 , S (0,1,0)

1,4 , S (4,14,2)
1,4 , S (6,42,4)

1,4 , ..., S
(2(k+1), 1

2 (15k2+11k+2),2k)
1,4 , ... ⊂ S 1,4, (21)
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where S 1,4 is a Sibirsky graded algebra of comitants and invariants of the system (1).
Let consider the graded algebra S ′1,4, generated by the spaces S

(δ′,d′1,d
′
2)

1,4 from (21),
which can be written as

S ′1,4 =
⊕
(d′)

S (d′)
1,4 . (22)

Denote by S (d′)
1,4 the linear spaces, contained in S

(δ′,d′1,d
′
2)

1,4 for all (d′), as well as the
spaces from S 1,4 which contain all possible products of the spaces (21).

Since the algebra S ′1,4 is a graded subalgebra of the algebra S 1,4 for the system
(1) we obtain that for the Krull dimensions of these algebras the following inequality
takes place:

ϱ(S ′1,4) ≤ ϱ(S 1,4). (23)

Taking into account this inequality, and that ϱ(S 1,4) = 13, we have

Lemma 2.1. The maximal number of algebraically independent generalized Lya-
punov pseudo-quantities in the center-focus problem for the system (1) does not ex-
ceed 13.

Following [6], according to the equality (9) and the conclusion that the number
of algebraically independent Lyapunov quantities Lk (k = 0,∞) in Sibirsky algebra
on the variety V can not exceed the maximal number of algebraically independent
generalized Lyapunov in this algebra, using Lemma 2.1, we obtain

Theorem 2.1. The maximal number of algebraically independent Lyapunov quanti-
ties of the system (1) in Sibirsky algebra on the variety V from (5) or, equivalently,
from (7), which take part in solving the center-focus problem does not exceed 13.

Noting the argument from [6] can be formulated
Hypothesis. The number of essential conditions for center, which solve the center-

focus problem for the system (1), having at the origin of coordinates a singular point
of the second type, does not exceed 13.

3. HILBERT SERIES AND KRULL DIMENSION
FOR THE ALGEBRAS S1,4 AND SI1,4

Let V is a vector space, which can be represented in the form of direct sum of finite
dimensional subspaces

V =
∞⊕

n=0

Vn, Vn

∩
(n,m)

Vm = {0}.

Such a decomposition we call graduation. The formal series

ΦV (t) =
∞∑

n=0

(dimRVn)tn (24)
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will be called generating function for V or of sequence dimRVn (n = 0, 1, 2, 3, ...).
In case when V = A is a graded algebra, (24) is called Hilbert series of this alge-

bra denoted by HA(t), which contains a consistent information about the asymptotic
character of the algebra A.

In studying of the space V or the algebra A, in some cases can be introduced gen-
erating functions or Hilbert series, which depend on several variables. This reflects a
more detailed graduation of these objects. In consequence these functions are called
generalized generating function or generalized Hilbert series, but those of type (24)
are called common.

According to [8] S 1,4 (S I1,4) is a Sibirsky graded algebra of comitants (invariants)
of the system (1), where S I1,4 ⊂ S 1,4.

The graded algebra S 1,4 will be written as

S 1,4 =
⊕

(d)

S (d)
1,4 (d ≥ 0),

where (d) = (δ, d1, d2) is the type of comitants which belong to the space S (d)
1,4 and

have degree δ with respect to the phase variables, degree d1 with respect to coef-
ficients of the linear part, and degree d2 with respect to coefficients of nonhomo-
geneities of degree 4 of the system (1), and S (0)

1,4 = R.

It is known [8] that dimRS (d)
1,4 < ∞ for all (d).

The sequence that appears here {dimRS (d)
1,4} and the corresponding generalized

Hilbert series [8] is

H(S 1,4, u, b, e) =
∑
(d)

dimRS (d)
1,4uδbd1ed2 , (25)

where dimRS (0)
1,4 = 1.

The common Hilbert series is obtained from the generalized Hilbert series as fol-
lows

HS 1,4(u) = H(S 1,4, u, u, u). (26)

Remark 3.1. The generalized (respectively common) Hilbert series for the algebra
of invariants S I1,4 ⊂ S 1,4 of the system (1) is obtained formally from (25) for u =
0 (respectively b = e = t).

Remark 3.2. Note that the Krull dimension ϱ(S 1,4) (respectively ϱ(S I1,4)) is equal to
the maximal number of algebraically independent elements in S 1,4 (respectively S I1,4),
and also is equal to the multiplicity of the pole of the common Hilbert series at the
unit.

Hereafter we need the generalized Hilbert series of the algebras S 1,4 and S I1,4, and
the common Hilbert series of the algebra S I1,4.

In [9] there is demonstrated



190 Victor Pricop

Theorem 3.1. The generalized Hilbert series of the Sibirsky graded algebra S 1,4 for
the system (1) is a rational function of u, b, e, having the following form

H(S 1,4, u, b, e) =
N1,4(u, b, e)
D1,4(u, b, e)

, (27)

where

D1,4(u, b, e) = (1 − b)(1 − b2)(1 − bu2)(1 − be2)2(1 − b3e2)2(1 − b5e2)(1 − e4)2·
·(1 − e2)(1 − e6)2(1 − e8)2(1 − eu)2(1 − eu3)2(1 − eu5),

(28)

N1,4(u, b, e) =
13∑

k=0

Rk(b, e)uk, (29)

Ri(b, e) (i = 0, 13) are from [9].
From the equalities (25)–(29) and Remark 3.1 we obtain

Corollary 3.1. The common Hilbert series for the Sibirsky graded algebra of invari-
ants S I1,4 for the system (1) has the following form

HS I1,4(t) =
N1,4(t)
D1,4(t)

, (30)

where

D1,4(t) = (1 − t3)(1 − t4)3(1 − t5)2(1 − t6)2(1 − t7)(1 − t8)2,

N1,4(t) = 1 + t + t2 + 3t3 + 8t4 + 15t5 + 32t6 + 67t7 + 129t8 + 217t9+

+355t10 + 546t11 + 812t12 + 1122t13 + 1511t14 + 1948t15 + 2447t16+

+2923t17 + 3410t18 + 3827t19 + 4183t20 + 4375t21 + 4461t22 + 4375t23+

+4183t24 + 3827t25 + 3410t26 + 2923t27 + 2447t28 + 1948t29 + 1511t30+

+1122t31 + 812t32 + 546t33 + 355t34 + 217t35 + 129t36 + 67t37 + 32t38+

+15t39 + 8t40 + 3t41 + t42 + t43 + t44.

(31)

Theorem 3.2. The Krull dimension ϱ(S I1,4) of the Sibirsky graded algebra of invari-
ants S I1,4 is equal to 11, i. e. ϱ(S I1,4) = 11.

Write the graded decomposition of the space V1,4, which consists of the spaces
(21)

V1,4 = S (0,0,0)
1,4

⊕
S (0,1,0)

1,4

∞⊕
k=1

S
(2(k+1), 1

2 (15k2+11k+2),2k)
1,4 . (32)
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The generalized generating function of the space (32) can be written in the follow-
ing form:

Φ(S 1,4, u, b, e) = dimRS (0,0,0)
1,4 + dimRS (0,1,0)

1,4 b+

+

∞∑
k=1

dimRS
(2(k+1), 1

2 (15k2+11k+2),2k)
1,4 u2(k+1)b

1
2 (15k2+11k+2)e2k.

(33)

Using the computer, expand the Hilbert series H(S 1,4, u, b, e) [9] in a power series
and have for (33)

Φ(V1,4, u, b, e) = 1 + b + 153u4b14e2 + 4589u6b42e4+

+49632u8b85e6 + ...+

+C2(k+1), 1
2 (15k2+11k+2),2ku2(k+1)b

1
2 (15k2+11k+2)e2k + ... ,

(34)

where C2(k+1), 1
2 (15k2+11k+2),2k is undetermined coefficient.

Using this generalized generating function and Hilbert series H(S 1,4, u, b, e) from
Theorem 3.1, the first terms until u8b85e6 of the Hilbert series H(S ′1,4, u, b, e) were
built

H(S ′1,4, u, b, e) = 1 + b + 2b2 + 2b3 + 3b4 + 3b5 + 4b6 + 4b7 + 5b8+

+5b9 + 6b10 + 6b11 + 7b12 + 7b13 + 8b14 + 8b15 + 9b16 + 9b17+

+10b18 + 10b19 + 11b20 + 11b21 + 12b22 + 12b23 + 13b24 + 13b25+

+14b26 + 14b27 + 15b28 + 15b29 + 16b30 + 16b31 + 17b32 + 17b33+

+18b34 + 18b35 + 19b36 + 19b37 + 20b38 + 20b39 + 21b40 + 21b41+

+22b42 + 22b43 + 23b44 + 23b45 + 24b46 + 24b47 + 25b48 + 25b49+

+26b50 + 26b51 + 27b52 + 27b53 + 28b54 + 28b55 + 29b56 + 29b57+

+30b58 + 30b59 + 31b60 + 31b61 + 32b62 + 32b63 + 33b64 + 33b65+

+34b66 + 34b67 + 35b68 + 35b69 + 36b70 + 36b71 + 37b72 + 37b73+

+38b74 + 38b75 + 39b76 + 39b77 + 40b78 + 40b79 + 41b80 + 41b81+

+42b82 + 42b83 + 43b84 + 43b85 + 242b14e2u4 + 264b15e2u4+

+281b16e2u4 + 303b17e2u4 + 320b18e2u4 + 342b19e2u4 + 359b20e2u4+

+381b21e2u4 + 398b22e2u4 + 420b23e2u4 + 437b24e2u4 + 459b25e2u4+

+476b26e2u4 + 498b27e2u4 + 515b28e2u4 + 537b29e2u4 + 554b30e2u4+
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+576b31e2u4 + 593b32e2u4 + 615b33e2u4 + 632b34e2u4 + 654b35e2u4+

+671b36e2u4 + 693b37e2u4 + 710b38e2u4 + 732b39e2u4 + 749b40e2u4+

+771b41e2u4 + 788b42e2u4 + 810b43e2u4 + 827b44e2u4 + 849b45e2u4+

+866b46e2u4 + 888b47e2u4 + 905b48e2u4 + 927b49e2u4 + 944b50e2u4+

+966b51e2u4 + 983b52e2u4 + 1005b53e2u4 + 1022b54e2u4+

+1044b55e2u4 + 1061b56e2u4 + 1083b57e2u4 + 1100b58e2u4+

+1122b59e2u4 + 1139b60e2u4 + 1161b61e2u4 + 1178b62e2u4+

+1200b63e2u4 + 1217b64e2u4 + 1239b65e2u4 + 1256b66e2u4+

+1278b67e2u4 + 1295b68e2u4 + 1317b69e2u4 + 1334b70e2u4+

+1356b71e2u4 + 1373b72e2u4 + 1395b73e2u4 + 1412b74e2u4+

+1434b75e2u4 + 1451b76e2u4 + 1473b77e2u4 + 1490b78e2u4+

+1512b79e2u4 + 1529b80e2u4 + 1551b81e2u4 + 1568b82e2u4+

+1590b83e2u4 + 1607b84e2u4 + 1629b85e2u4 + 9591b42e4u6+

+9845b43e4u6 + 10084b44e4u6 + 10338b45e4u6 + 10577b46e4u6+

+10831b47e4u6 + 11070b48e4u6 + 11324b49e4u6 + 11563b50e4u6+

+11817b51e4u6 + 12056b52e4u6 + 12310b53e4u6 + 12549b54e4u6+

+12803b55e4u6 + 13042b56e4u6 + 13296b57e4u6 + 13535b58e4u6+

+13789b59e4u6 + 14028b60e4u6 + 14282b61e4u6 + 14521b62e4u6+

+14775b63e4u6 + 15014b64e4u6 + 15268b65e4u6 + 15507b66e4u6+

+15761b67e4u6 + 16000b68e4u6 + 16254b69e4u6 + 16493b70e4u6+

+16747b71e4u6 + 16986b72e4u6 + 17240b73e4u6 + 17479b74e4u6+

+17733b75e4u6 + 17972b76e4u6 + 18226b77e4u6 + 18465b78e4u6+

+18719b79e4u6 + 18958b80e4u6 + 19212b81e4u6 + 19451b82e4u6+

+19705b83e4u6 + 19944b84e4u6 + 20198b85e4u6 + 7110b28e4u8+

+7393b29e4u8 + 7691b30e4u8 + 7974b31e4u8 + 8272b32e4u8+

+8555b33e4u8 + 8853b34e4u8 + 9136b35e4u8 + 9434b36e4u8+

+9717b37e4u8 + 10015b38e4u8 + 10298b39e4u8 + 10596b40e4u8+

+10879b41e4u8 + 11177b42e4u8 + 11460b43e4u8 + 11758b44e4u8+

+12041b45e4u8 + 12339b46e4u8 + 12622b47e4u8 + 12920b48e4u8+

+13203b49e4u8 + 13501b50e4u8 + 13784b51e4u8 + 14082b52e4u8+

+14365b53e4u8 + 14663b54e4u8 + 14946b55e4u8 + 15244b56e4u8+

+15527b57e4u8 + 15825b58e4u8 + 16108b59e4u8 + 16406b60e4u8+

+16689b61e4u8 + 16987b62e4u8 + 17270b63e4u8 + 17568b64e4u8+

+17851b65e4u8 + 18149b66e4u8 + 18432b67e4u8 + 18730b68e4u8+
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+19013b69e4u8 + 19311b70e4u8 + 19594b71e4u8 + 19892b72e4u8+

20175b73e4u8 + 20473b74e4u8 + 20756b75e4u8 + 21054b76e4u8+

+21337b77e4u8 + 21635b78e4u8 + 21918b79e4u8 + 22216b80e4u8+

+22499b81e4u8 + 22797b82e4u8 + 23080b83e4u8 + 23378b84e4u8+

+23661b85e4u8 + 137561b85e6u8 + ....

From here we obtain that the first 100 terms of the common Hilbert series HS ′1,4(t)
will be written as

HS ′1,4(t) = 1 + t + 2t2 + 2t3 + 3t4 + 3t5 + 4t6 + 4t7 + 5t8 + 5t9+

+6t10 + 6t11 + 7t12 + 7t13 + 8t14 + 8t15 + 9t16 + 9t17 + 10t18+

+10t19 + 253t20 + 275t21 + 293t22 + 315t23 + 333t24 + 355t25+

+373t26 + 395t27 + 413t28 + 435t29 + 453t30 + 475t31 + 493t32+

+515t33 + 533t34 + 555t35 + 573t36 + 595t37 + 613t38 + 635t39+

+7763t40 + 8068t41 + 8384t42 + 8689t43 + 9005t44 + 9310t45+

+9626t46 + 9931t47 + 10247t48 + 10552t49 + 10868t50 + 11173t51+

+21080t52 + 21639t53 + 22194t54 + 22753t55 + 23308t56+

+23867t57 + 24422t58 + 24981t59 + 25536t60 + 26095t61+

+26650t62 + 27209t63 + 27764t64 + 28323t65 + 28878t66+

+29437t67 + 29992t68 + 30551t69 + 31106t70 + 31665t71+

+32220t72 + 32779t73 + 33334t74 + 33893t75 + 34448t76+

+35007t77 + 35562t78 + 36121t79 + 36676t80 + 37235t81+

+37790t82 + 38349t83 + 38904t84 + 39463t85 + 39974t86+

+40533t87 + 41087t88 + 41646t89 + 42200t90 + 42759t91+

+41667t92 + 42204t93 + 42741t94 + 43278t95 + 23378t96+

+23661t97 + 137561t99 + ....

(35)

Analogically we expand the common Hilbert series HS I1,4(t) from (30)-(31) and
have

HS I1,4(t) = 1 + t + 2t2 + 5t3 + 14t4 + 26t5 + 57t6 + 119t7 + 248t8 + 461t9+

+864t10 + 1547t11 + 2737t12 + 4601t13 + 7662t14 + 12383t15 + 19768t16+

+30664t17 + 47066t18 + 70770t19 + 105300t20 + 153783t21 + 222506t22+

+317223t23 + 448337t24 + 625302t25 + 865296t26 + 1184226t27 + 1609007t28+
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+2164498t29 + 2892657t30 + 3832653t31 + 5047384t32 + 6595561t33+

+8570829t34 + 11061230t35 + 14202137t36 + 18120878t37 + 23011677t38+

+29058179t39 + 36532673t40 + 45692819t41 + 56917559t42 + 70566839t43+

+87158250t44 + 107183955t45 + 131345992t46 + 160313871t47+

+195025339t48 + 236375592t49 + 285608968t50 + 343916178t51+

+412927382t52 + 494204023t53 + 589868721t54 + 701958526t55+

+833207339t56 + 986241378t57 + 1164562071t58 + 1371538331t59+

+1611612886t60 + 1889064095t61 + 2209499727t62 + 2578327522t63+

+3002568564t64 + 3488999055t65 + 4046367551t66 + 4683127424t67+

+5410102263t68 + 6237758509t69 + 7179427892t70 + 8248015477t71+

+9459839180t72 + 10830705810t73 + 12380506870t74 + 14128528398t75+

+16098882290t76 + 18314961754t77 + 20805884383t78 + 23599922669t79+

+26732062272t80 + 30236294034t81 + 34154507484t82 + 38527430455t83+

+43404991223t84 + 48835760568t85 + 54879055119t86 + 61592616546t87+

+69046625211t88 + 77309433488t89 + 86463824763t90 + 96590473934t91+

+107786664234t92 + 120147246938t93 + 133786223574t94 + 148814805866t95+

+165366127962t96 + 183570124286t97 + 203581864473t98 + 225552766408t99 + ....
(36)

Comparing term by term the series (35) and (36) we have

HS ′1,4(t) ≤ HS I1,4(t).

Assuming that this inequality is true for the remaining terms of these series, we
obtain the inequality (Remark A, [11])

ϱ(S ′1,4) ≤ ϱ(S I1,4).

Note that S ′1,4 is not a subalgebra in S I1,4.
Therefore, according to the above mentioned and Theorem 3.2 we obtain

Theorem 3.3. The maximal number of algebraically independent Lyapunov quanti-
ties of the system (1) on the variety V from (5), which take part in solving the center-
focus problem may not exceed 11.

Remark 3.3. The number indicated in Theorem 3.3 is smaller by two units than the
number indicated in Theorem 2.1.
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1. INTRODUCTION

Let (X, d) be a complete metric space; and T ∈ F(X) be a selfmap of X. [Here, for
each couple of sets {A, B}, F(A,B) stands for the class of all functions from A to B;
if A = B, one writes F(A,A) as F(A)]. The following fixed point statement in Caristi
and Kirk [6] (referred to as: Caristi-Kirk theorem) is our starting point.

Theorem 1.1. Assume that there exists a function α : X → R+ := [0,∞[ with

(a01) d(x,T x) ≤ α(x) − α(T x), for each x ∈ X

(a02) α(.) is lsc on X (lim infn α(xn) ≥ α(x), whenever xn −→ x).

Then, T has at least one fixed point in X.

Note that, in terms of the [associated to α(.)] order

(a03) (x, y ∈ X): x ≤ y iff d(x, y) ≤ α(x) − α(y)

the contractive condition (a01) becomes

(a04) x ≤ T x, for each x ∈ X (i.e.: T is progressive on X).

So, Theorem 1.1 is deductible from the arguments in Ekeland’s variational principle
[8]. Further aspects may be found in Brezis and Browder [4]; see also Turinici [12].

Now, the Caristi-Kirk theorem found (especially via Ekeland’s approach) some ba-
sic applications to control and optimization, generalized differential calculus, critical
point theory and normal solvability; see the above references for details. As a conse-
quence, many extensions of this result were proposed. Here, we shall concentrate on
the 1981 statement in this area due to Bhakta and Basu [3]. Let {S ,T } be a couple of
selfmaps in F(X). We say that z ∈ X is a common fixed point of {S ,T } if S z = Tz = z.
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Sufficient conditions guaranteeing such a property are obtainable as below. Call the
selfmap U in F(X), orbitally continuous (on X), if

(a05) z = limn U i(n)x implies Uz = limn U i(n)+1x;

here, (i(n); n ≥ 0) is a rank sequence with i(n)→ ∞ as n→ ∞.

Theorem 1.2. Suppose that

(a06) both S and T are orbitally continuous;

and let the functions α, β : X → R+ be such that

(a07) d(S x, Ty) ≤ α(x) − α(S x) + β(y) − β(Ty), for all x, y ∈ X.

Then,
i) S and T have a unique common fixed point z ∈ X,
ii) S nx −→ z and T nx −→ z as n→ ∞, for each x ∈ X.

A partial extension of this result was given in the 1994 paper by Dien [7]:

Theorem 1.3. Suppose that (a06) holds. In addition, let the number q ∈ [0, 1[ and
the function α : X → R+ be such that

(a08) d(S x, Ty) ≤ qd(x, y) + α(x) − α(S x) + α(y) − α(Ty), ∀x, y ∈ X.

Then, conclusions of Theorem 1.2 are retainable.

[As a matter of fact, the original result is with α = α1 + ... + αk, where {αi; 1 ≤
i ≤ k} is a finite system in F(X,R+). But it gives, practically, the same amount of
information as the result in question].

Note that, when α(.) is a constant function and S = T , then Theorem 1.3 implies
the Banach contraction principle [2]. In addition, (a01) follows from (a08) when
S = I (=the identity map of F(X)) and x = y; for this reason, the couple {S , T } above
will be referred to as Banach-Caristi contractive. It is to be stressed that Theorem 1.1
does not follow from Theorem 1.3; because, the (essential for Theorem 1.1) condition
(a02) is not obtainable from the conditions of Theorem 1.3. However, the underlying
relationship between these results holds whenever (a06) is accepted, in place of (a02).
(This clarifies an assertion made in Ume and Yi [13]; we do not give details). On
the other hand, Dien’s result cannot be deduced from Caristi-Kirk’s; because (a06)
cannot be deduced from the conditions of Theorem 1.1. Finally, Theorem 1.2 cannot
be viewed as a particular case of Theorem 1.3 (when q = 0); because the functions
α(.) and β(.) may be distinct.

Having this precise, it is our aim in the following to establish (cf. Section 2) a
common extension of these statements; as well as (in Section 3) a sum approach of
it. Some other aspects will be delineated elsewhere.
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2. MAIN RESULT

Let φ ∈ F(R+) be a function; call it regressive provided φ(0) = 0 and φ(t) < t,
∀t ∈ R0

+ :=]0,∞[; the class of all these will be denoted as F()(R+). For example,
any function φ = qJ where q ∈ [0, 1[, is regressive; here, J is the identity function of
F(R+) (J(t) = t, t ∈ R+).

Now, fix some φ ∈ F()(R+). Denote ψ := J − φ; and call it, the complement of φ.
Clearly, ψ ∈ F(R+); precisely,

ψ(0) = 0; 0 < ψ(t) ≤ t, ∀t ∈ R0
+. (1)

For an easy reference, we list our basic hypotheses. The former of these is

(b01) φ is super-additive: φ(t + s) ≥ φ(t) + φ(s), for all t, s ≥ 0;

clearly, φ must be increasing in such a case. And the latter condition writes:

(b02) ψ := J − φ is coercive: ψ(t)→ ∞ as t → ∞;

referred to as: φ is complementary coercive. Note that (by this very definition)

g(r) := sup{t ≥ 0;ψ(t) ≤ r} < ∞, for each r ∈ R+; (2)

whence, g(.) is an element of F(R+). Moreover (from (1) above)

g(0) = 0; g(r) ≥ r, ∀r ∈ R+. (3)

The following auxiliary fact will be useful for us.

Lemma 2.1. Let φ ∈ F()(R+) be super-additive and complementary coercive. Fur-
ther, let the sequence (θn; n ≥ 0) in R+ be such that

(b03) θm+1 ≤ φ(θm) + δm − δm+1, for all m ≥ 0;

where (δn; n ≥ 0) is a sequence in R+. Then, the series
∑

n θn converges.

Proof. Let (σi := θ0+...+θi; i ≥ 0) be the partial sum sequence attached to (θn; n ≥ 0).
For each j ≥ 0, we have (summing in (b03) from m = 0 to m = j)

θ1 + ... + θ j+1 ≤ φ(θ0) + ... + φ(θ j) + δ0 − δ j+1.

This, along with the super-additivity of φ, gives σ j ≤ φ(σ j) + θ0 + δ0. But then, (2)
yields [σn ≤ g(θ0 + δ0) < ∞, ∀n]; wherefrom, all is clear.

We now state the promised result. Let (X, d) be a complete metric space; and {S , T }
be a pair in F(X).

Theorem 2.1. Suppose that (a06) holds. In addition, let the function φ ∈ F()(R+) as
in (b01)+(b02), and the map γ : X × X → R+, be taken so as
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(b04) d(S x, Ty) ≤ φ(d(x, y)) + γ(x, y) − γ(S x, Ty), for all x, y ∈ X.

Then, conclusions of Theorem 1.2 are retainable.

Proof. Given x0, y0 ∈ X, put (xn = S nx0; n ≥ 0), (yn = T ny0; n ≥ 0). From (b04), one
has (by a finite induction argument), the iterative type relations

d(xm+1, ym+1) ≤ φ(d(xm, ym)) + γ(xm, ym) − γ(xm+1, ym+1), for all m ≥ 0.

Combining with Lemma 2.1 (and the adopted notations), one derives that the series∑
n d(S nx0,T ny0) converges.
Further, let us develop the same reasoning by starting from the points u0 = S x0

and y0; one derives that the series
∑

n d(S nu0, T ny0) converges; or, equivalently: the
series

∑
n d(S n+1x0,T ny0) converges. This, along with

d(S nx0, S n+1x0) ≤ d(S nx0,T nx0) + d(S n+1x0, T ny0), ∀n ≥ 0

tells us that the series
∑

n d(S nx0, S n+1x0) converges; wherefrom, (S nx0; n ≥ 0) is
a d-Cauchy sequence. In a similar way (starting from the points x0 and v0 = Ty0)
one proves that the series

∑
n d(T ny0, T n+1y0) converges; whence, (T ny0; n ≥ 0) is a

d-Cauchy sequence. As (X, d) is complete, we have that S nx0 → z and T ny0 → w,
for some z,w ∈ X. Combining with the orbital continuity of both S and T , gives
S (S nx0) → S z, T (T ny0) → Tw. But, S (S nx0) = S n+1x0 → z, T (T ny0) = T n+1y0 →
w; and this yields z = S z, w = Tw. Finally, from (b04) again, we have d(z,w) ≤
φ(d(z,w)); so that, z = w. Hence, z is a common fixed point of {S , T }. Its uniqueness
is obtainable by the argument we just developed for (z,w); and, from this, we are
done.

In particular, when φ ∈ F()(R+) is taken as

(b05) φ(t) = qt, t ≥ 0, for some q ∈ [0, 1[,

conditions (b01)+(b02) hold; and then, under the choice

(b06) γ(x, y) = α(x) + α(y), x, y ∈ X (where α ∈ F(X,R+))

the corresponding version of Theorem 2.1 is just Theorem 1.3. Note that, under the
same framework, a more general choice for γ is

(b07) γ(x, y) = α(x) + β(y), x, y ∈ X (where α, β ∈ F(X,R+)).

This version of Theorem 2.1 is (under φ = 0) just Theorem 1.2 above. Further aspects
may be found in Alimohammady et al [1]; see also Kadelburg et al [10].

3. FURTHER EXTENSIONS

A simple inspection of the argument we just developed shows that it depends (via
Lemma 2.1) on the super-additivity of the function φ ∈ F()(R+); so, we may ask
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whether this cannot be removed. An appropriate answer is available, if we arrange
for the sums given by the argument of Theorem 2.1 being obtainable in a direct way
from the contractive conditions.

Let (X, d) be a complete metric space; and {S ,T } be a pair of selfmaps in F(X).

Theorem 3.1. Suppose that (a06) holds. In addition, let the function φ ∈ F()(R+) as
in (b02) and the map γ : X × X → R+ be taken so as

(c01)
n∑

j=1

d(S jx, T jy) ≤ φ(
n−1∑
j=0

d(S jx,T jy)) + γ(x, y) − γ(S nx,T ny),

for all x, y ∈ X and all n ≥ 1. Then, conclusions of Theorem 1.3 are retainable.

Proof. Given x0, y0 ∈ X, put (xn = S nx0; n ≥ 0), (yn = T ny0; n ≥ 0). Further, denote
(θi = d(xi, yi); i ≥ 0). By (c01) one has, for each n ≥ 1,

θ1 + ... + θn ≤ φ(θ0 + ... + θn−1) + γ(x0, y0) − γ(xn, yn);

wherefrom (after some transformations)

θ0 + ... + θn−1 ≤ φ(θ0 + ... + θn−1) + θ0 + γ(x0, y0), ∀n ≥ 1.

This, from (b02) (and the notations in Section 2), gives

θ0 + ... + θn−1 ≤ g[θ0 + γ(x0, y0)] < ∞, for all n ≥ 1;

so that (by the adopted notations) the series
∑

n d(S nx0, T ny0) converges. Further,
let us develop the same reasoning by starting from the points u0 = S x0 and y0;
one derives that the series

∑
n d(S nu0,T ny0) converges; or, equivalently: the series∑

n d(S n+1x0, T ny0) converges. This, along with

d(S nx0, S n+1x0) ≤ d(S nx0,T nx0) + d(S n+1x0, T ny0), ∀n ≥ 0

tells us that the series
∑

n d(S nx0, S n+1x0) converges; wherefrom (S nx0; n ≥ 0) is a
d-Cauchy sequence. In a similar way (starting from the points x0 and v0 = Ty0),
one proves that the series

∑
n d(T ny0,T n+1y0) converges; whence, (T ny0; n ≥ 0) is

a d-Cauchy sequence. As (X, d) is complete, S nx0 → z and T ny0 → w, for some
z,w ∈ X. The remaining part of the argument runs as in Theorem 2.1, because (c01)
=⇒ (b04); and, from this, all is clear.

Now, concrete examples of complementary coercive functions φ ∈ F()(R+) are
obtainable by starting from the choice

(c02) φ(t) = tχ(t), t ≥ 0,

where χ ∈ F(R+) fulfills the regularity conditions
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(c03) χ is increasing on R0
+ and χ(t) < 1,∀t ∈ R0

+.

The standard case is [χ(t) = q, t ≥ 0], for some q ∈ [0, 1[; when Theorem 3.1
includes, in a direct way, Theorem 1.3; due, as above said, to Dien [7]. A technical
extension of this one may be constructed according to

(c04) χ(t) = rn+1, when t ∈ [tn, tn+1[, for each n ≥ 0;

where the sequence (rn; n ≥ 1) in ]0, 1[ and the strictly ascending sequence (tn; n ≥ 0)
in R+ with t0 = 0 and tn → ∞ are to be determined. To this end, we have

t − φ(t) = t(1 − rn+1), t ∈ [tn, tn+1[, n ≥ 0.

Assume that (tn; n ≥ 1) is a strictly ascending sequence in ]1,∞[ with

(c05) tn/
√

tn+1 → ∞ (hence tn → ∞).

Then, choose the sequence (rn; n ≥ 1) in ]0, 1[ according to

(c06) 1 − rn = 1/
√

tn, for each n ≥ 1.

Note that, as a consequence of this, (rn; n ≥ 1) is strictly ascending in ]0, 1[ (hence,
(c03) holds) and rn → 1 as n→ ∞. Replacing in a preceding formula, yields

t − φ(t) = t/
√

tn+1, when t ∈ [tn, tn+1[, n ≥ 0.

This gives an evaluation like

t − φ(t) ≥ tn/
√

tn+1, for t ∈ [tn, tn+1[, n ≥ 0;

wherefrom (by (c05)), ψ := J − φ is coercive. On the other hand, some useful super-
additivity tests for the functions φ ∈ F()(R+) like before are obtainable from the
methods developed by Bruckner [5]. Some other aspects may be found in Liu, Xu
and Cho [11]; see also Fisher [9].
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