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Abstract Any homogeneous quadratic differential system is characterized by a binary
algebra determined up to an isomorphism. The homogeneous system, in Yam-
aguti’s sense, associated with this algebra allows us to find out a set of genera-
tors for the Lie algebra generated by the left multiplications of the algebra. A
realization of this Lie algebra as a Lie algebra of vector fields gives the oppor-
tunity to associate an infinitesimal Lie group with any quadratic differential
system. Some particular cases are analyzed.
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1. INTRODUCTION
The importance of the nonlinear dynamical systems was very soon remarked

[13]. The most simple type of nonlinearity appeared to the quadratic dynam-
ical systems. Many properties of such dynamical systems can be obtained by
using an algebraic approach. L. Markus [6] was the first who steps on this
way; he made evident the existence of a bijective correspondence between the
classes of affinely equivalent quadratic homogeneous systems in plane and the
classes of isomorphic 2-dimensional commutative algebras and gives the first
classification of such quadratic homogeneous systems up to an central affinity.
C. S. Sibirskij [11],[12] deals with the algebraic study of affine invariants and
semiinvariants of quadratic differential equations. M. K. Kinyon and A. A.
Sagle [5] deal with qualitative aspects of the general theory of quadratic dy-
namical systems. M. Popa [9] and his coworkers yielded, on the line traced by
S. Lie, classification results by means of the orbits of the extended action of
affinely transformation groups to the space of parameters of quadratic differ-
ential systems; this way follows the direction shown by C. S. Sibirskij [11]. I.
Burdujan [2] extended some results of Markus to the case of quadratic differen-
tial equations on Banach spaces and tried to give a meaning for the deviations
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from associativity of the binary algebra associated with a quadratic differential
system in connection with the set of solutions of the analyzed system.

In this paper we prove the existence of an infinitesimal group acting on the
space where is defined the analyzed quadratic dynamical system. If the algebra
associated with the quadratic dynamical system satisfies a certain identity of
degree four or five, its homogeneuos system is just a Lie triple system or a
general Lie triple system, respectively. Some invariants under the action of an
important subgroup of the infinitesimal group are emphasized.

2. HOMOGENEOUS QUADRATIC
DIFFERENTIAL SYSTEMS

Although the most part of results concerns the homogeneous quadratic dif-
ferential systems (briefly, HQDSs) on finite dimensional spaces, the problem of
correspondence between the classes of affinely equivalent HQDSs and classes
of isomorphic binary algebras is more easily to solve in the case of HQDSs
defined on Banach spaces. That is why in this section we prove some results
on the Banach space, only.

Let E be a Banach space. An HQDS on E is every autonomous equation
of the form Ẋ = F (X) where F is a continuous quadratic vector form on E.
The polar form of F is the symmetric bilinear vector form G : E × E → E
defined by G(x, y) = 1

2 · [F (x+y)−F (x)−F (y)], ∀x, y ∈ E. Let us denote by
E(·) the commutative algebra defined by means of the multiplication x · y =
G(x, y), ∀x, y ∈ E. Two HQDSs Ẋ = F (X) and Ẏ = F1(Y ) are called
affinely equivalent each other if there exists a continously invertible linear
transformation T : E → E such that X is a solution of the former system if
and only if Y = T (X) is a solution for the second system. It can be proved
that two HQDSs are affinely equivalent if and only if their associated algebras
are isomorphic [2], [6].

On the other hand, with any binary A algebra a homogeneous (algebraic)
system (shortly, h.s.) in the sense of Yamaguti [14] is associated [1]; this h.s.
gives the opportunity to find out a family of generators for the Lie algebra L

generated by the left multiplications of the algebra A [3]. Actually, this associ-
ation gives the construction of a covariant functor HF : ALGK → HSK whose
restriction to the subcategory AssK is just the usual functor associating with
any associative algebra the Lie algebra defined on the algebra ground space by
means of the commutator-operation. Unfortunately, the h.s. associated with
a binary algebra does not characterize it up to an isomorphism.

In particular, the h.s. associated with a commutative algebra A(·) is defined
by the following multilinear operations, given recurrently by

[x1, x2, · · · , xn+1] = D(x1,x2,··· ,xn)(xn+1), ∀(x1, x2, · · · , xn+1) ∈ An+1,∀n ≥ 2
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where D(x1,x2,··· ,xn) are the endomorphisms of E defined inductively by

D(x1,x2) = [Lx1 , Lx2 ],

D(x1,x2,··· ,xn+1) =
[
D(x1,x2,··· ,xn), Lxn+1

]− L[x1,x2,··· ,xn+1], ∀n ≥ 2.

Consequently, the h.s. associated with a commutative algebra A(·) satisfies
the following axioms:
(h.s.1) [x, x, x1, · · · , xk] = 0, ∀k ∈ N

�, ∀x, x1, · · · , xk ∈ A,
(h.s.2) [x, y, z] + [y, z, x] + [z, x, y] = 0, ∀x, y, z ∈ A,
(h.s.3) [x, y, z, w] + [y, z, x, w] + [z, x, y, w] = 0, ∀x, y, z, w ∈ A,
(h.s.4) [x1, · · · , xk, y, z] − [x1, · · · , xk, z, y] = 0, ∀x1, · · · , xk, y, z ∈ A,
(h.s.5)

[
D(x1,··· ,xk), D(y1,y2)

]
= D([x1,··· ,xk,y1],y2) −D([x1,··· ,xk,y2],y1)+

. +D(x1,··· ,xk,y1,y2) −D(x1,··· ,xk,y2,y1),

. ∀k = 2, 3, · · · , ∀x1, · · · , xk, y1, y2 ∈ A

(h.s.6)
[
D(x1,··· ,xk), D(y1,··· ,y�,y�+1)

]
= D̃

([
D(x1,··· ,xk), D(y1,··· ,y�)

]
, y	+1

)−
. −[D(x1,··· ,xk,y�+1), D(y1,··· ,y�)

]−D(x1,··· ,xk,[y1,··· ,y�,y�+1])+D(y1,··· ,y�,[x1,··· ,xk,y�+1]),
. ∀�, k = 2, 3, · · · , ∀x1, · · · , xk, y1, · · · , y	+1 ∈ A,
where D̃ is the endomorphism defined by D̃

(
D(x1,··· ,xn), y

)
= D(x1,···2,xn,y).

The axioms (h.s.5) and (h.s.6) assure us that the linear enveloping of the fam-
ily of endomorphisms L̃ =

{
D(x1,··· ,xn)|∀x1, · · · , xn ∈ A, n ≥ 2

}
is just the Lie

algebra L endowed with the usual Lie bracket from an associative algebra of
endomorphisms.

3. INFINITESIMAL GROUP ASSOCIATED
WITH A HQDS

In what follows we consider the finite dimensional case, only.
If E = R

n, then any HQDS has the form ẋi = aijkx
jxk i, j, k = 1, 2, · · · , n,

aijk ∈ R and the binary operation defined on R
n is x·y =

(
a1
jkx

jyk, a2
jkx

jyk, · · ·
, anjkx

jyk
)
, ∀x = (x1, x2, · · · , xn), y = (y1, y2, · · · , yn) ∈ R

n. It is clear that
the structure constants of the associated algebra are just the coefficients that
define the system. In this case, only a finite number of elements in L̃ is a
system of generators for L.

In what follows, we shall prove that L̃ can be realized as a system of local
vector fields. Indeed, if B = {e1, · · · , em} is a basis in E, then the struc-
ture constants of the h.s. are defined in the usual way by [ei1 , ei2 , · · · , eik ] =
tji1i2···ikej , n ≥ 2. They satisfy the following conditions
(h.s.1)’ tsiij1···jk = 0, k ≥ 1
(h.s.2)’ tsijk + tsjki + tskij = 0,
(h.s.3)’ tsijkp + tsjkip + tskijp = 0,
(h.s.4)’ tsi1···ikpq − tsi1···ikqp = 0, ∀k ≥ 2
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(h.s.5)’ tsi1···ikpt
p
qrm − tsqrpt

p
i1···ikm = tpi1···ikqt

s
prm − tpi1···ikrt

s
pqm +

. + tsi1···ikqrm − tsi1···ikrqm, k ≥ 2
(h.s.6)’ tsi1···ikpt

p
j1···jqjq+1m

− tsj1···jqjq+1p
tpi1···ikm =

. D̃jq+1

(
tsi1···ikpt

p
j1···jqm − tsj1···jqpt

p
i1···ikm

)−
. − tsi1···ikjq+1p

tpj1···jqm + tsj1···jqpt
p
i1···ikjq+1m

−
. − tsj1···jqjq+1

tsi1···ikpm + tpi1···ikjq+1
tsj1···jqpm, ∀k, q ≥ 2

where D̃jq+1

(
tsi1···ikm

)
= tsi1···ikjq+1m

.

We shall use the notation Di1i2···in = Dei1
,ei2

···ein
, ∀n ≥ 2. The matrices of

Di1i2···in in basis B are defined by Di1i2···in(ek) = tji1···inkej , ∀n ≥ 2 (ip, k, j =
1, 2, · · · ,m). They generates a Lie subalgebra of g�(n,R).

The main result of our paper is the following.

Theorem 3.1. Let A(·) be the binary algebra associated with a HQDS defined
on R

n, let akij be the structure constants of A(·) and let tji1i2···is be the structure
constants of the associated h.s.. Then, the following vector fields

Xi =
m∑

j,k=1

akijx
k ∂

∂xj
, Xi1i2···in =

m∑
j,k=1

ti1i2···inkx
j ∂

∂xj
, ∀n ≥ 2.

generates an infinitesimal group.

Proof. The axioms (h.s.3)’-(h.s.6)’ lead to the equations

Xijk +Xjki +Xkij = 0,
Xi1i2···ikjs = Xi1i2···iksj ,[

Xi1i2···in , Xjk

]
= tpi1···injXpk − tpi1···inkXjp, k ≥ 2,[

Xi1i2···ik , Xj1j2···jsjs+1

]
= D̃js+1

([
Xi1i2···ik , Xj1j2···js

])−
−[Xi1i2···ikjs+1 , Xj1j2···js

]− tpi1···ikjs+1
Xj1j2···jsp, k, s ≥ 2.

Moreover, the following identities hold[
Xi, Xj

]
= Xij ,

[
Xi1···ik , Xj

]
= Xi1···ikj + tsi1···ikjXs.

These identities assure us that the linear enveloping of the family
{
Xi, Xi1···in |

∀n ≥ 2
}

is a Lie algebra Lvf ; further Lvf1 =
{
Xi1···in |∀n ≥ 2

}
is a Lie

subalgebra of Lvf . The mapping

Li → Xi, Di1i2·in → Xi1i2·in , ∀n ≥ 2

is just a Lie algebra isomorphism. Since dimL = dimLvf ≤ m2 , it follows
that we have a finite dimensional infinitesimal (local) Lie group GA whose
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composition can be locally given by means of Campbell-Hausdorff formula.
On E it induces the local multiplication

x � y = x+ y +
1
12

[x, y, y] +
1
12

[y, x, x] +
1
24

[y, x, y, x] +
1
24

[x, y, x, y] + ...

4. PARTICULAR CASES
It is well known that the structure of the associated binary algebra is res-

ponsible for certain structural properties of the corresponding HQDS. Indeed,
if E(·) is an algebra with associative powers, then the Cauchy problem ẋ =
x2, x(t0) = x0 has the solution x(t) = (I−(t−t0)Lx0)

−1(x0), where Lx0 denote
the left multiplication by x0. For example, this is the case when the algebra
E(·) is a Jordan algebra.

If E(·) is a commutative algebra satisfying the identity [8]

2(yx · x)x+ y(x2 · x) = 3(y · x2) · x
then, it implies [y, x, x, x] = 0 and, consequently, the h.s. associated with it
is just a Lie triple system. It was proved [14] that Δ = det[tsijkx

jxk − ρδsi ]
is an invariant of the local group generated by Xij (i.e. Xij(Δ) = 0). This
result can be extended to the case when the associated algebra satisfies the
identity [y, x, x, x, x] = 0. This time, the corresponding h.s. is a general Lie
triple system [14] and the linear enveloping of {Xijk} is a Lie subalgebra of
Lvf . Then it can proved the following proposition.

Proposition 4.1. The functions

Δ1 = det[tsijkx
jxk − ρδsi ],

Δ2 = det[tsijkpx
jxkxp − ρδsi ]

are invariant under the action of the local group generated by Xijk.

Proof. It is suffices to prove Xijk(Δ1) = 0, Xijk(Δ2) = 0. This is get by
straightforward computations and using the axioms of general triple systems.

Remark 4.1. Δ1 and Δ2 are the characteristic polynomials of the endomor-
phisms Y → [Y,X,X], Y → [Y,X,X,X], respectively.
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