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Abstract Solutions of the Laplace equation are important in many fields of science, no-
tably the fields of electromagnetism, astronomy and fluid dynamics. The aim
of this paper is to discuss the connection between elliptic equation, optimiza-
tion problem max Ex(−∇2 log f) and D-optimal designs when the errors are
correlated. We also discuss some simulation methods employed in effective
evaluation of regular solution of the Dirichlet problem. Some examples are
also provided.
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1. INTRODUCTION
Solutions of the Laplace equation are important in many fields of science,

notably the fields of electromagnetism, astronomy and fluid dynamics because
they describe the behavior of gravitational, electric, and fluid potentials. It
is often written as Δu = 0, or ∇2u = 0. If the right-hand side is specified
as a given function f, then the equation is called the Poisson equation. The
Dirichlet problem for the Poisson equation consists in finding a solution u ∈
H1

0 (G) on some domain G such that for f ∈ L2(G) and Γ = ∂G

−Δu = f, in G, (1)

u = φ, in Γ. (2)

We say, that solution to (1) and (2) is regular, if u ∈ C2(G) ∩ C(G ∪ Γ).
We show that there is a correspondence between some Laplace equations

with nonzero right-hand side and Fisher information on one parameter, which
is to be maximized, when one seeks for theD-optimal designs. We also find and
interpretation of the regularity loss under the correlation, when the interest
parameter is the correlation one. To maintain the continuity of the explanation
the proofs are included in the Appendix.

175



176 Milan Stehĺık

2. D-OPTIMAL CORRELATED DESIGN PDE
Consider an isotropic Gaussian random field Y (x) ∈ Y ⊂ R

k with para-
metrized covariance function cov(Y (s), Y (t)) = c(||s − t||, r), measured on
some compact design space X ⊂ R

s, and parameter r ∈ G ⊂ R
m. Such

statistical models have many applications [6]. We use the notation ψn to
denote the n-point design. Since all measurements are to be taken on one run
of the process Y (s) the replications are not allowed. The optimum n-point
design is thus a solution of the maximization problem maxψn⊂X Φ(M), where
Φ is the design criterion. For more see [7]. We can find employment of various
criteria of design optimality in literature. Here we discuss D-optimality, which
corresponds to the maximization of the determinant of a Fisher information
matrix, i.e. we have Φ(M) = detM . Theoretical justifications for using the
Fisher information in normal models with small variances of Y (s) can be found
in [9]. However there are also some asymptotical justifications, for instance
for infill asymptotics see [1].

First, just for simplicity, let the only covariance parameter r be the pa-
rameter of interest. Let h(y, r) be the density of the measurement y corre-
sponding to the design ψn = {x1, . . . , xn}. We define the abstract energy
E(r) = − ∫Y |∇ru|2eudy, where dμ = eudy is some (unit) mass distribution
over Y. We say abstract energy, because the integration can be employed over
space of dimension k, but the operator (stehlikLaplacian) is according to m-
dimensional Cartesian coordinates (r1, . . . , rm) of the parameter r. This can
correspond to the ”classical” energy − ∫Y |∇r(y)u|2dμ under m = k, due to
some diffeomorphism r = r(y). Some interpretations of this abstract energies
can be found in theoretical physics.

Theorem 2.1. Let us fix the D-optimal design problem with correlated normal
errors. Then there exists the Dirichlet problem for the Poisson equation, e.g.
there exist sufficiently regular f and φ so that lnh be the solution of (1,2).
Furthermore, there exists the abstract energy E(r) which is equal to the Fisher
information. If the correlation structure is collapsing, i.e. det Σ → 0, for
r → r� then there exists no regular solution of the Dirichlet problem.

However, when m > 1 the situation is more complex. Denote by Em
the functional of the D-optimal correlated design PDE. We have, E1(u) =
− ∫Y Δϑudμ, E2(u) =

∫
Y

∂2

∂ϑ2
1
udμ

∫
Y

∂2

∂ϑ2
2
udμ− (

∫
Y

∂2

∂ϑ1∂ϑ2
udμ)2, where ϑ =

= (ϑ1, . . . ϑm) is a general parameter. Generally Em(u) = det{−  
Y

∂2

∂ϑi∂ϑj
udμ}m

i,j=1.

2.1. CONVERGENCE OF ENERGIES AND
THEIR OPTIMIZERS

Just for simplicity let m = 1. Consider two (i = 1, 2) Laplace equations
in a bounded domain G ⊂ Rm : −Δui = fi, r ∈ G, and ui = φi, r ∈ Γ.
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Further, let us have some convergences Tj under which fi
T1→ f and φi

T2→ φ.
The following problems are interesting for the D-optimal design application:

under which type of convergence we obtain (some type of) the conver-
gence of energies Ei;

when we define the multifunctions (energetic minimizers) Xi := arg supEi,
will we obtain some (set) convergence T under which Xi

T→ X?

The following example illustrates some possibilities in such a situation.

Example 2.1. Let {x1, x2}, x1 < x2, be the design in X = [−1, 1], m =
1, k = 2, G = (0, 1

3),Y = R2, d = x2 − x1, f1(r) = exp(−rd)d2(−2 exp(−rd) +
2 exp(−3rd) + 2y2

1 exp(−3rd) + 2y2
1 exp(−rd) − y1y2 − 6y1y2 exp(−2rd)−

y1y2 exp(−4rd)+2y2
2 exp(−3rd)+2y2

2 exp(−rd))/(−1+exp(−2rd))3 and f2(r) =
(−4rd − 8y1y2 + 4y2

1 + 4y2
2 + 2y1y2r

3d3 − 6y1y2r
2d2 + 12y1y2rd + 3y2

2r
2d2 +

3y2
1r

2d2 − 6y2
2rd − 6y2

1rd − 4r3d3 + r4d4 + 6r2d2)/((rd − 2)3dr3). We have
Γ = {0, 1

3}, u1(0) = u2(0) = ∞, u1(1
3) = −0.5 ln 2π − 0.5 ln det Σ1(1

3) +

0.5y
2
1−2y1y2 exp(− d

3
)+y22

−1+exp(− 2
3
d)

and u2(1
3) = −0.5 ln 2π − 0.5 ln det Σ2(1

3)+

0.5y
2
1+y22+2y1y2(−1+ d

3
)

1
9
d2− 2

3
rd

, where (Σ1)k,l(r) = exp(−r|xk − xl|), (Σ2)k,l(r) = 1 −
r|xk − xl|.

We obtain dμi(y) = (2π)−1|Σi|−1/2 exp(yTΣ−1
i y)dy1dy2,

u1(r) = −0.5 ln 2π − 0.5 ln det Σ1(r) + 0.5
y2
1 − 2y1y2 exp(−rd) + y2

2

−1 + exp(−2rd)

and

u2(r) = −0.5 ln 2π − 0.5 ln det Σ2(r) + 0.5
y2
1 + y2

2 + 2y1y2(−1 + rd)
r2d2 − 2rd

.

Further, E1 = d2 exp(−2rd)(1+exp(−2rd))
(1−exp(−2rd))2

and E2 = −2rd+r2d2+2
r2(rd−2)2

, X1 = {x,−1 ≤
x ≤ 1} (here collapsing effect occurs, e.g. x1 = x2 := x and X2 = {−1, 1}.

Notice, that (Σ1)k,l = (Σ2)k,l + o(r|xk − xl|), where o is a ”little-o” Lan-
dau symbol. So we have limr→0 Σ1 = limr→0 Σ2. We have limr→0E1 =
limr→0E2 = +∞, but limr→0 X1 = limr→0 X2.

We can conclude that from the statistical point of view the covariance struc-
tures has strong impact on the two-point D-optimal design (DOD) for covari-
ance parameter r. In such situations the covariance misspecification effect is
significant. As we have seen, under the exponential covariance structure Σ1,
the distance between design points of DOD equals to 0. In other words, the
two-point DOD for r is collapsing. As we can see in [13], when we misspecify
the variogram and use the DOD for the linear one under exponential structure,
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we measure only 15.48% of the maximal information about r. The two-point
DOD for covariance parameter r under the linear covariance structure Σ2 is
maximal distant. For simplicity, let us have r = 1. When the covariance struc-
ture is linear and we use the DOD for the exponential one (or an arbitrary
design sufficiently different from DOD), we measure approximately 0% of the
maximal information about r. This has also the following context: We reach
a singular variance structure for d → 2 and the limiting model is (with prob-
ability 1) a deterministic regular linear system. Although every observation
possesses non-zero variance, zero-variance estimation is possible. Such phe-
nomena has no correspondence in classical inference, but can exhibit under
correlation. One possible regularization of such situations is considering of
the non-zero nugget effect.

When seeking for the regular solution, it can be sometimes useful to avoid
such r� ∈ G that limr→r� det Σ = 0. On the other hand, such parameters can
be natural in some sense. Then we can establish some convenient ε-perforation
of the domain G and study the behavior of energies for ε → 0. Further we
assume that the domain G is bounded.

We can follow the [10] and establish the ε-perforation as follows: First we
cover the R

m by cubes of size 2ε periodically arranged with period 2ε. The only
finitely many of cubes, Ci(ε), i = 1, . . . , n(ε) intersect the parameter domain
G. Let Ti be closed balls of radius 0 < aε < ε, centered at the center of the
cubes Ci(ε). Then the perforated domain Gε is defined by Gε = G \ ∪Ci(ε).

Let f ∈ L2(G). The Dirichlet problem in Gε is to find uε ∈ H1
0 (Gε) such

that −Δuε = f in Gε and uε = 0 on ∂Gε. The behavior of uε for ε → 0 was
studied in [3],[4]. Depending on the size of the holes, aε, various behavior is
possible. It was shown, that there exists a critical size of holes, cε, such that

a) if aε = cε, then there exist the measure μ and ūε → u weakly in H1
0 (G),

where u is solution of −Δu + μu = f in G and u = 0 on ∂G, where¯denotes
the extension by zero onto the holes,

b) if aε << cε, then μ = 0 and ūε → u weakly in H1
0 (G), where u is solution

of the Poisson equation in the domain G,
c) if aε >> cε, then ūε → 0 strongly in H1

0 (G).

Example 2.2. Here we illustrate the discussed matter on the lungs retention
problem. The lungs retention is modelled by a function E(Y (t)) = η(I, t, p),
where I is the input to the system in time t1, t > t1 is time and p is Activity
Median Aerodynamic Diameter. Here we discuss the D-optimal designs for
bioassays following the ideas of [12]. We are interested in the limiting case
(r = ∞) under the correlated observations c(||s− t||, r) = exp(−r|s− t|) and

η(I, t, p) = I
γ1e

α1p+β1t + γ2e
α2p+β2t

1 + γ3eα3p
.
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Let us have x = (x1, x2) = (et1 , et2) and θ = ep. Notice, that m = 2.

Theorem 2.2. For r → ∞, t1 ≥ 0, we obtain

E2(u) ∼ g(σ, γ, α, β)(−2xβ1+β2
1 xβ1+β2

2 + x2β2
1 x2β1

2 + x2β2
2 x2β1

1 ). (3)

where

g(σ, γ, α, β) = −γ2
1γ

2
2 [−2θ2α2+2α1+α3α2

1γ3−4θ2α2+2α1+α3α2γ3α1−θ2α2+2α1α2
1+

2θ2α1+2α3+2α2α2γ
2
3α1 − 2θ2α2+2α1+α3α2

2γ3 + 2θ2α2+2α1α2α1 − θ2α2+2α1α2
2−

θ2α1+2α3+2α2α2
1γ

2
3−θ2α1+2α3+2α2α2

2γ
2
3+8θ2α2+2α1+α3α1γ3α2]/

[
θ2(1 + γ3θ

α3)6
]
.

3. RANDOM WALKS ON BOUNDARY FOR
SOLVING BOUNDARY PDE PROBLEMS

It is well-known that the random walk methods for boundary value prob-
lems (BVP) for high-dimensional domains with complex boundaries are quite
efficient, especially if it is necessary to find the solution not at all points of a
grid, but only at some marked points of interest.

Monte Carlo methods for solving PDEs are based:
1) on classical probabilistic representations in the form of Wiener or dif-

fusion paths integrals; In this approach, diffusion processes generated by the
relevant differential operator are simulated using numerical methods for solv-
ing ordinary stochastic differential equations.

2) on probabilistic interpretation of integral equations equivalent to the orig-
inal BVP which results in representations of the solutions as expectations over
Markov chains. For PDEs with constant coefficients, however, it is possible to
use the strong Markov property of the Wiener process and create much more
efficient algorithms first constructed for the Laplace equation [5] known as the
walk on spheres method.

We now shortly present the first approach for constructing and justifying
the walk on spheres algorithm. Let us start with a simple case, the Dirichlet
problem (1), (2) for the Laplace equation in a bounded domain G ⊂ R3, f = 0.
We seek a regular solution to (1,2). Let d� := supx∈G d(x), where d(x) is the
largest radius of the spheres S(x, d(x)) ⊂ clG centered at x. Let Wx(t) be the
Wiener process starting at the point x ∈ G, and let τΓ be the first passage
time (the time of the first intersection of the process Wx(t) with the boundary
Γ). Suppose that the boundary Γ is regular so that (1) and (2) has a unique
solution. Then

u(x) = Exφ(Wx(τΓ)). (4)

In (4), only the random points on the boundary are involved. We thus can
formulate the following problem: how to find these points without explicit
simulation of the Wiener process inside the domain G?
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This problem was solved in [5] using the following considerations. In sphere
S(x, d(x)) representation (4) gives u(x) = Exu(Wx(τS(x,d(x)))). The same rep-
resentation is valid for all points y ∈ S(x, d(x)), so we can use the strong
Markov property and write the conditional expectation
u(x) = Ex{Eyu(Wy(τS(y,d(y))))/x = W (0), y = W (τS(x,d(x)))}. We can iter-
ate this representation many times and remark that only random points lying
on the spheres S(x, d(x)), S(y, d(y)), . . . , are involved. It is well-known, that
the points Wx(τS(x,d(x))) are uniformly distributed over the sphere S(x, d(x)).
Thus we came to the definition of the walk on spheres process starting at x :
it is defined as the homogeneous Markov chain WS = WS{x0, x1, . . . , xk, . . .}
such that x0 = x and xk = xk−1 + d(xk−1)ωk, k = 1, 2 . . . , where {ωk} is a se-
quence of independent isotropic unit vectors. It is known [5], that xk → y ∈ Γ
as k → ∞, however the number of steps of Markov chain WS is infinite with
probability one. For more see [11].

4. APPENDIX

4.1. RANDOM WALK
In mathematics and physics, a random walk is a formalization of the intu-

itive idea of taking successive steps, each in a random direction. A random
walk is a simple stochastic process. In this section we discuss some basic
properties of the random walks.

Example 4.1. The simplest random walk is a path constructed according to
the following rules: 1) there is a starting point; 2) the distance from one point
in the path to the next is a constant; 3) the direction from one point in the
path to the next is chosen at random, and no direction is more probable than
another.

The average straight-line distance between start and finish points of a ran-
dom walk of n steps is on the order of

√
n. In fact, if ,,average” is understood

in the sense of root-mean-square, then the average distance after n steps is
exactly

√
n times the step length.

Definition 4.1. Brownian motion is a continuous-time stochastic process
W (t) for t ≥ 0 with W (0) = 0 and such that the increment W (t) − W (s)
is Gaussian with mean 0 and variance t − s for any 0 ≤ s < t, and incre-
ments for nonoverlapping time intervals are independent. Brownian motion
(i.e., random walk with random step sizes) is the most common example of a
Wiener process.

Brownian motion is the scaling limit of random walk in dimension 1. This
means that if you take a random walk with very small steps you get an ap-
proximation to Brownian motion. To be more precise, if the step size is ε,
one needs to take a walk of length L/ε2 to approximate a Brownian motion
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of length L. As the size step tends to 0 (and the number of steps increased
comparatively) random walk converges to Brownian motion in an appropriate
sense. Formally, if B is the space of all paths of length L with the maximum
topology, and if M is the space of measures over B with the norm topology,
then the convergence is in the space M. Similarly, Brownian motion in several
dimensions is the scaling limit of random walk in the same number of dimen-
sions. A random walk is a discrete fractal, but Brownian motion is a true
fractal, and there is a connection between the two. For more see [8].

4.2. PROOFS
Proof of Theorem 1 Let us have f = −Δ lnh, in G and φ = lnh, in Γ.

Then lnh solves the equation (1), (2) and from Lax-Milgram theorem we have
the uniqueness. We have dμ(y) = h(y, r) and E(r) equals to r-parameter
Fisher information.�
Proof of Theorem 2 Denote η(I, x, θ) = If1(x, θ). Then for t1 > 0 and
t2 > t1 (D-optimal design is independent on I so we put I := 1) we have
M = F TF where

F =

(
f1(x1, θ),

∂f1(x1,θ)
∂θ

f1(x2, θ),
∂f1(x2,θ)

∂θ

)
.

Let t1 = 0. Then we have detM = g(σ, γ, α, β)(xβ1
2 −xβ2

2 )2. Let us have t1 > 0.
Then we have detM = g(σ, γ, α, β)(−2xβ1+β2

1 xβ1+β2
2 + x2β2

1 x2β1
2 + x2β2

2 x2β1
1 ).�
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