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SECOND ORDER DIFFERENCE EQUATIONS
GOVERNED BY MONOTONE OPERATORS
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Department of Mathematics Technical University ”Gh. Asachi”, Iasi, Romania
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Abstract Some second order difference equations governed by maximal monotone opera-
tors are studied. Monotone boundary conditions are associated. The problem
is the discrete variant of a class of abstract second order differential equations
in a Hilbert space.

2000MSC: 39A12, 47H05.
Keywords: Maximal monotone operator; resolvent of an operator; Yosida

approximation.

1. INTRODUCTION
Suppose that A : D (A) ⊆ H → H and Φ : D (Φ) ⊆ H × H → H × H are

maximal monotone operators in a Hilbert space H endowed with the scalar
product (., .) and the corresponding norm ||.||. In [2] the author studied the
existence for the boundary problem{

pu′′ + ru′ ∈ Au+ f, a.e. on (0, T )
(u′ (0) ,−u′ (T )) ∈ Φ (u (0) − a, u (T ) − b) ,

where a, b ∈ D (A) are given elements in the domain of A and p, r : [0, T ] → R

are continuous functions. In the beginning, the existence was investigated for
p ≡ 1, r ≡ 0 and a nonlinear semigroup was defined by V. Barbu [5]. Later
on, several authors studied the above problem ([1] , [2] , [6] , [9]).

In the sequel, we put p ≡ 1 and r ≡ 0. We are going to study the exis-
tence and the uniqueness of the solution to the discrete variant of the above
boundary value problem, namely{

ui+1 − 2ui + ui−1 ∈ ciAui + fi, i = 1, N
(u1 − u0,−uN+1 + uN ) ∈ Φ (u0 − a, uN+1 − b) . (1.1)

Here a, b ∈ H and ci > 0, (fi)i=1,N ∈ HN , for i = 1, N are given se-
quences. Existence, asymptotic behavior and the equivalence with an opti-
mization problem for some particular cases of (1.1) were analyzed in [3] , [4] ,
[7] , [8] , [9] .
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2 Narcisa C. Apreutesei

The boundary condition generalizes the boundary conditions in [5] : u1 −
u0 ∈ α (u0 − a) , −uN+1 + uN ∈ β (uN+1 − b) , with α, β maximal monotone
in H.

We prove that, if A is also strongly monotone in H, then problem (1.1) has
a unique solution u = (ui)i=1,N ∈ HN .

In the next section, we give an auxiliary result and in the last section we
prove the existence and uniqueness of the solution of problem (1.1) .

2. AN AUXILIARY RESULT
Denote by B : HN → HN the operator defined by

B
(
(ui)i=1,N

)
= (−ui+1 + 2ui − ui−1)i=1,N , (2.1)

D (B) = {(ui)i=1,N ∈ HN ,

(u1 − u0,−uN+1 + uN ) ∈ Φ (u0 − a, uN+1 − b)}. (2.2)

We show that B is maximal monotone in the product space HN . Recall that
the scalar product in HN is

< (ui)i=1,N , (vi)i=1,N >=
N∑
i=1

(ui, vi) , (∀) (ui) , (vi) ∈ HN

and the scalar product in H ×H is

< (x1, y1) , (x2, y2) >H×H= (x1, x2) + (y1, y2) ,

for all (x1, y1) , (x2, y2) ∈ H ×H.
The following lemma is a particular case of some auxiliary result in [3] .

Lemma 2.1. Let c > 0 be a given constant. Then, the problem{
ξi+1 − 3ξi + ξi−1 = 0, i = 1, N

ξ0 = 0, ξ1 = c
(2.3)

has a strictly increasing solution ξi > 0, for all i = 1, N + 1 and the problem{
ζi+1 − 3ζi + ζi−1 = 0, i = 1, N

ζN+1 = 0, ζN = −c (2.4)

has a strictly increasing solution ζi < 0, i = 0, N.

Now we establish the main auxiliary result.
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Proposition 2.1. If a, b ∈ H and Φ is maximal monotone in H × H, then
the operator B given by (2.1) − (2.2) is maximal monotone in HN .

Proof Let (ui)i=1,N , (vi)i=1,N be two given sequences in D (B) . It is easy
to check that

< B
(
(ui)i=1,N

)
−B

(
(vi)i=1,N

)
, (ui − vi)i=1,N >=

=
N∑
i=1

||ui+1 − ui − vi+1 + vi||2 + ||u1 − u0 − v1 + v0||2+

+(u1 − u0 − v1 + v0, u0 − v0) − (uN+1 − uN − vN+1 + vN , uN+1 − vN+1) ≥ 0.

Since (ui)i=1,N , (vi)i=1,N ∈ D (B) , by the monotonicity of Φ, we deduce that

(u1 − u0 − v1 + v0, u0 − v0) − (uN+1 − uN − vN+1 + vN , uN+1 − vN+1) ≥ 0,

so we obtain the monotonicity of B in HN .
Now we show that B is maximal monotone, that is R (I +B) = HN , i.e.

for every sequence (gi)i=1,N ∈ HN , there is a sequence (ui)i=1,N ∈ HN such
that {

ui+1 − 3ui + ui−1 = gi, i = 1, N
(u1 − u0,−uN+1 + uN ) ∈ Φ (u0 − a, uN+1 − b) . (2.5)

We are looking for the solution of (2.5) under the form

ui = wi + xξi + yζi, i = 1, N, (2.6)

where wi, ξi, ζi are the solutions of the problems{
wi+1 − 3wi + wi−1 = gi, i = 1, N

w0 = 0, w1 = 0 (2.7)

and (2.3) , (2.4) respectively. But ui verifies the equation from (2.5) for all
x, y ∈ H. We are looking for x, y ∈ H such that ui satisfies also the boundary
condition in (2.5) . One writes it under the form

(yζ1 − yζ0 + cx,−wN+1 + wN − xξN+1 + xξN − cy) ∈
∈ Φ (yζ0 − a,wN+1 + xξN+1 − b) .

This inclusion becomes

(−wN+1 + wN , 0) ∈ F (x, y) +G (x, y) , (2.8)

where
F (x, y) = ((ξN+1 − ξN )x+ cy, cx+ (ζ1 − ξ0) y) ,
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G (x, y) = (z2,−z1) ,
where (z1, z2) ∈ Φ (yζ0 − a,wN+1 + xξN+1 − b) .

Function F is everywhere defined, linear, continuous and strongly monotone
in H ×H.

Like in Proposition 2.1 from [3] , we can prove that function G is maximal
monotone in H × H. Hence F + G is maximal monotone and coercive and
therefore, B is maximal monotone. The lemma is proved.

3. THE MAIN RESULT
In this section we prove the main result concerning the existence and unique-

ness of the solution to problem (1.1) , provided that A is strongly monotone
in H. Let Jλ = (I + λA)−1 and Aλ = (I − Jλ) /λ be the resolvent of A and
the Yosida approximation of A, respectively.

Theorem 3.1. Let A : D (A) ⊆ H → H be a maximal monotone and strongly
monotone operator in the real Hilbert space H, 0 ∈ D (A) , 0 ∈ A0. Suppose
that Φ is maximal monotone in H × H, (0, 0) ∈ D (Φ) , (0, 0) ∈ Φ (0, 0) . Let
a, b ∈ H, ci > 0, fi ∈ H, i = 1, N be given sequences. Then, problem (1.1) has
a unique solution (ui)i=1,N ∈ D (A)N .

Proof If A is strongly monotone with the constant ω > 0, then(
x′ − y′, x− y

) ≥ ω||x− y||2, (∀)y ∈ Ax, y′ ∈ Ax′ (3.1)

and
(Aλx−Aλy, x− y) ≥ ω

1 + λω
||x− y||2 ≥ ω

2
||x− y||2, (3.2)

for 0 < λ < 1/ω. Let A be the operator

A
(
(ui)i=1,N

)
= (c1Au1, ..., cNAuN ) (3.3)

and let B be the operator given by (2.1) − (2.2) . Then problem (1.1) can be
written as

0 ∈ B
(
(ui)i=1,N

)
+ A

(
(ui)i=1,N

)
+ (fi)i=1,N . (3.4)

Since B, Aλ are maximal monotone in HN and Aλ is everywhere de-
fined on HN , it follows that B + Aλ is also maximal monotone in HN .
By the strong monotonicity of A, it follows that B + Aλ is coercive, so
for every sequence (fi)i=1,N ∈ HN , there is

(
uλi
)
i=1,N

∈ D (B) such that

B
(
(uλi )i=1,N

)
+ Aλ

(
(uλi )i=1,N

)
= − (fi)i=1,N . This means that problem{

uλi+1 − 2uλi + uλi−1 = ciAλu
λ
i + fi, i = 1, N

(uλ1 − uλ0 ,−uλN+1 + uλN ) ∈ Φ
(
uλ0 − a, uλN+1 − b

) (3.5)
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has at least one solution
(
uλi
)
i=1,N

∈ D (B) .
We prove that

(
uλi
)
i=1,N

is bounded with respect to λ in HN . To this
end, one multiplies (3.5) by uλi , one uses (3.1) , 0 ∈ A0, (0, 0) ∈ Φ(0, 0), the
boundary condition, together with the monotonicity of Φ.

Thus we find that
N∑
i=1

||uλi ||2 and ||uλi ||, i = 0, N + 1 are bounded with

respect to λ. Equation (3.5) implies also the boundedness with respect to λ of
Aλu

λ
i .

Next we are going to pass to the limit as λ → 0 in (3.5) . To this end, let
λ, μ > 0 be fixed. One subtracts the equation (3.5) for λ and for μ, one
multiplies the difference by uλi − uμi and one sums from i = 1 to i = N :

N∑
i=1

(uλi+1 − uμi+1 − uλi + uμi , u
λ
i − uμi ) −

N∑
i=1

(uλi − uμi − uλi−1 + uμi−1, u
λ
i − uμi ) =

=
N∑
i=1

ci(Aλuλi −Aμu
μ
i , u

λ
i − uμi ). (3.6)

Using the same computation as in [3] , we find that uλi → ui as λ ↘ 0 in H,
where ui ∈ D (A) and verifies (1.1) . The existence is proved.

In order to verify the uniqueness, let (ui)i=1,N , (vi)i=1,N be two solutions
of (1.1) and let xi = ui − vi. Then we subtract the equations for ui and for vi,
multiply the difference by xi and sum up from i = 1 to i = N. Since ui and vi
verify the boundary condition of problem (1.1) , by (3.1) we get

cω
N∑
i=1

||xi||2 ≤ −||xN+1 − xN ||2 + (xN+1 − xN , xN+1) − (x1 − x0, x0) ≤ 0,

so the uniqueness is proved.
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ON GIRAUX SUBCATEGORIES IN LOCALLY
CONVEX SPACES

Dumitru Botnaru, Alina Turcanu
2005 Bul. Stefan cel Mare, 168, Dep. Math., Technical University of Moldova
dvbotnaru@mail.md ,Email:t-alina@moldovacc

Abstract In this paper, we examine the class of Giraux subcategories in the category
of locally convex spaces and we show that there exists a bijective correspon-
dence between this lattice of all classes of left and right complete morphisms.
Each Giraux subcategories generates some standard bicategorical structure.
We describe the classe of injections and the classes of projections of these
structures. Every injective object permits to construct a Giraux subcategory.
We consider also the reciprocal problem.

Notation. Eu (resp. Mu) the class of universal epi (resp. mono); Ep (resp.
Mp) the class of precise epi (resp. mono): Ep= M�

u, Mp= E�
u; if K (resp. R)

is coreflective (resp. reflective) subcategory, then k : C2V →R ( r : C2V →R)
is the coreflector (resp. reflector) functor; M (resp. S, Σ) is the subcategory
of spaces endowed with Mackey’s topology (resp. weak topology; the finest
locally convex topology).

1. CLASSES OF LEFT-COMPLETE AND
RIGHT-COMPLETE MORPHISMS

In the category of locally convex spaces C2V there are many classes of
mophisms which are left-complete and right-complete.
Definition 1.1. Let A be a class of morphisms of a category C . The class
A is called left − stable if for any pull-back square uv

′
= vu′ with u ∈ A, it

follows that u′ ∈ A too.

The class A possesses the following properties.
1. Iso ⊂ A.
2. The class A is closed with respect to the composition.
3. The class A is left-stable.
4. The class A is closed with respect to the products.
5. For any object X of the category C any family of objects of the category

C/ X which belong to A possess the product.

7
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Similarly we can define the dual notions: a right-stable class and a right-
complete class.

Definition 1.2. Let L be a class of morphisms of category C. The object A
∈ |C| is called L-injective if for any two morphisms l : X → Y , l ∈ L and
f : X → A there exists a morphism g : Y → A such that gl = f .

It is said that the category C has sufficiently many L-injective objects if for
any object X of the category C there exists an object A and it is L-injective
and a morphism l : X → A , such that l ∈ L .

Similarly, we can state the dual notions: an L-projective object and a cat-
egory with sufficiently many L-projective objects.

The most frequently the injective objects are examined with respect to the
class of injections of a bicategorical structure (P, I), and the projective ones -
with respect to the class of projections.

The following statement is easy to verify.

Theorem 1.1. Let (P, I) be a bicategorical structure in the category C which
possesses sufficiently many I-injective objects. Then the class I is right-complete.

Remark 1.1. In the category C2V, the class Ef of the strong epimorphisms
is left-complete. However, in this category do not exist sufficiently many Ef -
projective objects as it was proved by V. Geyler [G].

For any cardinal number α let m(α) be the Banach space of the bounded
functions defined on a set X of power α: |X| = α. The norm in this space is
given by

‖f‖ = sup
x∈X

|f(x)|

for any bounded function f : X → R. It is known that these objects are
Mp-injective in the category C2V and these objects and their products form a
sufficient class of Mp-injective objects [P] .

The class Mf is right-stable since Mf = Ker(C2V) and the category C2V is
semiabelian.

Theorem 1.2. In the category C2V the bicategorical structures (Eu,Mp) and
(Epi,Mf ) have the right-complete classes of injections.

In the category C2V the objects of the subcategory
∑

is Eu-projective and
obviously they form a sufficient class of Eu-projective objects.

Theorem 1.3. [B4] 1. (Eu,Mp) is the only bicategorical structure in the cate-
gory C2V with sufficient projective objects and with sufficient injective objects.

2. (Eu,Mp) is the only bicategorical structure in the category C2V with both
left-complete and right-complete classes.
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2. ON GIRAUX SUBCATEGORIES IN THE
CATEGORY C2V

In the category C2V the strict monomorphisms class Mf is the same as
the kernels class. In this way from Condition 2 it follows that the reflector
functor preserves kernels. In algebra such subcategories are called the Giraux
subcategories. In the category of locally convex spaces C2V there exist many
subcategories such as Giraux.
Theorem 2.1. Let R be a nonzero reflective subcategory possessing a reflector
functor r : C2V → R. Then the following statements are equivalent:

1. The subcategory R is Eu-reflective and r(Mp) ⊂ Mp.
2. The subcategory R is Eu-reflective and r(Mf ) ⊂ Mf .
3. The subcategory R is Eu-reflective and the functor r commutes and its

limits are projective.
4. There exists a coreflective subcategory K with the coreflector functor

k : C2V → K such that:
a) kr ∼ k;
b) rk ∼ r.
5. The functor r has a left-adjoint functor.
6. There exists a coreflective subcategory K of a category C2V with a core-

flector functor k : C2V → K such that k is the left-adjoint of the functor
r.

7. The class εR = {f ∈ Epi C | r(f) ∈ Iso} is left-complete.

Remark 2.1. 1. The Condition 2 follows from the Condition 4, because any
reflector functor in the category C2V commutes with the products [GG].

2. The morphisms of the class (εR)⊥ are called R-perfect .
3. A subcategory that satisfies the equivalent conditions of the above theorem

is called a c-reflective subcategory [B3] .
4. A pair of subcategories (K ,R) of the category C2V that satisfies the

Condition 4 of the above theorem is called an adjoint pair of subcategories.
5. Any c-reflective subcategory R determines an adjoint pair of subcate-

gories: (K ,R) . The subcategory K is denoted by mR : K = mR.

Examples. 1. (M,S) is an adjoint pair of subcategories of the category C2V

, where M is the subcategory of the Mackey spaces and S is the subcategory of
the spaces endowed with weak topology. For any adjoint pair of subcategories
(K,R) in the category C2V one has the inclusions M ⊂ K and S ⊂ R [B3].

2. The reflector functor from the category C2V in the strong nuclear spaces
category sN admits a left-adjoint. Thus, sN is a c-reflective subcategory.

3. The subcategory Sch of the Schwarts spaces is also c-reflective [GG] .
4. The subcategory N of the nuclear spaces is not c-reflective [GG].
5. The subcategories m(sN), m (Sch) were described in the paper [GG].
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Other examples of c-reflective subcategories and of pairs of adjoint subcate-
gories (for which the reflector and co reflector functor satisfies the relations a)
and b) of the Condition 4), the Theorem 2.1) suggest us the following theorem.

Theorem 2.2. Let (K,R) be an adjoint pair of subcategories in the category
C2V, let L be a reflective subcategory of category C2V and let R ⊂ L. Then
(l (K) ,R) is an adjoint pair of subcategories of the category L.

Proof We have that l (K) is a coreflective subcategory in the category L.
Indeed, let X ∈ |L|, kX : kX → X and let lkX : kX → lkX, where K is the
coreplique and L is the replique of the respective objects. Since X ∈ |L| we
have

kX = lX1 l
kX , (1)

for one morphism lX1 : lkX → X. Let us prove that lX1 is l (K)-coreplique of
the object X.

Figure 2.1.

Indeed, let us have a similar diagram built for the object Y ∈ |L|, and let
f : lkY → X be an arbitrary morphism. Then

flkY = kXg, (2)

for one morphism g : kY → kX.

Figure 2.2.

Since lkY is a L-replique of the object kY , then
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lkXg = hlkY , (3)

for some morphism h : lkY → lkX. We have

lX1 hl
kY (2.3)

= lX1 l
kXg

(2.1)
= kXg

(2.2)
= flkY

i.e.

lX1 hl
kY = flkY

and, since lkY is an epi, we deduce that

lX1 h = f. (4)

As it was mentioned in the above, M ⊂ K, such that kX ∈ Mu. Taking into
account that lkX is an epi it is easy to show that the square

lX1 l
kX = kX (5)

is puschout for each object X of the category C2V. Thus lX1 ∈ Mu, whence
the unity of the morphism h with the Property 4.

Now let us verify the relations a) and b) from the Condition 4 of Theorem
2.1. For any object X of the category L we have the following diagram

Figure 2.3.

Obvionsly lrX ∼ lkX, since krX ∼ kX. Thus the l (K)-corepliques of the
objects X and rX, are isomorphs. Conversely, since rkX ∼ rX we deduce
that rX ∼ rlkX. �

In the paper [B3] certain constructions permit us to obtain from all ad-
joint pair of subcategories (K,R) of the category C2V another pair of adjoint
subcategories (K′,R) in the category C2Ab of the locally convex groups this
category that contains the category C2V.

LetA be a nonzero Mp-injective object of the category C2V, and R =MpP (A).
The subcategory R consists of the subspaces of the powers of object A, i.e.
from the subspaces of the objects of the form Aτ .

Theorem 2.3. For any nonzero and Mp-injective object A of the category
C2V the subcategory R =MpP (A) is c-reflective.



12 Dumitru Botnaru, Alina Turcanu

Proof We shall show that the reflector functor r : C2V → R satisfies the
Condition 1 of the Theorem. 2.1. Indeed, since the subcategory R is closed
with respect to Mp-subobjects, it is Eu-reflective.

Now let f : X → Y ∈ Mp , and let rX : X → rX and rY : Y → rY be
R-repliques of the respective objects. Then the object rX is a Mp-subobject
of one object of form Aτ , i.e. there exists a morphism g : rX → Aτ ∈ Mp.

Figure 2.4.

We have

rY f = r (f) rX (6)

Since Aτ is Mp-injective, then

grX = hf (7)

for one morphism h : Y → Aτ .
Further, Aτ ∈ |R|, and rY is the R−replique of the object Y . Therefore, for

a morphism t : rY → Aτ , we have

h = trY . (8)

We also have

tr (f) rX
(2.6)
= trY f

(2.8)
= hf

(2.7)
= grX ,

i.e.

tr (f) rX = grX .

In addition, since rX is an epi, it follows that

tr(f) = g. (9)

From the last equality and taking into account that g ∈ Mp, we deduce that
r (f) ∈ Mp. �

Theorem 2.4. [B3]. Let ω ≤ α < β. Then:
MpP (m (α)) ⊂ MpP (m (β)) and MpP (m (α)) = MpP (m (β))
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In particular, in the category C2V there exists one proper class of c-reflective
subcategories.

Proof If a space Banach B is isomorphic with a subspace of the product
X τ by the X locally convex space, then B is isomorphic with a subspace of
the space Xn of the n finite cardinal. �

Corollary 2.1. In the category C2V there exists a proper class of c-reflective
subcategories, and, hence, a proper class of adjoint pairs of subcategories.

Remark 2.2. The spaces of the subcategories m(MpP (m(τ))) were described
in the paper [GG] .

3. THE CONSERVATION OF THE CLASSES OF
INJECTIONS AND PROJECTIONS

Let R be a reflective subcategory in the category C2V. We consider the class
εR = {f ∈ Epi C2V |r(f) ∈ Iso} .

This class together with the class of R-perfect morphisms (εR )⊥ forms a
right-bicategorical structure (εR, (εR)⊥). Thus εR is right-complete.
Lemma 3.1. Let (K,R) be an adjoint pair of subcategories in the category
C2V with the respective functors k : C2V → K and r : C2V → R. Then

1. εR = {f ∈ C2V | r (f) ∈ Iso} .
2. εR = {f ∈ Mono C2V | k (f) ∈ Iso} .
3. εR = {f ∈ C2V | k (f) ∈ Iso} .
4.
(
εR, (εR)⊥

)
is a bicategory structure on the right.

5.
(
(εR)�, εR

)
is a bicategory structure on the left.

6. The class εR is also complete on the right and on the left.
7. εR ⊂ Eu ∩ Mu.
8. The objects of the subcategory R form a sufficient class of εR-injective

objects.
9. The objects of the subcategory K form a sufficient class of εR-projective

objects.

Proof Let r (f) ∈ Iso, then in the commutative diagram

Figure 3.1.
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we have

r (f) rX = rY f. (10)

In this equality the maps rX , r (f) and rY are bijective. That is why f is
bijective too. In particular, f ∈ Eu. Further, since r (f) rX ∈ Mu, from (3.1)
we deduce that f ∈ Mu. Hence, we proved the statements 1 and 7.

The statement 2 follows from the definition of the adjoint pair of subcate-
gories and the statement 3 is the dual to the statement 1. The assertions 4
and 5 were mentioned above and the statement 6 is their simple corollary. �

Theorem 3.1. [B3] . The correspondence R �−→ εR establishes an antiiso-
morphism of the lattice of c-reflective subcategories and the lattice of the bimor-
phisms classes of the category C2V which are left-complete and right-complete.

Proof The left and right-complete class εR is put in correspondence to each
c-reflective subcategory R

Conversely. A complete subcategory R of the A-injective objects is put
in correspondence to any complete to the right and to the left class A of
bimorphism. Then m (R) is a full subcategory of the A-projective objects. �

Let R be a reflective subcategory and let (P, I) be a bicategorical structure
in the category C2V. In the above we examined some examples when r(I) ⊂ I.
Let us show a few cases.

Lemma 3.2. Let R be a Eu-reflective subcategory. Then
1. r (Mu) ⊂ Mu.
2. r (Mono) ⊂ Mono.

Proof 1. Let f : X → Y ∈ Mu. Then from the equality

rY f = r (f) rX (11)

it follows that r (f) rX ∈ Mu. Since rX is an epi we deduce that the square

1 · (r (f) rX
)

= r (f) · rX (12)

is puschout. Therefore, r (f) ∈ Mu.

Figure 3.2.
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2. See Lemma 1.3 [BT ] �

Lemma 3.3. 1. Let (P, I) be a bicategorical structure and let R be a P-
reflective subcategory in the category C. Then r (P) ⊂ P.

2. Let (K,R) be a adjoint pair of subcategories in the category C.
a) If K is P-coreflective, then R is P-reflective, too.
b) If R is I-reflective, then K is I-reflective, too.

Theorem 3.2. Let (K ,R) be an adjoint pair of subcategories in the category
C2V and let (P, I) be a bicategorical structure. Then the following conditions
are equivalent:

a)r (I) ⊂ I;
b)k (P) ⊂ P.

Proof a) ⇒ b). Let p : X → Y ∈ P, and let

k (p) = i1p1 (13)

be the (P, I) −factorization of the morphism k (p), where p1 : kX → Z.
We examine the R-replicques of the objects X,Y and Z, by taking into

account that rX ∼ rkX and rY ∼ rkY .

Figure 3.3.

By construction we have the following equalities:

pkX = kY k (p) ; (14)

p1 = kZk (p1) ; (15)

i1k
Z = k (i1) ; (16)
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rZp1 = r (p1) rXkX ; (17)

r (i1) rZ = rY kY i1; (18)

k (p) = i1p1; (19)

r (p) rX = rY p. (20)

From the equality (3.11) we have

rk (p) = r (i1p1) = r (i1) r (p1) .

On the other hand we have

rk (p) = r (p) .

Thus

r (p) = r (i1) r (p1) . (21)

We have

r (i1) r (p1) rXkX
(3.12)
= r (p) rXkX

(3.11)
= rY pkX ,

i.e.

r (i1) r (p1) rXkX = rY pkX

and, since kX is an epi, it follows that

r (i1) r (p1) rX = rY p. (22)

By the hypothesis a) r (i1) ∈ I. Thus, in the equality (3.13) p ∈ P and
r (i1) ∈ I, i.e. p⊥ r (i1). Then there exists a morphism h : Y → rZ such that

r(i1)h = rY (23)

r(p1)rX = hp (24)

Then

h = grY (25)

for some morphism g : rY → rZ. We have
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r(i1)grY
(3.16)
= r(i1)h

(3.14)
= rY ,

i.e.

r(i1)grY = rY

and, since rY is an epi, we deduce that

r(i1)g = 1. (26)

From the equality (3.17) and the fact that r(i1) is a mono it follows that r(i1)
is an izo. We have

k(i1) = kr(i1),

therefore, k(i1) is an izo, too. From the equality (3.7) and from the fact that
k (i1) is an izo, it follows that the morphisms i1 and kZ are izo, too. Thus,
k (p) ∼ k (p1) ∼ p1. Hence, k (p) ∈ P.

b) ⇒ a). The proof is dual. �
Examples. 1. For every adjoint pair of subcategories (K ,R) by definition

it follows that

k (Ef ) ⊂ Ef and r (Mf ) ⊂ (Mf ) .

By the previous theorem we deduce that

r(Mono) ⊂ Mono and k(Epi) ⊂ Epi,

i.e. r is a monofunctor and k is an epifunctor.
For the assertion that r (Mono) ⊂ Mono, see Lemma 3.2. The assertion

k (Epi) ⊂ Epi follows from the following topology properties (see [RR]).
2. Since r (Mp) ⊂ Mp, for every adjoint pair of subcategories (K,R), then

we have that k (Eu) ⊂ Eu.
3. By Lemma 3.2 we have r (Mu) ⊂ Mu. Thus, k (Ep) ⊂ Ep. This assertion

is less trivial. It may also be proved directly, by the description of the class
Ep [BG].

4. THE BICATEGORICAL STRUCTURES(
(I ◦ εR)� , I ◦ εR

)
AND

(
εR ◦ P, (εR ◦ P)�

)
Let (K,R) be an adjoint pair of subcategories of the category C2V and let

(P, I) be a bicategorical structure. Denote

I ◦ εR = {uv | u ∈ I, v ∈ εR and there exists the composition uv}
εR ◦ P = {uv | u ∈ εR, v ∈ P and there exists the composition uv}
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Theorem 4.1. Assume that the adjoint pair of subcategories (K,R) possesses
the property r (I) ⊂ I. Then:

1.
(
(I ◦ εR)� , I ◦ εR

)
is a bicategorical structure in the category C2V.

2. r (I ◦ εR) ⊂ I.
3. If the class of injections I is right-complete, then so is the class of injec-

tions I ◦ εR.
4. The pair

(
εR ◦ P, (εR ◦ P)�

)
is a bicategorical structure in the category

C2V.
5. k (εR ◦ P) ⊂ P.
6. If the class of projections P is left-complete , then the class of the projec-

tions εR ◦ P has the same property.

Proof 1.Since each class εR and I are left-complete, then so the class I◦εR
is left-stable with respect to the products. It is to prove that it is closed with
respect to the composition. Each class εR and I contain I ◦ εR and are closed
according to the composition. Thus, we have to prove the following assertion:

Let u ∈ εR and v ∈ I and assume that there exists the composition uv.
Then uv ∈ I ◦ εR. Examine the R-repliques of the respective objects.

Figure 4.1.

We have

r(v)rX = rY v, (27)

r(u)rY = rZu. (28)

We construct the pull-back squares on the morphisms r(u) and rZ

r(u)f = rZi. (29)

on the morphisms r(v) and f

r (v) g = fj (30)
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Since u ∈ εR we deduce that r (u) ∈ Iso and also that i ∈ Iso; v ∈ I

therefore r (v) ∈ I and j ∈ I. The squares (4.3) and (4.4) are pull-back,
rZ ∈ εR and this class is left-stable, hence, f, g ∈ εR. From the equality (4.2)
and (4.3) it follows that

rY = ft; (31)

u = it, (32)

for some morphism t. Further, we have

r(v)rX
(4.1)
= rY v

(4.5)
= ftv,

i.e.

r(v)rX = f (tv) . (33)

From the equalities (4.7) and (4.4) we deduce that

rX = gh, (34)

tv = jh, (35)

for some morphism h. From the equality (4.8), since rX and g belong to the
class εR, i.e. they are bijective maps, we deduce that this holds for the map h.
From the fact that h is an epi it follows that g is the R-replique of the object
T . Thus we proved that r (h) ∈ Iso, i.e. h ∈ εR. We have

uv
(4.6)
= itv

(4.9)
= ijh,

i.e.

uv = (ij)h, (36)

with ij ∈ I and h ∈ εR.
Thus, we proved that the class I ◦ εR is closed with respect to the compo-

sition.
2. We take into account that r (εR) ⊂ Iso.
3. The right-completeness of the classes I and εR implies the fact that the

same holds for the class I ◦ εR.
4. The proof dual to that of the assertion 1 follows. Indeed, the Theorem

3.2 asserts that

r (I) ⊂ I ⇔ k (P) ⊂ P
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5.The assertion is true because k (εR) ⊂ Iso and k (P) ⊂ P

6. Dual to the proof of assertion 2. �
Let Rc be the class of all c-reflective subcategories in the category C2V. By

Theorem 2.5, Rc is a proper class.

Corollary 4.1. . 1. The classes of the bicategorical structures{
((Mf ◦ εR)�,Mf ◦ εR) | R ∈Rc

}{
((Mp ◦ εR)�,Mp ◦ εR) | R ∈Rc

}
are proper classes of bicategorical structures in the category C2V with the right-
complete class of injections.

2.The class of bicategorical structures{(
εR ◦ Ep, (εR ◦ Ep)

�
)

| R ∈Rc

}
is a proper class of bicategorical structures in the category C2V having a left-
complete class of projections.

Corollary 4.2. [BG] . Let S be the subcategory of the spaces endowed with
the weak topology. Then

1.((Mf ◦ εS)�,Mf ◦ εS) is a bicategorical structure in the category C2V.
2.((Mp ◦ εS)�,Mp ◦ εS) is a bicategorical structure in the category C2V.

Corollary 4.3. Let (K,R) te an adjoint pair of subcategories in the category
C2V , let (P, I) be a bicategorical structure and let r (I) ⊂ I. Then:

1. K is a (εR ◦ P) -and (I ◦ εR) - coreflective subcategory.
2. R is a (εR ◦ P) -and (I ◦ εR) - reflective subcategory.

3. If Mp ⊂ I, then the class (I ◦ εR) is Ep−extremal.

5. CLASSES OF PROJECTIONS (I ◦ εR)�

As in the previous section, we suppose that (K,R) is an adjoint pair of
subcategories, (P, I) is a bicategorical structure in the category C2V and these
pairs possess the property r(I) ⊂ I.

By the previous theorem, the bicategorical structure (P, I) generates two
new bicategorical structures

((I ◦ εR)�, I ◦ εR) and (εR ◦ P, (εR ◦ P)�).

We mention the following inclusions

(I ◦ εR)� ⊂ P ⊂ εR ◦ P,
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(εR ◦ P)� ⊂ I ⊂ I ◦ εR.
The class (I ◦ εR)� . Since this class is contained in the class P, we

shall show which elements of the class P are contained in this class. Let
f : (X,u) → (Y, t) ∈ P, and let

f = me (37)

be the (Ef ,Mono)-factorization of the morphism f . Then u′′ is the factor
topology of the topology u and m is a bimorphism, i.e. it is an injective
map with dense image in the space (Y, t). Let kY : (Y, k(t)) → (Y, t) be the
K-coreplique of the respective object. Obvionsly, we have

f ∈ (I ◦ εR)� ⇔ m ∈ (I ◦ εR)�

Figure 5.1.

Theorem 5.1. The morphism f ∈ (I ◦ εR)� iff the topology t is the strongest
locally convex topology for which the maps m and kY are continuous.

Proof Let m ∈ (I◦ εR)� and let be t1 the strongest locally convex topology
on the space Y for which the maps m and kY are continuous. Then t1 ≥ t, and
the corresponding maps m1 (defined on m) and kY1 (defined on kY ) and the
identity map i are continuous and we have the following commutative diagram

Figure 5.2.

From the equality

ikY1 = kY (38)

it follows that i ∈ εR, and kY1 is a K-coreplique of the resp. object. From the
equality

im1 = m (39)

it follows that i ∈ (I◦εR)� . Thus, i ∈ εR∩(I◦εR)� ⊂ (I◦εR)∩ (I◦εR)� = Iso
and t = t1.
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Conversely. Let t be the strongest locally convex topology for which the
maps m and kY remain continuous. We shall prove that m⊥(I ◦ εR). Since
m ∈ P it is sufficient prove that m⊥(εR). Indeed, let

lg = hm (40)

hold with l ∈ εR, and let kV : kV → V be the K-coreplique of the resp.
object. Then lkV is the K-coreplique of the object W and

hkY = lkV l1 (41)

holds for some morphism l1.

Figure 5.3.

Let us examine the map l−1h . We have

l−1hkY
(5.5)
= l−1lkV l1 = kV l1,

i.e.

(l−1h)kY = kV l1. (42)

We also have

l−1hm
(5.4)
= l−1l g = g,

i.e.

(l−1h)m = g (43)

From the equalities (5.6) and (5.7) it follows that the composition of the map
l−1h with the maps m and kY are continuous. Then by the definition of the
topology t we deduce that the map l−1h is continuous, too. �

Let us assume that Mp ⊂ I . Then P ⊂ Eu .
Thus, the morphisms of the class (I ◦ εR)� are surjective maps. If we come

back to the first diagram we see that the morphism f and, together with it,
the morphism m belong to the class Eu . Thus, the vector spaces Z and Y
coincide. In this case, the description of the class (I ◦ εR)� is simpler.
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Theorem 5.2. The continuous and surjective linear map f : (X,u) → (Y, t) ∈P

belongs to the class (I ◦ εR)� iff

t = min(k(t), u′′)

where k(t) is the K-coreplique that corresponds to the topology t, and u′′ is the
factor topology on the vector space Y of the topology u.

Remark 5.1. In the paper [BG] we have the same description of the classes
(Mf ◦ εS)� and (Mp ◦ εS)�.

Theorem 5.3. We have that p : X → Y ∈ (I ◦ εR)� iff p · kX = kY · k (p) is
a puschout square.

Proof Let p : (X,u) → (Y, t) ∈ (I ◦ εR)�.

Figure 5.4.

Examine the commutative square

pkX = kY k (p) . (44)

Let us prove that it is a puschout. Let

f · kX = g · k (p) . (45)

Define the linear map

h = g · (kY )−1
. (46)

Let us prove that it is continuous. Let

f = me (47)

be the (Ef ,Mono)-factorization of the corresponding morphism. By Theorem
5.1 it is sufficient to prove that the maps hm and hkY are continuous. Since
e is a factorial map it follows that the map hm will be continuous iff the map
hme, i.e. hp, will be continuous. We mention that by the equality (5.8), due
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to the fact that kX is a bijective map, we have the following equality of linear
maps

p = kY k(p) · (kX)−1. (48)

Thus

hp
(5.10)
= g(kY )−1 p

(5.12)
= g(kY )−1kY k(p)(kX)−1 = gk(p)(kX)−1 (5.9)

=
fkX(kX)−1 = f,

i.e

hp = f. (49)

Further we have

hkY
(5.10)
= g(kY )−1kY = g

or

hkY = g. (50)

The equalities (5.13) and (5.14) show that the map h is continuous, and the
square (5.8) is puschout.

Conversely. Let p : X → Y ∈ P, and assume that the square (5.8) is
puschout. Let us prove that p ∈ (I ◦ εR)�. Since p ∈ P, it follows that p⊥I.
Let us prove that p⊥(εR). Indeed, let b ∈ εR, and assume that

bf = gp. (51)

Figure 5.5.

Since b ∈ εR it follows that

kV = bl (52)

for some morphism l. Then

gkY = kV s (53)
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for some morphism s. We have

blsk(p)
(5.16)
= kV sk(p)

(5.17)
= gkY k(p)

(5.8)
= gpkX

(5.15)
= bfkX

i.e.
blsk(p) = bfkX (54)

and, since b is a mono, it follows that

lsk(p) = fkX . (55)

By the hypothesis that (5.8) is a puschout square we deduce that

f = tp, (56)

ls = tkY . (57)

Since p is an epi then from the equalities (5.15) and (5.20) it follows that

bt = g. (58)

The equalities (5.20) and (5.22) show that p⊥(εR). �

6. CLASSES OF PROJECTIONS εR ◦ P

The description of the morphisms of this class follows from its definition.
Let f : X → Y ∈ C2V , and let

f = ip (59)

be the (P, I)-factorization. Since P ⊂εR ◦ P it follows that f ∈ εR ◦ P iff
p ∈ εR ◦ P.

Figure 6.1.

Theorem 6.1. The morphism f ∈ (εR ◦ P) iff i ∈ εR .

Proof If i ∈ εR then it is evident that f ∈ εR ◦ P.
Conversely. Let f ∈ εR ◦ P. Let us prove that i ∈ εR. By hypothesis, we

have

f = e1p1 , (60)
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where e1 ∈ εR and p1 ∈ P. We have the commutative square

ip = e1p1 , (61)

with i ∈ I and p1 ∈ P. Thus,
p = hp1, (62)

ih = e1, (63)

for some morphism h. Since e1 ∈ εR ⊂ Eu ∩ Mu and m is a mono we deduce
that the square

i · h = e1 · 1 (64)

is a pull-back square. Thus, h ∈ Eu ∩ Mu. Since e1 ∈ εR it follows that the
morphism rY e1 is the R-replique of the object P and from the equality (6.5)
and from the fact that h is an epi, we deduce that the morphism rY i is the
R-replique of the object Z. Thus, r(i) ∈ Iso and i ∈ εR.

Figure 6.2.

�

7. CLASSES OF INJECTIONS (εR ◦ P)�

Let f : (X,u) → (Y, t) ∈ I, and let f = me be the (Epi,Mf )-factorization
of the morphisms. Since m ∈ Mf ⊂ (εR ◦ P)� we deduce that f ∈ (εR ◦ P)�

iff the morphism e belongs to this class. Let rX : (X,u) → (X, r(u)) be the R

- replique of (X,u) .

Figure 7.1.

The topology t′ is the topology induced from the space (Y, t) on the linear
space Z = cl (f(X)).
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Theorem 7.1. The morphism f belongs to the class (εR ◦ P)� iff u is the
weakest locally convex topology for which the maps e and rX remain continu-
ous.

Proof Dual to the proof of Theorem 5.1. �

Theorem 7.2. Let i : X → Y ∈ I. Then i ∈ (εR ◦ P)� iff the square

r (i) rX = rY i

is pull-back.

Proof Dual to the proof of Theorem 5.3. �

8. CLASSES OF INJECTIONS I◦εR

The class I◦εR. Let f : X → Y ∈ C2V, and let f = ip be the (P, I)-
factorization of the morphisms. Since I ⊂ I◦εR it follows that f ∈ I◦εR iff
p ∈ I◦εR.
Theorem 8.1. The morphism f ∈ I◦εR iff p ∈ εR.

Proof Dual to the proof of Theorem 6.1. �
Corollary 8.1. [BG] . Let f : (X,u) → (Y, t) be a mono and let t′ be the
topology induced by the topology t on the subspace X. The monomorphism f
belongs to the class Mp ◦εS iff the spaces (X,u) and (X, t′) have the same dual
space.

Figure 8.1.

9. THE CASE OF ONE INJECTIVE OBJECT

Let A be a nonzero Mp-injective object in the category C2V, R = MpP (A)
and let K = mR. Then by Theorem 2.3 (K,R) is a pair of adjoint subcategories
in the category C2V . In this case Mp ◦ εR and Mf ◦ εR admit another
description, too.
Theorem 9.1. 1. Mp ◦ εR is the class of all monomorphisms with respect to
which the object A remains injective.
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2. Mf ◦ εR is the class of all morphisms of the class Mp ◦ εR that have a
closed image.

Proof 1. Let f : X → Y ∈ Mp ◦εR. Then, by definition of the class Mp ◦εR
we have

f = ip (65)

with i ∈ Mp and p ∈ εR. Let us show that the object A is injective with
respect to the morphism f. Indeed, let g : X → A.

Figure 9.1.

Since A ∈ |R| , we have
g = hrX (66)

for some morphism h. Further, p ∈ εR, therefore, r (p) is an isomorphism.
Thus,

g = h1r
Zp (67)

for some morphism h1. Definitely A is Mp-injective and i ∈ Mp. So,

h1r
Z = ti (68)

for a morphism t. In this case
g = tf (69)

and the morphism g is an extension of f .
Conversely. Let f : X → Y be a monomorphism such that all morphism

from the object X in the object A extend the morphism f . Let us show that
f ∈ Mp ◦ εR. Let

f = ip (70)

be the (Eu,Mp)-factorization of the morphism f . Then each morphisms from
the object X in the object A extends in a unique way the morphism p. This
permits us to consider the sets Hom(X,A) and Hom(rX,A) as biing equal.
In order to obtain the R-repliques of these objects, we must examine the
morphisms gX : X → AHom(X,A) and gZ : Z → AHom(Z,A) .

All mentioned in the above show that there exists an isomorphism j =
pHom(X,A) such that



On Giraux subcategories in locally convex spaces 29

jgX = gZp (71)

the (Eu,Mp)-factorization of the morphisms gX and gZ gives us the R -
repliques of the objects X and Z respectively. Let

gX = iXrX , (72)

gZ = iZrZ (73)

be these extensions. Then

gX = iXrX =
(
j−1iZ

) (
rZp
)

are two (Eu,Mp)-factorizations of the morphism gX . This implies that there
exists an isomorphism h such that

hrX = rZp, (74)

j−1iZh = iX . (75)

From the equality (9.10) we deduce that h = r (p), i.e. r (p) is an isomorphism
and p ∈ εR.

Figure 9.2.

2. Follows from 9.1. �

Corollary 9.1. [BG].1. Mu is the class of all morphisms with respect to
which the field K is injective: Mu = Mp ◦ εS.

2.Mf ◦ εS is the class of all universal monomorphisms with a closed image.

In the conditions of Theorem 9.1, the following theorem holds.

Theorem 9.2. In the category C2V the objects of form Aτ form a sufficient
class of (Mp ◦ εR)-injective objects.

Proof These objects are Mp-injective and εR-injective. Therefore, they
also are (Mp ◦ εR)-injective. Further, for each object X of the category C2V

we have rX ∈ εR and grX ∈ Mp. Thus, the morphism grXrX belongs to the
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class Mp ◦εR. This fact means that in the category C2V there exist sufficiently
many objects which are (Mp ◦ εR )- injective.

Figure 9.3.

�

Corollary 9.2. In the category C2V there exists a proper class of the bicate-
gorical structures with sufficiently many injective objects.
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NUMBER OF GL(2, R)-ORBITS FOR EACH
DIMENSION OF DIFFERENTIAL SYSTEM
WITH QUADRATIC HOMOGENEITIES

Andrei Braicov
Tiraspol State University, Moldova
braicov@mail.ru

We consider the system of ordinary differential equations{
ẋ = gx2 + 2hxy + ky2,
ẏ = lx2 + 2mxy + ny2,

(1)

and the group GL(2,R) of center-afine transformations{
x′ = αx+ βy
y′ = γx+ δy

(
Δ = det

(
α β
γ δ

)
= 0
)
, (2)

where x′, y′ are new variables. The variables and all coefficients are real.
Denote by E(a) the Euclidean space of the coefficients from the right-hand

sides of system (1) , where a = (g, h, k, l,m, n) ∈ E(a), and the point from
E(a), which coresponds to the system obtained from the system (1) with
coefficients a under a transformation q ∈ GL(2,R), by a(q).

Definition 1. The polynomial K(x, y, a) of the system (1) coefficients and
the phase-plane coordonates is called a center-affine comitant of this system,
if the identity

K(x′, y′, b) = Δ−gK(x, y, a),

where g ∈ Z, and b is a vector of new coefficients, is fullfiled for any
q ∈ GL(2,R), a ∈ E(a), and x, y.

If K does not depend on variables x, y, then it is usually called the center-
affine invariant of system (1).

Hereinafter we need the following center-affine invariants and comitants
from [2] for system (1):

I7 = aαpra
β
αqa

γ
βsa

δ
γδε

pqεrs, I8 = aαpra
β
αqa

γ
δsa

δ
βγε

pqεrs,

I9 = aαpra
β
βqa

γ
γsa

δ
αδε

pqεrs, K1 = aααβx
β ,
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K5 = apαβx
αxβxqεpq, K6 = aααβa

β
γδx

γxδ,

K7 = aαβγa
β
αδx

γxδ, K9 = aααpa
β
γqa

γ
αβx

δ, (3)

where a1
11 = g, a1

12 = a1
21 = h, a1

22 = k, a2
11 = l, a2

12 = a2
21 = m, a2

22 = n.
Definition 2. The set O(a) = {a(q)|q ∈ GL(2,R)} is called the GL(2,R)-

orbit of the point a for system (1).
It is considered that dimRO(a) = rank(M1), where M1 is the matrix, con-

structed on coordinate vectors of the Lie algebra operators for system (1).
The set S ⊆ E(a) is GL(2,R)-invariant, if for any point a ∈ M the orbit

O(a) ⊆ M.
In [1, pag.208] the following theorem is proved.
Theorem 1. GL(2,R)-orbit of a system (9) has dimension:

4, forK5(K9 + β) ≡ 0; (4)

3, forK5(K1 +K7) ≡ 0, K9 + β ≡ 0; (5)

2, forK5(K1 +K7) ≡ 0, K1 +K7 ≡ 0; (6)

0, forK1 ≡ K5 ≡ 0. (7)

where K1,K5,K7,K9 are form (3), and β is the discriminant of K5 and is
writen as

β = 27I8 − I9 + 18I7. (8)

Remark 1. The sets S1, S2, S3, S4, defined by conditions (4), (5), (6),
(7) form GL(2,R) decomposition of the space E(a) of system (1) coefficients,
i.e

4⋃
i=1

Si = E(a), Si
⋂
i�=j

Sj = �,

and each Si is GL(2,R)-invariant.
In [2, pag. 75, 78] 32 geometrical pictures for the system (1) are drawn up in

the Poincaré circle. For every picture the necessary and sufficient conditions
for their realization, and the coeficients g, h, k, l, m, n of one exemple of
corresponding classe are written.

The following notation was used

A = I7, B = I8, C = I9, K = K1, L = K5,

M = K6, N = K7, α = B + C − 2A. (9)

Hereinafter the 32 geometrical pictures will be presented.
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(10)

Remark 2.[2] a) The pictures 2, 3, 4, 17 are topologically equivalent;
b) The pictures 6-8 are topologically equivalent;
c) The pictures 11-16 are topologically equivalent.
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From the proof of the Theorem 1 we get the following two lemas.
Lemma 1. If K5 ≡ 0, then K9 + β ≡ 0.
Lemma 2. If β ≡ 0, then K5 ≡ 0 and K5(K9 + β) ≡ 0.
It is possible to show, that the following takes place:
Lemma 3. If K5 ≡ 0, then I7 = I8 = I9 = α = β = 0.
Lemma 4. If K9 + β ≡ 0, then I7 = I8 = I9 = 0.
Lemma 5. If I7 = 0 or I8 = 0 or I9 = 0, then K9 + β ≡ 0.
Lemma 6. If I7 = I9 = 0, then I8 = 0.
Taking into account Lemma 2, Lemma 5 and pictures (10), we can prove

the following theorem.
Theorem 2. The dimension of GL(2,R)-orbits of systems, to which the

pictures 1-23 correspond, is equal to 4.
Let us analyse the following:
Case 24. Assume that

A = C = 0, KL = 0,
M

K2
∈ R � [0, 1] orK = B = 0, N = 0. (11)

In this case the system (1) have the form{
ẋ = gx2,
ẏ = lx2 + 2xy, (12)

for which
K = K1 = (g +m)x, M = K6 = (g2 + gm)x2,

N = K7 = (g2 +m2)x2, K9 = gm2y. (13)

Assume that K9 ≡ 0.

If m = 0, then from (13) it follows K = gx, M = g2x2, and
M

K2
= 1 (which

contradicts (11)). Therefore, m = 0.
If g = 0, then M = 0 (which contradicts (11)).
We obtain that K9 = gm2y ≡ 0 and K9 + β ≡ 0. Taking into account

Lemma 1 and Theorem 1 we obtain that in this case dimRO(a) = 4.
Remark 3. Similarly, (taking into account the Lemmas 1-6, it is possible

to show, that:
in the cases 26-28 dimRO(a) = 4;
in the cases 25, 29 dimRO(a) = 3;
in the cases 30, 31 dimRO(a) = 2.
The case 32 is evident: dimRO(a) = 0.
Theorem 3. Dimension of GL(2,R)-orbits, to which the pictures:
1-24, 26-28 correspond, is equal to 4;
25, 29 correspond, is equal to 3;
30, 31 correspond, is equal to 2;
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32 correspond, is equal to 0.
Taking into account the Remark 2, we can prove the following
Theorem 4. For the system (1) there are
17 GL(2,R)-orbits with dimension 4;
2 GL(2,R)-orbits with dimension 3;
2 GL(2,R)-orbits with dimension 2;
1 GL(2,R)-orbit with dimension 0.
The author is deeply grateful to prof. M. N. Popa for useful and fruitful

discussions of results of this paper.
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Abstract Any homogeneous quadratic differential system is characterized by a binary
algebra determined up to an isomorphism. The homogeneous system, in Yam-
aguti’s sense, associated with this algebra allows us to find out a set of genera-
tors for the Lie algebra generated by the left multiplications of the algebra. A
realization of this Lie algebra as a Lie algebra of vector fields gives the oppor-
tunity to associate an infinitesimal Lie group with any quadratic differential
system. Some particular cases are analyzed.

2000MSC: 37C99
Keywords: d(homogeneous) quadratic dynamical system, homogeneous

system in Yamaguti’s sense, Lie algebra.

1. INTRODUCTION
The importance of the nonlinear dynamical systems was very soon remarked

[13]. The most simple type of nonlinearity appeared to the quadratic dynam-
ical systems. Many properties of such dynamical systems can be obtained by
using an algebraic approach. L. Markus [6] was the first who steps on this
way; he made evident the existence of a bijective correspondence between the
classes of affinely equivalent quadratic homogeneous systems in plane and the
classes of isomorphic 2-dimensional commutative algebras and gives the first
classification of such quadratic homogeneous systems up to an central affinity.
C. S. Sibirskij [11],[12] deals with the algebraic study of affine invariants and
semiinvariants of quadratic differential equations. M. K. Kinyon and A. A.
Sagle [5] deal with qualitative aspects of the general theory of quadratic dy-
namical systems. M. Popa [9] and his coworkers yielded, on the line traced by
S. Lie, classification results by means of the orbits of the extended action of
affinely transformation groups to the space of parameters of quadratic differ-
ential systems; this way follows the direction shown by C. S. Sibirskij [11]. I.
Burdujan [2] extended some results of Markus to the case of quadratic differen-
tial equations on Banach spaces and tried to give a meaning for the deviations
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from associativity of the binary algebra associated with a quadratic differential
system in connection with the set of solutions of the analyzed system.

In this paper we prove the existence of an infinitesimal group acting on the
space where is defined the analyzed quadratic dynamical system. If the algebra
associated with the quadratic dynamical system satisfies a certain identity of
degree four or five, its homogeneuos system is just a Lie triple system or a
general Lie triple system, respectively. Some invariants under the action of an
important subgroup of the infinitesimal group are emphasized.

2. HOMOGENEOUS QUADRATIC
DIFFERENTIAL SYSTEMS

Although the most part of results concerns the homogeneous quadratic dif-
ferential systems (briefly, HQDSs) on finite dimensional spaces, the problem of
correspondence between the classes of affinely equivalent HQDSs and classes
of isomorphic binary algebras is more easily to solve in the case of HQDSs
defined on Banach spaces. That is why in this section we prove some results
on the Banach space, only.

Let E be a Banach space. An HQDS on E is every autonomous equation
of the form Ẋ = F (X) where F is a continuous quadratic vector form on E.
The polar form of F is the symmetric bilinear vector form G : E × E → E
defined by G(x, y) = 1

2 · [F (x+y)−F (x)−F (y)], ∀x, y ∈ E. Let us denote by
E(·) the commutative algebra defined by means of the multiplication x · y =
G(x, y), ∀x, y ∈ E. Two HQDSs Ẋ = F (X) and Ẏ = F1(Y ) are called
affinely equivalent each other if there exists a continously invertible linear
transformation T : E → E such that X is a solution of the former system if
and only if Y = T (X) is a solution for the second system. It can be proved
that two HQDSs are affinely equivalent if and only if their associated algebras
are isomorphic [2], [6].

On the other hand, with any binary A algebra a homogeneous (algebraic)
system (shortly, h.s.) in the sense of Yamaguti [14] is associated [1]; this h.s.
gives the opportunity to find out a family of generators for the Lie algebra L

generated by the left multiplications of the algebra A [3]. Actually, this associ-
ation gives the construction of a covariant functor HF : ALGK → HSK whose
restriction to the subcategory AssK is just the usual functor associating with
any associative algebra the Lie algebra defined on the algebra ground space by
means of the commutator-operation. Unfortunately, the h.s. associated with
a binary algebra does not characterize it up to an isomorphism.

In particular, the h.s. associated with a commutative algebra A(·) is defined
by the following multilinear operations, given recurrently by

[x1, x2, · · · , xn+1] = D(x1,x2,··· ,xn)(xn+1), ∀(x1, x2, · · · , xn+1) ∈ An+1,∀n ≥ 2
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where D(x1,x2,··· ,xn) are the endomorphisms of E defined inductively by

D(x1,x2) = [Lx1 , Lx2 ],

D(x1,x2,··· ,xn+1) =
[
D(x1,x2,··· ,xn), Lxn+1

]− L[x1,x2,··· ,xn+1], ∀n ≥ 2.

Consequently, the h.s. associated with a commutative algebra A(·) satisfies
the following axioms:
(h.s.1) [x, x, x1, · · · , xk] = 0, ∀k ∈ N

�, ∀x, x1, · · · , xk ∈ A,
(h.s.2) [x, y, z] + [y, z, x] + [z, x, y] = 0, ∀x, y, z ∈ A,
(h.s.3) [x, y, z, w] + [y, z, x, w] + [z, x, y, w] = 0, ∀x, y, z, w ∈ A,
(h.s.4) [x1, · · · , xk, y, z] − [x1, · · · , xk, z, y] = 0, ∀x1, · · · , xk, y, z ∈ A,
(h.s.5)

[
D(x1,··· ,xk), D(y1,y2)

]
= D([x1,··· ,xk,y1],y2) −D([x1,··· ,xk,y2],y1)+

. +D(x1,··· ,xk,y1,y2) −D(x1,··· ,xk,y2,y1),

. ∀k = 2, 3, · · · , ∀x1, · · · , xk, y1, y2 ∈ A

(h.s.6)
[
D(x1,··· ,xk), D(y1,··· ,y�,y�+1)

]
= D̃

([
D(x1,··· ,xk), D(y1,··· ,y�)

]
, y	+1

)−
. −[D(x1,··· ,xk,y�+1), D(y1,··· ,y�)

]−D(x1,··· ,xk,[y1,··· ,y�,y�+1])+D(y1,··· ,y�,[x1,··· ,xk,y�+1]),
. ∀�, k = 2, 3, · · · , ∀x1, · · · , xk, y1, · · · , y	+1 ∈ A,
where D̃ is the endomorphism defined by D̃

(
D(x1,··· ,xn), y

)
= D(x1,···2,xn,y).

The axioms (h.s.5) and (h.s.6) assure us that the linear enveloping of the fam-
ily of endomorphisms L̃ =

{
D(x1,··· ,xn)|∀x1, · · · , xn ∈ A, n ≥ 2

}
is just the Lie

algebra L endowed with the usual Lie bracket from an associative algebra of
endomorphisms.

3. INFINITESIMAL GROUP ASSOCIATED
WITH A HQDS

In what follows we consider the finite dimensional case, only.
If E = R

n, then any HQDS has the form ẋi = aijkx
jxk i, j, k = 1, 2, · · · , n,

aijk ∈ R and the binary operation defined on R
n is x·y =

(
a1
jkx

jyk, a2
jkx

jyk, · · ·
, anjkx

jyk
)
, ∀x = (x1, x2, · · · , xn), y = (y1, y2, · · · , yn) ∈ R

n. It is clear that
the structure constants of the associated algebra are just the coefficients that
define the system. In this case, only a finite number of elements in L̃ is a
system of generators for L.

In what follows, we shall prove that L̃ can be realized as a system of local
vector fields. Indeed, if B = {e1, · · · , em} is a basis in E, then the struc-
ture constants of the h.s. are defined in the usual way by [ei1 , ei2 , · · · , eik ] =
tji1i2···ikej , n ≥ 2. They satisfy the following conditions
(h.s.1)’ tsiij1···jk = 0, k ≥ 1
(h.s.2)’ tsijk + tsjki + tskij = 0,
(h.s.3)’ tsijkp + tsjkip + tskijp = 0,
(h.s.4)’ tsi1···ikpq − tsi1···ikqp = 0, ∀k ≥ 2
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(h.s.5)’ tsi1···ikpt
p
qrm − tsqrpt

p
i1···ikm = tpi1···ikqt

s
prm − tpi1···ikrt

s
pqm +

. + tsi1···ikqrm − tsi1···ikrqm, k ≥ 2
(h.s.6)’ tsi1···ikpt

p
j1···jqjq+1m

− tsj1···jqjq+1p
tpi1···ikm =

. D̃jq+1

(
tsi1···ikpt

p
j1···jqm − tsj1···jqpt

p
i1···ikm

)−
. − tsi1···ikjq+1p

tpj1···jqm + tsj1···jqpt
p
i1···ikjq+1m

−
. − tsj1···jqjq+1

tsi1···ikpm + tpi1···ikjq+1
tsj1···jqpm, ∀k, q ≥ 2

where D̃jq+1

(
tsi1···ikm

)
= tsi1···ikjq+1m

.

We shall use the notation Di1i2···in = Dei1
,ei2

···ein
, ∀n ≥ 2. The matrices of

Di1i2···in in basis B are defined by Di1i2···in(ek) = tji1···inkej , ∀n ≥ 2 (ip, k, j =
1, 2, · · · ,m). They generates a Lie subalgebra of g�(n,R).

The main result of our paper is the following.

Theorem 3.1. Let A(·) be the binary algebra associated with a HQDS defined
on R

n, let akij be the structure constants of A(·) and let tji1i2···is be the structure
constants of the associated h.s.. Then, the following vector fields

Xi =
m∑

j,k=1

akijx
k ∂

∂xj
, Xi1i2···in =

m∑
j,k=1

ti1i2···inkx
j ∂

∂xj
, ∀n ≥ 2.

generates an infinitesimal group.

Proof. The axioms (h.s.3)’-(h.s.6)’ lead to the equations

Xijk +Xjki +Xkij = 0,
Xi1i2···ikjs = Xi1i2···iksj ,[

Xi1i2···in , Xjk

]
= tpi1···injXpk − tpi1···inkXjp, k ≥ 2,[

Xi1i2···ik , Xj1j2···jsjs+1

]
= D̃js+1

([
Xi1i2···ik , Xj1j2···js

])−
−[Xi1i2···ikjs+1 , Xj1j2···js

]− tpi1···ikjs+1
Xj1j2···jsp, k, s ≥ 2.

Moreover, the following identities hold[
Xi, Xj

]
= Xij ,

[
Xi1···ik , Xj

]
= Xi1···ikj + tsi1···ikjXs.

These identities assure us that the linear enveloping of the family
{
Xi, Xi1···in |

∀n ≥ 2
}

is a Lie algebra Lvf ; further Lvf1 =
{
Xi1···in |∀n ≥ 2

}
is a Lie

subalgebra of Lvf . The mapping

Li → Xi, Di1i2·in → Xi1i2·in , ∀n ≥ 2

is just a Lie algebra isomorphism. Since dimL = dimLvf ≤ m2 , it follows
that we have a finite dimensional infinitesimal (local) Lie group GA whose
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composition can be locally given by means of Campbell-Hausdorff formula.
On E it induces the local multiplication

x � y = x+ y +
1
12

[x, y, y] +
1
12

[y, x, x] +
1
24

[y, x, y, x] +
1
24

[x, y, x, y] + ...

4. PARTICULAR CASES
It is well known that the structure of the associated binary algebra is res-

ponsible for certain structural properties of the corresponding HQDS. Indeed,
if E(·) is an algebra with associative powers, then the Cauchy problem ẋ =
x2, x(t0) = x0 has the solution x(t) = (I−(t−t0)Lx0)

−1(x0), where Lx0 denote
the left multiplication by x0. For example, this is the case when the algebra
E(·) is a Jordan algebra.

If E(·) is a commutative algebra satisfying the identity [8]

2(yx · x)x+ y(x2 · x) = 3(y · x2) · x
then, it implies [y, x, x, x] = 0 and, consequently, the h.s. associated with it
is just a Lie triple system. It was proved [14] that Δ = det[tsijkx

jxk − ρδsi ]
is an invariant of the local group generated by Xij (i.e. Xij(Δ) = 0). This
result can be extended to the case when the associated algebra satisfies the
identity [y, x, x, x, x] = 0. This time, the corresponding h.s. is a general Lie
triple system [14] and the linear enveloping of {Xijk} is a Lie subalgebra of
Lvf . Then it can proved the following proposition.

Proposition 4.1. The functions

Δ1 = det[tsijkx
jxk − ρδsi ],

Δ2 = det[tsijkpx
jxkxp − ρδsi ]

are invariant under the action of the local group generated by Xijk.

Proof. It is suffices to prove Xijk(Δ1) = 0, Xijk(Δ2) = 0. This is get by
straightforward computations and using the axioms of general triple systems.

Remark 4.1. Δ1 and Δ2 are the characteristic polynomials of the endomor-
phisms Y → [Y,X,X], Y → [Y,X,X,X], respectively.
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[7] Micali, A., Algèbres non associatives et equations differentielles, Seminaire d’Analyse,
Univ. Clermont II, 1988-1989.

[8] Osnborn, J. M.,Commutative algebras satisfying an identity of degree four, Proc. Amer.
Math. Soc., 16, 5 (1965), 1114-1120.

[9] Popa, M., Methods with algebras for differential systems, Piteşti Univ. Press, 2004.

[10] Röhrl, H.,Algebras and differential equations, Nagoya Math. J., 68 (1977), 59-122.

[11] Sibirskij, C. S., Introduction to the algebraic theory of invariants for differential equa-
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ON FRATTINI P-SUBALGEBRAS AND P-IDEALS
OF A LIE P-ALGEBRAS

Camelia Ciobanu
Dept of Math. and Informatics, ,,Mircea cel Bătrân” Naval Academy, Constanţa

Abstract A class of Lie algebras, defined in [6], namely the class of finite dimensional
Lie p-algebras, is studied. Some properties of their Frattini p-subalgebras
and p-ideals are presented.

1. INTRODUCTION
First recall some definitions and notation, assuming that L denotes a finite

dimensional Lie algebra over a field k of characteristic p > 0, and [x, y] stands
for the Lie bracket of x, y ∈ L. The mapping

ady : L → L, x(ady) = [x, y], for x, y ∈ L (a fixed y),

is called the inner derivation defined by y or the adjoint mapping associated
with y ∈ L. For mappings we use the right hand notation .

Definition 1.1. A Lie p-algebra or a restricted Lie algebra is a Lie
algebra L over a field k of characteristic p¿0, having a p-mapping x → x[p]

defined on it, such that the following conditions are fulfilled:
(i) (αx)[p] = αpx[p] for all α ∈ k, x ∈ L;

(ii) (x + y)[p] = x[p] + y[p] +
p−1∑
i=1

si(x, y), for all x, y ∈ L, where isi(x, y)is

the coefficient of λi−1in the expression x(ad(λx+ y))p−1;
(iii) [x, y[p]] = x(ady[p]) = x(ady)p,for all x, y ∈ L, i.e.ady[p] = (ady)p.

The notion of restricted algebra and first examples appear in the [6], [12], [4],
[5], [9], [10], [1], [2], [3]. A classification of the restricted simple Lie p-algebras
has been made in [1].

Example 1.1. (i) If A is an associative algebra over k, char k = p, then by
letting [x, y] = xy − −yx and x[p] = xp, we endow A with a structure of Lie
p-algebra, AL.

(ii) If L is a Lie algebra over k, char k=p, and D(L) is the algebra of
derivations of L, then (xy)Dp = (xDp)y + x(yDp), therefore Dp ∈ D(L) and
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D(L) is a Lie p-algebra with the Lie bracket [D1, D2] = D1 ◦ D2 − D2 ◦ D1,
and the p-mapping D → Dp.

(iii) If A is an associative algebra over k, char k = p, with an antiauto-
morphism a → a, and we denote L = {a ∈ A/a = −a}, then: a− b =
a − b = −a − (−b) = −(a − b), [a, b] = ab− ba = ba − ab = −[a, b],
ap = ap = (−a)p = −ap, for all a, b ∈ L, and L is a Lie p-algebra.

The next proposition describes the possibility of endowing a Lie algebra
with a structure of Lie p-algebra over a field of characteristic p. Obviously,
we suppose that Lie algebra L has a supplementary property.

Proposition 1.1. [2]. If L is a Lie algebra of characteristic p¿0 having an
ordered basis {ui/i ∈ J}, such that for all ui, (adui)p is a inner derivation
(i.e (adui)p = adu

[p]
i , for an element u[p]

i in L), then there exists an unique
mapping x → x[p] from L to L such that L is a Lie p-algebra.

Definition 1.2. Let L and M be two Lie p-algebra. A mapping ϕ : L → M ,
xϕ = xϕ is called a morphism of Lie p-algebras if: (x + y)ϕ = xϕ +
yϕ, (αx)ϕ = αxϕ, [x, y]ϕ = [xϕ, yϕ], (x[p])p = (xp)[p], for all x, y ∈ L and α ∈
k.

Definition 1.3. A subalgebra (resp. an ideal) of a Lie p-algebra L is a p-
subalgebra (resp. a p-ideal) of L if it is closed under the p-mapping on
L.

Some properties of p-subalgebras of a Lie p-algebra L are given in the next
proposition.

Denote xp := x[p].

Proposition 1.2. [10] If A is a p-ideal and B is a p-subalgebra of the Lie
p-algebra L, then: A+B is a p-subalgebra of L;

(B)p = ({xpn
/x ∈ B,n ∈ N}), B being only a subalgebra of L, the subalgebra

generated by the pn-powers of the elements of B, is a p-subalgebra which is the
smallest p-subalgebra of L including B. Moreover, (B)(1)p ⊆ B(1), where (1)

denotes the derived algebra of B.
(A)p ⊆ CL(A) := {x ∈ L/[x, L] ⊆ A}and (A)p is a p-ideal of L.

Denote by Φ (L) (resp. Φp(L)) the intersection of all maximal subalgebras
(resp. the maximal p-subalgebras) of L. It is called the Frattini subalgebra
(resp. Frattini p-subalgebra) of L.

Denote by F (L)(and, Fp(L)) the greatest ideal included in Φ (L) (and the
greatest p-ideal included in Φp (L)). We call it the (p-) Frattini ideal of L.

2. FRATTINI THEORY FOR LIE P-ALGEBRAS
Some properties of the Frattini subalgebra and the Frattini ideal of Lie

p-algebra are given in the next propositions.
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Proposition 2.1. If A is a p-subalgebra of L such that A + Φp (L)=L, then
A=L.

The proof uses only the fact that there exists a maximal p-subalgebra con-
taining A, if A = L.

Proposition 2.2. ([2], Lemma II.2.7.,II2.8.)

If L =
n⊕
i=1

Li, where Li is a p-ideal of L, i = 1, n, then Fp(L) =
n⊕
i=1

Fp(Li).

If I is a p-ideal of L, then (Φp(L)+ I)/I ⊂ Φp(L/I), (Fp(L)+ I)/I ⊂ Fp(L/I).
If I ⊂ Φp(L), then we have (Fp(L) + I)/I = Fp(L/I)and (Φp(L) + I)/I =
Φp(L/I). In addition, if Fp (L/I) = 0, then Fp (L) ⊂ I.

Let Sap(L) =
∑ {I/I is a minimal Abelian p-ideal of L} be the Abelian

p-socle of L and let Sa(L) =
∑ {I/I is a minimal Abelian ideal of L} be the

Abelian socle of L. One can easily see that Sap(L) is a p-ideal of L and if
Fp(L) = 0, then L = Sap(L)

.
+A, where A is a p-subalgebra of L and the sum

is a direct sum of vector spaces.
Which are the relationships between Φp(L) and Fp(L) ? We have found

such relationships for special cases of Lie p-algebras.
Relation. 1. Φp(L) ⊆ Φ(L). If L = L(1), then the equality takes place.
2. Fp(L) = Φp(L) ∩N(L), where N(L) is the nilradical of L.
3. Fp(L) = 0, if and only if L = Sap(L)

.
+A,where A is a p-subalgebra of L.

4. If Fp(L) = 0, then Sap(L) = N (L).
For a subalgebra A of L, denote by Ap the subalgebra of L generated by

{ap/a ∈ A}. The Lie p-algebra L is nil if Lp
n

= 0, and it is toral if L is
Abelian and L = Lp.

5. If L is toral, then Fp(L) = 0.
6. If L is an Abelian Lie p-algebra, then xp

n ∈ Φp(L) implies xp
n−1 ∈ Φp(L)

for all n ≥ 2 and Φp(L) ⊆ Lp.
7. If L is nilpotent and L0 := {x ∈ L/xp

n
= 0, for all n ∈ N}, then

Lp0 + L(1) ⊆ Φp(L) = FpL) ⊂ Lp + L(1),

while if L is nil, then

Φp(L) = Fp(L) = Lp + L(1).

8. If L is solvable, then Φp(L) is a p-ideal of L and Φp(L) = Fp(L). (The
proof can be found in [3].)

If Fp(L) = 0, and S is a p-subalgebra of L, it is not sure that Fp(S) = 0.
However, we may state the following proposition

Proposition 2.3. If Fp(L) = 0 and L(1) is nilpotent, then: (i) for any p-
subalgebra S of L including the Abelian p-socle of L, Fp(S) = 0; (ii) for any
p-ideal I of L, Fp(L) = 0.
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Proof (i) Write L = I
.
+A. Then S = I

.
+ (A ∩ S) since I = Sp (L) ⊆ S.

Now A acts completely reducible on [A, I], and hence so does A∩S. It follows
that A∩S acts completely reducible on [A ∩ S, I]. Moreover, Z(S) is completely
reducible under the p-map, and we may conclude that Fp (S) = 0

(ii) It suffices to show this for maximal ideals. By (i) we may assume
that I1 ⊂ I, where Sp (L) = I1 ⊕ ... ⊕ In, with I1, ..., In-minimal Abelian p-
ideals. Then L = I + I1, since I is maximal, and I ∩ I1 = 0. Thus L = I ⊕ I1,
I ∼= L/I1 ∼= A

.
+(I2⊕...⊕In), andI1 ⊆ Z (L). Hence CA(I2⊕...⊕In) = CA(I)=0

and it is clear that all of the conditions hold , thus Fp (L) = 0. �
By applying the theory for toral Lie p-algebras and other Lie p-algebras, in

the future, we shall study thoroughly these properties for Lie p-algebras.
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Abstract A Turing-Hopf bifurcation is investigated in a neural model that consists in
a system of two integro-differential equations with three positive parameters.
The corresponding normal form is constructed and then the existence of a
stable spatio-temporal pattern in the system is proved. That pattern takes the
form of a traveling wave.
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1. INTRODUCTION
The model we are interested in was introduced by Hansel and Sompolinsky

[7] when studying feature selectivity in local cortical circuits. In that context,
the network of neurons was assumed to code for a sensory or movement scalar
feature x (for example the angle a bar is rotated in the subject receptor field, so
that x can be taken in the interval [−π

2 ,
π
2 ]). The local cortical network consists

of ensembles of neurons that respond (are tuned) to a particular feature of an
external stimulus, and so are called ’feature columns’, and that are intercon-
nected by recurrent synaptic connections. In other words, each neuron in the
network is selective, firing maximally when a feature (’preferred feature’ of the
neuron) with a particular value is present. The synaptic interactions between a
presynaptic neuron y from the β-population and a postsynaptic neuron x from
the α-population are denoted by a function Jαβ(x−y) = jαβ0 +jαβ2 cos(2(x−y)),
where α and β indices stand for E (excitatory) and/or I (inhibitory) popula-
tion of neurons, depending on the context. We take jαE0 ≥ jαE2 ≥ 0 for input
coming from the excitatory population, and jαE0 ≤ jαE2 ≤ 0 for input coming
from the inhibitory population.

Hansel and Sompolinsky collapsed both excitatory and inhibitory popula-
tions into a single equivalent population. In this case the synaptic connectivity
function J is defined as J(x−y) = j0 + j2 cos(2(x−y)) with no restrictions on
the sign of coefficients, and the rate model has a single rate variable m(x, t)
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that represents the activity of the population of neurons in the column x at
time t. Moreover, the population is assumed to display adaptation.

The resulting model [7] is⎧⎪⎪⎨⎪⎪⎩
τ0

∂m
∂t (x, t) = −m(x, t)

+F
(

1
π

∫ π
2

−π
2
J(x− y)m(y, t) dy + I0(x− x0) − Ia(x, t) − T

)
τa

∂Ia
∂t (x, t) = −Ia(x, t) + Jam(x, t) .

I0 stands for the synaptic currents from the external neurons, T is the neuronal
threshold, Ia is the adaptation current, τa > τ0 is its time constant, and Ja
measures the strength of adaptation.

An additional assumption for (1) is that the stable state of the network is
such that all the neurons are far from their saturation level, allowing the gain
function F to be in a semilinear form F (I) = I for I > 0, and zero otherwise.

In the next sections we investigate the Hopf bifurcation phenomenon in a
system based on the above Hansel and Sompolinsky model, a more general
nonlinear sigma-shaped gain function F being considered.

2. LINEAR STABILITY ANALYSIS IN A RATE
MODEL

2.1. MATHEMATICAL RATE MODEL
Under the assumptions considered in the previous section, the mathematical

model we will consider is

∂u

∂t
= −u(x, t) + F (αJ ∗ u (x, t) − g v(x, t)) ,

τ
∂v

∂t
= −v(x, t) + u(x, t), (2)

with x ∈ IR the one-dimensional spatial coordinate, and α, g and τ positive
parameters.

The variables u and v represent the neuronal activity and adaptation respec-
tively, τ and g correspond to the time constant and the strength of adaptation,
and α is a parameter that controls the strength of the synaptic coupling J .
J is a continuous and even function, J(−x) = J(x), ∀x ∈ IR, and absolutely

integrable on IR with limx→−∞ J(x) = limx→∞ J(x) = 0.
Then the operator J ∗ u is defined as

J ∗ u (x, t) =
∫ ∞

−∞
J(x− y)u(y, t) dy . (3)



Traveling wave patterns in a biological model 49

There is an operator associated to J , which is defined on the frequency space,
and that is

Ĵ(k) =
∫ ∞

−∞
J(x) eikx dx . (4)

For an infinite neural network the function J is typically defined as

J(x) =
1√
π

[
A

√
a e−ax

2 −B
√
b e−bx

2
]
, x ∈ IR (5)

where A ≥ B > 0, a > b > 0. Then Ĵ(k) = Ae−k2/4a −B e−k2/4b , k ∈ IR.
The firing rate F in (2) is a sigmoid function assumed to satisfy

F (0) = 0 , F ′(0) = 1 .

The first condition translates the steady state to the origin ū = 0, v̄ = 0.
The second condition brings additional simplifications to our calculations. A
typical expression for F is then F (u) = K

[
1

1+e−r(u−θ) − 1
1+erθ

]
with r and θ

positive parameters, and K = (1 + erθ)2 e−rθ/r, i.e.

F (u) =
1 + erθ

r
· 1 − e−ru

1 + e−r(u−θ)
. (6)

The condition F ′(0) = 1 is not essential. As long as F ′(0) is nonzero
and positive, the results proved in the following sections remain valid. To
see this, let us assume that F ′(0) = 1. Then, by the change of variables
unew = u/F ′(0), vnew = v/F ′(0), the change of parameters αnew = F ′(0)α,
gnew = F ′(0) g, and the change of function Fnew = F/F ′(0) we obtain a system
topologically equivalent to (2) where Fnew satisfies the constraints Fnew(0) = 0
and F

′
new(0) = 1.

2.2. ASSOCIATED LINEARIZED EQUATION
In the following we investigate the possible spatial and spatio-temporal pat-

terns that can occur in the neuronal system with adaptation (2), as a depen-
dence on the parameters α, g and τ .

Based on the hypotheses F (0) = 0, F ′(0) = 1, the expansion of (2) in linear
and higher order terms becomes

∂u

∂t
= −u+ (αJ ∗ u− gv) +

F ′′(0)
2

(αJ ∗ u− gv)2 +
F ′′′(0)

6
(αJ ∗ u− gv)3 + . . .

∂v

∂t
= (−v + u)/τ , (7)

and then the linear operator is

L0U =
∂

∂t
U −

(−1 + αJ ∗ (·) −g
1/τ −1/τ

)
U (8)
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where U = (u, v)T . We are looking for solutions of L0U = 0 that are bounded
and have the form ξ(t) eikx with k ∈ IR.

According to (3) and (4), the equation (8) can be written as[
dξ

dt
− L̂(k)ξ(t)

]
eikx = 0,

where

L̂(k) =
(−1 + αĴ(k) −g

1/τ −1/τ

)
. (9)

Since we work on an infinite domain and J is symmetric, this statement is
true for all values of k ∈ IR. Moreover, we have Ĵ(−k) = Ĵ(k).

The equation to be solved now is the ODE dξ
dt = L̂(k)ξ which has two inde-

pendent solutions ξ1k eλ1kt, ξ2k eλ2kt where ξ1,2 k are two-dimensional complex
vectors. Therefore the eigenfunctions of L0 have the form ξ1,2 k e

λ1,2 kt± ikx and
ξ1,2 k e

λ1,2 kt∓ ikx, where λ1,2 k are the eigenvalues defined by

λ1,2 k =
1
2

[
Tr(L̂(k)) ±

√
Tr(L̂(k))2 − 4 det(L̂(k))

]
.

If det(L̂(k)) > 0 and Tr(L̂(k)) < 0 for all k, i.e. α Ĵ(k) < g+1 and α Ĵ(k) <
1/τ + 1, then all eigenfunctions of L0 correspond to the stable manifold , and
they decay exponentially in time to zero. The trivial solution is asymptotically
stable.

Remark 2.1. The eigenvalues k represent a measure of the wave-like pattern
that can occur in the system. That is why k are called wavenumbers, or modes
of the system, and 2π/k are called wavelengths.

We consider k0 to be the most unstable mode, defined as

Ĵ(k0) = maxk≥0Ĵ(k) = maxk≥0

(∫ ∞

−∞
J(x) eikx dx

)
(10)

and assume that
k0 = 0 and Ĵ(k0) > 0 , (11)

Ĵ(k0) = Ĵ(k) ,∀k = ±k0 . (12)

There are only two ways the trivial solution can lose its stability: either
when the determinant, or the trace becomes zero. We notice that (10),
with additional conditions (11), (12), implies that Tr(L̂(k)) < Tr(L̂(k0)) and
det(L̂(k)) > det(L̂(k0)) for k = ±k0. Therefore k0 is the first eigenvalue where
the system may lose its stability, that is k0 is the most unstable mode of the
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system (2). For all k = ±k0 the eigenfunctions belong to the stable manifold.
On the other hand, the eigenfunctions with ±k0 wavenumber may form a basis
for the center manifold that becomes our point of interest.

The wavenumber k0 determines then the mechanism that generates the
emerged pattern. There are basically two possible cases. At α Ĵ(k0) = g + 1,
g < 1/τ the determinant becomes zero and a spatial pattern (steady state
SS) bifurcates. At α Ĵ(k0) = 1 + 1/τ , g > 1/τ the trace becomes zero and a
spatio-temporal pattern (traveling wave TW /standing wave SW) bifurcates.

That last case is the one we investigate in our paper.

3. HOPF BIFURCATION AND TRAVELING
WAVE SOLUTIONS

In the case of Tr(L̂(k0)) = 0 and det(L̂(k0)) > 0, at the most unstable mode
k0 defined by (10) with conditions (11), (12), the eigenvalues of the associated
ODE dξ

dt = L̂(k0)ξ are complex with zero real part. This happens when the
parameters of the system (2) satisfy

g > 1/τ and α∗ =
1 + 1/τ
Ĵ(k0)

. (13)

The matrix L̂(k0) has purely imaginary eigenvalues ±iω0 with corresponding
eigenvectors Φ0 and Φ0 such that

ω0 =
1
τ

√
gτ − 1 , (14)

L̂(k0)Φ0 = iω0Φ0 with Φ0 =
(
φ ,

φ

1 + i
√
gτ − 1

)T
. (15)

Based on the general theory [6], in the case of a pair of purely imaginary
eigenvalues that arises at the most unstable mode k0, the solution U of the
nonlinear system (2) can be approximated by

U(x, t) ≈ 2Re
[
z(t) Φ0 e

i(ω0t+k0x) + w(t) Φ0 e
i(ω0t−k0x)

]
, (16)

where z, w are time-dependent functions that satisfy the ODE system{
z′ = z(a+ bzz + cww) ,
w′ = w(a+ bww + czz) ,

(17)

called the normal form for the Turing-Hopf bifurcation in the time-and-space-
variable case, with a = a1 + ia2, b = b1 + ib2, c = c1 + ic2 complex coefficients.

This equation has a stable traveling wave solution TW if and only if a1 > 0,
b1 < 0 and c1 − b1 < 0 [6].
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The construction of the normal form uses a singular perturbation approach
with a proper scaling of the variables, parameters, and time with respect to ε,
the small pertubation quantity. The Fredholm alternative method is then used
to identify solutions for the functional equations obtained from the ε-power
series expansion.

In the case of a pair of purely imaginary eigenvalues, a good scaling for the
bifurcation parameter α and the solution U we are seeking, is

α− α∗ = ε2 γ , γ ∈ IR ,

U(x, t) = ε U0(x, t) + ε2 U1(x, t) + ε3 U2(x, t) + · · ·

= ε

(
u0

v0

)
+ ε2

(
u1

v1

)
+ ε3

(
u2

v2

)
+ · · · . (18)

The system (7) can be written in the equivalent form

L0U = (α− α∗) (J ∗ u , 0)T +B(U,U) + C(U,U,U) + . . . (19)

with B(U,U) =
(
F ′′(0)

2 (αJ ∗ u− gv)2 , 0
)T

and

C(U,U,U) =
(
F ′′′(0)

6 (αJ ∗ u− gv)3 , 0
)T

.

With the notation E = (1, 0)T , (18) and (19) imply

εL0U0 + ε2L0U1 + ε3L0U2 + O(ε4) = ε2E
F ′′(0)

2
[α∗ J ∗ u0 − gv0]2+

ε3E [ γ (J ∗ u0) + F ′′(0)[α∗ J ∗ u0 − gv0][α∗ J ∗ u1 − gv1]+

F ′′′(0)
6

[α∗ J ∗ u0 − gv0]3 ]+ O(ε4) . (20)

The main steps in the calculation of the norml form are the following:
The first equation to be solved is L0U0 = 0. The nullspace of L0 cor-

responding to the center manifold is four-dimensional and it has the basis
{ Φ0 e

i(ω0t±k0x),Φ0 e
−i(ω0t±k0x)} , therefore U0 can be written as

U0 = zΦ0 e
i(ω0t+k0x) + wΦ0 e

i(ω0t−k0x) + zΦ0 e
−i(ω0t+k0x) + wΦ0 e

−i(ω0t−k0x) .

Since in (20), L0U0 = O(ε), we have z and w as ε-dependent. By considering
z = z(ε2t) and w = w(ε2t) and expanding them as z = z(0) + z′(0)ε2t+ O(ε4)
and w = w(0) + w′(0)ε2t+ O(ε4) as ε → 0, we then obtain

U0 = [ z(0) Φ0 e
i(ω0t+k0x) + w(0) Φ0 e

i(ω0t−k0x) + z(0) Φ0 e
−i(ω0t+k0x)

+ w(0) Φ0 e
−i(ω0t−k0x) ]+ O(ε2) .
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The equation that defines U1 is

L0U1 =
{[
A2z(0)2 e2i(ω0t+k0x) +A2w(0)2 e2i(ω0t−k0x)

+2A2z(0)w(0) e2i ω0t + cc
]
+ 2AA

[
z(0)z(0) + w(0)w(0) + z(0)w(0) e2ik0x

+z(0)w(0) e−2ik0x
]} F ′′(0)

2
E ,

where cc denotes the complex conjugation of the previous expression, and

A = ΦT
0 · (1 + 1/τ , −g) = φ (1 + iω0) . (21)

Therefore U1 can be constructed as

U1 =
(
ξ1 z

2 e2i(ω0t+k0x) + ξ2w
2 e2i(ω0t−k0x) + ξ3 z w e

2iω0t

+ξ4 z w e2ik0x + cc
)

+ ξ5 z z + ξ6ww (22)

with ξi, i = 1, . . . , 6, vectors in IC2 that depend on g, τ , Ĵ(k0), Ĵ(0), Ĵ(2k0),
and F ′′(0). Then we obtain the equation for U2

L0U2 = Q(1)E −
(
z′(0) Φ0 e

i(ω0t+k0x) + w′(0) Φ0 e
i(ω0t−k0x) + cc

)
,

that provides the explicit normal form for the Hopf bifurcation{
z′(0) = z(0) ( ã+ b z(0)z(0) + cw(0)w(0) ) ,
w′(0) = w(0) ( ã+ bw(0)w(0) + c z(0)z(0) ) ,

(23)

where the time variable is ε2t, and ã = a/ε2, with a, b, c of order 1.
As a consequence we obtain the following result.

Theorem 3.1. Let us assume that the firing rate function F is such that
F (0) = 0, F ′(0) > 0, F ′′(0) = 0, F ′′′(0) < 0, and that the most unstable
mode k0 of the system (2) satisfies the conditions (11), (12) and at k0 a pair
of purely imaginary eigenvalues appears.

If g > 1/τ , in the neighborhood of the bifurcation value α∗ = 1+1/τ

Ĵ(k0)
, the

system (2) has the normal form (17) with a1 = Re(a) = 1
2

[
α Ĵ(k0) − (1 + 1

τ )
]
,

and b1 = Re(b), c1 = Re(c) satisfying the equations

b1 =
τ + 1
4τ

|A|2F ′′′(0) ,

c1 =
τ + 1
2τ

|A|2F ′′′(0) .
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Thus for α > α∗, α close to α∗, the system (2) possesses a stable traveling
wave solution.

Proof. First we notice that there exist sigmoid functions F that satisfy the the-
orem hypotheses. For example, if θ = 0, we have from (6), F (u) = 2

r tanh
(
ru
2

)
and so F (0) = 0, F ′(0) = 1, F ′′(0) = 0, F ′′′(0) = − r2

2 < 0.
The normal form (17) is obtained directly from (23) as a result of the scaling

ε z(0) ↔ z, εw(0) ↔ w, and ε2t ↔ t.
In this case b1 < 0, c1 = 2b1, and therefore c1 +b1 < 0 and c1 −b1 < 0. Both

standing and traveling waves bifurcate from the trivial solution at α = α∗, but
only the TW is stable.
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Abstract The results of the present paper continue the researches started in [2] and con-
cern the construction of Lie algebras of operators admitted by n-dimensional
(n = 3, 4, 5) affine differential factorsystems.

Consider the affine differential system

dxj

dt
= aj + ajαx

α (j, α = 1, n; n > 2), (1)

and the group of linear non-degenerate transformations GL(n,R)

yr = qrαx
α, det(qrα) = 0 (r, α = 1, n; n > 2) (2)

with real coefficients and variables. The complete convolution [1] takes place
in lower indices in (1) and (2). Following [2], in according to [1,3], the con-
travariants, mixed comitants and invariants for system (1) with respect to
group GL(n,R) are

R1 = aα1uα1 , R2 = aα1
α2
aα2uα1 , R3 = aα1

α3
aα2
α1
aα3uα2 , ...,

Rn = aα1
αn
aα2
α1
...aαn−1

αn−2
aαnuαn−1 , R = det

(
∂Si
∂xj

)
i,j=1,n

,

S1 = uαx
α, S2 = aα1

α2
xα2uα1 , S3 = aα1

α3
aα2
α1
xα3uα2 , ...,

Sn = aα1
αn
aα2
α1
...aαn−1

αn−2
xαnuαn−1 ,

T1 = aα1
α1
, T2 = aα1

α2
aα2
α1
, T3 = aα1

α3
aα2
α1
aα3
α2
, ..., Tn = aα1

αn
aα2
α1
...aαn

αn−1
, (3)

where the complete convolutions takes place in indices α1, α2, ..., αn. Ac-
cording to [3] we will call vectors x = (x1, x2, ..., xn) and u = (u1, u2, ..., un)
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contravariant and covariant, and as follows from (3) their inner product is a
comitant of system (1) with respect to group GL(2,R).

If R ≡ 0, from (1),(2), for n = 3, 4, 5, with the aid of centro-affine trans-
formation yr = Sr (r = 1, n), where R and Sr are given by (3), we obtain a
factorsystem [4]

dy1

dt
= R1 + y2,

dy2

dt
= R2 + y3, ...,

dyn−1

dt
= Rn−1 + yn,

dyn

dt
= Rn − Liy

i (i = 1, n). (4)

In the last equation the complete convolution takes place in i. In (4) the
absolute terms Ri are contravariants, and coefficients Li (i = 1, n) can be
expressed polynomially by invariants T1, T2, ..., Tn from (3), moreover, they
appear as coefficients in characteristic equation of matrix A = (ajα)j,α=1,n,
which can be written as |A− λE| = 0. For any n the last equality is

λn + Lnλ
n−1 + Ln−1λ

n−2 + ...+ L1 = 0.

Using (1)-(4) one can verify the following lemmas holds.
Lemma 1. For n = 3 and R = aαγa

β
pa

γ
quαuβurε

pqr ≡ 0 system (1) admits
factorsystem

dy1

dt
= R1 + y2,

dy2

dt
= R2 + y3,

dy3

dt
= R3 − L1y

1 − L2y
2 − L3y

3, (5)

where

L1 =
1
6
(
3T1T2 − 2T3 − T 3

1

)
, L2 =

1
2
(
T 2

1 − T2

)
, L3 = −T1, (6)

and R1, R2, R3, T1, T2, T3 are taken from (3).
Lemma 2. For n = 4 and R = aαpa

β
q a

γ
βa

δ
ra
μ
δ a

ν
μusuαuγuνε

pqrs ≡ 0 system
(1) admits factorsystem

dy1

dt
= R1+y2,

dy2

dt
= R2+y3,

dy3

dt
= R3+y4,

dy4

dt
= R4−L1y

1−L2y
2−L3y

3−L4y
4,

(7)
where

L1 =
1
24
(
8T1T3 − 6T4 − 6T 2

1 T2 + 3T 2
2 + T 4

1

)
, L2 =

1
6
(
3T1T2 − 2T3 − T 3

1

)
,

L3 =
1
2
(
T 2

1 − T2

)
, L4 = −T1, (8)

and R1, R2, R3, R4, T1, T2, T3, T4 are taken from (3).
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Lemma 3. For n = 5 and R = aαpa
β
q a

γ
βa

δ
ra
μ
δ a

ν
μa

φ
sa

ψ
φa

θ
ψa

σ
θutuαuγuνuσε

pqrst ≡
0 system (1) admits factorsystem

dy1

dt
= R1 + y2,

dy2

dt
= R2 + y3,

dy3

dt
= R3 + y4,

dy4

dt
= R4 + y5,

dy5

dt
= R5 − L1y

1 − L2y
2 − L3y

3 − L4y
4 − L5y

5, (9)

where

L1 = − 1
120

(
T 5

1 − 10T 3
1 T2 + 20T 2

1 T3 + 15T1T
2
2 − 30T1T4 − 20T2T3 + 24T5

)
,

L2 =
1
24
(
8T1T3 − 6T4 − 6T 2

1 T2 + 3T 2
2 + T 4

1

)
,

L3 =
1
6
(
3T1T2 − 2T3 − T 3

1

)
, L4 =

1
2
(
T 2

1 − T2

)
, L5 = −T1, (10)

and R1, R2, R3, R4, R5, T1, T2, T3, T4, T5 are taken from (3).
Remark 1. If in system (4) we have R2

1 + R2
2 + ... + R2

n ≡ 0 (n = 3, 4, 5)
and invariant L1 = 0, then with the aid of change of variables

z1 = y1− 1
L1

(Rn+
n∑
i=2

LiRi−1), z2 = y2+R1, z
3 = y3+R2, ..., z

n = yn+Rn−1

system (4) reduces to linear factorsystem

dz1

dt
= z2,

dz2

dt
= z3, ...,

dzn−1

dt
= zn,

dzn

dt
= −Lizi (i = 1, n), (11)

where the complete convolution takes place in i.
Following Remark 1 we underline that for system (4) it is important to inves-

tigate the corresponding linear system (5) admitting Lie algebras of operators
[5].

In accordance to [5], we will investigate system (11) admitting linear Lie
operator

Y = ξ1(z1, z2, ..., zn−1, zn)
∂

∂z1
+ ξ2(z1, z2, ..., zn−1, zn)

∂

∂z2
+ ...+

+ξn−1(z1, z2, ..., zn−1, zn)
∂

∂zn−1
+ ξn(z1, z2, ..., zn−1, zn)

∂

∂zn
, (n = 3, 4, 5)

(12)
where

ξ1 = A1,1z
1+...+A1,n−1z

n−1+A1,nz
n, ξ2 = A2,1z

1+...+A2,n−1z
n−1+A2,nz

n,
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. . .

ξn−1 = An−1,1z
1 +An−1,2z

2 + ...+An−1,n−1z
n−1 +An−1,nz

n,

ξn = An,1z
1 +An,2z

2 + ...+An,n−1z
n−1 +An,nz

n. (n = 3, 4, 5) (13)

Following [5] and taking into account (12)-(13), the equations defining the
Lie algebra of operators admitted by system (11) are

ξ1z1z
2 + ξ1z2z

3 + ...+ ξ1zn(−Lizi) = ξ2, ξ2z1z
2 + ξ2z2z

3 + ...+ ξ2zn(−Lizi) = ξ3,

. . .

ξn−1
z1

z2+ξn−1
z2

z3+...+ξn−1
zn (−Lizi) = ξn, ξnz1z

2+ξnz2z
3+...+ξnzn(−Lizi) = −ξiLi,

(i = 1, n) (n = 3, 4, 5), (14)

where the complete convolution takes place in i.
With the aid of (12)-(14) one can show that the following theorems hold.
Theorem 1. The Lie algebra of operators admitted by system (11) for

n = 3 and corresponding to system (5) is the two-dimensional commutative
algebra with operators

Y1 = z1 ∂

∂z1
+ z2 ∂

∂z2
+ z3 ∂

∂z3
,

Y2 = z3 ∂

∂z1
− (L1z

1 + L2z
2 + L3z

3
) ∂

∂z2
+

[
L1L3z

1 + (L2L3 − L1) z2 +
(
L2

3 − L2

)
z3
] ∂

∂z3
, (15)

where L1, L2, L3 are given in (6).
Theorem 2. The Lie algebra of operators admitted by system (11) for

n = 4 and corresponding to system (6) is the three-dimensional commutative
algebra with operators

Z1 = z1 ∂

∂z1
+ z2 ∂

∂z2
+ z3 ∂

∂z3
+ z4 ∂

∂z4
,

Z2 = z3 ∂

∂z1
+ z4 ∂

∂z2
− (L1z

1 + L2z
2 + L3z

3 + L4z
4
) ∂

∂z3
+

+
[
L1L4z

1 + (L2L4 − L1) z2 + (L3L4 − L2) z3 +
(
L2

4 − L3

)
z4
] ∂

∂z4
,

Z3 =
(
L2z

1 + L3z
2 + L4z

3 + z4
) ∂

∂z1
−L1z

1 ∂

∂z2
−L1z

2 ∂

∂z3
−L1z

3 ∂

∂z4
, (16)

where L1, L2, L3, L4 are taken from (8).
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Theorem 3. The Lie algebra of operators admitted by system (11) for
n = 5 and corresponding to system (9) is the four-dimensional commutative
algebra with operators

U1 = z1 ∂

∂z1
+ z2 ∂

∂z2
+ z3 ∂

∂z3
+ z4 ∂

∂z4
+ z5 ∂

∂z5
,

U2 = z3 ∂

∂z1
+ z4 ∂

∂z2
+ z5 ∂

∂z3
− (L1z

1 + L2z
2 + L3z

3 + L4z
4 − L5z

5
) ∂

∂z4
+

+
[
L1L5z

1+(L2L5 − L1) z2+(L3L5 − L2) z3+(L4L5 − L3) z4+
(
L2

5−L4

)
z5
] ∂

∂z5
,

U3 = z4 ∂

∂z1
+ z5 ∂

∂z2
− (L1z

1 + L2z
2 + L3z

3 + L4z
4 + L5x

5)
∂

∂z3
+

+[L1L5z
1+(L2L5−L1)z2+(L3L5−L2)z3+(L4L5−L3)z4+(L2

5−L4)z5]
∂

∂z4
+

+{L1(L4 − L2
5)z

1 + [L2(L4 − L2
5) + L1L5]z2 + [L3(L4 − L2

5) − L1 + L2L5]z3+

+[L4(L4 − L2
5) − L2 + L3L5]z4 + [L5(2L4 − L2

5) − L3]z5} ∂

∂z5
,

U4 = (L3z
2+L4z

3+z5)
∂

∂z1
−(L1z

1+L2z
2+L5z

5)
∂

∂z2
+[L1L5z

1+(L2L5−L1)z2+

+(L3L5 − L2)z3 + L4L5z
4 + L2

5z
5]
∂

∂z3
+ [−L1L

2
5z

1 + (L1 − L2L5)L5z
2+

+(L2L5 − L1 − L3L
2
5)z

3 + (L3L5 − L2 − L4L
2
5)z

4 + (L4 − L2
5)L5z

5]
∂

∂z4
+

+[(L1L
2
5−L1L4)L5z

1+(L2L
2
5−L2L4−L1L5)L5z

2+(L1−L3L4−L2L5+L3L
2
5)L5z

3+

+(L2L5−L1−L2
4L5−L3L

2
5+L4L

3
5)z

4+(L3L5−L2−2L4L
2
5+L4

5)z
5]
∂

∂z5
, (17)

where L1, L2, L3, L4, L5 are taken from (10).
Remark 2. Operators Y1 from (15), Z1 from (16), U1 from (17) are the

tension operators.
Remark 3. One can show the truth of the Theorems 1-3 by substituting the

coordinates of obtained operators in (14) for the corresponding factorsystem.
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APPROXIMATE STABILITY SURFACES IN A
CONVECTION PROBLEM FOR A MICROPOLAR
FLUID. NUMERICAL RESULTS FOR THE
HYDRODYNAMIC CASE

Ioana Dragomirescu
Dept. of Math.,Univ. ”Politehnica” Timisoara

Abstract In [2] the stability problem of thermal convection in a heat conducting microp-
olar fluid layer between rigid boundaries was treated theoretically using direct
and variational methods. In this paper, for the same problem, we investigate
the approximate numerical values of the Rayleigh number in the hydrodynamic
case for different values of the physical parameters.

Keywords: stability, micropolar fluid, thermal convection, Rayleigh number

2000 MSC: 65L15,34K20,34K28 Introduction. We present a numerical
study of the onset of thermal convection in a heat conducting micropolar fluid
layer between two rigid boundaries. This particular problem of stability was
solved theoretically in [2] using two direct and variational methods. We recall
that these methods are based on the fact that the space L2(a, b) is a separable
Hilbert space [5].

As it was stated in [2], assuming that the exchange of stability principle
holds [9], the linear stability against normal mode perturbations is governed
by the two-point problem⎧⎪⎪⎨⎪⎪⎩

(1 +R)
[
(D2 − a2)2 −QD2

]
W +R(D2 − a2)Z −Ra · a2Θ = 0,[

A(D2 − a2) − 2R
]
Z −R(D2 − a2)W = 0,

(D2 − a2)Θ +W − δZ = 0,

(1)

W = DW = Z = Θ = 0 at z = ±0.5. (2)

The micropolar parameters are R =
k

μ
, A =

γ

μd2
, δ =

δ

�0cvd2
, Q is the

intensity of the magnetic field, Ra stands for the Rayleigh number and a > 0
is the wave number. The numbers μ, k, α, β, γ and δ are material constants.
The functions W , Θ, Z : [−0.5, 0.5] → R characterize the amplitude of the
perturbation of the vertical component of the velocity, temperature and the
vertical component of the spin vorticity, respectively.
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One of the methods used in [2] is the Budiansky-DiPrima method, based
on the expansion of the unknown functions upon total sets of functions which
do not satisfy all boundary conditions of the problem.

Each of the unknown functions from (1) can be written as a sum of an
odd function and an even function. In this way the problem splits into a
problem with even functions and one problem with odd functions. Let us con-
sider here the even part of the problem. In this case, the unknown functions
W,Θ, Z are even functions, so we expand them upon the total set {E2n−1}n∈N,
E2n−1(z) =

√
2 cos(2n− 1)πz, n ∈ N, namely

W =
∞∑
n=1

W2n−1E2n−1(z), Z =
∞∑
n=1

Z2n−1E2n−1(z),Θ =
∞∑
n=1

Θ2n−1E2n−1(z).(3)

The condition DW = 0 at z = ±0.5 is not satisfied such that it introduces a
constraint for the problem (1)-(2).

The expressions of the derivatives occuring in (1) are obtained by the back-
ward integration technique [5]. Substitute these expressions in (1), impose the
condition that the obtained equations be orthogonal to E2m−1, m = 1, 2, ... to
get the system⎧⎪⎪⎨⎪⎪⎩

(1 +R)[A2
n +Q(2n− 1)2π2]W2n−1 −RAnZ2n−1 −Ra · a2Θ2n−1 =

= 2
√

2(−1)n(1 +R)(2n− 1)πα

RAnW2n−1 − (AAn + 2R)Z2n−1 = 0,W2n−1 − δZ2n−1 −AnΘ2n−1 = 0,
(4)

with the constraint
∞∑
n=1

(−1)n
√

2(2n− 1)πW2n−1 = 0, (5)

where An = (2n− 1)2π2 + a2.
The secular equation is obtained by solving the system (4) and replacing

the obtained expression for W2n−1 in (5). Numerical results. The numerical
study is done only for the hydrodynamic case, i.e. Q = 0. In this two cases
( Q = 0, δ = 0), ( Q = 0, δ = 0) we perform numerical computations and
we obtain approximate values of the Rayleigh number for various values of
the physical parameters. Also the neutral cureves and surfaces are drawn in
various parameter spaces.

Case Q = 0, δ = 0. In this case the secular equation has the form
∞�

n=1

(2n − 1)2AnDn

A3
n

�
Dn(1 + R) − R2

�
− Ra · a2Dn

= 0. (6)

Since this series is convergent, performing numerical evaluations for (6) we
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obtained values for the Rayleigh number. For different values of the micropolar
parameters R, A and of the wave number a some of them are presented in Table
1. The results show that as R increases, the value of the Rayleigh number
increases rapidly. Also, the growth of the wave number a implies a steep
growth of the Rayleigh number. When the parameter A modify, the changes
in the values of the Rayleigh number are not significant. From the numerical
results it seems that the biggest influence on the values of the Rayleigh number
has the parameter R.

A R a Ra

0.001 0.001 3.117 1850.624086

0.001 0.5 3.117 2302.200180

0.001 0.5 5.00 3213.376953

0.001 1.00 5.00 3860.174964

0.002 1.00 5.00 3911.264998

0.001 2.00 6.70 9015.560744

0.001 2.00 14.00 93743.02414

0.001 2.00 9.50 24618.15747

0.001 4.00 9.50 36480.43048

0.001 6.00 9.50 48513.80933

0.001 8.00 9.50 60537.15202

Table1 : Approximate Rayleigh number

for Q = 0, δ = 0.

When the micropolar parameters R and A are very small (close to zero),
we found the classical case treated by Chandrasekar [1] (fig.1). The neutral
curve is also similar to the one in [1].

Fig.1 : The approximate Rayleigh number at which instability sets in

for Q = 0, δ = 0, A = 0.001.
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Fig.2 : The approximate neutral surface in the space (R, a, Ra)
for small values of the parameters R and A.

Case Q = 0, δ = 0. If the intensity of the magnetic field is zero, but the
micropolar parameter δ = 0, the secular equation has the form

∞�
n=1

(2n − 1)2AnDn

A3
n

�
Dn(1 + R) − R2

�
+ Ra · a2(δRAn − Dn)

= 0. (7)

This series is also convergent.
To verify the obtained numerical values, we selected, at the beginning, the

same values for the micropolar parameters and for the wave number as in [11].
The differences between the two numerical evaluations are found to be small.
In carrying out the numerical computations, we have taken more values for
the parameters than in [11], so that we noticed the different influences that
the parameters have on the Rayleigh number.

A R δ a Ra

0.001 2 0.1 6.90 −5204.902

0.001 4 0.1 6.80 −7723.6289

0.001 6 0.1 6.85 −10259.840

0.001 8 0.1 6.85 −12785.852

0.001 2 0.05 9.00 −16641.5305

0.001 2 0.02 14.00 −97263.438

0.005 2 0.1 6.75 −5863.3438

0.01 2 0.1 6.70 −6723.4570

0.05 2 0.1 6.70 −17143.020

a) Critical values of Raobtained in [8].
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A R δ a Ra

0.001 2 0.1 6.90 −5218.031767

0.001 4 0.1 6.80 −7778.615586

0.001 6 0.1 6.85 −10271.62894

0.001 8 0.1 6.85 −12836.01081

0.001 2 0.05 9.00 −16674.77845

0.001 2 0.02 14.00 −97384.66469

0.005 2 0.1 6.75 −5909.801271

0.01 2 0.1 6.70 −6763.317816

0.05 2 0.1 6.70 −17344.22361

0.01 2 0.05 6.70 −44526.37592

0.05 2 0.05 6.70 59310.64812

0.05 4 0.05 6.70 −870390.2727

b) Critical values of Raobtained by us.

Table 2: Critical values of the Rayleigh number in the case Q = 0, δ �= 0.

a) A = 0.001, δ = 0.05 b) A = 0.001, δ = 0.01

Fig.3 : The approximate neutral curve in the parameter space (a, Ra)

in the case Q = 0, δ �= 0.

Conclusions. In this paper we approximates the values for the Rayleigh num-
ber on the neutral surface. The evaluations showed that when the micropolar
parameter δ is not null, the viscosity parameter has a stabilizing influence on
the flow. When A and δ increases, large values of the wave number seems to
have a stabilizing effect on the fluid.

When δ = 0, we can also treat the problem using the variational Budiansky-
DiPrima method [2]. In this case, the operator is selfadjoint, so the evaluations
are simplified since the number of derivatives is half of the derivatives occuring
when we use the direct Budiansky-DiPrima method. The secular equation
obtained in this case is the same. The direct Budiansky-DiPrima method was
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chosen to perform the numerical evaluations for the Rayleigh number so that
we avoid very difficult numerical evaluations.

a) A = 0.001, δ = 0.05 A = 0.001, δ = 0.001

Fig.4 : The approximate neutral surface in the parameters space(a, R, Ra)

in the case Q = 0, δ �= 0.
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Abstract The main steps (Section 1), advantages and drawbacks (Section 3) of the direct
method are discussed. A few tricks leading to easier computations and some
open problems are revealed too (Section 3). The secular manifolds, the charac-
teristic manifolds and their bifurcation sets, called the false neutral manifolds,
are described (Section 2). The survey of the existing results obtained by ap-
plying the direct method to a particular Couette flow and a few new results
are presented (Section 4).
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1. THE DIRECT METHOD BASED ON THE
CHARACTERISTIC EQUATION

After more than hundred years of its existence, the linear theory of hy-
drodynamic and hydromagnetic stability is still of interest mainly due to two
facts: this theory provides the necessary conditions for instability and it is
much simpler than the non linear theory.

The eigenvalue problems governing the linear stability of certain fluid flows,
and consisting in two points problems for systems of ordinary differential equa-
tions (ode’s) with constant coefficients, were solved by the direct method and
four methods based on Fourier series. Here we deal with the simplest direct
method based on the characteristic equation. We point out its main steps,
the advantage over other methods, and the main tricks used to simplify the
computations.

The eigenvalue problems we deal with are either of the form of an ode

n∑
k=0

an−kDku = 0, x ∈ (−0.5, 0.5) (1)

67
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and n homogeneous boundary conditions

Bru = 0, r = 1, n, at x = ±0.5 (2)

where D = d
dx , u : [−0.5, 0.5] → R, u ∈ C∞[−0.5, 0.5] is the unknown function

and the constant coefficients ai depend on m physical parameters R1,m, or of
the form of a system of ode’s

AU = 0, x ∈ (−0.5, 0.5) (3)

and the boundary conditions

BrUi = 0, r = 1, n, i = 1, s at x = ±0.5 (4)

where A is a s × s differential matrix the entries of which are polynomials,
with constant coefficients depending on R1,m, in the derivative D. The order
of this system is n.

By an eigenvalue of the problem (1), (2) or (3), (4) we understand one
value of the chosen parameter, say R1, to which nontrivial solutions (called
eigenvectors or eigenfunctions) u of the problem correspond, each eigenvalue
is a root of the secular equation, obtained by replacing the general solution of
(1) into (2) or (3) into (4). In this way the eigenvalue depends on all other
parameters. Therefore, the secular equation defines some manifolds. The most
convenient (physically) secular manifold is called the neutral manifold (NM).
In Rm it separates the domain of linear and nonlinear stability. Consequently,
first our aim is to determine the secular equation.

First, consider the problem (1), (2). In order to determine the general
solution of (1) we formally look for it in the form u = eλx and replace this in
(1) to obtain the characteristic equation

f(λ) = 0, (5)

where f(λ) is a n degree polynomial in λ, the coefficients of which depend on
R1,m. Up to a null measure set, for the points (R1,, · · · ,Rm) ∈ Rm the roots
of (5) are multiple. Denote by

g(R1,, · · · ,Rm) = 0, (6)

the equations defining some manifolds the points of which correspond to mul-
tiple roots of (5). These manifolds are referred to as false neutral manifolds
(FNM) and they have various topological dimensions smaller than m.

Let λ1,··· ,p be the roots of (5) and let mj , j = 1, · · · , p be their multiplicity,
such that

∑p
j=1mj = n. These multiplicities are deduced by taking into

account the Viète relations and the fact that most physical parameters are real
and positive. Corresponding to λ1,··· ,p, a basis for the vector space consisting
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of the nontrivial solutions of (1) is eλ1x, xeλ1x, · · · , xm1−1eλ1x, eλ2x, xeλ2x,
· · · , xm2−2eλ2x, · · · , eλpx, xeλpx, · · · , xmp−1eλpx. Thus, in the case of the
multiple roots of (5), the general solution of (1) reads

u(x) =
p∑
j=1

mj−1∑
k=0

A
(j)
k xkeλjx; (7)

in the case of the simple roots of (5), i. e. m1 = · · · = mp = 1, p = n, it is

u(x) =
n∑
i=1

Aie
λix. (8)

Introducing (8) and (7) into (2) we obtain the secular equation

F ∗(R1,, · · · ,Rm) = 0, (9)

for the case of multiple roots of (5), and

F (R1,, · · · ,Rm) = 0, (10)

for the case of simple roots of (5).

2. CHARACTERISTIC MANIFOLDS AND THEIR
BIFURCATION SETS. SECULAR AND
NEUTRAL MANIFOLDS

Involving only sinh(λi/2) and cosh(λi/2), i = 1, · · · , p, and powers of λi,
in general, the secular equation is trascendent. It yields the dependence of R1

on R2, · · · ,Rm. This represents the end of the method.
The equation (10) defines a (secular) manifold in the m-dimensional space

of parameters. This manifold can have an infinity of sheets. From the physical
point of view, the most convenient sheet is just the neutral manifold.

In (10) F is a determinant the columns of which have the same form in λi, i
corresponding to the i-th column. Formally, (10) is satisfied on FNM because
for each point of (6) at least two roots λi and λj coincide, and, therefore,
the columns i and j of (10) are identical. Thus, formally, every FNM is
a secular manifold. In fact, this is not true because (10) is not defined on
FNM and, therefore, (10) is not entitled to serve as a secular equation for the
points of FNM. Concrete examples [6] show that FNM could be physically
more convenient ( if it would be a secular manifold) than the true neutral
manifold given by (10). Whence the name of false bearing by the manifolds
defined by (6). In these cases the direct numerical computations are invalid.
In other examples, parts of FNM proved to be limits of the secular manifolds
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of (10), or even of the neutral manifolds defined by (10). This is the reason
why, apart from (10) we must solve all secular equations (9), corresponding to
all multiplicities mj and, so, to all manifolds (6). It is only in this way that
we can deduce which points of Rm are secular points, indeed. Formally, the
secular equations (9) are deduced from (10), namely writing the column j for
λj while the column j + k k = 1, · · · ,mj − 1 are obtained by differentiating
k times the j + k-th column of (10) with respect to λj+k and then replacing
λj+k by λj .

The equations (9) are valid only on the manifold (6). Consequently, if
some manifold defined by (6) is q dimensional, then the secular manifold of
(9), when it exists, is q − 1 dimensional. In this way, the secular manifolds
are: those of dimension m − 1 (corresponding to (10) ) and those of smaller
dimension (corresponding to (9) and situated on the manifolds (6)). Thus
the complicated problem concerning the relative position, intersection and
geometric structure of these manifolds arises [11].

Only seldom the roots of the secular equations (9) exist.
The false neutral manifolds defined by (6) are bifurcation sets for the char-

acteristic manifold (10), the dimension of which is m + 1 if λ1,··· ,n ∈ R and
m+ 2 if some λi ∈ C. Some among the FNM consist of bifurcarion points for
some other FNM or are the bifurcation sets of these ones. We recall that the
bifurcation set B of a manifold M is the projection on the parameter space of
the set BM of the bifurcation points of M , corresponding to the points where
at least two sheets of M coalesce. Hence B is the set of bifurcation values
corresponding to BM .

3. ADVANTAGE AND DRAWBACKS OF THE
DIRECT METHOD AND TRICKS TO ITS
EASIER APPLICATION. OPEN PROBLEMS

Among the advantages of the direct method we quote :1) the very simple
general form (7) of the solution of (1) and the corresponding secular equations
have only a finite number of terms, therefore these solutions are exact. The
method based on Fourier and asymptotic series involve an infinite number of
terms of the solution representation and of the secular equations. Therefore,
they are approximate, even if they are called exact; 2) among all methods
we know, it is the only one which provides the false secular points. It shows
how dangerous is to apply numerical methods without a theoretical support;
3) this method is the simplest among all methods used for problems (1), (2);
4) the direct method applies irrespective the form of the boundary conditions.
In the case of the problem (3), (4) the coefficients of various functions are
related, such that the boundary conditions can be easily written for a single
component of the solution U, which in other methods generally is impossible
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[12]; 5) in the direct method, in order to get a simpler form of the secular
equation, the columns of F in (10) are divided by cosh(λi/2). If λi are purely
imaginary, then this division is forbidden but the condition cosh(λi/2) = 0
yields secular points valid for every boundary conditions. This is a striking
property with basic implications in applications.

When applying the Fourier series based methods the expressions of coeffi-
cients have as denominator just the expression f(λ) from (5). Therefore they
ceased to be valid for λ = λi and, so, the direct method must be applied in
order to complete this study.

Often, instead of the given problem (1), (2) or (3), (4), the problems for
the even and odd part of the solution are solved. In spite of the fact that the
trascendent secular equation has a finite number of terms containing the pow-
ers of λi and hyperbolic sine and cosine of λi/2, the solution of this equation is
pratically impossible to obtain. In the same way, for higher-order ode’s of the
governing eigenvalue problems no closed-form solutions of the characteristic
equation (5) are known. This is why, in carring out numerical computations,
the equations (5) and (10) or (5) and (9) must be solved simultaneously [1].

In the case of ode’s containing only even-order derivatives, a suitable change
of variables, e. g. μ = λ2 − a2, leads to a characteristic equation the degree of
which is half of the initial degree. For the equation in the closed-form solution
is immediate.

The direct method was applied in hydrodynamic stability theory only by
us and our collaborators starting with the year 1977. Apart from very simple
situations, a systematical theoretical investigation of the bifurcation of the
involved manifolds is a difficult open problem. This is the case especially
when more than three parameters occur. This was also remarked by Collatz
in [11]. It is also in these cases that the determination of the multiplicity
of the characteristic roots is another open problem. The separate numerical
solution of the characteristic equation and of the secular equations require
numerical methods specific to bifurcation theory. Therefore, we can avoid this
by numerically solving both these equations simultaneously [1].

4. APPLICATION OF THE DIRECT METHOD
TO THE CASE OF A PARTICULAR COUETTE
FLOW

Consider the Couette flow of a fluid situated between two rotating coaxial
cylinders situated at a very small distance. The fluid is electrically conducting
and subject to an axial magnetic field. The eigenvalue problem governing the
linear stability of this flow against normal mode perturbation reads [6]

{
(D2 − a2)2 +Qa2

}2
v = −Ta2(D2 − a2)v, −0.5 < z < 0.5 (1′)
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Dv = (D2 −a2)v =
{

(D2 −a2)2 +Qa2
}
v = D

{
(D2 −a2)2 +Qa2

}
v = 0, (2′)

where T , Q > 0 are the dimensionless Taylor and Chandrasekhar numbers
respectively, a is the positive wavenumber, z is the vertical coordinate, D = d

dz
and v is the unknown stream function. The associated characteristic equation
is

(λ2 − a2)4 + 2Qa2(λ2 − a2)2 + Ta2(λ2 − a2) +Q2a4 = 0. (5′)

With the notation μ = λ2 − a2 it becomes

μ4 + 2Qa2μ2 + Ta2μ+Q2a4 = 0. (5′′)

Introduce the surfaces

C : T = T ∗ ≡ 16aQ
√
Q/(3

√
3), (6′1)

C1 : T = T ∗∗ ≡ (Q2 + a2)2, (6′2)

and denote by C∗ their intersection, i. e.

C∗ : Q = 3a2, T = 16a4. (6′3)

The projection of C∗ on the plane (a,Q) is

C∗
∗ : Q = 3a2. (6′4)

Consider a,Q, T > 0. Then, for (a,Q, T ) ∈ R3 \ (C ∪ C1), (5′) has eight mu-
tually disjoint roots λ1,··· ,8 and (5′′) has four mutually distinct roots μ1,···4, re-
lated to λ1,··· ,8 by the relations: λ1,5 = ±

√
μ1 + a2, λ2,6 = ±

√
μ2 + a2, λ3,7 =

±
√
μ3 + a2, λ4,8 = ±

√
μ4 + a2, for μi > −a2; λ1,5 = ±

√
μ1 + a2, λ2,6 =

λ1,5, λ3,7 = ±
√
μ1 + a2, λ4,8 = λ3,7 for μi ∈ C or μi < −a2. Since it is much

easier to study (5′′) than (5′), let us relate the multiplicities of the roots of
these two characteristic equations. Thus, μ1 = μ2 implies either λ1 = λ2 > 0,
λ5 = λ6 if μ1 = μ2 ∈ R, or λ1 = λ2 = 0 if μ1 = μ2 = −a2, or λ1 is purely
imaginary and λ1 = −λ2, λ5 = −λ6, if μ1,2 < −a2. Therefore, almost ev-
erywhere in R3, more exactly for (a, b,Q) ∈ R3 \ (C ∪ C1), (5′′) and (5′)
have mutually distinct roots; for (a, b,Q) ∈ C \ C∗, (5′′) has two equal real
roots μ1 = μ2 = −a2 and (5′) has two pairs of equal and nontrivial roots
λ1 = λ2, λ5 = λ6; for (a, b,Q) ∈ C∗, (5′′) has two roots equal to −a2, i. e.
μ1 = μ2 = −a2 and (5′) has four trivial roots λ1 = λ2 = λ5 = λ6 = 0; for
(a, b,Q) ∈ C1 \ C∗, (5′′) has one root equal to −a2 and the others different, i.
e. μ1 = −a2 μ2, μ3, μ4 = −a2. In this case λ1 = λ5 = 0, all other roots of (5′)
are nonvanishing and mutually disjoint [2],[4].

In the space (μ, a,Q, T ) the characteristic manifold defined by (5′′) has four
sheets which coalesce along the surface μ1 = μ2 = −a√Q/3, T = T ∗. In the
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space (λ, a,Q, T ) the characteristic manifold defined by (5′) has eight sheets,
two of them coalescing along the surface λ1 = λ5 = 0, T = T ∗∗, Q = 3a2;two

pairs of them coalescing along the surfaces λ1 = λ2 =
√
a2 − a

√
Q/3, T = T ∗,

Q = 3a2 and λ5 = λ6 = −
√
a2 − a

√
Q/3, T = T ∗, Q = 3a2; four of them

coalesce along the curve λ1 = λ2 = λ5 = λ6 = 0, T = 16a4, Q = 3a2. These
results suggested us the following

Theorem 1. The surface C is a bifurcation set for the characteristic man-
ifolds (5′) and (5′′), the surface C1 for (5′) but not for (5′′), C∗ for (5′) C∗∗ for
(5′) taken on C. In addition, C∗∗ is the bifurcation set for C ∪ C1.

Proof. If the characteristic manifold defined by (5′) has bifurcation points,
then the equation (5′) has multiple roots. For the case of a double root, this
root satisfies the equation (5′) and the equation obtained by differentiating
(5′) with respect to λ, i. e.

2λ[4(λ2 − a2)3 + 4Qa2(λ2 − a2) + Ta2] = 0. (5′)1

If λ = 0 is the double root, (5′) implies T = T ∗∗, henceC1 is the bifurcation
set for (5′). If the double root is one of the roots of (5′) and the equation

4(λ2 − a2)3 + 4Qa2(λ2 − a2) + Ta2 = 0, (5′)2

then, by the Euler algorithm, it follows that the double root can be either
λ =

√
a2 − 4aQ

3
√
T

or λ = −
√
a2 − 4aQ

3
√
T
, both leading to T = T ∗. Whence C is

the bifurcation set for (5′).
If the characteristic manifold defined by (5′′) has bifurcation points, then

the equation (5′′) has multiple roots. For the case of a double root, this root
satisfies the equation (5′′) and the equation obtained by differentiating (5′′)
with respect to μ, i. e.

4μ3 + 4Qa2μ+ Ta2 = 0. (5′′)1

Then, by the Euler algorithm, it follows that the double root is μ = −16
9
Q2a2

T ,
which introduced into (5′′) or (5′′)1 leads to T = T ∗. Hence C is the single
bifurcation set for (5′′).

As expected, C1 is not a bifurcation set for (5′′) because for the points of
C1 the equation (5′′) has mutually disjoint roots, one of which being equal to
−a2 and leading to two equal solutions of (5′).

Assume that (5′) has a multiple root of multiplicity equal to 4. Then it
must satisfy (5′), (5′)1 and

4(λ2 − a2)3 + 4Qa2(λ2 − a2) + Ta2 + 2λ2[12(λ2 − a2)2 + 4Qa2] = 0, (5′)3

λ[12(λ2 − a2)2 + 4Qa2] + 16λ3(λ2 − a2) = 0. (5′)4
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Since the multiple root satisfies (5′)2, from (5′)3 it follows that it must satisfy
the equation 12(λ2 − a2)2 + 4Qa2 = 0 and from (5′)4 it follows that it satisfies
the equation 16λ3(λ2 − a2) = 0. Supposing that this root is nontrivial, it
follows that it can be either λ1 = a or λ2 = −a. In both these cases from
12(λ2 − a2)2 + 4Qa2 = 0 we have Qa2 = 0, which contradicts the assumption
a,Q, T > 0. Therefore the single root of (5′) which can have multiplicity equal
to four is λ1 = 0 for which from (5′)3 it follows −4a6 − 4Qa4 + Ta2 = 0, while
from (5′) we have a8 + 2Qa6 − Ta4 + Q2a4 = 0. These two relations imply
Q = 3a2, T = 16a4, hence C∗ is a bifurcation set for (5′) (of a type different
from those of C \ C∗ and C1 \ C∗).

For (5′′), C∗ is just part of the bifurcation set.
The surface C∪C1 has two sheets but for C∗, where the two sheets coalesce.

The projection of C∗ on the (a,Q) plane is C∗∗ , therefore C∗∗ is the bifurcation
set for C ∪ C1. This can be seen also considering the equation

[T − 16aQ
√
Q/(3

√
3)][T − (Q+ a2)2] = 0, (5′)5

which defines C ∪ C1 and which possesses a double root for Q = 3a2.
C∗∗ is a bifurcation set for (5′) taken on C, i. e. for

(λ2 − a2)4 + 2Qa2(λ2 − a2)2 + 16a3Q
√
Q/(3

√
3)(λ2 − a2) +Q2a4 = 0, (5′)1

because differentiating this equation with respect to λ and imposing to the
solution λ = 0 of the obtained equation to satisfy (5′)1 we obtain Q = 3a2

defining C∗∗ . Whence, Theorem 1. The detailed geometrical structure of the
characteristic manifolds and bifurcation manifolds is given in [4], [3].

The secular equations must be written separately for each of the bifurcation
sets, because for each of them the form of the general solution of (1′) (2′) is
different. We write them only for an even function v [2] (physical reasons
show that odd v is not realistic). We have the following types of general even
solution for (1′), (2′) corresponding to various multiplicities of λi

v(z) =
4∑
i=1

Aicosh(λiz), for (a,Q, T ) ∈ R3 \ (C ∪ C1) (8′)

v(z) = A1cosh(λ1z)+B2zsinh(λ1z)+
3∑
i=1

Aicosh(λiz), for (a,Q, T ) ∈ C\C∗

(7′)1

v(z) = A1 +
4∑
i=2

Aicosh(λiz), for (a,Q, T ) ∈ C1 \ C∗ (7′)2

v(z) = A1 +A2z
2 +

3∑
i=1

Aicosh(λiz), for (a,Q, T ) ∈ C∗ (7′)3
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Since (7′)2 can be, simply, obtained from (8′) for λ1 = 0, we consider it
no longer. In this case no secular points exist [4] and, so, the entire surface
C1 \ C∗ is a false secular manifold indeed.

The secular equation corresponding to (8′) reads∣∣∣∣∣∣∣∣
λ1sinh

λ1
2 · · ·

μ1cosh
λ1
2 · · ·

(μ2
1 +Qa2)coshλ1

2 · · ·
λ1(μ2

1 +Qa2)sinhλ1
2 · · ·

∣∣∣∣∣∣∣∣ = 0, for (a,Q, T ) ∈ R3 \ (C ∪ C1). (10′)

The i−th lacking columns in (10′) is identical to the first column but with λ1

and μ1 replaced by λi and μi.
Formally, in the secular equation for (a,Q, T ) ∈ C \ C∗ the first, third

and columns are identical with those from (10′) while the second column is
obtained by differentiating the second column in (10′) with respect to λ2 and
then replacing λ2 by λ1. Similarly, in the secular equation for (a,Q, T ) ∈ C∗,
the second column is obtained by differentiating twice the second column in
(10′) and then replacing λ2 by λ1 [2], [4], the remaining columns being identical
with those from (10′).

For an easier solution of the secular equations the notation ti = λitanh(λi/2)
is introduced. As a consequence, the new form of the secular equations will
contain the product of cosh(λi/2), i = 1 · · · 4. If some of λi are purely imagi-
nary then the corresponding cosh(λi/2) vanish, the equality

∏4
i=1 cosh(λi/2) =

0 representing additional secular equations which do not depend on the bound-
ary conditions. For the points of C∗, in [4] it was shown that the corresponding
secular equation (in the old form ) has no solution, therefore no secular points
belong to C∗. Moreover, since in this case λ1 = λ2 = λ5 = λ6 = 0 and
λ3,4,7,8 are complex not purely imaginary, we have neither additional secu-
lar points. For the points of C \ C∗ we have μ1 = μ2 = −a√Q/3, hence

λ1,2 =
√
a2 − a

√
Q/3 = −λ5,6. Consequently, taking into account that C \C∗

is a FNM indeed, we have

Theorem 2. No point of C1 is secular. For (a,Q, T ) ∈ C \C∗, a <
√
Q/3,

there exists the additional secular equation cos
√
a
√

(Q/3) − a2 = 0, which are
independent of the boundary conditions (2′).

In the last case the secular curves are Q = 3[a + (2k + 1)2π2/(4a)]2, T =
16a[a+ (2k + 1)2π2/(4a)]3, k ∈ N, and they are situated on C \ C∗.

There are a lot of theoretical open problems for (1′) and (2′). The first is the
existence of solutions of (10′) and of the secular equation for points of C \C∗.
However, computations show that there exist infinitely many secular surfaces
(sheets) defined by (10′) and an infinity of spatial curves situated on C \ C∗
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which consist of secular points. No secular points exist on C1, but additional
secular curves (Theorem 2) exist on C. Thus, even for the very simple case of
(1′), (2′), the geometry of the set of the secular points is complicated, this set
consisting of surfaces and curves separated by C1 and by C∗. A heuristical
reasoning [4] shows that these curves (all of them belonging to C \ C∗ ) are
limits for the secular surfaces of (10′) . A few numerical results [4] suggest
Conjecture. The curve T = T ∗, Q = const and the surface C \ C∗, except
for the secular curves situated on C \ C∗ are false secular manifolds. When
they exist, the secular curves situated on C \ C∗ are limit sets of the secular
surfaces defined by (10′) and have some extremality properties.
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CONTINUOUS DYNAMICAL SYSTEM
ASSOCIATED WITH COMPETING SPECIES

Raluca-Mihaela Georgescu
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gemiral@yahoo.com

Abstract A mathematical model associated with two competing species is analyzed. Dy-
namics and bifurcation results for this model, existing in the literature or ob-
tained by us, are presented too.

1. THE MODEL OF TWO COMPETING SPECIES
Two similar species of animals compete with each other in an environment

where their common food supply is limited. The system of ordinary differential
equations (SODE) associated with the model who represents two species being
in competition is �

ẋ = r1x(1 − x/K1 − p12y/K1),
ẏ = r2y(1 − y/K2 − p21x/K2),

(1)

where x, y represent the two species, r1, r2 - the growth rates of these species,
K1,K2 -the carryings capacity of every species, p12 > 0 - the action of the
second population and p21 > 0 - the action of the first population. In this study
we consider r1, r2,K1 and K2 as fixed, such that in (1) only two parameters
occur: p12 and p21.

Due to physical reasons, the phase space must be the first quadrant (without
axes of coordinates). However, for mathematical reasons we consider also these
half-axes.

2. THE EQUILIBRIUM POINTS
The two populations are at an equilibrium point when they coexist without

affecting one other. The system (1) has the following equilibrium points:
- (0,0) (both species become extinct);
- (K1, 0) (species x survives and species y becomes extinct);
- (0,K2) (species y survives and species x becomes extinct);

-
�

K2p12 − K1

p12p21 − 1
,
K1p21 − K2

p12p21 − 1

�
(the two species coexist) if p12p21 = 1.

If p12p21 = 1 then only the equilibria (0, 0), (K1, 0) and (0,K2) exist.

77
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For p12p21 = 1, K2p12 − K1

p12p21 − 1
and K1p21 − K2

p12p21 − 1
must be greater than zero. There-

fore, for K2p12 − K1

p12p21 − 1
> 0 we must have either

�
K2p12 − K1 > 0,
p12p21 − 1 > 0,

⇔
�

K1/p12 < K2,
p12p21 > 1,

(2)

or �
K2p12 − K1 < 0,
p12p21 − 1 < 0,

⇔
�

K1/p12 > K2,
p12p21 < 1,

(3)

while for K1p21 − K2

p12p21 − 1
we must have either

�
K1p21 − K2 > 0,
p12p21 − 1 > 0,

⇔
�

K2/p21 < K1,
p12p21 > 1,

(4)

or �
K1p21 − K2 < 0,
p12p21 − 1 < 0,

⇔
�

K2/p21 > K1,
p12p21 < 1.

(5)

The number and the multiplicity of the equilibrium points depend on the
values of the parameters p12, p21.

The attractivity of the equilibrium point (x∗, y∗) is determined by the eigen-
values of the matrix�

r1 (1 − 2x/K1 − p12y/K1) −r1p12x/K1

−r2p21y/K2 r2 (1 − 2y/K2 − p21x/K2)

�����
(x∗,y∗)

. (6)

Let us analyze the attractivity and the nature of the equilibrium points for
various values of the parameters p12 and p21.

For p12 = p21 = 0 (1) becomes�
ẋ = r1x(1 − x/K1),
ẏ = r2y(1 − y/K2).

(7)

and the matrix (6) reads�
r1 (1 − 2x/K1) 0

0 r2 (1 − 2y/K2)

�����
(x∗,y∗)

. (8)

In this case there are four equilibrium points: (0,0), (K1, 0), (0,K1) and
(K1,K2). The equilibrium point (0,0) is a repulsive node since the eigenvalues
of (6) are λ1 = r1 > 0, λ2 = r2 > 0. The equilibrium point (K1, 0) is a saddle,
because the eigenvalues of (8) are λ1 = −r1 < 0, λ2 = r2 > 0. For (0,K2) the
eigenvalues of (8) are λ1 = r1 > 0, λ2 = −r2 < 0, so (0,K2) is a saddle too.
For (K1,K2) the eigenvalues of (8) are λ1 = −r1 < 0, λ2 = −r2 < 0, so, this
point is an attractive node.

For p12 �= K1/K2, p21 �= K2/K1 there are three or four equilibrium
points. (0,0) is a repulsive node since the eigenvalues of (6) are λ1 = r1 >
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0, λ2 = r2 > 0. For the equilibrium point (K1, 0) the eigenvalues of (6)
are λ1 = −r1 < 0, λ2 = r2(1 − p21K1/K2). Therefore (K1, 0) is an at-
tractive node if λ2 < 0, i.e. p21 > K2/K1, and a saddle if λ2 > 0, i.e.
p21 < K2/K1. Similarly, for the equilibrium point (0,K2) the eigenvalues
of (6) are λ1 = −r2 < 0, λ2 = r1(1 − p12K2/K1). Therefore (0,K2) is an
attractive node if λ2 < 0, i.e. p12 > K1/K2 and a saddle if λ2 > 0, i.e.
p12 < K1/K2.

Let us see what happens with the other equilibrium points. The eigenvalues
of (6) for the point

�
K2p12 − K1

p12p21 − 1
,
K1p21 − K2

p12p21 − 1

�
are

λ1,2 =
1

2(p12p21 − 1)
{−[r1(1 − p12K2/K1) + r2(1 − p21K1/K2)]±�

[r1(1 − p12K2/K1) + r2(1 − p21K1/K2)]
2−

−4r1r2(1 − p12K2/K1)(1 − p21K1/K2)(1 − p12p21)}1/2
	

and they are the roots of the characteristic equation

λ2 − tr A λ + detA = 0, (9)

where

A =
1

p12p21 − 1

�
r1 (1 − p12K2/K1) r1p12 (1 − p12K2/K1)

r2p21 (1 − p21K1/K2) r2 (1 − p21K1/K2)

�
. (10)

We have
detA =

r1r2

p12p21 − 1
(1 − p12K2/K1) (1 − p21K1/K2) . (11)

If detA < 0, then λ1, λ2 have different signs, while if detA > 0 then λ1, λ2

have the same signs. Hence, in order to determine the sign of detA we have
two possibilities.

i) p12p21−1 > 0. From (2) and (4) we have that K1/p12 < K2 and K2/p21 <
K1. It follows that 1 − p12K2/K1 < 0, 1 − p21K1/K2 < 0, so detA < 0. Thus
λ1, λ2 have different signs , so the fourth equilibrium point is a saddle.

ii) p12p21 − 1 < 0. From (3) and (5) we have that K1/p12 > K2 and
K2/p21 > K1. It follows that 1 − p12K2/K1 > 0, 1 − p21K1/K2 > 0, therefore
detA > 0. Thus λ1, λ2 have the same signs , so the fourth equilibrium point
is a node. On the other hand we have

trA =
1

p12p21 − 1
[r1(1 − p12K2/K1) + r2(1 − p21K1/K2)] < 0; (12)

it follows that λ1, λ2 < 0, thus this node is attractive.
If only one parameter p12 or p21 is zero, the nature of the equilibrium point

is the same like in the previous case.
For p21 = K2/K1, p12 �= K1/K2, (1) becomes�

ẋ = r1x (1 − x/K1 − p12y/K1) ,
ẏ = r2y (1 − y/K2 − x/K1) .

(13)
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The equilibrium points are (0,0), (K1, 0), which is a double point, and (0,K2).
The equilibrium (0,0) is a repulsive node, (K1, 0) is a saddle-node and (0,K2)
is a saddle if p12 < K1/K2 and an attractive node if p12 > K1/K2.

For p12 = K1/K2, p21 �= K2/K1, (1) becomes�
ẋ = r1x (1 − x/K1 − y/K2) ,
ẏ = r2y (1 − y/K2 − p21x/K2) .

(14)

The equilibrium points are (0,0), (K1, 0) and (0,K2), which is a double point.
The equilibrium (0,0) is a repulsive node, (K1, 0) is a saddle if p21 < K2/K1

and it is an attractive node if p21 > K2/K1. The equilibrium point (0,K2) is
a saddle-node.

For p12 = K1/K2, p21 = K2/K1 we have p12p21 = 1. In this case (1) becomes�
ẋ = r1x (1 − x/K1 − y/K2) ,
ẏ = r2y (1 − y/K2 − x/K1) .

(15)

and there are the following equilibrium points (0,0), (K1, 0), (0,K2) and the
set of the points situated on the straight line 1 − x/K1 − y/K2 = 0. The
point (0,0) is a repulsive node, while (K1, 0), (0,K2) are saddle-nodes. The
points situated on the straight line 1 − x/K1 − y/K2 = 0 have the form
(α,K2(1 − α/K1)) with α ∈ [0,K1]. In this case, at (α,K2(1 − α/K1))

A =

� −r1α/K1 −r1α/K2

−r2K2(1 − α/K1)/K1 −r2(1 − α/K1)

�
. (16)

We have

tr A = −r1α/K1 − r2(1 − α/K1) < 0 and detA = 0.

Thus the equilibrium point (α,K2(1−α/K1)) is a saddle-node (degenerated).

3. THE PARAMETRIC PORTRAIT AND THE
PHASE PORTRAIT

Fig. 1.
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The discussion in Section 2 shows that in the parameter space there are ten
regions corresponding to topologically equivalent dynamical systems. In fig.
1. we represent this parametric portrait.

In fig. 2. it is represented the phase portrait corresponding to each of
the ten cases. This shows that,in spite of their unrealistic significance for the
population dynamics, the equilibria (0,0), (K1, 0), (0,K2) heavily contribute
to the phase portrait and to the dynamic bifurcation diagram. On the other
hand, the topologic type of the nonhyperbolic equilibria was not investigated.
All these will be studied elsewhere.

Fig.2.
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SETS GOVERNING THE PHASE PORTRAIT
(APPROXIMATION OF THE ASYMPTOTIC
DYNAMICS)

Cristina Ion, Adelina Georgescu
Department of Applied Math., Univ. of Pitesti

Abstract The most important sets governing the phase-portrait (ω-limit sets, unstable
manifolds, centre manifolds, inertial manifolds, inertial sets and approximate
inertial manifolds) are described.

Examples are worked out and the relationships (of strict inclusion or coin-
cidence) between different governing sets are shown.

1. ω -LIMIT SETS. ATTRACTORS
Let M be a set and let (M,φ) be a continuous dynamical system. We say

that p ∈ M is an ω-limit point of u ∈ M if there exists 0 < t1 < t2 < . . . <
tn → ∞ such that lim

n→∞φtn(u) = p [4]. Similarly, q ∈ M is called an α-limit
point of u ∈ M if there exists 0 > t1 > t2 > . . . > tn → −∞ such that
lim
n→∞φtn(u) = q [4].

The set of all ω-limit points of u is called ω-limit set of u and we write ω(u)
[4]. The set of all α-limit points of u is called α-limit set of u and we write
α(u) [4].

Further, we show that the ω-limit sets can be defined not only for a point
u ∈ M , but also for a set A ⊂ M .

These sets are invariant through the dynamics φ.
Let M = H be a metric space and assume that the time t runs over R

+.
Thus, the forward evolution of the points of phase space is described by a
family of operators S(t), t ≥ 0, S(t) : H → H enjoying the properties

S(t+ s) = S(t) · S(s),
S(0) = I (identity in H). (1)

and being associated with a semidynamical system (H,S).
Assume that

S(t) is a continuous (nonlinear) operator from H into itself, for all t ≥ 0. (2)
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For u ∈ H (or for A ⊂ H) the ω-limit set of u (or A) is defined [11] as

ω(u) =


s≥0

�
t≥s

S(t)u , ω(A) =


s≥0

�
t≥s

S(t)A .

Notice that ϕ ∈ ω(A) if and only if there exists a sequence of elements ϕn ∈ A

and a sequence tn → ∞ such that

S(tn)ϕn → ϕ as n → ∞. (3)

Let B be a subset of H and let U be an open set containing B. We say that
B is absorbing in U if the orbit of any bounded subset of U enters into B after
a certain time.

Let A,B be two sets from the phase space M . The invariant set A is an
attractive set for B if the distance between A and φt(B)(=

⋃
u∈B

φt(u)) tends

to zero for t → ∞ [6].
An attractor is an invariant, closed, attractive set for an entire neighborhood

[6].
A global attractor is the union of all the attractors of the system.
The attractor is included in the absorbing domain and it is also included in

the ω -limit set.
For a long time it was understood that the attractors are the most important

sets of the phase space. Lately, in the absence of attractors, it was found that
some other invariant sets may be of primary importance, for instance, the
unstable manifolds, central manifolds etc.

Hypothesis:

For t large, the operators S(t) are uniformly compact. (4)

Alternatively, if H is a Banach space, we may assume that

S(t) is the perturbation of an operator satisfying (4) by
an operator which converges to 0 as t → ∞. (5)

The following theorem shows that, with a few hypotheses, the ω-limit set is
the attractor.

Theorem 1.1. [11] Assume that H is a metric space and that the operators
S(t) are given and satisfy (1), (2) and either (4) or (5). We also suppose that
there exists an open set U and a bounded set B of U such that B is absorbing in
U. Then the ω-limit set of B is a compact attractor which attracts the bounded
sets of U. It is the maximal bounded attractor in U.
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Example 1.1. Consider the two-dimensional dynamical system generated by
the Cauchy problem for {

ẋ = λ1x,
ẏ = λ2y,

(6)

with λ1, λ2 ∈ R
∗, |λ2| > |λ1| parameters of the same sign.

The solution of this problem reads x(t) = x0e
λ1t, y(t) = y0e

λ2t, for all
(x0, y0) ∈ R

2. If λ1, λ2 < 0, we find that (0, 0) is an ω-limit point for all points
of R

2 (fig. 1a)). The sequence tn = n is strictly ascending and tn → ∞.
φtn(x0, y0) = φn(x0, y0) = (x0e

λ1n, y0e
λ2n) has the limit (0, 0) for n → ∞, for

all (x0, y0). If λ1, λ2 > 0, (0, 0) is an α-limit point for all points of the phase
plane, R

2 (fig. 1b)).

Fig. 1.

The two-dimensional dynamical systems have as ω-limit sets or α-limit sets
only the fixed points, homoclinic orbits or limit cycles [4]. In R

3 there exist
ω-limit sets which are invariant tori, so the dynamics is not necessary tending
to a steady state or a periodic dynamics, but to a quasiperiodic dynamics [4].

2. UNSTABLE MANIFOLDS
Let (φt)t∈R be the dynamical system generated by the Cauchy problem for

the equation ẋ = f(x), x ∈ M . Let x0 ∈ M be an equilibrium point and let
U ⊂ M be a neighborhood of x0. By definition the local unstable manifold of
x0 [4] is

W u
loc(x0) = {x ∈ U |φt(x) ∈ U, ∀t ≤ 0 and lim

t→−∞φt(x) = x0} (7)

while the unstable manifold [4] is

W u(x0) =
⋃
t≥0

φt(W u
loc(x0)). (8)

W u
loc(x0) is a differentiable manifold, while, generally, W u(x0) is not. How-

ever, W u(x0) is an invariant set.
Let γ ⊂ M be a limit cycle described by x(t+ T ) = x(t) and let U ⊂ M be

a neighborhood of γ. The local unstable manifold of the limit cycle is the set

W u
loc(γ) = {x ∈ U |φt(x) ∈ U, ∀t ≤ 0 and lim

t→−∞ |φt(x) − γ| = 0}. (9)
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Assume that M = E is a Banach space. Consider a semigroup {S(t)}t≥0

which satisfies the properties (1) and suppose that the mapping

(t, u0) → S(t)u0 from R+ × E into E is continuous. (10)

Let X ⊂ E be a subset of E (not necessarily a limit cycle).
The unstable set of X is the (possibly empty) set of points u which belong

to a complete orbit {u(t), t ∈ R} and such that d(u(t), X) → 0 as t → −∞
[11].

If X is invariant then W u(X) is invariant too.

Theorem 2.1. [11] Let E be a Banach space and let {S(t)}t≥0 be a semigroup
of operators satisfying (1) and (10) which possessing a global attractor A. Let
X ⊂ E be a compact set invariant through S(t). Then W u(X) ⊂ A. For
X = A, W u(A) = A.

Again we remark the importance, from the point of view of asymptotic prop-
erty of attractivity, of the unstable manifold, and not of the stable manifold
as expected.

Example 2.1. Consider the system{
ẋ = x,
ẏ = −y. (11)

The unique equilibrium point is (0, 0) and it is a saddle point. For ev-
ery (x0, y0) initial condition, the solution of the Cauchy problem is x(t) =
x0e

t, y(t) = y0e
−t, i.e. φt(x0, y0) = (x0e

t, y0e
−t).

Let U ⊂ R
2 be a neighborhood of (0, 0). We choose U to be the disk

of radius 1. Assume first that the initial points (x0, y0) ∈ U ∩ 0x. Since
they satisfy |x0| < 1, y0 = 0, we have |x0e

t| < 1, y0e
−t = 0, ∀ t ≤ 0, therefore

φt(x0, y0) ∈ U ∩Ox too. In addition, φt(x0, 0) = (x0e
t, 0) → (0, 0) as t → −∞.

Hence, the points of U ∩Ox belong to the unstable manifold of (0, 0).
Let now (x0, y0) ∈ U , y0 = 0, |y0e

−t| → +∞ for t → −∞, i.e. φt(x0, y0) is
not in U , for t < 0 sufficiently small. Therefore this (x0, y0) does not belong
to the unstable manifold of (0, 0).

Fig. 2a. Fig. 2b.
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Hence W u
loc((0, 0)) = [−1, 1]×{0} and W u((0, 0)) =

⋃
t≥0 φt(W

u
loc((0, 0))) =

R × {0}. Remark that all trajectories of the dynamical system generated by
(11) approach exponentially to the trajectory x(t) = x0e

t, y(t) = 0 from W u.

d((x0e
t, y0e

−t), (x0e
t, 0)) =

√
(y0e−t)2 = y0e

−t → 0.

Therefore, the distance between the current points of these two trajectories is
equal to the distance between their ordinates in the stable manifold direction
and, of course, this tends to zero. It is interesting that this decay to zero is
exponential.

As a consequence, as t → ∞, a figure in the phase plane will be contracted
in the Oy direction (i.e. of the stable manifold) and magnified in the W u-
direction (fig.2b).

The approach to the unstable manifold is more important than the approach
to the stable manifold (because the last one is contracting) and it leads to the
notion of axiom A attractor.

The action of the dynamics generated by (11) on the phase space is con-
tractant in one direction and expanding in another one. In the case of finite
dynamical systems, if the associated linearized operator around the hyper-
bolic equilibrium has eigenvalues with n1 positive real parts and n2 negative
real parts, the effect of the dynamics is the ”flattening ” in the n2 directions
and ”magnification” in the n1 directions. In the infinite dimensional case the
presence of inertial manifolds is associated with ”contraction” in an infinity of
directions and ”magnification” in a finite number of directions. In addition,
similarly to the case of the two-dimensional saddle, on the centre manifold
there are trajectories towards which the phase space trajectories approach ex-
ponentially. In this sense, the asymptotic dynamics (i.e. for t → +∞) is more
similar to the dynamics on the centre manifold. In other words, the study of
the dynamics generated by, say, a partial differential equation is better and
better approximated by the dynamics on the centre manifold.

3. CENTRE MANIFOLD
In order to study the bifurcation for a dynamical system, one preliminary

step is to simplify the problem as much as possible without changing the topo-
logical properties of the dynamics of the original system. The linearization
principles of Hartman-Grobman type provide conditions under which the sta-
bility of an equilibrium point, as well as the behaviour of the solutions around
the equilibrium of a nonlinear system are described (up to a homeomorphism)
by those of the zero equilibrium of the associated linearized system ẋ = Ax.

Unfortunatelly, these priciples are stated only for hyperbolic equilibrium
points. When the equilibrium point is not hyperbolic, and, therefore, the
Hartman-Grobman theorem does not apply, the reduction theory of the centre
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manifold is applicable: the dimension of the problem can be reduced, by using
a convenient decomposition of the phase space into a direct sum of the stable,
unstable and center manifold. Further, we discuss only the finite-dimensional
theory of centre manifolds for equilibrium points. The infinite-dimensional
case is dealt with in [6].

Consider the particular system{
ẋ = Ax+ f(x, y),
ẏ = By + g(x, y), (12)

where x ∈ R
n, y ∈ R

m, A and B are constant matrices such that the eigen-
values of A have zero real parts, the eigenvalues of B have negative real
parts and f and g are functions of class C2, with f(0, 0) = 0, f ′(0, 0) = 0,
g(0, 0) = 0, g′(0, 0) = 0 (here f ′ is the Jacobian matrix of f). It is understood
that (0, 0) is a nonhyperbolic equilibrium of (12).

If y = h(x) is an invariant manifold for (12) and h is smooth, then it is
called a centre manifold if h(0) = 0, h′(0) = 0 [1].

Theorem 3.1. [1](existence of centre manifolds) Equation (12) has a local
centre manifold y = h(x), |x| < δ, where h is of class C2.

The dynamics on the centre manifold is governed by the (reduced) n-
dimensional system

u̇ = Au+ f(u, h(u)) (13)

The following theorem relates the asymptotic behaviour of small solutions of
(12), i.e. near the equilibrium (0, 0), to solutions of (13).

Theorem 3.2. [1](reduction principle) Suppose that the zero solution of (13)
is stable (asymptotically stable)(unstable). Then the zero solution of (12) is
stable (asymptotically stable)(unstable).

Suppose that the zero solution of (12) is stable. Let (x(t), y(t)) be a solution
of (12) with (x(0), y(0)) sufficiently small. Then there exists a solution u(t)
of (13) such that, as t → ∞, x(t) = u(t) +O(e−γt), y(t) = h(u(t)) +O(e−γt),
where γ > 0 is a constant depending only on B.

In other words, just as remarked in Example 2.1, with a trajectory of the
phase space we associate a trajectory on the centre manifold exponentially
approaching one to each other as t → ∞.

For functions φ : R
n → R

m which are C1 in a neighborhood of the origin
let us define

(Mφ)(x) = φ′(x)[Ax+ f(x, φ(x))] −Bφ(x) − g(x, φ(x)).

Theorem 3.3. [1](approximation of the centre manifold) Suppose that φ(0) =
0, φ′(0) = 0 and that (Mφ)(x) = O(|x|q) as x → 0 where q > 1. Then as
x → 0, |h(x) − φ(x)| = O(|x|q).
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4. INERTIAL MANIFOLDS
So far we already saw two invariant manifolds on which the dynamics ap-

proximates exponentially, asymptotically for t → ∞, the given dynamics.
These manifolds were: some unstable manifolds and all centre manifolds.

Now, for an infinite dynamical system, we introduce another invariant man-
ifold, namely the inertial manifold, which is of finite dimension but it describes
the large-time behaviour of dynamical systems. The concept of inertial man-
ifold was introduced by Peter Constantin and Ciprian-Ilie Foiaş [2], [3]. It
permits the reduction of the infinite-dimensional case to the finite-dimensional
one. In addition, the phase space trajectories tend exponentially to the corre-
sponding trajectories situated on the inertial manifold. Moreover, this mani-
fold is Lipschitz.

Consider a Cauchy problem u(0) = u0 for the evolution equation

u′ = F (u), (14)

in a finite or infinite-dimensional Hilbert space H, with which we can associate
the semigroup {S(t)}t≥0, where S(t) : u0 → u(t).

An inertial manifold of this system is a finite-dimensional Lipschitz mani-
fold M, positively invariant and which attracts exponentially all the orbits of
(14) [11].

Let A be a given linear closed unbounded positive self-adjoint operator in
H, with the domain D(A) ⊂ H. Assume that A−1 is compact in H. Let us
see in which conditions the global attractor of a Cauchy problem for the p.d.e.

du

dt
+Au+R(u) = 0, (15)

is included in a smooth, finite-dimensional, manifold of solutions, M. If M

would be positively invariant (i.e. S(t)M ⊂ M, t ≥ 0), the equation could
be restricted to this manifold if the asymptotic behaviour is intended to be
obtained. There can be constructed examples with the ratio of attraction
arbitrary large. An exponentially attractive manifold would lead to a more
complicated asymptotic behaviuor and would make the description of the dy-
namics on the manifold more relevant for the dynamics in the phase space. In
order to satisfy these, there has been introduced the concept of inertial mani-
fold. All inertial manifolds obtained so far are the graphs of some function in
a finite-dimensional subspace of H.

Let As, s ∈ R, be the powers of A, defined on D(As), and assume that the
eigenvalues of A are λj and the corresponding eigenvectors wj of A form an

orthonormal basis of H. Define a projector Pnu =
n∑
i=1

(u,wi)wi and let Qn be

its orthogonal complement, i.e. Qn = I − Pn, Qnu =
∞∑

i=n+1
(u,wi)wi. There
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exists a function φ : PnH → QnH such that on the inertial manifold M to
have q ≡ Qnu = φ(p), where p ≡ Pnu.

M can be defined as

M = {p+ φ(p), p ∈ PnH}.
Since on the inertial manifold q = φ(p), restricting (15) to M we obtain a
finite-dimensional e.d.o.

dp

dt
+Ap+ PnR(p+ φ(p)) = 0, (16)

which is called the inertial form.
We can state that the dynamics on the inertial manifold is finite-dimensional

because every trajectory from M is given by u(t) = p(t) + φ(p(t)) with p(t)
solution of (16).

The theory of inertial manifolds and the theory of centre manifold are par-
ticular cases of the reduction principle, which, for a system of equations

ẋ = F (x, y), ẏ = G(x, y),

where F : P × Q → P , G : P × Q → Q, F,G ∈ C1 and P,Q are Banach
spaces becomes as follows. Suppose that the surface M , which is the graph of
ϕ, is an invariant and exponentially stable set for this system and ϕ : P → Q
is a Lipschitz continuous function. Then, for large times, the dynamics of the
system is completely described by the solutions of the reduced system

ẋ = F (x, ϕ(x)), x ∈ P.

The theory which approximates the dynamics for large time is called the appro-
ximate dynamics [6].

As noticed in Example 2.1, W u((0, 0)) is a finite-dimensional invariant man-
ifold which attracts exponentially all the orbits of (11), thus W u((0, 0)) is also
an inertial manifold. Of course, this was a particular case of unstable mani-
fold. In the general case we do not know if it attracts exponentially the phase
trajectories, while the centre manifold is an inertial manifold.

5. APPROXIMATE INERTIAL MANIFOLDS
The theorem of existence of an inertial manifold [11] ensures the existence

of a function φ having as a graph just the inertial manifold. Since the proof
of this theorem is not constructive, in applications we do not know the form
of this function. Moreover, there exists important equations, e.g. the two-
dimensional Navier-Stokes equations, for which the existence of the inertial
manifold can not be proved by standard methods. Thus, for numerical reasons,
it is of interest and can be found approximate inertial manifolds, which can be
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described explicitly. The class of constructed approximate inertial manifolds
is larger than that of exact inertial manifold.

As the inertial manifold is given by the exact asymptotic relation q = φ(p),
an approximate inertial manifold is given by an approximate relation q ≈
ψ(p) and it is related to the nonlinear Galerkin-Faedo-Hopf method; basic
applications in the theory of Navier-Stokes equations were carried out by Foiaş
and Prodi, whence the fundamental contribution of Foiaş to inertial manifolds
and approximate inertial manifolds.

Analyse the equation

du

dt
+Au+R(u) = 0, (17)

and consider the finite-dimensional functions um, um ∈ PmH, solutions of the
truncated (finite-dimensional) equation.

dum
dt

+Aum + PmR(um) = 0. (18)

The solutions um of (18) converge to the solution u a lui (17), namely they are
uniformly convergent on bounded intervals of time and on compact sets from
H, as m → ∞. In the Navier-Stokes case the nonstationary problem (18) is
reduced to a stationary one and um are the eigenvectors of the corresponding
linearized operator. This reasoning was frequently considered by Foiaş and
Prodi.

The nonlinear Galerkin method extends (18) by including the neglected
terms in the approximation of the inertial manifold, such that (18) becomes

dum
dt

+Aum + PmR(um + P2mψ(um)) = 0,

where ψ is the function defining the approximate inertial manifold. The term
P2m had to be included because otherwise ψ would have produced an infinite-
dimensional term. The standard Galerkin approximation stands now for the
approximate inertial manifold ψ = 0 [9], [11].

6. INERTIAL SETS
Inertial sets, also called exponential attractors, are sets somehow intermedi-

ate between the attractors and inertial manifolds. All three objects describe
the behaviour for t → ∞ of semidynamical systems. The global attractor is
the smallest set from the phase space governing the large time dynamics. Usu-
ally, the attractor is sensitive to perturbations and attracts the orbits with a
small speed. In most applications the global attractor does not exist (e.g. in
Example 2.1 no local or global attractor exist). Inertial manifolds, when they
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exist, are smooth finite-dimensional manifolds which attract all orbits at an
exponential rate; they are stable with respect to perturbations.

Exponential attractors attract all orbits at exponential rate, they are stable
with respect to perturbations and they exist for a broad class of evolutionary
equations.

In general, the attractors are not manifolds and can have a very complex
geometric structure. This is why their characterization is complicated too.
Thus, let X be a compact connected subset of a Hilbert space H, let S be a
Lipschitz continuous map from X into itself and let us denote the Lipschitz
constant of S on X by LipX(S) = L. If S is restricted to X, then it possesses
an universal attractor A which is a compact connected set given by A =
∞⋂
n=1

SnX.

A compact set M is called an exponential fractal attractor for (S,X) if
A ⊆ M ⊆ X and
i) SM ⊂ M ;
ii) M has finite fractal dimension, dF ;
iii) there exist positive constants c0 and c1 such that

h(SnX,M) ≤ c0 exp(−c1n), ∀n ≥ 1,

where A, B are compact sets and h(A,B) = max
a

min
b

|a− b|H , is the standard

asymmetric Hausdorff pseudodistance.
Exponential attractors share properties of ”good” attractors with those of

the inertial manifolds.
If a continuous dynamical system has an inertial manifold M, then M

⋂
X

is an exponential fractal attractor.

7. EXAMPLES
7.1. AN INERTIAL MANIFOLD IN THE DYNAMICS OF GAS

BUBBLES

In [7] the existence of the inertial manifold for the dynamical system gener-
ated by the Cauchy problem for the equation of small oscillations of the radius
of a spherical gas bubble is proved.

The small variations of the radius of a spherical gas bubble, surrounded by
an incompressible fluid are governed by the following Cauchy problem

ẍ + 2βẋ + ω2
0x = −αεcos(ωt), (19)

x(0) = x0, ẋ(0) = ẋ0, (20)

where β, ω0, α, ε and ω are constant real parameters.
The phase space trajectories are

x(t) = Aeλ1t + Beλ2t + C cos(ωt) + D sin(ωt), (21)
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where

A =
λ2x0 − ẋ0 + αλ1

λ2
1+ω2

2
�

β2 − ω2
0

, B =
ẋ0 − λ1x0 − αλ2

λ2
2+ω2

2
�

β2 − ω2
0

,

C = −α

αλ1
λ2
1+ω2

0
− λ2

λ2
2+ω2

0

2
�

β2 − ω2
0

, D =
−αω(λ2

1 − λ2
2)

2(λ2
1 + ω2

0)(λ2
2 + ω2

0)
�

β2 − ω2
0

,

λ1,2 = −β ±


β2 − ω2
0 . (22)

The attractor of the dynamical system associated with (19), (20) is the ellipse

ẋ2

ω2(C2 + D2)
+

x2

C2 + D2
= 1, (23)

from the plane

ẍ+ ω2x = 0. (24)

The related trajectories on this invariant manifold are x(t) = C cos(ωt) +
D sin(ωt). The distance between the phase space trajectories and the corre-
sponding ones on the invariant manifold (24) is

ρ(C, I) =
�

(xC − xI)2 + (ẋC − ẋI)2 + (ẍC − ẍI)2 =

=


(Aeλ1t + Beλ2t)2 + (Aλ1eλ1t + Bλ2eλ2t)2 + (Aλ2
1e

λ1t + Bλ2
2e

λ2t)2 =

=


A2e2λ1t(1 + λ2
1 + λ4

1) + 2AB(1 + λ1λ2 + λ2
1λ

2
2) + B2e2λ2t(1 + λ2

2 + λ4
2)

=


A2e2λ1t(1 + λ2
1 + λ4

1) + o(e2λ1t) ≈ Aeλ1t


1 + λ2
1 + λ4

1 = Ord(eλ1t),

and it tends exponentially to zero.
The plane ellipse (23), (24) is proved to be the inertial manifold [7].

7.2. A CENTRE MANIFOLD

In [10] a local analysis of the Cauchy problem for the Gierer-Meinhardt
activator-inhibitor normalized system is provided. For a particular case, where
only one parameter is variable, a centre manifold is found.

The Gierer-Meinhardt activator-inhibitor model is a Cauchy problem for
the system

�
ȧ = cρa2

h
− μa + ρρ0,

ḣ = c′ρa2 − γh.
(25)

The normalized form of (25) reads
�

dA
dτ

= ρA2

H
− A + ρρ′

0,
dH
dτ

= F (ρA2 − H).
(26)
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In order to apply the center manifold theory, in [10] is performed a translation
and (25) is linearized around the origin. The obtained system is�

A′
1 = [ 2

1+ρρ′
0
− 1]A1 − [ 1

ρ
(1 + ρρ′

0)
2]H1,

H ′
1 = 2ρF (1 + ρρ′

0)A1 − FH1.
(27)

For an appropriate choice of the parameters, this system is a particular case
of the system (12). The system (27) corresponds to the case m = n = 1, A =

2
1+ρρ′0

−1, B = −F , f(A1, H1) = − H1
ρ(1+ρρ′0)2

, g(A1, H1) = 2ρF (1+ρρ′0)A1. The

condition f(0, 0) = f ′(0, 0) = g(0, 0) = g′(0, 0) = 0 is fulfilled if 2
1+ρρ′0

− 1 = 0,
involving ρρ′0 = 1.

In this case, introducing the notation A1 = x,H1 = y, the system (27)
becomes �

x′ = [ 2
1+ρρ′

0
− 1]x − y

ρ
(1 + ρρ′

0)
2,

y′ = −Fy + 2ρF (1 + ρρ′
0)x.

(28)

The equation defining the centre manifold reads [10]

h(x) = −2ρ(x3 − x2(1 + F ) + 2Fx).
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Abstract The problem of when the direct product and direct sum of modules are iso-
morphic is discussed. A series of examples where the product and coproduct of
an infinite family of modules are isomorphic is given. One may see that if we
require that the isomorphism of

�
I

and
�
I

be a natural (functorial) one, then

this can only be done for finite sets I. If this is the case for modules, we show
that for comodules over a coalgebra the product and coproduct of a family of
comodules can be isomorphic even via the canonical morphism.
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Keywords: product, coproduct.

1. INTRODUCTION
Given a family (Mi)i∈I of (left) R modules, we consider the problem of when

the direct sum and direct product of this family are isomorphic. It is obvious
that if we require that the isomorphism is the canonic isomorphism, then we
can easily see that the set must be finite, unless all but a finite part of the
modules are 0. Nevertheless we may ask wether the direct product and direct
sum of a module can be isomorphic via other isomorphisms. We produce a
large class of examples that show that this is possible, so the direct product,
by the categorical point of view (classification of modules) is not necessarily
very different of the direct sum. We also show that in the case of categories
other than categories of modules, namely for comodules over a coalgebra, the
direct sum and direct product of a family of objects can be isomorphic even
through the canonical morphism.
We can ask the more general question of when the two functors

∏
i∈I

and
∐
i∈I

from the direct product category RMI to RM are isomorphic. It can be shown
(not very difficult) that this is only possible for finite sets I.
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2. EXAMPLES AND RESULTS
Example 2.1. Let K be a field and let (Vi)i∈I be vector spaces over K and
V =

∏
i∈I

Vi. Then the direct product and direct sum of the family {V } ∪ {Vi |
i ∈ I} are isomorphic.

Proof Denote by Ai a set consisting of a basis for Vi for each i ∈ I and let A
be a basis for V . Then

⊔
i∈I

Ai�A is a basis for the coproduct
⊕
i∈I

Vi⊕V and A�A
is a basis for the direct product

∏
i∈I

Vi×V = V ×V . But card(
⊔
i∈I

Ai) ≤ card(A)

because of the natural inclusion of vector spaces
⊕
i∈I

Ai ↪→
∏
i∈I

Ai so we have

card(A) ≤ card(
⊔
i∈I

Ai �A) ≤ card(A �A) = card(A),

which shows the desired isomorphism. �
Example 2.2. Let A be a simple Artinian ring, that is, A � Mn(Δ), with
Δ a skewfield. If (Ni)i∈I is a family of A modules and N =

∏
i∈I

Ni, then the

direct product and direct sum of the family (N) ∪ (Ni)i∈I are isomorphic.

Proof Let S denote a simple module. As any module is semisimple isomor-
phic to a direct sum of copies of S (A is semisimple with a single type of simple
module), in order for two modules N � S(α) and M � S(β) to be isomorphic it
is necessary and sufficient for the sets α and β be of the same (infinite) cardi-
nal (by Krull-Remak-Schmidt-Azumaya theorem). Let Ai and A be sets such
that Ni � S(Ai) (∀i) and N � S(A). Then N ⊕⊕

i∈I
Ni � S(A) ⊕⊕

i∈I
S(Ai) � S(α)

with α = A � ⊔
i∈I

Ai and N × ∏
i∈I

Ni � N ×N � N (β) with β = A � A. Using

an argument similar to the one in Example 2.1 we obtain that α and β are of
the same cardinal and so N ⊕⊕

i∈I
Ni � N × ∏

i∈I
Ni. �

A ring is said to have finite representation type if there are only finitely
many non-isomorphic indecomposable modules. It is known that any module
over an Artinian finite representation type ring is a direct sum of indecom-
posable modules. For algebras the converse is also true; in fact for an Artin
algebra (a finite length algebra over a commutative Artinian ring) the follow-
ing are equivalent:
-every module is a direct sum of finitely generated indecomposable modules;
-there is only a finite number of nonisomorphic finitely generated indecompos-
able modules;
-every indecomposable module is finitely generated.
Moreover, these statements are left right symetric, that is, the statement for
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left modules is equivalent to the one for right modules. We refer to [8], [1], [5],
[3] for these facts. For modules over such algebras we can prove a result that
gives a large class of examples of isomorphic direct sum and direct product of
modules.

Theorem 2.1. Let A be a (left) Artinian ring with the property that every
module decomposes as a direct sum of indecomposable finitely generated mod-
ules (for example, A a finite representation type Artin algebra). Then for
every family of (left) A modules (Mn)n∈N there is a module M such that the
direct product and direct sum of the family (M) ∪ (Mn)n∈N are isomorphic.

Proof Let {Hj | j ∈ J} be a set of representatives of indecomposable finitely
generated A modules (one can see that actually this is a set, not a class!). For
every A module M we have a unique decomposition in the sense of Krull-
Schmidt decomposition theorem M =

⊕
k

Mk where all Mk are isomorphic to

one of the Hj ’s (as the generalized Krull-Remak-Schmidt-Azumaya theorem
applies, because the endomorphism rings of finitely generated modules over
Artinian rings - which are finite length modules - are local). Denote by αj(M)
the ’exponent’ of Hj in M , that is a set (cardinal) such that M � H

αj(M)
j ⊕⊕

l∈L
Ml and Ml not isomorphic to Hj , ∀ l ∈ L. Then M � N iff αj(M) ∼

αj(N), ∀ j ∈ J . By Krull-Schmidt theorem, αj(
⊕
l∈L

Ml) ∼ ⊔
l∈L

αj(Ml). For

every family (Mn)n∈N of A modules, let K = {j ∈ J | card(αj(
⊕
n∈N

Mn)) < ℵ0}

and M ′ =
⊕
j∈K

H
(N)
j . Take M =

∏
n∈N

Mn × M ′. We have card(αj(Mn)) ≤
card(αj(M)) as eachMn is a direct summand inM (by Krull-Schmidt). Notice
that αj(M) is infinite for all j: if αj(

⊕
n∈N

Mn) is infinite then card(αj(Mn))

is nonzero for infinitely many n’s, say for all n ∈ P and so for every finite
set F ⊂ P ,

⊕
n∈F

Mn is a direct summand in M , showing that card(αj(M)) ≥

card(αj(
⊕
n∈F

Mn)) ≥ card(F ). If αj(
⊕
n∈N

Mn) is finite then M contains H(N)
j

from M ′. Then

card(αj(M)) ≤ card(αj(
⊕
n∈N

Mn ⊕M)) = card(
⊔
n∈N

αj(Mn) � αj(M))

≤ card(
⊔
n∈N

αj(M) � αj(M)) = card(αj(M) × N) = card(αj(M)).

On the other hand we have

card(αj(M)) ≤ card(αj(
∏
n∈N

Mn ×M)) ≤ card(αj(M ⊕M))
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= card(αj(M) � αj(M)) = card(αj(M)).

�
Thus we obtain αj(

⊕
n∈N

Mn ⊕ M) ∼ αj(
∏
n∈N

Mn × M), so the theorem is

proved. Here we have used some well known facts from set theory, such as
a+a = a and a×ℵ0 = ℵ0 for every transfinite cardinal a, which can be found,
for example, in [11].

We provide now an example from comodule theory, where the canonical
isomorphism from the direct sum to the direct product will be an isomorphism,
but with infinite index set. We refer to [6] for basic facts about coalgebras
and comodules over coalgebras.

Proposition 2.1. Let C =
⊕
i∈I

Ci be a cosemisimple coalgebra, with Ci simple

coalgebras. Then the canonical morphism from
⊕
i∈I

Ci to
C∏
i∈I

Ci is an isomor-

phism (here Ci are right C comodules, and
C∏

denotes the direct product in the
category MC of right comodules).

Proof It is known (and easy to see) that the direct product of the family
(Ml)l∈L of comodules is RatC(

∏
l∈L

Ml), where
∏

represents the direct product

of left C∗ modules. We also have that RatC(C∗) = RatC(
∏
i∈I

C∗
i ) =

⊕
i∈I

C∗
i (this

is true in a more general setting, for a left and right semiperfect coalgebra; see
[6], Chapter III). If we denote by Si the left simple comodule type associated
to Ci (that is, a simple left comodule included in Ci) and Ti a right simple Ci
module, then we have Ti � S∗

i in MCi and then also in MC (because there is
only a single type of simple left(right) comodule). Also Ci � Sni in CiM and
Ci � Tmi in MCi with m = n because Ti � S∗

i implies that Si and Ti have the
same (finite!) dimension. We obtain that C∗

i � (S∗
i )
n � Tni � Ci in MCi and

also in MC . Therefore we obtain

C∏
i∈I

Ci = RatC(
∏
i∈I

Ci) � RatC(
∏
i∈I

C∗
i ) =

⊕
i∈I

C∗
i (in MC) =

⊕
i∈I

Ci

and it is easy to see that the isomorphism is the canonical morphism from the
direct sum into the direct product. �

Remark 2.1. The above example can be generalized to a more general case,
namely for comodules over for (left and right) co-Frobenius coalgebras.
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GEOMETRICAL ASPECTS OF SEMI-DIRECT
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Abstract The mixed transformations of geometrical ”indexed” figures whose ”indexes”
that are added to points of the figure are of scalar nature or homogeneous
oriented magnitudes are analyzed. In accordance with global nature or local
nature of the rule for transformation of ”indexes” four types of mixed trans-
formations are obtained. The mixed transformations form subgroups of semi-
direct products of various types (left or right) of the group of permutations
P of ”indexes” or of the Cartesian product of isomorphic copies of the initial
group P by the discrete symmetry group of the initial geometrical figure.

MSC: 20H15, 20E22, 51F15, 51M20.

1. The right semi-direct products of the group P by the groupG of operators
[1] can be derived from P and G by the following steps: 1) to find in G all
invariant subgroups H and in AutP all subgroups Φ for which there is the
isomorphism ϕ of factor-group G/H and Φ by the rule ϕ(gH) =

⇀
ϕg, where

⇀
ϕg (p) = gpg−1; 2) to combine pairwise each g of G with each p of P : g̃ = pg;
3) to introduce into the set of all these pairs the operation

g̃i � g̃j = g̃k,

where g̃i = pigi, g̃j = pjgj , g̃k = pkgk, pk = pi
⇀
ϕgi (pj), gk = gigj . Denote

the right semi-direct product G̃ of the group P by the group G of operators,
accompanied with the homomorphism ϕ : G → AutP , by the symbol

G̃ = P
⇀
�ϕH(Φ) G,

where H = Kerϕ and Φ = Imϕ. If Kerϕ = 1, then the symbol is G̃ = P
⇀
� G.

We note that in the case when Kerϕ = G the right semi-direct product G̃ of
the group P with the group G coincides with the direct product of the groups

P and G: G̃ = P
⇀
�ϕG(i) G = P ×G.

The left semi-direct products of the group P by the group G can be de-
rived from groups P and G by the analogous method. We denote the left
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semi-direct product G̃ of the group P by the group G, accompanied with the
homomorphism ϕ : G → AutP by the symbol

G̃ = G
↼
�ϕH(Φ) P,

where H = Kerϕ, Φ = Imϕ, ϕ(g) =
↼
ϕg and

↼
ϕg (p) = g−1pg. In the case when

Kerϕ = 1 we have G̃ = G
↼
�ϕ1(Φ) P=G

↼
� P .

2. Let P be the finite transitive group of permutations on the set N =
{1, 2, ...,m} and let G be the discrete symmetry group of a geometrical figure
F . The ”indexes” r of the set N have a non-geometrical nature. We consider
the intersection of the figure F with the decomposition {Gi} of space F ∩
{Gi} = {Fi}, where i ∈ I, |I| = |G| and Gi is a fundamental domain of the
group G (the Dirihlet domain of a point Ai of general position with respect
to the orbit G : Ai). Obviously F = ∪Fi. We call Fi the FG-domain.

Ascribe to each point M of the FG-domain Fi (to each fixed i ∈ I) the
same indexes r1, r2, ..., rk from the set N , where k is a divisor of m = |N |.
We obtain one ”indexed” geometrical figure F (N) which is a subset of the
Cartesian product of the sets F and N : F (N) ⊆ {(M, r)|M ∈ F, r ∈ N} = F̃ .

Let each ”index” r from the setN have a scalar nature (colour, temperature,
pressure, density). The mixed transformation g̃ of the ”indexed” geometrical
figure F (N) is composed of two independent components g and p: g̃ = gp. The
isometric geometrical component g operates only on points M ∈ F : g(M) =
M ′ ∈ F . The ”indexes” r, ascribed to points M , are transformed only by the
permutation

p =
(

1 2 · · · r · · · m
k1 k2 · · · kr · · · km

)
.

If we analyze the concrete operation of the mixed transformation g̃ = gp
concerning the distinct ”indexed” points (M, r) of F (N), then we find that two
different cases are possible: 1) the rule p which describes the transformation
of the ”indexes” r is the same for every ”indexed” point of the figure F (N);
2) the ”indexes” ri and rj ascribed to the points Mi and Mj which belong to
distinct FG-domains are transformed, in general, by different permutations.

In conditions of the first case the mixed transformation g̃ = gp of the
”indexed” geometrical figure F (N) is exactly a transformation of P -symmetry
[2] if p ∈ P . In the case when p ∈ P we remain within the framework of the
scheme of P -symmetry if we consider another defining group P ′ (one subgroup
of symmetrical group of degree m: P ′ ≤ Sm).

Note that the set of transformations of P -symmetry of any ”indexed” geo-
metrical figure F (N) forms a group. Moreover, the groups G(P ) of P -symmetry
are subgroups of the direct products of the defining group P with their gen-
erating discrete groups G of classical symmetry: G(P ) ≤ G × P . The theory
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of P -symmetry groups was elaborated and developed within the framework of
Prof. A. Zamorzaev’s scientific school on discrete geometry and mathematical
crystallography from Chisinau [2-4].

In conditions of the second case the complex rule w which describes the
transformation of the ”indexes” r, ascribed to the points M of distinct FG-
domains, needs to incorporate the respective information for each FG-domain
Fi. This matter is possible only when the respective rule w is composed
exactly from |G| components-permutations p from defining group P : w =<
..., pgs , ... >. Therefore, in this case the mixed transformation g̃ = gw of the
”indexed” geometrical figure F (N) is a transformation of Wp-symmetry [5,4].

The set of transformations of Wp-symmetry of the given ”indexed” geo-
metrical figure F (N) forms a group. The groups G(Wp) of Wp-symmetry are
subgroups of the left semi-direct product of the group W by the group G of
classical symmetry, accompanied with the isomorphism ϕ : G → AutW , i.e.

G(Wp) ≤ G
↼
� W = G̃. Note that the group W is the Cartesian product of iso-

morphic copies of the group P of permutations which are indexed by elements
of the group G. Moreover, the accompanying automorphism

↼
ϕg=

↼
g makes the

left g-translation of the components in w ∈ W , i.e.
↼
g : w �→ wg. In other

words, the group G̃ = G
↼
� W is a left standard Cartesian wreath product [1]

of the group P of permutations by the discrete groups G of classical symmetry:
G̃ =

↼
G ∫P . The general theory of Wp-symmetry groups was elaborated at the

end of the XX-th century [6-9].

3. Let the ”indexes” ri from the set N be homogeneous oriented magnitudes
(vectors, tensors) and they are rigidly connected with the points. The mixed
isometric transformation g̃ of the ”indexed” geometrical figure F (N), which
maps the ”indexed” point (M, r) onto the ”indexed” point (M ′, kr), is com-
posed also of two components p and g. The isometric transformation g maps
the point M onto the point M ′ = g(M) and the ”indexes” r onto ”indexes”
sr by the given rule. As for the component-permutation p it is only a com-
pensating permutation of ”indexes” (p maps the ”index” sr onto the ”index”
kr). In other words, the mixed transformation g̃ = pg maps the ”indexed”
geometrical figure F (N) onto itself and p ∈ P ≤ Sm.

Analysing the concrete operation of mixed transformation g̃ = pg about the
distinct ”indexed” points (M, r) of F (N) we remark that two different cases
exist: 1) the component-permutation p is the same for every ”indexed” point
of figure F (N); 2) the ”indexes” ascribed to the points which belong to distinct
FG-domains are transformed, in general, by different permutations.

Assume the conditions of the first case. The mixed transformation g̃ =
pg of the ”indexed” geometrical figure F (N) is exactly the transformation of
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P -symmetry [10]. Note that the set of transformations of P -symmetry of
any ”indexed” geometrical figure F (N) forms a group. The major group G̃
of P -symmetry from the subfamily with the generating group G of classical
symmetry, the kernel H of accompanying homomorphism ϕ : G → AutP and

Imϕ = Φ coincides with the right semi-direct product: G̃ = P
⇀
�ϕH(Φ) G.

Obviously: 1) the major group G̃ is the group of mixed transformations
by the ”indexed” geometrical figure F (N) = F̃ (in this case each point M
of initial figure F is ”indexed” by every element from the set N); 2) every
automorphism

⇀
ϕh, which corresponds to the element h of the kernel H of

accompanying homomorphism ϕ : G → AutP , operates only on the element p
of the group P , by the multiplication of the elements of group G̃, exactly like
the identical automorphism of the group P . In other words, the influence of
h concerning the oriented ”index”-quality is not effective; 3) the groups of P -
symmetry with the generating group G and Kerϕ=H, where ϕ : G → AutP ,

are subgroups of the major group G̃: G(P ) ≤ G̃ = P
⇀
�ϕH(Φ) G.

The general theory of P -symmetry groups was elaborated also within the
framework of scientific school of discrete geometry and mathematical crystal-
lography from Chisinau [10-13,4].

Assume the conditions of the second case, i.e. the oriented ”indexes”
ascribed to the points which belong to distinct FG-domains Fi are trans-
formed, in general, by different permutations. In this case the complex rule w
which describes the compensating permutation of ”indexes”, ascribed to the
points M ∈ Fi (for different i), needs to incorporate exactly |G| components-
permutations p from initial defining group P ≤ Sm: w =< ..., pgs , ... >. Con-
sequently, in this case the mixed transformation g̃ = wg of the ”indexed”
geometrical figure F (N) is a transformation of Wq-symmetry [14]. The set
of transformations of Wq-symmetry of the given ”indexed” geometrical figure
F (N) forms a group.

Note that the major group G̃ of Wq-symmetry from the subfamily with
the generating group G of classical symmetry, the kernel H of accompanying
homomorphism ϕ : G → AutW (the group W is the Cartesian product of iso-
morphic copies of the group P of permutations which are indexed by elements
of group G) and Imϕ = Φ coincides with the crossed standard Cartesian
wreath product [15,16] of the group P and discrete group G of classical sym-

metry: G̃ = P
⇀

 ↼
G. Moreover, the crossed standard Cartesian wreath product

P
⇀

 ↼
G is accompanied also with the isomorphism α : G → AutW by the rule

α(g) =
↼
g (where the automorphism

↼
g makes the left g-translation of the

components in w ∈ W , i.e.
↼
g : w �→ wg.
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The groups G(Wq) of Wq-symmetry are subgroups of the respective major
group G̃ from the same subfamily. The foundations of the general theory of
Wq-symmetry groups were also elaborated in Chisinau [14-17].
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[14] A. P. Lungu, Foundations of the general theory of Wq-symmetry, Izv. Akad. Nauk
Respub. Moldova. Mat., 3(1996), 94-100. (Russian)

[15] A. P. Lungu, The theory of generalized and colored symmetry using extensions and
wreath products of groups, Dissertation of doctor habilitat in Physics and Mathematics,
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Abstract Formulas and implements methods of those formulas to generate the points
co-ordinates from a complex trajectory are analyzed. The interpolation algo-
rithms analyzed are named ,,direct function computation”. Those algorithms
can implement a feedback command to traverse the complex trajectory con-
sidering the current position of the robot to determine the next position. The
implemented programmes have a real time evolution.

1. INTRODUCTION
There are industrial robots with trajectory that is important all time move-

ment, e.g. industrial robots for painting or welding. Therefore it is necessary
a compromise between the numbers of external information and required in-
ternal information to traverse the trajectory. The compromise is accomplish
by decomposing the trajectory in simple, circular or linear segments. The
co-ordinates of the segment extremity are the external information. The in-
termediary points co-ordinates are computed by interpolating along traversing
the trajectory.

2. PROGRAMME LANGUAGE MOVEMENT
COMMANDS FOR INDUSTRIAL ROBOTS

The interpolating module is called when the trajectory is specified all time
movement. The types of movement for an industrial robot can be classified as:
1 point to point - unimportant trajectory, only the final position is important,
such point welding or manipulation of the objects; 2 with articulation interpo-
lating - this type command the movement for each articulation, the resulted
trajectory is unknown in the working space of the industrial robot; 3 with
Cartesian interpolating - the trajectory is exact and it is defined in a Carte-
sian space Oxyz with three axes. The trajectory co-ordinates are converted
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in movement for each articulation using the geometric model of the industrial
robot.

The programming language of the industrial robots VAL II has instruc-
tion that select one of this type of movement described. So [1] there are the
instructions:

MOV E < location >

to define a point to point movement with articulation interpolating between
current position and final position specified in the instruction by the argument;

MOV ES < location >

the movement trajectory is a linear one, to the final position specified in the
instruction by the argument;

APPRO < location >, < distance >

the programmed movement is with articulation interpolating to the specified
position, the Oz axis movement is specified by argument distance;

APPROS < location >, < distance >

is the Cartesian version of the previous instruction;

DEPART < distance >

in Oz axis direction movement with an articulation interpolating;

DEPARTS < distance >

is the Cartesian version of the previous instruction. The language LM defines
two types of movement: the free movement with a non-defined trajectory and
the Cartesian movement with Cartesian interpolating. Such instructions are
[1]:

MOV E CUBE V IA POS1 CARTESIAN, POS2, POS3 TO

PUT CUBE CARTESIAN WITH SPEED = 0.8;

Those successive specifications command a Cartesian interpolating movement
from the initial position, named POS1, then point to point movement without
defined trajectory, and, at the end, a Cartesian interpolating movement from
POS3 to PUT CUBE.

Other programming language, also final effect movement oriented, contain
diverse instructions regarding the movement. The ROBEX − M language
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contains an interesting instruction that programmes a movement with the
same orientation of the tool [1]:

COMOV E

constant orientation MOV E.
The language ROBEX defines relative movement regarding the current

position of linear three axes Oxyz or circular axes associates with the linear
axes [1], so there are instructions:

GODLTA/ dx, dy, dz [, EV ENT, a[, ELSE, m]]

go to a specified distance,

TURN/XY ROT,ww1, [XY ROT,ww2, [XY ROT,ww3]][, EV ENT, a[ELSE,m]]

TURN/Y ZROT,ww1, [Y ZROT,ww2, [Y ZROT,ww3]][, EV ENT, a[ELSE,m]]

TURN/ZXROT,ww1, [ZXROT,ww2, [ZXROT,ww3]][, EV ENT, a[ELSE,m]]

Language ACL programmes a movement according to linear or circular tra-
jectory through MOV EL and MOV EC instructions.

3. INTERPOLATING ALGORITHMS FOR
DIRECT FUNCTION COMPUTATION

Some of the most efficient interpolating algorithms are the direct function
computation algorithms [3]. Those algorithms work with trajectory analyti-
cal expression, the line analytical expression for a line segment and the circle
analytical expression for a circle arc. Algorithms are based on the trajectory
propriety that the points on one side of trajectory give a sign to analytical
expression and the points on other side give the opposite signs to the same
trajectory analytical expression. The programmed movement must give alter-
native sign to the trajectory analytical expression.

For a Cartesian space trajectory we must analyze the sign of the expression
sign(∂f∂xdx + ∂f

∂y dy + ∂f
∂z dz), where the trajectory is defined by the equation

z − f(x, y) = 0 or F (x, y, z) = 0.
It is easy the analyze the algorithms for a Cartesian plane movement but

the principle is the same for a Cartesian space movement.
The formulas, for current point P (xi, yi) deviation computation, are:

for a step δx on Ox direction F (xi + δx, yi) − F (xi, yi) = ΔF (x);

for a step δy on Oy direction F (xi, yi) − F (xi, yi + δy) = ΔF (y);

for a step on Ox and Oy directions F (xi + δx, yi) − F (xi, yi + δy) =
ΔF (x, y).
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OCTANT 1 2 3 4 5 6 7 8

direction u x y y -x -x -y -y x

direction u+v x+y x+y -x+y -x+y -x-y -x-y x-y x-y

Table 1 The change of variable for linear interpolating octant algorithm.

The sign analysis is necessary in order to determine next point co-ordinates
P (xi + 1, yi + 1). For a linear segment with analytical trajectory equation
ax+ by + c = 0 the steps deviation can be determined by formulas

ΔF (x) = aδx, ΔF (y) = bδy, ΔF (x, y) = ΔF (x) + ΔF (y).

For space trajectory movement it can be considered a simplification that
commands a linear or circular plane Oxy trajectory movement and a constant
movement Oz-axis direction. For a circle segment, an arc with analytical
equations x2 + y2 −R2 = 0 the step deviation are

ΔF (x) = 2xiδx+ δx2, ΔF (y) = 2yiδy + δy2, ΔF (x, y) = ΔF (x) + ΔF (y).

The direct function algorithm is: for a linear rising analytical trajectory
function, a positive deviation demand a step to Ox-axis direction, a negative
deviation a step to Oy-axis direction. For a circle segment, trigonometric
sense, a positive deviation demand a step to Ox-axis direction. The step
dimension is defined by the speed value. For any kind of analytical trajectory
function the algorithm can work. It must determine the sign of the function for
points on one side of the trajectory by considering one example of co-ordinates
point. The alternating sign principle determines the step demanded for going
to the side with opposite sign. This method is very useful, it implements a real
time feedback of the movement command. The next command is computed
based on the current point co-ordinates, irrespewctive the fact the current
point co-ordinates are the precedent computed point co-ordinates or not. The
algorithm can be improved by considering the sign of a simplified expression,
named a ,,discriminant”. For a linear segment, with the final point F (xF , yF )
the algorithm must analyze the sign of the expression DD = xF yi+yFxi. For a
circular segment the ,,discriminant” is DC = x2

i +y2
i − (x2

0 +y2
0), where (x0, y0)

are the co-ordinates of the initial point considering the circle center as the
origin of the axes. In order to simplify the computation it is recommended to
make a change of variables such that for a linear segment we consider a new
origin on the beginning segment point and for circular segment a new origin
on the circle center.

Working performance have named the interpolating algorithm method of
octants [2]. For linear interpolating the algorithm considers two movement
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Figure 1 Octants definition.

OCTANT 1 2 3 4 5 6 7 8

direction v y -x -x -y -y x x y

direction u+v -x+y -x+y -x-y -x-y x-y x-y x+y x+y

Table 2 The changes of variables for circular interpolation, octants methods.

direction u and u+v according with the change of variable presented n Table
1, depending on the number of octant where the linear segment is placed.

The algorithm analyzes the sign of expression F (u, v) = uF vi − vFui. The
algorithm is: positive deviation demand direction u movement command. For
opposite sign the movement command is to u+v direction. The sense and the
step value are defined according to the definition of the octant, (fig. 1). There
are defined eight octants. Circular interpolation, trigonometric sense works
with change of variables presented in Table 1.

4. COMPUTATION EXAMPLES
The step value for each sample period can be computed depending speed

value. The speed variation at the beginning and the end of the movement is
programmed according to inertia reasons. Table 3 shows movement commands
for a linear segment A(0, 0) B(5, 6), ,,discriminant” method. The step value is
1.

The same linear segment can be interpolated with octant method, the
commands are described in Table 4. The linear segment is in octant 2, so
uF = yF = 6, vF = xF = 5. For the two methods see fig. 2.

A circular interpolation example, method ”discriminant” is analyzed in Ta-
ble 5. The beginning point is A(13, 0) and the end point is B(5, 12).
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D= C-DA C-DA OX OY
NR. U = Y V = X

1 0 * 0 0

2 -6 * 1 0

3 -1 * 1 1

4 4 * 1 2

5 -2 * 2 2

6 3 * 2 3

7 -3 * 3 3

8 2 * 3 4

9 -4 * 4 4

10 1 * 4 5

11 -5 * 5 5

12 0 stop 5 6

Table 3 Computation example, linear interpolation, ”discriminant” method.

D= C-DA C-DA OX OY
NR. U = Y V = X

1 0 * 0 0

2 -5 * * 0 1

3 -4 * * 1 2

4 -3 * * 2 3

5 -2 * * 3 4

6 -1 * * 4 5

7 0 stop 5 6

Table 4 Computation example, linear interpolation, octants method.

Figure 2 Linear interpolation, examples.
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NR. D= C-DA C-DA OX OY
OX OY

1 0 * 13 0

2 -25 * 12 0

3 -24 * 12 1

4 -21 * 12 2

5 -16 * 12 3

6 -9 * 12 4

7 0 * 12 5

8 -23 * 11 5

9 -12 * 11 6

10 1 * 11 7

11 -20 * 10 7

12 -5 * 10 7

13 12 * 10 9

14 -7 * 9 9

15 12 * 9 10

16 -5 * 8 10

17 16 * 8 11

18 1 * 7 11

19 -12 * 6 11

20 11 * 6 12

21 0 stop 5 12

Table 5 Computation example, circular interpolation, ”discriminant” method.

The same circular segment can be generated by octants method. At the
beginning, the arch is in the second octant.

Beginning with the 11th step, the arch is in the first octant, the variables
must be changed.

In these examples, the current co-ordinate was considered the computed
coordinate, while in real mode utilization, the current coordinate must be
read by transducers. The analyzed function sign is computed with the aid of
these current values of the coordinates.

5. CONCLUSION
The direct function computation interpolating methods are simple methods,

that have the advantage to implement a feed-back adjust of the movement on
a complex trajectory. That adjust is the effect of the direct function sign
computation using the current point coordinates to determine the next step
in the movement. From all these algorithms the octants algorithm is more
indicated because it determines the speed variation less than 9% .
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NR. D= C-DA C-DA OX OY
Y = V

X = U Y = V

1 0 * 13 0

2 1 * * 13 1

3 -21 * 12 2

4 -16 * 12 3

5 -9 * 12 4

6 0 * * 12 5

7 -12 * 11 6

8 1 * * 11 7

9 -5 * 10 8

10 12 * * 10 9

X = V Y = U

11 12 * 9 10

12 -5 * * 8 10

13 1 * 7 11

14 -12 * * 6 11

15 0 stop 5 12

Table 6 Circular interpolation, octants method.
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ROBOTICA 2000, Oradea, 2000, 225-228.

[3] Matica, L. M., Sisteme informatice industriale, Universitatea Oradea, 2001.
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1. INTRODUCTION
Automatization of the personnel management is a well-known and widespread

problem. Obviously this problem can be solved using different ways – a cre-
ation of enterprise advanced applications with great economic and business
investment (The solution based on expensive Shareware software and tech-
nologies, for example - Microsoft SQL Server, Microsoft Windows NT, Visual
Studio .NET and others) and creation of inexpensive system based on free soft-
ware like a Apache Web Server, script language PHP, database server MySQL,
free OS Unix (Linux) and other. In this paper we consider a specially devel-
oped system for automatization of personnel and personnel management which
is based on free software.

2. SYSTEM DESCRIPTION
An automatization system of preparing and forecasting of professional per-

sonnel was created in connection with developing computer technologies. This
system contains a large set of functions of the entering data, editing, and au-
tomatic receiving of the results and forecasting of professional personnel in
different spheres. System also includes multi-level access for different users
and groups of users. Each user have a determinate level of access to this sys-
tem – access of viewing individual data or editing of personal data or viewing
data of other group of persons or editing data of other group of persons or
access of different groups of administrators for editing or updating or creat-
ing, erasing data of other persons, groups of persons and even groups of other
administrators. All of listed rights of access can be used together or separately.
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System consists of next parts: entering data, automatic receiving of the
results and information’s belonging all activity of personnel by using simple
and complex multilevel queries, viewing data, statistical data manipulation
and elements of forecasting. In future developments expert system of different
levels will be used for forecasting.

One of the basic advantages in using this system is the easiness of the
development and using. User does not need any knowledge in programming.
It is sufficient to have the basic computer knowledge. This system differs from
other existing databases and information systems, because it has a complete
web-interface application. Therefore this system can be used in the local
network and Internet.

3. METHODS AND SELECTION OF
TECHNICAL TOOLS AND SOFTWARE

The environment of the development is an union of next technologies: script
language of programming PHP, the goal of which is to allow web developers
to write dynamically generates pages; a very fast multi-threaded, multi-user
and robust SQL database server named MySQL; HTML-for creating static
web pages and helping for creating dynamically generating pages, Java Script
language; web server Apache, which can be used on Windows, Linux and other
platforms. The information transfer in the local computation networks, WAN,
Internet and telephone lines is one of the advantages of these technologies.

Union of these technologies is widely used in the network of Internet for
creating complex, multi-level web portals with complex structure. This de-
cision is very popular among web-developers because these technologies have
the following advantages:

PHP support many kinds and sorts of databases, such Oracle, Sybase,
dBase, others and MySQL, which was used for creating this system; good
integration with different Operation Systems as Linux, Mac, Windows and
others. We note that we are using this system on Windows platform. But we
have not any problems for using this system on the platform Linux, which is
popular hosting system in Internet also. Causes of using MySQL are described
below:

MySQL is most popular open source SQL database. MySQL was originally
developed to handle large databases much faster than existing solutions and
has been successfully used in highly demanding production environments for
several years. The connectivity, speed, and, security make MySQL highly
suited for accessing databases on the Internet.
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4. DISCUSSION
Now we consider a main idea of the automatization personnel system, which

was developed for our country needs. We only use open-source free software.
The idea behind Open Source software is rather simple: when programmers
can read, distribute and change code, the code will mature. People can adapt
it, fix it, debug it, and they can do it at a speed that dwarfs the performance
of software developers at conventional companies. This software will be more
flexible and of a better quality than software that has been developed using
the conventional channels, because more people have tested it in more different
conditions than the closed software developer ever can.

4.1 System properties and features
System of the management of preparing and forecasting of professional per-

sonnel was created for helping in management of personnel in the country. In
particular, this system was developed for management of preparing and fore-
casting of professional personnel in education sphere of the country. Education
sphere of the Republic consist of set of education organizations, institutes, uni-
versities and other such organizations. The system must contain all personal
data on each member of all education organizations in the Republic. This
personal data must be entered by special administrators of this organizations
and institutes, who are responsible for the entering of personal data of officials
(workers) of organizations and institutes. These administrators must have an
access to Internet for entering data, viewing and editing. They should open
web page of this system, enter their login and password, which they have
obtained from main administrator early, and must work with this system by
methods, described above.

Consider this problem for an example of one university, which consists of
faculties and departments. Each faculty is divided on chairs. In this case
we have several levels for access to data on the web-portal of the system.
If you are a simple user and do not work in education sphere, you can use
this system for only viewing data of any teacher, lector, professor, doctor and
other specialists of any educational institutes, organizations or universities of
the Republic. In addition, it has been a possibility of multifunctional search
of persons on different parameters (place of work, specialty of person, nation
of person and other parameters).

If user works in education sphere – he has access of simple user plus pos-
sibility of editing self-personal data. If user responses for the enter data of
persons of his organization, in other words, he has access as administrator of
his educational organization, then he has access of simple user plus possibility
of editing, updating and deleting personal data of any officials of organization.
If he works on the faculty and has access of administrator of his faculty, he
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can change any data of officials of his faculty and give rights of administrating
to determine person on the chairs of faculty. We consider this below.

4.2 System components (based on free software) properties and features
We are using a MySQL database in developing.
MySQL is a most popular Open Source SQL database. We want MySQL

to be:
1. The best and the most used database in the world.
2. Available and affordable for all.
3. Easy to use.
4. Continuously improved while remaining fast and safe.
5. Fun to use and improve.
6. Free from bugs.
This database contains more than a great number of tables and each table

contains determined set of data. Three tables of that database called “The
main tables”. There are three main tables in our database – table of educa-
tional organizations, universities, institutes, faculties and chairs, called “Table
of departments”; table of users and table of rights of access to data. Table
of users contains a personal data of all officials of any educational organiza-
tions or their divisions with login and password, which are distinct for each
registered user (all officials of educational organizations are registered users).
Table of rights of access to the personal data contain data of access for dif-
ferent levels of administrators. Other tables are information tables, named by
inquiry tables. Structure of inquiry tables is described below.

There is a several inquiry tables in database. Consider one of them. Other
inquiry tables were created through the same method. Our considered table
is a table of the scientific specialties in the Republic. Table consists of two
fields (columns) – field, named “ID” and field, named “Name”. “Id” is an
autoincreament field and this field is primary key of the table. This column
contains an ordinal numbers of the specialities. Column “Name” contains all
scientific specialities immediately. This structure have another inquiry tables
as table of domains of the Republic, table of the nationalities, table of scientific
degrees, table of government rewards and others.

We consider the first of the main tables. It is a table of the educational
organizations of the Republic and their divisions. Structure of this table is
described below.

The table of educational organizations consists of 4 fields. The first field is
on autoincreament field “ID” (not that id, which was used in inquiry tables).

Second field is a name of organization or section of organization. Third
field is a brief name of organization or section of organization and fourth field
called “SUPER ID”, special field, values of which can be repeated.
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In the top of hierarchy of the educational organizational is Universities,
institutes, or organization, but not sections of the organizations or faculties or
chairs. All this organizations have SUPER ID is equals zero.

Any faculty or section of organization will have SUPER ID, equals ID of
parent organization. Consider this in the next example.

We have University with many faculties and chairs in the faculties. In this
case SUPER ID of university is equal to zero, SUPER ID of the faculty is
equal to ID of the University (not SUPER ID), and SUPER ID of a chair of
the determined faculty is equal to ID of this faculty.

The table of scientists or users containts the following fields: ID, Login,
Password, place of birthday, specialty, day of birthday, family position, social
origin, list and names of scientific works and publications and other fields of
individual character, and plus field “ID ORG” and “ID RIGHT”.

The field “ID ORG” is connected with field “SUPER ID” from the table
of the educational organizations. The fields “ID RIGHT” are connected with
field “ID” from the table of rights, described below.

Table of rights consists of the autoincreament field “ID” and field “RIGHT”.
In the field “RIGHT” can be contained different levels of administrating,

such as local administrator of organization, local administrator or faculty, local
administrator of chair or global administrator.

We considered a structure of our database, and we consider structure of
PHP scripts, used in web-developing of this system now.

4.3 Programming tools architecture
Architecture of PHP scripts is divided in three parts: parts of representa-

tions, part of business-logic and data stage.

Fig 1. System architecture.

Part of representations contains php-scripts and templates, composing user
interface of system. This type of representation is very comfortable com-
paratively with usual one-level architecture. First, representation of data is
strongly separated from the logic of functionality. Therefore, we separated
work of designer and web-developer. Second, such representation simplifies
the structure and possibility of comfort reading of codes. Third, the applica-
tion will be more powerful, because in order to add new function of the system
we must just add new methods in class.
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There were created many classes with determined functions and methods.
Each class performs determine “functions”. Example, class “login” is for the
authentification of users and others.

There were performed some basic classes, which were included in another
classes- PageControl class (In this class were created functions and methods
for the control of number of data on the page), Db class (for the connection
with database using host or ip-address of machine, where database is placed)
and others. Listed classes are basic classes of the system or a kernel of the
system. They were used in almost all other classes. Files of templates are
responsable for placing data on the web page. Templates are transforming on
determined class.

Structure of templates contains web-design of the automatically generating
pages, CSS schemes for the nicely printing data to the web page.

4.4 Operation System selection
System can be installed on many platforms such Windows, Mac, Linux and

other operation systems. But we used OS Linux because:
1. Linux is free;
2. Linux is portable to any hardware platform;
3. Linux was made to keep on running;
4. Linux is secure and versatile;
5. Linux is scalable;
6. The Linux OS and Linux applications have very short debug-times.

5. RESULTS
The practice of using this system shows that it is very powerful tool for the

simplifying work with the personnel of the educational sphere.
This system may be used not only in the educational sphere, but in any

other sphere of management systems. Using this system in other sphere of
management requires only a little modifications of the system.
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Abstract
In 2000 Jia introduced some recursions based on the Arnoldi’s method to

improve inverse Hessenberg matrices computation. Working with these recur-
sions particular forms are obtained in order to be more useful in computation.
Illustrative examples are included.

Introduction. The incomplete orthogonalization method which derives
from Arnoldi’s method, is used for solving large non Hermitian linear systems.
Jia [1] developed some recursions to compute the inverse of the Hessenberg
matrices. These updating recursions is useful for any type of nonsingular
matrices in special conditions. Starting from these recursions particular forms
are obtained that are cheaper in computation.

Recursions. Assume that A = (ai,j)i,j=1,n, |Aj | = 0, j = 1, ..., n,

with Aj =

⎛⎝ a1,1 · · · a1,j

· · · · · · · · ·
aj,1 · · · aj,j

⎞⎠ and define dj = aj+1,je
(j)
j ,

cj = (a1,j+1, a2,j+1, . . . , aj,j+1)T , uj+1,j+1 = aj+1,j+1−dTj A−1
j cj , j = 1, 2, . . . , n.

Theorem 1 [1].
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⎛⎝ A−1
j +

A−1
j cjd

T
j A

−1
j

uj+1,j+1
− A−1

j cj
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1
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If A is a symmetric matrix then Aj+1 =
(
Aj dj
dTj aj+1,j+1

)
. Based on (1)

we obtain
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Recursions for Hessenberg matrices. Assume that H is a Hessenberg
matrix, hi,j = 0, for i > j + 1, i, j = 1, . . . , n and denote Kj = H−1

j . Thus
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dTj H
−1
j = dTj Kj = (0, . . . , 0, hj+1,j)

⎛⎝ k1,1 · · · k1,j

· · · · · · · · ·
kj,1 · · · kj,j

⎞⎠
= (hj+1,jkj,1, hj+1,jkj,2, . . . , hj+1,jkj,j) = sTj .

We obtain

Kj+1 = H−1
j+1 =

⎛⎝ Kj +
Kjcjs

T
j

uj+1,j+1
− Kjcj
uj+1,j+1

− sT
j

uj+1,j+1

1
uj+1,j+1

⎞⎠ (2)

which is cheaper then (1) because we avoid unuseful multiplications with
zero.

Results. The implementation of these updating recursions also demon-
strate that for large Hessenberg matrices (2) is cheaper than (1). N represents
the dimension of the tested matrix. Values in the second and third column
represent the number of miliseconds necessary to compute the inverse of the
Hessenberg matrix using relation (1), respectively (2).

N milisecs - (1) milisecs - (2)

10 94 94

20 594 578

30 1937 1922

40 4579 4531

50 8969 8875

60 15219 15390

70 24250 24453

80 37547 36250

90 53140 51969

100 73110 70875
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Abstract The SODE-modelled calcium variations in certain cell-types are investigated.
The structural stability of hepatocyte physiology time-delayed flow is studied
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1. INTRODUCTION
The SODE which describes the intra-cell calcium variation in time exhibits

a very rich and complex dynamical behavior. An illustrative fact is the case
when a time-delay imposed to one of the state variables leads to structural
instability and Hopf bifurcations. In the present work, we investigate the
dynamics of a mathematic biological model which describes the calcium vari-
ations in time in the living cell, while one of the state variables is delayed in
time. The applicative biological aspects represent an important open question
in the field, and are subject of further research.

The variables used in the present model for calcium variations are:

Z - the concentration of free Ca2+ in the cytosol;

Y - the concentration of free Ca2+ in the internal pool;

A - the InsP3 concentration.

The time evolution of these variables is governed by the following SODE

��������
�������

dZ

dt
= −k · Z + V0 + β · V1 + T

dY

dt
= −T

dA

dt
= β · VM4 − VM5 · Ap

kp
5 + Ap

· Zn

kn
d + Zn

− ε · A,

(1)
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where T = kf · Y − VM2 · Z2

k2
2 + Z2

+ VM3 · Zm

kmZ + Zm
· Y 2

k2
Y + Y 2

· A4

k4
A +A4

.

The parameters involved are: V0, V1, β, V2, V3, k2, kY , kZ , kA, kf , k, VM4,
VM5 , m, n, p and ε, and are described in detail in [7], [6].

From biological point of view, this SODE is based on the mechanism of cal-
cium release induced by calcium influenced by the inozitol 1,4,5-triphosphate
(IP3) degradation by a 3-kynase. This model may exhibit various types of
variations as: explosion, chaos, quasi-periodicity, depending on the values as-
signed to the parameters.

2. THE TIME-DELAYED EVOLUTION FLOW
We shall study the biological flow when one variable coordinate is subject

to time-delay. In our case, we assume this to be A - which denotes the concen-
tration of inozitol, leaving still open the question of biological interpretations
to their full extent.

In order to obtain the dynamical system with delayed argument in the
dependent variable A(t), it is known that for a given probability density f :
R → R+ obeying

∫∞
0 f(s)ds = 1, the transformation (perturbation) of the

state variable A(t) ∈ R dependent on f is the new variable Ã(t) defined by

Ã(t) =
∫ ∞

0
A(t− s)f(s)ds =

∫ t

−∞
A(s)f(t− s)ds. (2)

Applying the time-delay process to A, one changes the system (1) into the
new SODE ���������

��������

dZ

dt
= −k · Z(t) + V0 + β · V1 + T̃ (t),

dY

dt
= −T̃ (t),

dA

dt
= β · VM4 − VM5 · Ã(t)

k5 + Ã(t)
· Z(t)2

k2
d + Z(t)2

− ε · Ã(t),

(3)

where

T̃ (t) = kf · Y (t) − VM2 · Z(t)2

k2
2 + Z(t)2

+

+VM3 · Z(t)4

kZ(t)4 + Z(t)4
· Y (t)2

k2
Y + Y (t)2

· Ã(t)4

k4
A + Ã(t)4

,

with Z(0) = Z0, Y (0) = Y0, A(θ) = ϕ(θ), θ ∈ [−τ, 0], τ ≥ 0, where the trans-
form Ã(t) is defined by (2) and ϕ : [−τ, 0] → R is a differentiable function
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which describes the behavior of the flow in the O direction. In other words,
the initial SODE is replaced by a differential-functional system.

The equilibrium points of the system (1) are obtained when the right side
of the differential system (1) is set to zero. The resulting nonlinear system has
in general several solutions; from physiological point of view only the positive
ones can be accepted. We denote such a solution as (Z∗, Y ∗, A∗). Regarding
the linearization of the SODE (3) we have the following statement [7]

Proposition 1. The following assertions hold:

a) The linearized SODE of the differential autonomous system with de-
layed argument (3) at its equilibrium point (Z∗, Y ∗, A∗) is V̇ (t) = M1V (t) +
M2V (t − τ), where we have denoted by ”dot” the t-differentation, V (t) =
t(Z(t), Y (t), A(t)) and

M1 =

�
���

∂f1
∂Z

∂f1
∂Y

0

∂f2
∂Z

∂f2
∂Y

0

∂f3
∂Z

∂f3
∂Y

0

�
���
��������
(Z∗,Y ∗,A∗)

, M2 =

�
���

0 0 ∂f1
∂A

0 0 ∂f2
∂A

0 0 ∂f3
∂A

�
���
��������
(Z∗,Y ∗,A∗)

and (f1, f2, f3) are the components of the field which provides the SODE (1).

b) The characteristic equation of the differential autonomous system with
delayed argument (3) is

det
(
λI −M1 −

∫ ∞

0
e−λsf(s)ds ·M2

)
= 0. (4)

Besides the Dirac distribution case, extensively studied in [7], two more
notable distributions are worthy to consider: the uniform distribution and the
gamma distribution. In these cases, the delayed A-component of the system
has respectively the following forms:

1. If f is the uniform distribution of τ > 0, i.e., f(s) =

{
1
τ , 0 ≤ s ≤ τ

0, s > 0
,

then Ã(t) = 1
τ

∫ 0
−τ A(t+ s)ds.

2. If f is the gamma distribution of τ > 0, i.e., f(s) = dm

Γ(m)s
m−1e−ds, s ≥

0, d > 0, then Ã(t) = dm

Γ(m)

∫ t
−∞A(s)(t−s)m−1e−d(t−s)ds. For m = 1, we obtain

the exponential distribution and the delayed function respectively

f(s) =
d

Γ(1)
e−ds, s ≥ 0, d > 0, and Ã(t) =

d

Γ(1)

∫ t

−∞
A(s)e−d(t−s)ds.
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3. STABILITY RESULTS REGARDING THE
DELAYED FLOW

Further we study the subcases when the SODE leads to explosion, chaos
and quasiperiodicity. The first one was thoroughly investigated in [7], in the
case of the Dirac distribution. For the three cases of parameter sets and for the
two types of distributions described above, we further develop the basic results
regarding the stability and bifurcation of the considered delayed SODE.

The three sets of values for parameters, corresponding to the subcases (ex-
plosion, chaos and quasiperiodicity) are provided in detail in the works [6], [7].
a) Explosion. In this case is known the following [7]

Proposition 2. i) The only non-negative equilibrium point is

(Z∗, Y ∗, A∗) = (0.2916496701; 0.2344675015; 0.1989819160).

ii) The eigenvalues of the Jacobian matrix of the field at this point are

{−0.07285104555, 0.02709536609 ± i 0.2468748453}; (5)

iii) The constitutive matrices of the linearized delayed SODE (4) are

M1 =

�
�

0.3886052798 0.3240919299 0
−0.5553052794 −0.3240919299 0
−0.08796881783 0 0

�
� , M2 =

�
�

0 0 0.103140906
0 0 −0.103140906
0 0 −0.08317366327

�
� .

b) Chaos. In this case we obtain:
Proposition 3. i) The only non-negative equilibrium point is

(Z∗, Y ∗, A∗) = (0.3296040792; 0.7830862038; 0.1365437815);

ii) The eigenvalues of the Jacobian matrix of the field at this point are

{−0.1767271957, 0.2753920311 ± i0.9217492250};

iii) The constitutive matrices of the linearized delayed SODE (4) are

M1 =

�
�

0.1523424612 0.0423568326 0
−0.3190424612 −0.0423568326 0
−0.03491470092 0 0

�
� , M2 =

�
�

0 0 0.513718989
0 0 −0.513718989
0 0 −0.2316344181

�
� ;

c) Quasiperiodicity. We obtain
Proposition 4. i) The only equilibrium point of the SODE is

(Z∗, Y ∗, A∗) = (0.3016376725; 0.6476260612; −0.5077053483);

We obtained a negative solution which can not be acceptable from a physiolog-
ical point of view.
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ii) The eigenvalues of the Jacobian matrix of the field at this point are

{−0.1767271957, 0.2753920311 ± i0.9217492250}.

In the following we examine the two distribution cases with the parameter
sets corresponding to the subcases a) and b).

1-a) The uniform distribution-explosion subcase. In this case Ã(t) =
1
τ

∫ 0
−τ A(t+ s)ds, and the equation (4) becomes

det
(
λI −M1 − 1 − e−λτ

λτ
M2

)
= 0. (6)

Following the same steps like in the case of Dirac distribution, we obtain that
there exist no solutions for the bifurcation parameter τ0.

1-b) The uniform distribution-chaos subcase. In this case Ã(t) =
1
τ

∫ 0
−τ A(t+ s)ds and the equation (4) becomes (6). Following the same steps

like in the case of the Dirac distribution, we obtain that there exists no solution
for the equation (6) for u = 0 in terms of τ0 and ω0.

2-a) The exponential distribution-explosion subcase. In this case
the equation (4) becomes

det
(
λI −M1 − d

λ+ d
M2

)
= 0. (7)

Using the graphic package Maple 8, we obtain that there exists no solution for
the equation (7) for u = 0 in terms of τ0 and ω0.

2-b) The case of exponential distribution-chaos subcase. In this
case the equation (4) becomes (7). Using the graphic package Maple 8, we
obtain that there exists no solution for the equation (6) for u = 0 in terms of
τ0 and ω0.

In the cases pointed out by Propositions 2 and 3, the initial dynamical
SODE becomes subject to the Hopf bifurcation theorem ([13]). Further con-
siderations on this issue can be found in [6] and [7].
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(Romanian).

[5] M. Neagu, I. R. Nicola, Geometric dynamics of calcium oscillations ODE systems,
BJGA 9, 2(2004), 36-67.
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AVERAGE VELOCITY OF THE TURBULENT
FLOW NEAR A SMOOTH WALL

V. Panaitescu
Univ. ”Polytechnica” of Bucharest, Romania

Abstract
The universal law concerning the distribution of the turbulent flow average

velocity field near a rigid smooth wall is established by considering the field
in the transition regime from the laminar motion in the laminar sub-layer, to
the turbulent motion in the fully turbulent layer, subsequently passing on the
application of the effects of molecular viscosity and turbulent viscosity. Conse-
quently, the expression of the universal function of the correlation between the
longitudinal and transversal components of the turbulent flow velocity pulsa-
tion near the wall is deduced.

1. Determination of the universal law concerning the average
velocity of the turbulent flow near a smooth wall

The general equations of a turbulent flow determined by O. Reynolds are

∂ūi
∂t

+ ūk
∂ūi
∂xk

= X̄i − 1
ρ

∂p̄

∂xi
+

∂

∂xk

(
υ
∂ūi
∂xk

− u
′
iu

′
k

)
, i = 1, 2, 3. (1)

We investigate the plane-parallel stationary turbulent motion of a fluid along
the Ox axis in the semi-space z > 0, assuming there is no gradient of the
average pressure. In this case (1)1 has the form

υ
∂2ū

∂z2
− d

dz

(
u′w′

)
= 0. (2)

This equation is integrated to have

η
∂ū

∂z
− ρ

(
u′w′

)
= τ0, (3)

where η = ρυ is the dynamic coefficient of viscosity, and τ0 is the friction
tension at the wall.

The first term in equations (2) and (3), represents the contribution of the
molecular viscosity, while the second one the contribution of the velocity pul-
sation when the friction tension τ0 is formed. We admit the classical model of
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the turbulent motion near a wall i.e. the flow field is divided in three domains:
the viscous sub-layer, the transition region and the region of fully developed
turbulence. The notation of the dynamic coefficient of turbulent viscosity is
η’= ρυ’. It was introduced for the first time by J. Boussinesq. We have

τ ′ = −ρ(u′w′) = η′
dū

dz
. (4)

Therefore the equation of motion near a rigid wall is written as(
η + η

′) dū
dz

= τ0. (5)

Assume that this equation is available everywhere near the wall (which
means that the principle of superposition of both the molecular viscosity and
of the turbulent viscosity is supposed to hold), specifying that in the viscous
sub-layer η >> η′, in the transition region η and η’ have the same order of
magnitude and in the field of full turbulence η ! η

′
.

For the turbulent viscosity we propose an expression of the type η = ρlu∗
[1], where the mixing length for distances larger than the thickness d of the
laminar sub-layer is expressed by the relation l = κ (z − d)where κ is the
constant of Kármán and u∗ =

√
τ0/ρ the friction velocity. It follows that

η′ = κρ (z − d)u∗, (6)

where κ = 0 for z < d and k = 0 for z ≥ d. Introducing the dimensionless
values ζ = zu∗/υ and δ = du∗

υ , the equation (5) is written in the dimensionless
form

[1 + κ (ζ − δ)]
d

dζ

(
ū

u∗

)
= 1, (7)

where κ = 0 for ζ < δ, κ = 0 for ζ ≥ δ. The equation (7) is integrated, taking
into account the value of κ and the evident condition of the adherence to the
wall, ū = 0 for ζ = 0. The integration constant is determinated provided that
the transition from the laminar profile to the turbulent profile ū/u∗ = δ occur.
The following universal function is obtained for the profile of the turbulent
velocities near a rigid smooth plane wall

ū

uk
=
{
ζ, for 0 ≤ ζ ≤ δ,
1
κ ln [1 + κ (ζ − δ)] , for ζ ≥ δ.

(8)

The constant δ introduces the influence of the molecular viscosity, while the
constant κ introduces the influence of the turbulent viscosity when forming
the average velocity profile. The numerical values of these constants are κ =
0.4 and δ = 7.5 [2].
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In Table 1 we present comparatively some characteristic elements of the
classical theories of the turbulence and of our theory presented herein. In
Table 2 we reproduced the expressions of the universal profile of the average
velocity u+ = ū/u∗ of the turbulent flow near a wall.

Fig. 1. Universal velocity profiles.
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Comparing the profile (8) proposed by us with the experimental data of a
large number of research workers [3], [4] a very good agreement is obtained
(fig. 1).

2. Deduction of the expression of universal function of correlation
between the longitudinal and transversal components of the

pulsation of turbulent velocity near a wall

The equation of motion near a wall (3) is transcribed in the dimensionless
form as

d

dζ

(
ū

u∗

)
− u′w′

u2∗
= 1. (9)

For the universal law of distribution of average velocities (8) it follows

−u′w′

u2∗
= 1 − d

dζ

(
ū

u∗

)
=

κ (ζ − δ)
1 + κ (ζ − δ)

. (10)

We specify that the function (10) makes sense for ζ ≥ δ only therefore
except for the viscous sub-layer, which is very well confirmed experimentally
[1], [4].

3. Conclusions

The form achieved for the average velocity profile and the comparison with
other results of the literature lead to the folowing conclusions:
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- the average velocity profile of the turbulent flow near a smooth wall is
expressed by a continuous function together with its first order derivative on
the whole field of definition, i.e., for any distance from the wall (other formulae,
e.g. the ones proposed by Prandtl and Taylor, Coles, Kármán, Rannie, Deissler
are represented by functions that have angular points at the common points
of the three regions, which is inconsistent with the physical reality);

- the logarithmic form obtained for the average velocity profile (8) is anal-
ogous to the classic one of Prandtl – Kármán, but it is more general in the
sense that it is valid for the region of transition from the laminar motion in
the viscous sub-layer, to the turbulent motion in the fully developed turbulent
layer;

- we estimate that our form (8), for the average velocity profile, is simpler
(e.g. as compared to the formulae proposed by Diessler, Spalding, Van Driest
for the description of the distribution of the average velocity over all distances
from the wall, therefore in the region of transition as well);

- the constants κ and δ, occurring in the expression of the universal function
of the average velocity profile, have a physical importance well determinated,
previously specified;

- the universal function of the correlation between the longitudinal and
transversal components of the velocity pulsations (10) is obtained analytically
and is confirmed by experimental results.
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CONSTRUCTION OF THE DYNAMICAL
ABSORBERS FOR SEVERAL FINITE DEGREES
OF FREEDOM SYSTEMS

Nicolae Pandrea, Marina Pandrea, Nicolae - Doru Stănescu
Department of Applied Mechanics, University of Piteşti

Abstract The general formulae for a several finite degrees of freedom dynamical absorber
computation are established. A numerical example is also presented.

1. INTRODUCTION

It is known the role of the dynamical absorber which being attached to
a system with one degree of freedom, called the main system, is excited at
resonance, making this to stay at rest, and the absorber vibrates with limited
amplitude at the resonance frequency of the main system.

In [4] the existence of a dynamical absorber for the elastically hanged rigid
excited at resonance at one of its six eigenfrequencies was studied.

In this paper the existence of a dynamical absorber for a system with n
degrees of freedom excited at the resonance at one of the eigenfrequencies will
be studied.

2. GENERAL EQUATIONS

Consider the system with n degrees of freedom (fig. 1), called the main
system, which is acted by the exciting force F0 cos (ωt) and let pk, k = 1, 2, ..., n
be the eigenpulsations of this system. In order to avoid the resonance in the
case ω = pk, one adds the secondary system formed by the mass mn+1 and
the spring of stiffness kn+1. In order to dimension this system as a dynamical
absorber one writes the equations of motion

������
�����

m1ẍ1 + (k1 + k2) − k2x2 = 0,
m2ẍ2 − k2x1 + (k2 + k3) − k3x3 = 0,

· · · · · · · · · · · · · · · · · · · · ·
mnẍn − knxn−1 + (kn + kn+1) xn − kn+1xn+1 = F0 cos (ωt) ,

mn+1ẍn+1 − kn+1xn + kn+1xn+1 = 0.

(1)
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Fig. 1. The studied model.

The stationary solution of the system (1) being of the form

xj = ajcos (ωt) ; j = 1, 2, ..., n, (2)

one obtains the algebraic system
������
�����

�−m1ω
2 + k1 + k2

�
a1 − k2a2 = 0,

−k2a1 +
�−m2ω

2 + k2 + k3

�
a2 − k3a3 = 0,

· · · · · · · · · · · · · · · · · · · · ·
−knan−1 +

�−mnω2 + kn + kn+1

�
an − kn+1an+1 = F0,

−kn+1an +
�−mn+1ω

2 + kn+1

�
an+1 = 0.

(3)

Using the notation

δ0 = 1; δ1 = k1 + k2 − m1ω
2, (4)

δj =
�
kj + kj+1 − mjω

2
�
δj−1 − k2

j δj−2; j = 2, 3, ..., n, (5)

δn+1 =
�
kn+1 − mn+1ω

2� δn − k2
n+1δn−1, (6)

Δj = F0

�
kn+1 − mn+1ω

2
�
δj−1

n�
i=j+1

ki; j = 1, 2, ..., n − 1 , (7)

Δn = F0

�
kn+1 − mn+1ω

2
�
δn−1; Δn+1 = F0kn+1δn−1, (8)

from the system (2) one obtains the amplitudes

aj =
Δj

δn+1
; j = 1, 2, ..., n, n + 1. (9)

3. DIMENSIONING THE DYNAMICAL
ABSORBER

From the relations (5)-(9) it follows that, at resonance ω = pk if, in addition,
the condition p2

k = kn+1

mn+1
is fulfilled, the amplitudes aj , j = 1, 2, ..., n in the

main system are zero. Then, from the relation (5) one deduces the equality
δn+1 = k2

n+1δn−1 and the amplitude an+1 of the dynamical absorber is an+1 =
− F0
kn+1

.
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4. THE TRANSIENT REGIME

From the equation δn+1 = 0 one deduces the n + 1 eigenpulsations of the
system obtained from the main system at which we added the dynamical
absorber. It follows that in the transient regime the new system has n + 1
resonances. Moreover, we obtain that the amplitudes aj , j = 1, 2, ..., n + 1
become equal to zero at the points which are the zeros of the equations δj−1 =
0, i.e. the amplitudes aj , when the pulsation ω varies become equal to zero
at j − 1 points, too. These points, as it follows from the relations (7), (8),
coincide for the amplitudes an, an+1.

5. THE DAMPING ABSORBER

In order to avoid the resonances in the transient regime, the absorber is
endowed with the damping c. Using the notation

[M] =

�
���
m1 0 0 · · · 0
0 m2 0 · · · 0
· · · · · · · · · · · · · · ·
0 0 0 · · · mn+1

�
		
 , [C] =

�
���

0 0 · · · 0 0 0
· · · · · · · · · · · · · · · · · ·
0 0 · · · 0 c −c
0 0 · · · 0 −c c

�
		
 ,

[K] =

�
����

k1 + k2 −k2 0 0 · · · 0 0 0
−k2 k2 + k3 −k3 0 · · · 0 0 0
· · · · · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 · · · kn kn + kn+1 −kn+1

0 0 0 0 · · · 0 −kn+1 kn+1

�
			
 ,

{X} =
�
x1 x2 · · · xn xn+1

�T
, {J} =

�
0 0 · · · 0 1 0

�T
,

the matrix differential equation of such a system’s vibrations, reads

[M]
�
Ẍ
	

+ [C]
�
Ẋ
	

+ [K] {X} = F0 {J} cos (ωt) . (11)

In this case, the variations of the amplitudes are limited and they are de-
duced by solving the equation (11) by complex numbers method.

6. NUMERICAL EXAMPLE

Consider that the main system has three masses: m1 = 3m, m2 = 2m and
m3 = m. All the stiffness of the coupling springs are equal to k. The absorber
has the mass m4 and it is coupled to the main system by a spring of stiffness
k4. The damping between the absorber and the main system is supposed to
be c. The main system is acted upon by an exciting force, say F0 cos (ωt). The
equations of motion read����

���
3mẍ1 = −kx1 + k (x2 − x1) ,

2mẍ2 = −k (x2 − x1) + k (x3 − x2) ,
mẍ3 = −k (x3 − x2) + k4 (x4 − x3) + c (ẋ4 − ẋ3) + F0 cos (ωt) ,

m4ẍ4 = −k4 (x4 − x3) − c (ẋ4 − ẋ3) .

(12)
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The motions for the main system are given by the following system��
�

3mẍ1 = −kx1 + k (x2 − x1) ,
2mẍ2 = −k (x2 − x1) + k (x3 − x2) ,
mẍ3 = −k (x3 − x2) + F0 cos (ωt) .

(13)

The solution for the system (13) being of the form (2), where j = 1, 2, 3,
one obtains the following algebraic system��

�
− �

3mω2 + 2k
�
a1 − ka2 = 0,

−ka1 +
�−2mω2 + 2k

�
a2 − ka3 = 0,

−ka2 +
�−mω2 + k

�
a3 = F0.

The resonance pulsations of the main system, follow from the equation������
2k − 3mω2 −k 0

−k 2k − 2mω2 −k
0 −k k − mω2

������ = 0,

or equivalently, 6u3 − 16u2 + 10u− 1 = 0, where u = mω2

k
.

The solutions for (6) are u1 = 0.1231, u2 = 0.7580 and u3 = 1.7855, which

lead to ω1 = 0.35085
√
k
m , ω2 = 0.87063

√
k
m and ω3 = 1.33623

√
k
m .

Assume thatm = 1 [kg], F0 = 100 [N] and k = 100
[
N
m
]
. In these conditions,

we obtain ω1 = 3.5085
[
s−1
]
, ω2 = 8.7063

[
s−1
]

and ω3 = 13.3623
[
s−1
]
. In

order to avoid the third resonance, which corresponds to ω3, we select an
absorber for which k4 = m4ω

2
3. Taking k4 = 50

[
N
m
]
, it follows m4 = 0.28 [kg].

We shall write that k4 = μ1k and m4 = μ2m, with μ1 = 0.5 and μ2 = 0.28.
In the case of no damping absorber the equations of motion lead to the

following algebraic system����
���

�−3mω2 + 2k
�
a1 − ka2 = 0,

−ka1 +
�−2mω2 + 2k

�
a2 − ka3 = 0,

−ka2 +
�
k (1 + μ1) − mω2

�
a3 − μ1ka4 = F0,

−μ1ka3 +
�
μ1k − μ2mω2

�
a4 = 0.

(16)

From the first relation (16) we have a2 = 2k−3mω2

k a1 and from the sec-
ond relation (16) taking into account the expression of a2 we obtain a3 =
3k2−10kmω2+6m2ω4

k2 a1. The fourth relation(16) with the account of these re-
lations for a2 and a3 yields a4 = μ1

μ1k−μ2mω2
3k2−10kmω2+6m2ω4

k a1. Replacing

these values in the third equation (16), we have a1 = F0
k2(μ1k−μ2mω2)

A , where
A = 6μ2m

4ω8 − (6μ1 + 16μ2 + 6μ1μ2) km3ω6 + (16μ1 + 10μ2+
+10μ1μ2) k2m2ω4 − (10μ1 + μ2 + 3μ1μ2) k3mω2 + μ1k

4. The resonance ap-

pears when A = 0. Denoting again u = mω2

k
, one obtains the equation
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6μ2u
4 − (6μ1 + 16μ2 + 6μ1μ2)u3 + (16μ1 + 10μ2+

+10μ1μ2)u2 − (10μ1 + μ2 + 3μ1μ2)u+ μ1k
4 = 0

with the roots: u1 = 0.1129, u2 = 0.6742, u3 = 1.4265 and u4 = 2.7385. At
the end, the resonance pulsations are: ω1 = 3.3601

[
s−1
]
, ω2 = 8.211

[
s−1
]
,

ω3 = 11.9436
[
s−1
]

and ω4 = 16.5484
[
s−1
]
.

In fig. 2 we represented the diagrams ai = ai (ω). It is easy to note that

the equation a1 = 0 has exactly one root, say ω =
√

50
28 ≈ 13.363

[
s−1
]
.

The equation a2 = 0 has two roots: ω =
√

50
28 ≈ 13.363

[
s−1
]

and ω =√
200
3 ≈ 8.165

[
s−1
]
. The equations a3 = 0 and a4 = 0 have the same roots:

ω =
√

1000+
√
28000

12 ≈ 11.288
[
s−1
]

and ω =
√

1000−
√
28000

12 ≈ 6.264
[
s−1
]
.

Fig. 2. The diagrams ai = ai (ω) for 0 ≤ ω ≤ 20
�
s−1

�
.

For the damping absorber the solution of (12) is of the form xi =
Bi cos (ωt) +Di sin (ωt) ; i = 1, 4, therefore one obtains the algebraic system

������������
�����������

�
2k − 3mω2

�
B1 − kB2 = 0,

−kB1 +
�
2k − 3mω2

�
B2 − kB3 = 0,

−kB2 +
�
k + k4 − mω2

�
B3 − k4B4 + cωD3 − cωD4 = F0,

−k4B3 +
�
k4 − m4ω

2
�− cωD3 + cωD4 = 0,�

2k − 3mω2
�
D1 − kD2 = 0,

−kD1 +
�
2k − 2mω2

�
D2 − kD3 = 0,

−cωB3 + cωB4 − kD2 +
�
k + k4 − mω2

�− k4D4 = 0,
cωB3 − cωB4 − k4D3 +

�
k4 − m4ω

2
�
D4 = 0.

The amplitudes of the vibrations are ai =
√
B2
i +D2

i ; i = 1, 4.
In fig. 3 we presented the diagrams ai = ai (ω) for four cases of damping:

c = 0
[
Ns
m
]
, c = 0.1

[
Ns
m
]
, c = 1

[
Ns
m
]

and c = 10
[
Ns
m
]
.
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Fig. 3. The diagrams ai = ai (ω) for 0 ≤ ω ≤ 20
�
s−1

�
.

7. CONCLUSIONS

Adding a dynamical absorber to the main system, the resonance pulsation
becomes non-dangerous, and the amplitudes for these pulsations are finite.

Remark the existence of two common points for the diagrams of a1, a2 and
a3, no matter the value for the parameter c, and the existence of only one
common point for the diagram a4 in the same conditions.

The two common points for the diagrams a1, a2 and a3 have the coordinates
(12.25 0.45) and (15 0.057), respectively. The common point for the diagram
a4 has the coordinates (13.46 1.975).

These results are very similar to those known from the one degree of freedom
systems.
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Abstract Active worms have been a persistent security threat on the Internet since the
Morris worm in 1988. Automatically spreaded worms or active worms, like
Code Red and Nimda, can flood large part of Internet hosts in a very short
amount of time. Modeling the spread of such worms can help understand how
they multiply and also help monitoring and defending effectively against the
propagation of worms. In this paper, we present a mathematical model which
characterizes the propagation of worms that are using random scanning in wide
and local area networks. We also present Code Red v2 worm as an example,
giving a quantitative analysis for monitoring, detecting and defending against
worms of this type.

1. INTRODUCTION
Active worms have been a persistent security threat on the Internet since

the Morris worm arose in 1988. The Code Red and Nimda worms infected hun-
dreds of thousands of systems, and cost both the public and private sectors
millions of dollars. In this paper, we present a model known as the Analytical
Active Worm Propagation (AAWP) model, which characterizes the propaga-
tion of worms that employ random scanning. We take advantage of a discrete
time model and deterministic approximation to describe the spread of active
worms. We also compare AAWP with epidemiological model and Weaver’s
simulator, then present an extended AAWP model (LAAWP) to characterize
the spread of a worm that employs the localized scanning strategy, which is
used by the Code Red II and Nimda worms.

2. SPREAD OF ACTIVE WORMS
Briefly, active worm propagation can be described as folowing:
1. attacker releases the worm into Internet;
2. worm starts probing for vulnerable machines;
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3. identified vulnerable machines become infected and start spreading the
worm as well;

4. as soon as worm outbreak is detected, sysadmins are aplying patches
which repairs security holes in order to slow down or stop further spreading.

Worm’s authors goal is to perform first three steps as quick as possible and
to infect as many machines as possible before step 4. To speed up the spread
of active worms, Weaver presented the ”hitlist” idea. Long before an attacker
releases the worm, he/she gathers a list of potentially vulnerable machines
with good network connections. After the worm has been fired onto an initial
machine on this list, it begins scanning down the list. Hence, the worm will
first start infecting the machines on this list which will become infected very
soon, then will start to scan for randomly choosed machines. In this paper we
do not consider the amount of time it takes a worm to infect the hitlist since
the hitlist can be acquired well before a worm is released and be infected in a
very short period of time. Table I shows the parameters involved in the spread
of active worms. There are several different scanning mechanisms that active
worms employ, such as random, local subnet, permutation and topological
scanning.

Table 1. The parameters for spreading of active worms.

In this paper we focus on two mechanisms, random scanning and local sub-
net scanning. In random scanning, it is assumed that every computer in the
Internet is just as likely to infect or be infected by other computers. Such a
network can be pictured as a fully-connected graph in which the nodes repre-
sent computers and the arcs represent connections (neighboring-relationships)
between pairs of nodes. This topology is called ”homogeneous mixing” in the
theoretical epidemiology. AAWP model is used to model random scans. In
local subnet scanning, computers also connect to each other directly, forming
”homogeneous mixing”. However, instead of selecting targets randomly, the
worms preferentially scan for hosts on the ”local” address space. For example,
the Nimda worm selects target IP addresses as follows:

50% of the time, an address with the same first two octets will be chosen.
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25% of the time, an address with the same first octet will be chosen.

25% of the time, a random address will be chosen.

3. MODELING SPREAD OF WORMS THAT ARE
USING RANDOM SCANNING

AAWP is using the discrete time and continuous state deterministic approx-
imation model. In this section, we first describe in detail the AAWP model ,
then compare it to the epidemiological model and Weaver’s simulator, finally
use it to simulate the Code Red v2 worm.

3.1. DETERMINISTIC APPROXIMATION
MODELING

We assume that worms can simultaneously scan many machines and will
not re-infect a machine that is already infected. We also assume that the
machines on the hitlist are already infected at the start of the worm’s propa-
gation. Suppose that an active worm takes one time tick to complete infection.
That is, when one scan hits a machine, regardless of whether this machine is
vulnerable, invulnerable, infected or with an unused IP address, the time it
takes for the worm to finish communicating with this machine is one time tick.
This assumption might not be realistic, but it can simplify the model without
significantly affecting the results.

Fig. 1. Modeling the spread of worms that use random scanning
(for 1,000,000 vulnerable machines, a scanning rate of 100

scans/second, and a death rate of 0.0001/second).

Although Internet address space is not completely connected, active worms
always scan all the 232 addesses. So for random scanning, the probability that
any computer is hit by one scan is 2−32 .
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Let mi and ni denote the total number of vulnerable machines (including
the infected ones) and the number of infected machines at time tick i (i ≥ 0)
respectively. Before the active worms spread (at i = 0), we have m0 = N and
n0 = h.

Theorem 3.1. If there are mi vulnerable machines (including the infected
ones), and ni infected computers, then on average, the next time tick will have
(mi − ni)[1 − (1 − 2−32)sni ] newly infected machines, where s is the scanning
rate.

Proof Let ei denote the number of newly infected machines at time tick
i (i ≥ 0). Then ni infected machines can generate sni scans in an attempt to
infect other machines. So, if we can prove that E{ei+1/k} = (mi−ni)[1−(1−
2−32)k] for any k (k > 0) scans, then the equation also holds when k = sni.
We prove the above equation by induction on k. When k = 1, since there are
(mi−ni) vulnerable machines that have not yet been infected, the probability
that one scan can add a newly infected machine is (mi − ni)2−32, which is
equivalent to (mi − ni)[1 − (1 − 2−32)1]. Suppose that the theorem is true for
k = j, i.e. E{ei+1/k = j} = (mi −ni)[1 − (1 − 2−32)j ]. Then, when k = j + 1,
we divide j+1 scans into two parts: the first j scans and the last scan. There
are two possibilities for the last scan: adding a newly infected machine or not.
Let Y = 1 if the last scan hits a vulnerable machine that has not yet been
infected and let Y = 0 otherwise. Then,

E{ei+1/k = j+1} = (E{ei+1/k = j}+1)P (Y = 1)+E{ei+1/k = j}·P (Y = 0) =

(E{ei+1/k = j} + 1)(mi − ni − E{ei+1/k = j})2−32 + E{ei+1/k = j}
[1 − (mi − ni − E{ei+1/k = j})2−32)] = (mi − ni)2−32 + (1 − 2−32)

E{ei+1/k = j} = (mi−ni)[1−(1−2−32)j+1], which means it is also true for k =
j+1. Therefore, when k = sni, E{ei+1/k = sni} = (mi−ni)[1−(1−2−32)sni ].
That is, on the next time tick there will be (mi − ni)[1 − (1 − 2−32)sni ] new
infected machines. Given the death rate d and the patching rate p, on the
next tick there will be dni + pni infected machines that will change to either
vulnerable machines without being infected or invulnerable machines, and
the total number of vulnerable machines (including the infected ones) will be
reduced to (1 − p)mi. Therefore, on the next time tick the number of total
infected machines will be ni+1 = ni+(mi−ni)[1−(1−2−32)sni ]−(d+p)ni. At
the same time, mi+ 1 = (1−p)mi, which means mi = (1−p)im0 = (1−p)iN .
That is

ni+1 = (1 − d− p)ni + [(1 − p)iN − ni][1 − (1 − 2−32)sni ], (1)

where i ≥ 0 and n0 = h. The recursion process will stop when there are no
more vulnerable machines left or when the worm cannot increase the total
number of infected machines. �
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Using equation (1), we can find the characteristics of the active worms’
spreading. For example, fig. 1(a) shows the propagation of the active worms
with different hitlist sizes. As the size of the hitlist increases, it takes the worms
less time to spread. Fig. 1(b) depicts another example. As the patching rate
grows, the spread of active worms slows down. It should be noted that because
the patching rate p > 0, the two slower curves return to zero at the end. At the
beginning, we assume that it takes the worms one time tick to infect a machine.
To display the effect of the amount of time it takes to infect a machine on the
worm propagation, we change the time unit. For example, in fig. 1(c) we first
draw the curve with a time interval of one second, which is the amount of
time required to complete infection. If the worm needs 30 seconds to infect
a machine, we set the time unit to 30 seconds and change the corresponding
parameters s, d, p for this period of time. In this case, the parameters will
become 30s, 30d, 30p for a period of 30 seconds. Then, we can use the AAWP
model to get the result, but now, ni (i ≥ 0) expresses the number of infected
machines at 30i seconds (i ≥ 0). The figure shows the effect of the time to
complete infection on the worm’s propagation. The worm’s propagation will
be slowed down as the time required to infect a machine increases.

3.2. COMPARING AAWP MODEL TO THE
EPIDEMIOLOGICAL MODEL AND
WEAVER’S SIMULATOR

In the epidemiological model, a nonlinear ordinary differential equation is

used to measure the virus population dynamics
dn

dt
= βn(1 − n) − dn, where

n(t) is the fraction of infected nodes, β is the birth rate (the rate at which an
infected machine infects other vulnerable machines) and d is the death rate.
The solution to the above equation is

n(t) =
n0(1 − ρ)

n0 + (1 − ρ− n0)e−(β−d)t, (2)

where ρ = d/β and n0 ≡ n(t = 0) = size of hitlist/N = h/N, where from
here we deduce the relationship between the birth rate and the scanning rate
β = Ns2−32.

The differences between the AAWP model and the epidemiological model
are:

1 the epidemiological model uses a continuous time differential equation,
while the AAWP model is based on a discrete time model. AAWP
may be considered more accurate because in this model, a computer
cannot infect other machines before it is infected completely - compared
with the epidemiological model, where a computer begins infecting other
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machines even though only a ”small part” of it is infected. Therefore,
the speed that the worm can achieve and the number of machines that
can be infected are totally different;

2 the epidemiological model considers neither the patching rate nor the
time that it takes the worm to infect a machine, while the AAWP model
does. During the propagation of the worm, it is possible nowadays to
promptly patch the vulnerability on computers, assuming a reasonable
patching rate. Moreover, different worms have different infection abilities
which are reflected by the scanning rate (or the birth rate) and the time
taken to infect a machine. The time required to infect a machine always
depends on the size of the worm’ copy, the degree of network congestion,
the distance between source and destination, and the vulnerability that
the worm exploit. From fig. 1(c), it can be seen that the time to infect
a machine is an important factor for the spread of active worms;

3 AAWP model considers the case that the worm can infect the same
destination at the same time, while the epidemiological model ignores
this case. In fact, it is not uncommon for a vulnerable machine to be
hit by two (or more) scans at the same time. Both models, however, try
to get the expected number of infected machines, given the size of the
hitlist, total number of vulnerable machines, scanning rate/birth rate
and death rate.

Fig. 2. Comparing the AAWP model to the epidemiological model and
weaver simulator.

Fig. 2(a) shows the comparison between these two models with 10,000 vul-
nerable machines, a hitlist with 1 entry, a birth rate of 5 /time tick and a
death rate of 1 /time tick. It takes the epidemiological model about 4 time
ticks to enter an equilibrium stage, while the AAWP model needs about 10
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time ticks. Moreover, after entering the equilibrium stage, the epidemiolog-
ical model totally infects 8,000 vulnerable machines (occupying 80% of all
vulnerable machines), while the AAWP model infects about 4,750 vulnerable
machines (occupying 47.5% of all vulnerable machines). This difference may
explain the low level of worm prevalence in attacks analized so far.

Weaver wrote a small, abstract simulator of a Warhol worm’s spread. This
simulator uses a 32-bit, 6-round variant of RC5 to generate all permutations
and random numbers. For the assumption presented above, only one condition
of the simulator was modified: all ”newly” infected machines on a previous
time tick will be activated at the same time on the current time tick, other
than based on different clocks.

Fig. 2(b) shows the growing of infected nodes with time for the two mod-
els and Weaver’s simulator, which have the following parameters: a total of
1,000,000 vulnerable machines, a hitlist of size 10,000, a scanning rate of 100
scans/second, a death rate of zero, no patching, and a time period of 30 sec-
onds to infect one machine. This figure shows that the AAWP model and
Weaver’s simulator results overlap. While AAAWP model and Weaver’s sim-
ulator take about 6 minutes to infect 90% of the vulnerable machines, the
epidemiological model only takes about 5 minutes.

4. MODELING THE SPREAD OF ACTIVE
WORMS THAT USE LOCAL SUBNET
SCANNING

Instead of simply selecting destinations at random, the Code Red II and the
Nimda worms preferentially search for targets on the ”local” address space.
Local AAWP (LAAWP) model extends AAWP to understand the character-
istics of the spread of active worms that employ local subnet scanning.

Fig. 3. Modeling the spread of active worms that employ local subnet
scanning (All cases are for 1,000,000 vulnerable machines which are evenly
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distributed to every subnet, a scanning rate of 100 scans/time tick and a
time period of 1 time tick to complete infection).

As the AAWP model, the LAAWP model uses deterministic approximation.
We focus on the active worms’ scanning policy and ignore both the death rate
and the patching rate to simplify the model. The function of firewalls is not
considered, either. Suppose that a worm scans the Internet as follows:

p0 of the time, a random address will be chosen;

p1 of the time, an address with the same first octet will be chosen;

p2 of the time, an address with the same first two octets will be chosen,
where p0 + p1 + p2 = 1. We can regard random scanning as one special
case of local subnet scanning, when p0 = 1, p1 = 0, and p2 = 0.

Assume that the vulnerable machines are evenly distributed in every subnet
which is identified by the first two octets. The subnets can be classified into
three different kinds of networks:

a ,,special” subnet (denoted by Subnet type 1), which always has a larger
hitlist size;

28−1 subnets having the same first octet as the ”special” subnet (denoted
by Subnet type 2);

other 216 − 28 subnets (denoted by Subnet type 3).

Different kinds of networks have hitlists of different sizes. In the same type
of subnet, all networks have the same hitlist size. Let h1, h2, h3 denote the
size of the hitlist in Subnet type 1, 2, and 3, respectively, then let b1, b2, b3
denote the average number of infected machines in Subnet type 1, 2, and 3,
respectively and let k1, k2, k3 denote the average number of scans hitting
Subnet type 1, 2, and 3, respectively. Then at some time tick, the relationship
between the average number of scans hitting Subnet type and the average
number of infected machines in different Subnets is:

k1 = p2sb1 + p1s[b1 + (28 − 1)b2]/28 + p0s[b1 + (28 − 1)b2 + (216 − 28)b3]/216;

k1 = p2sb2 + p1s[b1 + (28 − 1)b2]/28 + p0s[b1 + (28 − 1)b2 + (216 − 28)b3]/216;

k1 = p2sb3 + p1sb3 + p0s[b1 + (28 − 1)b2 + (216 − 28)b3]/216.

For ki, (i = 1, 2, 3), the first item is the average number of scans coming
from the local subnet (with the same first two octets). The second item is
the average number of scans coming from neighboring subnets (with the same
first octet). And the last item is the average number of scans coming from



Spreading of active worms using random scanning 149

global subnets. In every subnet the scans will randomly hit targets, which can
be modeled by the AAWP model. The total number of machines will be 216

instead of 232 and the total number of scans will be ki. Thus, equation (1)
becomes

b′i = bi + (N2−16 − bi)[1 − (1 − 2−16)ki ], (3)

where (i = 1, 2, 3) and b′i is the number of infected machines on the next
time tick. The recursion process will stop when there are no more vulnera-
ble machines left. At some time tick, the total number of infected machines
will be b1 + (28 − 1)b2 + (216 − 28)b3. Based on the above formulae, we can
understand the characteristics of local subnet scanning and the effect of the
hitlist’s distribution. Different p1, p2, p3 and h1, h2, h3 can generate different
patterns for the spread of worms.

Four cases are considered:
1) random scanning p1 = 1, p2 = 0, p3 = 0. In this case k1 = k2 = k3 =

(total number of infected machines)/216 which means the distribution of the
hitlist cannot effect the spread of active worms;

2) a hitlist with an even distribution h1 = h2 = h3 = 0. This gives k1 =
k2 = k3 = sb1 = sb2 = sb3. Local subnet scanning, therefore, cannot change
the spread of active worms in this case;

3) similar to the Nimda worm (p1 = 0.25, p2 = 0.25, p3 = 0.5). In this
case, we select different distributions of the hitlist, just as in fig. 3(a). Evenly
distributed hitlists give the best performance, while putting all hitlists together
in one ,,special” subnet (h1 = 10, h2 = h3 = 0) gives the worst performance.
This figure shows that the hitlist’s distribution can affect the spread of active
worms;

4) local subnet scanning with a hitlist of uneven distribution (fix h1, h2, h3

and h1 > h2 > h3): This stands for a hitlist of uneven distribution and a
centralization of more hitlist machines in the ,,special” subnet. However, fig.
3(b) shows that in this case local subnet scanning slows down the propagation
of active worms. From the four cases above, we see that for local subnet
scanning the hitlist’s distribution can influence the spread of active worms,
while the even distribution gives us the best performance. In addition when
the hitlist is more concentrated in the ,,special” subnet, local subnet scanning
slows down the spread of active worms. The LAAWP model implies that local
subnet scanning may slow down the spread of active worms. There are two
main reasons for this:

1) firewalls can protect vulnerable machines behind it. But local subnet
scanning allows a single copy of a worm running behind the firewall to rapidly
infect all the other local vulnerable machines;

2) one subnet always belongs to a company or organization and has a lot
of similar machines. Therefore, it can be expected that if a machine has a
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security hole, then there is a high probability that many other machines in
the same network have the same security hole.

5. CONCLUSIONS
In this paper we present the AAWP model to analyze the characteristics

of the spread of active worms. Even though the AAWP model also used
deterministic approximation, it gives more realistic results when compared
to the epidemiological model. AAWP model was extended to the LAAWP
model to understand the spread of active worms using local subnet scanning.
The distribution of the hitlist can affect the local subnet scanning policy. In
particular, a worm using an evenly distributed hitlist spreads at the fastest
rate. When the hitlist is concentrated in some subnet, the spread of active
worms is slowed down. In the LAAWP model, the vulnerable machines are
assumed to be evenly distributed in every subnet.
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Abstract
În această lucrare, sunt studiate orbitele sistemului polinomial ẋ1 = P (x1, x2),

ẋ2 = Q (x1, x2) la acţiunea grupului de transformări liniare GL(2,R). Se arată
că nu există sisteme polinomiale cu dimensiunea GL-orbitei egală cu unu, iar
GL-orbite de dimensiunea zero şi doi poate avea doar sistemul liniar. Luându-
se ca bază dimensiunea GL-orbitelor, se face clasificarea sistemelor polinomiale
pentru care originea de coordonate este punct singular cu rădăcinile ecuaţiei
caracteristice reale şi distincte. Se demonstrează că pe GL-orbitele de dimen-
siunea trei aceste sisteme sunt Darboux integrabile.

1. Transformări centroafine

Să considerăm sistemul polinomial

ẋ1 =
n∑
k=0

Pk (x1, x2), ẋ2 =
n∑
k=0

Qk (x1, x2) (1)

unde Pk,Qk sunt polinoame omogene de gradul k

Pk =
∑
i+j=k

aijx
i
1x
j
2, Qk =

∑
i+j=k

bijx
i
1x
j
2. (2)

Să notăm cu E spaţiul coeficienţilor

a = (a00, a10, a01, a20, a11, a02, a30, . . . , a0n; b00, b10, b01, b20, b11, b02, b30, . . . , b0n)

ai sistemului (1) şi cu GL (2, R) grupul transformărilor centroafine ale spaţiului
fazic Ox, x = (x1, x2). Efectuând ı̂n (1) transformarea X = qx, unde X =
(X1, X2), q ∈ GL (2, R), i.e.
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152 Angela Păşcanu, Alexandru Şubă

q =
(
α β
γ δ

)
; α, β, γ, δ ∈ R, Δ = det(q) = 0, q−1 =

1
Δ

(
δ −β

−γ α

)
,

(3)
obţinem sistemul

Ẋ1 =
n∑
k=0

P ∗
k (X1, X2) , Ẋ2 =

n∑
k=0

Q∗
k (X1, X2) , (4)

unde

P ∗
k = α · Pk

(
q−1x

)
+ β ·Qk

(
q−1x

)
=

∑
i+j=k

a∗ijX
i
1X

j
2 ,

Q∗
k = γ · Pk

(
q−1x

)
+ δ ·Qk

(
q−1x

)
=

∑
i+j=k

b∗ijX
i
1X

j
2 .

(5)

Remarca 1. Din (5) se vede că fiecare transformare q ∈ GL(2, R) acţionează
separat asupra omogenităţilor de acelaşi grad din (1).

Coeficienţii a∗ ai sistemului (4) se exprimă liniar prin coeficienţii sistemului
(1): a∗ = L(q)(a), detL(q) = 0. Mulţimea L =

{
L(q)

∣∣ q ∈ GL(2, R)
}

formează
un grup 4-parametric ı̂n raport cu operaţia de compunere. L se numeşte
reprezentarea grupului GL (2, R) de transformări centroafine ale spaţiului fazic
Ox ı̂n spaţiul coeficienţilor E ai sistemului (1).

Fie a ∈ E fixat. Mulţimea L(a) =
{
L(q)(a)

∣∣ q ∈ GL(2, R)
}

se numeşte GL-
orbită a punctului a sau a sistemului de ecuaţii diferenţiale (1) corespunzător
acestui punct.

2. Transformări uniparametrice

Să considerăm funcţia g : R × E → E astfel ı̂ncât oricare ar fi τ ∈ R
transformarea gτ : E → E, unde gτ (a) = g(τ, a), a ∈ E, este un difeomorfism.
Se spune că (E, {gτ}) este un flux (flow) diferenţiabil, dacă

1) g0 = id; 2) gτ+s = gτgs ∀τ, s ∈ R; 3) (gτ )−1 = g−τ ∀τ ∈ R şi 4)
g : R× E → E este funcţie diferenţiabilă.

Conform lui [1],[7], transformarea 4-parametrică q (vezi (3)) poate fi reprezen-
tată ca produs a patru transformări uniparametrice

qα
∗
1 =

(
α∗

1 0
0 1

)
, qα2 =

(
1 α2

0 1

)
, qα3 =

(
1 0
α3 1

)
, qα

∗
4 =

(
1 0
0 α∗

4

)
,

unde α∗
1,α

∗
4 ∈ R\ {0}; α2, α3 ∈ R. Notăm

qα1 =
(
eα1 0
0 1

)
, qα4 =

(
1 0
0 eα4

)
, α1, α4 ∈ R; Ll = L(qαl ), l = 1, 4;
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L∗
1 = L

qα∗
1

�, L∗
4 = L

qα∗
4

�.

Fiecărui grup de transformări uniparametrice ql, l = 1, 4; qα
∗
1 ,qα

∗
4 ale spaţiului

fazic Ox ı̂i corespunde un sistem de forma (4) cu a∗ij ,b
∗
ij respectivi.

Se verifică uşor că (E, {qαl}), l = 1, 4, sunt fluxuri diferenţiabile. Ele de-
finesc ı̂n E sistemele de ecuaţii liniare

da

dαl
=
(
dLl(a)
dαl

)∣∣∣∣
αl=0

, l = 1, 4, (6)

sau pe coordonate

qαl :

⎧⎪⎪⎨⎪⎪⎩
daij

dαl
=
(
da∗ij
dαl

)∣∣∣
αl=0

≡ Alij(a),
dbij
dαl

=
(
db∗ij
dαl

)∣∣∣
αl=0

≡ Bl
ij(a),

i+ j = 0, n, l = 1, 4.

(7)

În cazurile l = 1 şi l = 4 matricea coeficienţilor sistemului (7) este diagonală.
Într-adevăr, ı̂n aceste cazuri avem

A1
ij(a) = (1 − i)aij , B1

ij(a) = −ibij ,
A4
ij(a) = −jaij , B4

ij(a) = (1 − j)bij .
(8)

Menţionăm că
(
E,
{
qα

∗
1
})

şi
(
E,
{
qα

∗
4
})

nu sunt fluxuri.
Să considerăm sistemele

qα
∗
l :

da

dα∗
l

=
(
dL∗

l (a)
dα∗

l

)∣∣∣∣
α∗

l =1

, l = 1, 4. (9)

Remarca 2. Sistemul ((9), l = 1)(((9), l = 4)) coincide cu sistemul ((6), l =
1) (((6), l = 4)).

Câmpurile vectoriale

Vl =
n∑

i+j=0

Alij(a)
∂

∂aij
+Bl

ij(a)
∂

∂bij
, l = 1, 4

generează o algebră Lie. Potrivit [4,6,7] dimensiunea orbitei O(a) este egală
cu dimensiunea acestei algebre, i.e. cu rangul matricei M alcătuită din coor-
donatele vectorilor Vl, l = 1, 4.

3. Orbite de dimensiune zero

Fie sistemul omogen

ẋ1 = Pk (x1, x2) , ẋ2 = Qk (x1, x2) , (10)
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unde 0 ≤ k ≤ n şi Pk, Qk sunt definite ı̂n (2). Pentru (10) avem câmpurile
vectoriale

Wl =
∑
i+j=k

Alij(a)
∂

∂aij
+Bl

ij(a)
∂

∂bij
, l = 1, 4. (11)

Să notăm cu Mk matricea de dimensiune 4 × (2k+ 2) alcătuită din coordo-
natele vectorilor (11). De exemplu,

M0 =

⎛⎜⎜⎝
a00 0
b00 0
0 b00
0 a00

⎞⎟⎟⎠ , M1 =

⎛⎜⎜⎝
0 a01 −b10 0
b10 b01 − a10 0 −b10

−a01 0 a10 − b01 a01

0 −a01 b10 0

⎞⎟⎟⎠ .

(12)
Avem M = (M0,M1, . . . ,Mn), deci

rankM ≥ rankMk, k = 0, n. (13)

Prin urmare, dimensiunea orbitelor sistemului (10) nu depăşeşte dimensi-
unea orbitelor corespunzătoare ale sistemului (1).

În [7], ı̂n fiecare din cazurile k = 0, 1, 2, 3 sunt clasificate sistemele (10) ı̂n
dependenţă de dimensiunea orbitei O(a). Astfel, se arată că dacă k = 0, 2 sau
3, atunci dimO(a) = 0 dacă şi numai dacă Pk ≡ 0, Qk ≡ 0, iar ı̂n cazul k = 1
dimensiunea orbitei O(a) este egală cu zero atunci şi numai atunci, când

a10 − b01 = a01 = b10 = 0. (14)

Lema 1. În cazurile k = 1 dimensiunea orbitei O(a) a sistemului (10) este
egală cu zero atunci şi numai atunci, când Pk ≡ 0, Qk ≡ 0.

Demonstraţie. Să presupunem că k = 1. Orbita O(a) a sistemului (10)
are dimensiunea zero dacă şi numai dacă a este concomitent punct singular
pentru sistemele (7), l = 1, 4, i.e. Alij(a) = Bl

ij(a) = 0 ∀ i + j = k, l = 1, 4.
De aici, j = k − i şi (8) avem

(1 − i)ai,k−i = ibi,k−i = 0, i = 0, k, (15)

(k − i)ai,k−i = (k − i− 1)bi,k−i = 0, i = 0, k. (16)

Din (15) şi k = 1 rezultă că ai,k−i = 0∀i = 1 şi bi,k−i = 0, ∀i = 0, iar din
(16) obţinem că şi a1,k−1 = b0k = 0. Prin urmare, Pk ≡ 0, Qk ≡ 0.

Din (13), lema 1 şi (14) urmează
Teorema 1. Sistemul polinomial (1) are dimensiunea GL-orbitei egală cu

zero atunci şi numai atunci, când el are forma ẋ1 = bx1, ẋ2 = bx2, b = const.
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4. Neexistenţa orbitelor de dimensiune unu

Fie sistemul (10). În [7] se arată că ı̂n cazurile k = 0, 1, 2, 3 orbitele sis-
temului (10) au dimensiuni diferite de unu. Dăm aici demonstraţia noastră
a acestui fapt, stabilind totodată că de această proprietate se bucură orice
sistem polinomial bidimensional. Având ı̂n vedere Teorema 1, presupunem că
Pk  ≡0 sau Qk  ≡0 şi dacă k = 1, atunci a10 = b01 sau |a01| + |b10| = 0. Din
aceste condiţii imediat rezultă că rankM0 = 2 şi rankM1 ≥ 2 (vezi (12)).

În continuare să considerăm k ≥ 2 şiPk  ≡0. Fie, de exemplu, aν,k−ν = 0,
unde ν este egal cu unul din numerele 0, 1, 2, . . . , k. Vom arăta că matricea
Mk are cel puţin un minor de ordinul doi diferit de zero. Să presupunem
contrariul, i.e. toţi minorii de ordinul doi ai lui Mk sunt egali cu zero. Pentru
ı̂nceput să examinăm următorii minori formaţi din coordonatele vectorilor W1

şi W2 (vezi (11), (8))

Δ1
ν,i =

∣∣∣∣ (1 − ν)aν,k−ν (1 − i)ai,k−i
(ν − k)aν,k−ν (i− k)ai,k−i

∣∣∣∣ = (k − 1)(ν − i)aν,k−νai,k−i, i = ν;

Δ2
ν,i =

∣∣∣∣ (1 − ν)aν,k−ν −ibi,k−i
(ν − k)aν,k−ν (1 − k + i)bi,k−i

∣∣∣∣ = (k − 1)(ν − i− 1)aν,k−νbi,k−i,

i = 0, k.
(17)

Din Δ1
ν,i = 0 rezultă că ai,k−i = 0 ∀i = ν, iar din Δ2

ν,i = 0 avem că
bi,k−i = 0∀i, dacă ν = 0, şi că bi,k−i = 0 ∀i = ν − 1, dacă ν ≥ 1. Prin
urmare, sistemul (10) poate avea una din formele

ẋ1 = a0,kx
k
2, ẋ2 = 0, a0,k = 0; (18)

ẋ1 = aν,k−νxν1x
k−ν
2 , ẋ2 = bν−1,k−ν+1x

ν−1
1 xk−ν+1

2 , aν,k−1 = 0. (19)

Pentru (18) avem W1 = a0,k
∂

∂a0,k
. Să determinăm W3. Pentru aceasta

efectuăm ı̂n (18) transformarea de coordonate
qα3 : X1 = x1, X2 = α3x1 + x2

Ẋ1 = ẋ1 = a0,kx
k
2 = a0,k (X2 − α3X1)

k = a0,kX
k
2 − kα3a0,kX1X

k−1
2 + o (α3) ,

Ẋ2 = α3ẋ1 + ẋ2 = α3a0,kx
k
2 = α3a0,k (X2 − α3X1)

k = α3a0,kX
k
2 + o (α3) .

Deci, W3 = −ka0,k
∂

∂a1,k−1
+ a0,k

∂
∂b0,k

şi minorul
∣∣∣∣ a0,k 0

0 a0,k

∣∣∣∣ = 0. Ultima

inegalitate contrazice presupunerea că toţi minorii de ordinul doi ai matricei
Mk sunt egali cu zero.
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Fie ı̂n (19) ν = 1. Avem W4 = (1 − k)
(
a1,k−1

∂
∂a1,k−1

+ b0,k
∂

∂b0,k

)
. Să

calculăm W3:

Ẋ1 = ẋ1 = a1,k−1x1x
k−1
2 = a1,k−1X1 (X2 − α3X1)

k−1 = a1,k−1X1X
k−1
2 +

+(1 − k)α3a1,k−1X
2
1X

k−2
2 + o (α3) ,

Ẋ2 = α3ẋ1 + ẋ2 = α3a1,k−1x1x
k−1
2 + b0,kx

k
2 = α3a1,k−1X1 (X2 − α3X1)

k−1 +
+b0,k (X2 − α3X1)

k = b0,kX
k
2 + α3 (a1,k−1 − kb0,k)X1X

k−1
2 + o (α3) .

Prin urmare, W3 = (1 − k)a1,k−1
∂

∂a2,k−2
+ (a1,k−1 − kb0,k) ∂

∂b1,k−1

şi
∣∣∣∣ (1 − k)a1,k−1 0

0 (1 − k)a1,k−1

∣∣∣∣ = 0. Contradicţie.

Să trecem acum la examinarea cazului când ı̂n (19) ν ≥ 2. Avem

W1 = (1 − ν)aν,k−ν
∂

∂aν,k−ν
+ (ν − k − 1)bν−1,k−ν+1

∂

∂bν−1,k−ν+1
. (20)

Să efectuăm ı̂n (19) transformarea qα2 : X1 = x1 + α2x2, X2 = x2 :

Ẋ1 = ẋ1 + α2ẋ2 = aν,k−νxν1x
k−ν
2 + α2bν−1,k−ν+1x

ν−1
1 xk−ν+1

2 =
= (X1 − α2X2)

ν−1Xk−ν
2 [aν,k−νX1 + α2 (bν−1,k−ν+1 − aν,k−ν)X2] =

= aν,k−νXν
1X

k−ν
2 + α2 (bν−1,k−ν+1 − νaν,k−ν)Xν−1

1 Xk−ν+1
2 + o (α2) ,

Ẋ2 = ẋ2 = bν−1,k−ν+1x
ν−1
1 xk−ν+1

2 = bν−1,k−ν+1 (X1 − α2X2)
ν−1Xk−ν+1

2 =
= bν−1,k−ν+1X

ν−1
1 Xk−ν+1

2 + α2(1 − ν)bν−1,k−ν+1X
ν−2
1 Xk−ν+2

2 + o (α2) .

De aici rezultă că

W2 = (bν−1,k−ν+1 − νaν,k−ν)
∂

∂aν−1,k−ν+1
+ (1 − ν)bν−1,k−ν+1

∂

∂bν−2,k−ν+2
.

Având ı̂n vedere că ν ≥ 2 şi că aν,k−ν = 0,următorii doi minori, formaţi din
coordonatele vectorilor (20) şi W2,

∣∣∣∣ (1 − ν)aν,1 0
0 (1 − ν)bν−1,k−ν+1

∣∣∣∣ , ∣∣∣∣ (1 − ν)aν,k−ν 0
0 bν−1,k−ν+1 − ν · aν,k−ν

∣∣∣∣
nu pot să fie concomitent egali cu zero.
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Aşadar, am demonstrat că atunci când Pk  ≡0 dimensiunea oricărei orbite
a sistemului (10) nu poate fi egală cu unu. Cazul Qk  ≡0 se reduce la cazul
Pk  ≡0 dacă ı̂n (10) se schimbă rolurile variabilelor x1 şi x2.

Din Teorema 1, inegalitatea (13) şi din cele examinate mai sus ı̂n această
secţiune urmează

Teorema 2. Oricare ar fi sistemul polinomial (1) dimensiunea GL-orbitei
lui este diferită de unu.

Se verifică uşor că matricea M1 din (12) nu poate avea rangul mai mare ca
doi. Acest fapt, precum şi Teoremele 1 şi 2, ne conduc la

Teorema 3. Dimensiunea GL-orbitei sistemului liniar ẋ1 = a10x1 +
a01x2, ẋ2 = b10x1 + b01x2 este egală cu zero atunci şi numai atunci, când
a10 − b01 = a01 = b10 = 0 şi cu doi ı̂n celelalte cazuri.

Fie sistemul

ẋ1 = a20x
2
1 + a11x1x2 + a02x

2
2, ẋ2 = b20x

2
1 + b11x1x2 + b02x

2
2.

Pentru el matricea alcătuită din coordonatele vectorilor Xl, l = 1, 4 este

M2 =

⎛⎜⎜⎝
−a20 0 a02 −2b20 −b11 0
b20 b11 − 2a20 b02 − a11 0 −2b20 −b11

−a11 −2a02 0 a20 − b11 a11 − 2b02 a02

0 −a11 −2a02 b20 0 −b02

⎞⎟⎟⎠ . (21)

Se arată uşor că pentru sistemul ẋ1 = 0, ẋ2 = x1x2 rangul matricei M2 este
egal cu trei, iar pentru sistemul ẋ1 = x2

2, ẋ2 = x2
1+x1x2 avem că rankM2 = 4.

De aici, din Teoremele 1, 2, 3 şi din inegalitatea (13) rezultă
Lema 2. Dacă părţile drepte ale sistemului (1) conţin cel puţin un termen

neliniar, atunci dimensiunea GL-orbitei lui este egală cu doi, trei sau patru.
În continuare, efectuăm clasificarea ı̂n dependenţă de dimensiunea a GL-

orbitelor sistemului (1) pentru care originea este punct singular cu rădăcinile
λ1 şi λ2 ale ecuaţiei caracteristice reale şi distincte, i.e.

λ1, λ2 ∈ R, λ1 = λ2. (22)

În acest caz P0 ≡ 0, Q0 ≡ 0 şi, conform lui [2], printr-o transformare de
coordonate q ∈ GL (2, R) sistemul (1) poate fi adus la forma

ẋ1 = λ1x1 +
n∑
k=2

Pk(x1, x2), ẋ2 = λ2x2 +
n∑
k=2

Qk(x1, x2). (23)

În (23) s-au păstrat notaţiile (2) ale omogenităţilor Pk, Qk, k = 2, n. Din
(12) avem că pentru (23) rankM1 = 2. De aici şi (13) urmează că dimensiunea
oricărei GL-orbite a sistemului (23) cu condiţiile (22) poate fi egală cu doi,
trei sau patru.
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5. GL-orbitele sistemului (23) de dimensiune doi

Fie sistemul

ẋ1 = λ1x1 + Pk(x1, x2), ẋ2 = λ2x2 +Qk(x1, x2). (24)

unde λ1,λ2 verifică (22) şi 2 ≤ k ≤ n. În (24) polinoamele Pk, Qk coincid
respectiv cu polinoamelePk şi Qk din (23). Evident, are loc

Remarca 3. Dimensiunea oricărei GL-orbite a sistemului (23) nu este
mai mică decât dimensiunea GL-orbitei corespunzătoare a sistemului (24).

Din (12) şi (8) avem că pentru (24) matriceaM = (M1,Mk) alcătuită din co-
ordonatele vectorilor Vl, l = 1, 4, după aplicarea unor transformări elementare,
poate fi adusă la forma

M ∼

�
���

0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

��������
(1 − k)ak,0 (2 − k)ak−1,1

0 0
0 0
0 −ak−1,1

· · · −b1,k−1 0
· · · 0 0
· · · 0 0
· · · (2 − k)b1,k−1 (1 − k)b0,k

�
��� .

(25)

Examinând minorii de ordinul trei ai matricei (25)

������
0 0 (1 − i)aij

1 0 0
0 1 0

������ ,
������

0 0 −ibij

1 0 0
0 1 0

������ ,
������

1 0 0
0 1 0
0 0 −jaij

������ ,
������

1 0 0
0 1 0
0 0 (1 − j)bij

������ ,
i + j = k,

observăm că ei sunt concomitent egali cu zero atunci şi numai atunci, când
aij = bij = 0, ∀i+ j = k. De aici, din Remarca 3 şi Teorema 3 rezultă

Lema 3. Dimensiunea GL-orbitei sistemului (23) cu condiţiile (22) este
egală cu doi atunci şi numai atunci, când Pk ≡ 0, Qk ≡ 0 ∀k ≥ 2.

Ţinând seama de această lemă şi de Remarca 1, obţinem
Teorema 4. Dacă originea de coordonate este pentru (1) punct singular cu

rădăcinile ecuaţiei caracteristice reale şi distincte, atunci GL-orbita sistemului
(1) are dimensiunea egală cu doi, dacă şi numai dacă Pk ≡ 0, Qk ≡ 0 ∀k ≥ 2.

6. GL-orbitele sistemului (23) de dimensiunea trei

În această secţiune vom evidenţia acele sisteme de forma (23), (22) pentru
care au dimensiunea GL-orbitei este egală cu trei. Ca şi mai ı̂nainte, ı̂ncepem
prin a examina sistemul (24). Din (25) avem că rankM = 2 + rankM̃k, unde

M̃k =
(

(1 − k)ak,0 (2 − k)ak−1,1 . . . −b1,k−1 0
0 −ak−1,1 . . . (2 − k)b1,k−1 (1 − k)b0,k

)
. (26)
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Minorii de ordinul doi ai matricei M̃k sunt Δ1
ν,i, Δ2

ν,i din (17) şi

Δ3
ν,i =

∣∣∣∣ −νbν,k−ν −ibi,k−i
(1 + ν − k)bν,k−ν (1 + i− k)bi,k−i

∣∣∣∣ = (k−1)(ν−i)bν,k−νbi,k−i, i = ν

(vezi (8)). Dacă a0,k = 0 (bk,0 = 0), atunci din Δ1
0,i = 0, i = 1, k (Δ3

k,i = 0,
i = 0, k − 1) rezultă că ai,k−i = 0 (bi,k−i = 0), iar din Δ2

0,i = 0 (Δ2
i,k = 0),i =

0, k, avem că bi,k−i = 0 (ai,k−i = 0). În aceste cazuri, sistemul (24) are forma

Sn (k : 1) : ẋ1 = λ1x1 + a0,kx
k
2, ẋ2 = λ2x2, a0,k = 0 (k ≥ 2) (27)

şi respectiv

Sn (1 : k) : ẋ1 = λ1x1, ẋ2 = λ2x2 + bk,0x
k
1, bk,0 = 0 (k ≥ 2) . (28)

Să presupunem acum că aν,k−ν = 0 (bν−1,k−ν+1 = 0) pentru un oarecare
ν ∈ {1, 2, . . . , k}. Din Δ1

ν,i = 0 (Δ3
ν,i = 0), i = ν şi Δ2

ν,i = 0 (Δ2
i,ν = 0),

i = ν − 1, rezultă că ai,k−i = 0 ∀i = ν şi bi,k−i = 0 ∀i = ν − 1. Aceste
cazuri ne conduc la sistemele

⎧⎨⎩ ẋ1 = x1

(
λ1 + aν,k−νxν−1

1 xk−ν2

)
,

ẋ2 = x2

(
λ2 + bν−1,k−ν+1x

ν−1
1 xk−ν2

)
, |aν,k−ν | + |bν−1,k−ν+1| = 0, ν = 1, k.

(29)
Astfel, s-a demonstrat
Lema 4. GL-orbita sistemului (24) are dimensiunea egală cu trei atunci şi

numai atunci când el are una din formele (27)-(29).
În continuare, să examinăm sistemul (23). Ca de obicei, cu M vom nota

matricea alcătuită din coordonatele vectorilor Vj , j = 1, 4, corespunzători

sistemului (23), iar cu M̃ matricea
(
M̃2, M̃3, . . . , M̃n

)
, unde M̃k, k = 2, n,

este definită ı̂n (26). Evident,

rankM = 2 + rank M̃ ≥ 2 + rank M̃k, k = 2, n. (30)

Dacă rankM = 3, atunci din (30) urmează că există k: 2 ≤ k ≤ n astfel
ı̂ncât rank M̃k = 1. Deci

|Pk (x1, x2)| + |Qk (x1, x2)|  ≡0. (31)

În cazul când Pj ≡ 0, Qj ≡ 0 ∀j = k, 2 ≤ j ≤ n, aplicăm Lema 4. Să
presupunem că, ı̂mpreună cu omogenităţile de ordinul k, părţile drepte ale
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sistemului (23) conţin şi omogenităţi de alt ordin, să spunem, de ordinul l,
unde l = k,2 ≤ l ≤ n. Prin urmare,

|Pl (x1, x2)| + |Ql (x1, x2)|  ≡0. (32)

Condiţia ca rank M̃k = rank M̃l = 1 implică faptul că atât Pk, Qk, precum
şi Pl, Ql, sunt de forma părţilor drepte ale unuia din sistemele (27)-(29). În
cazul Pl, Ql ı̂n (27)-(29) k se ı̂nlocuieşte cu l.

Fie Pk = a0,kx
k
2, a0,k = 0 şi Qk ≡ 0. Următorii minori ai matricei M̃

∣∣∣∣ a0,k (1 − μ)aμ,l−μ
−ka0,k (μ− l)aμ,l−μ

∣∣∣∣ = [1 − l + (1 − μ)(k − 1)] a0,kaμ,l−μ,∣∣∣∣ a0,k −μbμ,l−μ
−ka0,k (1 + μ− l)bμ,l−μ

∣∣∣∣ = [1 − l + μ(1 − k)] a0,kbμ,l−μ,

0 ≤ μ ≤ l,sunt concomitent egali cu zero atunci şi numai atunci, când aμ,l−μ =
bμ,l−μ = 0 ∀μ = 0, l, i.e. când Pl ≡ 0, Ql ≡ 0, ceea ce contrazice (32).

Similar, prin examinarea minorilor∣∣∣∣ −kbk,0 (1 − μ)aμ,l−μ
bk,0 (μ− l)aμ,l−μ

∣∣∣∣ , ∣∣∣∣ −kbk,0 −μbμ,l−μ
bk,0 (1 + μ− l)bμ,l−μ

∣∣∣∣ ,
se arată că, ı̂n condiţia (32), cazul Pk ≡ 0, Qk = bk,0x

k
1, bk,0 = 0, nu poate

avea loc.
Având ı̂n vedere Lemele 3, 4 şi condiţiile (31),(32), rămâne să investigăm

cazul

Pk = aν,k−νxν1x
k−ν
2 , Qk = bν−1,k−ν+1x

ν−1
1 xk−ν+1

2 , Pl = aμ,l−μx
μ
1x

l−μ
2 ,

Ql = bμ−1,l−μ+1x
μ−1
1 xl−μ+1

2 , 1 ≤ ν ≤ k, 1 ≤ μ ≤ l.

Fie minorii

Ω1
ν,μ =

∣∣∣∣ (1 − ν)aν,k−ν (1 − μ)aμ,l−μ
(ν − k)aν,k−ν (μ− l)aμ,l−μ

∣∣∣∣ = ων,μaν,k−νaμ,l−μ,

Ω2
ν,μ =

∣∣∣∣ (1 − ν)aν,k−ν (1 − μ)bμ−1,l−μ+1

(ν − k)aν,k−ν (μ− l)bμ−1,l−μ+1‘

∣∣∣∣ = ων,μaν,k−νbμ−1,l−μ+1,

Ω3
ν,μ =

∣∣∣∣ (1 − ν)bν−1,k−ν+1 (1 − μ)bμ−1,l−μ+1

(ν − k)bν−1,k−ν+1 (μ− l)bμ−1,l−μ+1‘

∣∣∣∣ = ων,μbν−1,k−ν+1bμ−1,l−μ+1,
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unde ων,μ = (ν − 1)(l− 1) − (μ− 1)(k− 1), 1 ≤ ν ≤ k şi 1 ≤ μ ≤ l. Evident,
ω1,1 = ωk,l = 0.

Dacă ν = 1 (ν = k), atunci din (31) şi (32) rezultă că egalităţile Ω1
1,μ =

Ω2
1,μ == Ω3

1,μ = 0 au loc atunci şi numai atunci când μ = 1 (μ = l). Prin
urmare, dimensiunea GL-orbitei fiecăruia din sistemele

Sn (λ1 : 0) : ẋ1 = x1

⎛⎝λ1 +
n−1∑
j=1

a1,jx
j
2

⎞⎠ , ẋ2 = x2

⎛⎝λ2 +
n−1∑
j=1

b0,j+1x
j
2

⎞⎠ ,

(33)

n−1∑
j=1

|a1,j | + |b0,j+1| = 0 ;

Sn (0 : λ2) : ẋ1 = x1

⎛⎝λ1 +
n−1∑
j=1

aj+1,0x
j
1

⎞⎠ , ẋ2 = x2

⎛⎝λ2 +
n−1∑
j=1

bj,1x
j
1

⎞⎠ ,

(34)

n−1∑
j=1

|aj+1,0| + |bj,1| = 0,

este egală cu trei.
În continuare, să presupunem că 2 ≤ ν ≤ k − 1, 2 ≤ μ ≤ l − 1. Din (31),

(32) şi Ωj
ν,μ = 0, j = 1, 3, rezultă că ων,μ = 0, de unde avem că l−1

μ−1 = k−1
ν−1 > 1.

Deci, există numerele naturale pozitive p, q, i, j astfel ı̂ncât

(p, q) = 1, k = (p+ q) i+ 1, ν = qi+ 1, l = (p+ q) j + 1, μ = qj + 1.

Prin urmare, oricare ar fi numerele naturale reciproc prime p şi q, sistemul

Sn (p : −q) :

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1 = x1

[
λ1 +

n∗∑
i=1

aqi+1,pi (x
q
1x
p
2)
i
]
,

ẋ2 = x2

[
λ2 +

n∗∑
i=1

bqi,pi+1 (xq1x
p
2)
i
]
,

n∗∑
i=1

|aqi+1,pi| + |bqi,pi+1| = 0, (p, q) = 1,

(35)

unde n∗ =
[
n−1
p+q

]
, are dimensiunea GL-orbitei egală cu trei.

Deci, am demonstrat.
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Teorema 5. Dimensiunea GL-orbitei sistemului (23) cu condiţiile (22)
este egală cu trei atunci şi numai atunci când el are una din formele (27),
(28), (33), (34) sau (35).

Corolarul 1. Sistemul cubic (n = 3) de forma (23), (22) are dimensiunea
GL-orbitei egală cu trei atunci şi numai atunci, când el are una din formele
S3 (2 : 1) , S3 (3 : 1) , S3 (1 : 2) , S3 (1 : 3) , S3 (λ1 : 0) , S3 (0 : λ2), S3 (1 : −1), i.e.

ẋ1 = λ1x1 + a02x
2
2, ẋ2 = λ2x2, a02 = 0; (36)

ẋ1 = λ1x1 + a03x
3
2, ẋ2 = λ2x2, a03 = 0; (37)

ẋ1 = λ1x1, ẋ2 = λ2x2 + b20x
2
1, b20 = 0; (38)

ẋ1 = λ1x1, ẋ2 = λ2x2 + b30x
3
1, b30 = 0; (39)

ẋ1 = x1

(
λ1 + a11x2 + a12x

2
2

)
, ẋ2 = x2

(
λ2 + b02x2 + b03x

2
2

)
,

|a11| + |a12| + |b02| + |b03| = 0; (40)

ẋ1 = x1

(
λ1 + a20x1 + a30x

2
1

)
, ẋ2 = x2

(
λ2 + b11x1 + b21x

2
1

)
,

|a20| + |a30| + |b11| + |b21| = 0; (41)

ẋ1 = x1 (λ1 + a21x1x2) , ẋ2 = x2 (λ2 + b12x1x2) , |a21| + |b12| = 0. (42)

Afirmaţia Corolarului 1 poate fi obţinută şi ı̂n mod direct, i.e. prin egalarea
cu zero a tuturor minorilor de ordinul patru ai matricei M = (M1,M2,M3),
unde M1 coincide cu matricea M1 din (12) dacă ı̂n ultima se pune a01 =
b10 = 0, a10 = λ1, b01 = λ2; matricea M2 este definită ı̂n (21), iar M3 =�
���

−2a30 −2a21 0 a03 −3b30 −2b21 −b12 0
b30 b21 − 3a30 b12 − 2a21 b03 − a12 0 −3b30 −2b21 −b12

−a21 −2a12 −3a03 0 a30 − b21 a21 − 2b12 a12 − 3b03 a03

0 −a21 −2a12 −3a03 b30 0 −b12 −2b03

�
���

şi cerinţa ca cel puţin unul din minorii de ordinul trei ai lui M să fie diferit de
zero.

7. Rezonanţa

Cu ϕ (x1, x2) şi ψ (x1, x2) vom nota respectiv nelinearităţile din partea
dreaptă a fiecăreia din ecuaţiile sistemului (23), i.e.
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ϕ (x1, x2) =
n∑
k=2

Pk (x1, x2) , ψ (x1, x2) =
n∑
k=2

Qk (x1, x2) , (43)

unde polinoamele Pk şi Qk, k = 2, n, sunt aduse ı̂n (2).
Fie λ1 şi λ2 două numere reale distincte. Dacă există numerele ı̂ntregi

nenegative m1, m2; m1 +m2 ≥ 2 (n1, n2; n1 + n2 ≥ 2) ı̂ncât are loc relaţia

λ1 = m1λ1 +m2λ2 (44)

sau

λ2 = n1λ1 + n2λ2, (45)

atunci cuplul de numere (λ1, λ2) se numeşte rezonant.
Având (44) ((45)), vom spune că am1,m2x

m1
1 xm2

2 (bn1,n2x
n1
1 xn2

2 ) este termen
rezonant al polinomului ϕ (x1, x2) (ψ (x1, x2)) corespunzător cuplului rezo-
nant (λ1, λ2). Perechea de polinoame (ϕ,ψ) vom numi-o rezonantă, dacă ele
conţin numai termeni rezonanţi corespunzători unuia şi aceluiaşi cuplu rezo-
nant de numere (λ1, λ2), considerând ψ ≡ 0 (ϕ ≡ 0), dacă λ1 şi λ2 verifică
(44) ((45)) şi nu verifică (45) ((44)) oricare ar fi numerele ı̂ntregi n1,n2 ≥ 0,
n1 + n2 ≥ 2 (m1,m2 ≥ 0, m1 +m2 ≥ 2).

În continuare, ı̂n această secţiune, vom descrie perechile de polinoame rezo-
nante. Presupunem că (λ1, λ2) este un cuplu rezonant. Vom deosebi următoarele
patru cazuri posibile: 1) λ1 · λ2 > 0, λ1 = λ2; 2) λ1 = 0, λ2 = 0 ; 3) λ1 = 0,
λ2 = 0 şi 4) λ1 · λ2 < 0.

1) λ1 · λ2 > 0, λ1 = λ2. În acest caz egalităţile (44) şi (45) nu pot avea loc
concomitent. Dacă are loc egalitatea (44), atunci ea arată astfel

λ1 = 0 · λ1 + k · λ2, (46)

unde k este unul din numerele 2,3,. . .. Cuplului (λ1, λ2) ce verifică (46) ı̂i
corespunde perechea rezonantă de polinoame

ϕ (x1, x2) = a0,kx
k
2, ψ (x1, x2) ≡ 0.

Similar, dacă are loc egalitatea (45), atunci ea arată astfel: λ2 = k ·λ1+0·λ2

şi ne conduce la perechea rezonantă de polinoame

ϕ (x1, x2) ≡ 0, ψ (x1, x2) = bk,0x
k
1.

2) λ1 = 0, λ2 = 0. În acest caz relaţia (44) are loc pentru m1 = 1 şi orice
m2 ∈ {1, 2, 3, . . .}, iar relaţia (45) are loc pentru n1 = 0 şi n2 ∈ {2, 3, . . .}.
Cuplului rezonant (λ1, λ2) ı̂i corespunde perechea rezonantă de polinoame
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ϕ (x1, x2) = x1

n−1∑
j=1

a1,jx
j
2, ψ (x1, x2) = x2

n−1∑
j=1

b0,j+1x
j
2.

3) λ1 = 0, λ2 = 0. Egalitatea (44) are loc pentru m1 ∈ {2, 3, . . .} şi m2 = 0,
iar (45) pentru n1 ∈ {1, 2, 3, . . .} şi n2 = 1. Corespunzător, perechea rezonantă
de polinoame este

ϕ (x1, x2) = x1

n−1∑
j=1

aj+1,0x
j
1, ψ (x1, x2) = x2

n−1∑
j=1

bj,1x
j
1.

4) λ1 · λ2 < 0. Fiecare din relaţiile (44) şi (45) poate avea loc doar atunci
când raportul λ1/λ2 reprezintă un număr raţional. Fie λ1 : λ2 = p : (−q), unde
p şi q sunt numere naturale pozitive reciproc prime, i.e. (p, q) = 1. Notăm cu
n∗ partea ı̂ntreagă a numărului (n− 1)/(p+ q). În cazul dat, egalitatea (44)
are loc pentru m1 = qi + 1, m2 = pi, iar (45) pentru n1 = qi, n2 = pi + 1,
i = 1, n∗. Perechea rezonantă de polinoame (ϕ,ψ) corespunzătoare lui (λ1, λ2)
este

ϕ (x1, x2) = x1

n∗∑
j=1

aqi+1,pi (x
q
1x
p
2)
i
, ψ (x1, x2) = x2

n∗∑
j=1

bqi,pi+1 (xq1x
p
2)
i
.

Din cele de mai sus şi Teorema 5 rezultă
Teorema 6. Dimensiunea GL-orbitei sistemului (23) cu condiţiile (22) este

egală cu trei atunci şi numai atunci, când polinoamele ϕ şi ψ din (43) nu sunt
concomitent identice cu zero şi perechea (ϕ,ψ) este rezonantă.

Având ı̂n vedere Teoremele 1, 2, 4 şi 6, obţinem următoarea caracterizare
a sistemelor (23) cu dimensiunea orbitei egală cu patru.

Teorema 7. Dimensiunea GL-orbitei sistemului (23) cu condiţiile (22) este
egală cu patru atunci şi numai atunci, când |ϕ (x1, x2)| + |ψ (x1, x2)|  ≡0 şi
perechea de polinoame (ϕ,ψ) nu este rezonantă.

8. Integrabilitatea pe GL-orbitele de dimensiunea trei ale
sistemului (23)

Fie sistemul polinomial

ẋ1 = P (x1, x2) , ẋ2 = Q (x1, x2) . (47)

Fie n = max {degP,degQ} şiD = P∂/∂x1+Q∂/∂x2. Curba f (x1, x2) = 0,
f ∈ C [x1, x2], (expresia f = exp [h (x1, x2)/g (x1, x2)], unde h, g ∈ C [x1, x2])
se numeşte curbă algebrică invariantă (curbă exponenţială invariantă) pentru
(47), dacă există un polinom K ∈ C [x1, x2] de grad nu mai mare ca n − 1
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astfel ı̂ncât are loc identitatea Df ≡ f · K. Polinomul K (x1, x2) se numeşte
cofactorul curbei invariante f . Conform lui [5], dacă f = exp (h/g) este o
curbă exponenţială invariantă pentru sistemul (47), atunci g (x1, x2) = 0 este
curbă algebrică invariantă pentru acelaşi sistem.

Fie f1, . . . , fs o multime de curbe algebrice invariante şi curbe exponenţial
invariante ale sistemului (47) şi fie respectiv K1, . . . ,Ks cofactorii lor. Dacă
există numerele β1, β2, . . . , βs ∈ C astfel ı̂ncât F ≡ fβ1

1 fβ2
2 . . . fβs

s = const(
μ = fβ1

1 fβ2
2 . . . fβs

s

)
este integrală primă (factor integrant) pentru (47), i.e.

DF ≡ 0
(
D (μ) + μ

(
P ′
x1

+Q′
x2

) ≡ 0
)
, atunci se spune că sistemul de ecuaţii

diferenţiale (47) este Darboux integrabil ı̂n sens generalizat. Dacă printre
f1, . . . , fs nu există curbe exponenţiale invariante, atunci vorbim, pur şi sim-
plu, despre integrabilitatea Darboux a lui (47).

Se arată uşor că F (μ) este integrală primă (factor integrant) de tipul Dar-
boux pentru (47) atunci şi numai atunci când are loc identitatea

s∑
i=1

βiKi (x1, x2) ≡ 0

(
s∑
i=1

βiKi (x1, x2) ≡ − (P ′
x1

+Q′
x2

))
.

În continuare, să examinăm integrabilitatea sistemelor de forma (23), (22)
care au dimensiunea GL-orbitei egală cu trei, i.e. sistemele (27), (28), (33)-
(35). Deoarece sistemul (28) ((34)) se reduce la sistemul (27) ((33)) cu ajutorul
substituţiei x1 → x2, x2 → x1, este suficient să studiem doar problema inte-
grabilităţii sistemelor (27), (33) şi (35).

Conform lui [3], sistemele de forma normală se integrează prin cuadraturi.
Scopul acestei secţiuni constă ı̂n a arăta că sistemele date sunt Darboux inte-
grabile ı̂n sens generalizat.

Sistemul (27). a) Fie λ1 = kλ2. Se verifică uşor că curbele f1 = x2 şi
f2 = (λ1 − kλ2)x1 + a0,kx

k
2 sunt curbe algebrice invariante pentru (27) şi au

cofactorii K1 (x1, x2) = λ2 şi K2 (x1, x2) = λ1 respectiv. Evident, identitatea
β1 · K1 + β2 · K2 ≡ 0 are loc pentru β1 = λ1, β2 = −λ2 şi deci, F = fλ1

1 f−λ2
2

este integrală primă a sistemului (27).
b) λ1 = kλ2. În acest caz, pe lângă curba invariantă f1 = x2 cu K1 = λ2,
avem şi curba degenerată invariantă f2 = exp

(
x1

/
xk2
)

cu K2 = a0,k. Integrala
primă este F = f

a0,k

1 f−λ2
2 .

Sistemul (33). Fie

ϕ̃ = λ1 +
n−1∑
j=1

a1,jx
j
2, ψ̃ = x2

⎛⎝λ2 +
n−1∑
j=1

b0,j+1x
j
2

⎞⎠ .
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Dacă ϕ̃ ≡ 0
(
ψ̃ ≡ 0

)
, atunci F = x1 (F = x2) este integrală primă a lui

(33), iar dacă ψ̃  ≡0 această integrală este

F = x1 exp
[
−
∫ (

ϕ̃
/
ψ̃
)
dx2

]
.

Fie ϕ̃  ≡0, ψ̃  ≡0, r = deg ψ̃, s = max
{

0,deg ψ̃ − deg ϕ̃+ 1
}

, ψ̃ =

b0,r (x2 − b1)
r1 . . . (x2 − bm)rm , unde b1 = 0, bj ∈ C \ {0}, j = 2,m, r1 +

. . . + rm = r. Pentru sistemul (33) f0 ≡ x1 = 0, fi ≡ x2 − bi = 0, i = 1,m,
sunt drepte invariante, iar

fm+1 = exp
1

x2 − b1
, . . . , fm+r1−1 = exp

1
(x2 − b1)

r1−1 , . . . , fr = exp
1

(x2 − bm)rm−1 ,

fr+1 = exp (x2) , . . . , fr+s = exp (xs2)

sunt curbe exponenţiale invariante. Deoarece

∫
ϕ̃

ψ̃
dx2 = −

[
β1 ln |x2 − b1| + . . .+ βm ln |x2 − bm| +

βm+1

x2 − b1
+ . . .

+
βr

(x2 − bm)rm−1 + βr+1x2 + . . .+ βr+sx
s
2

]
,

integrala F a lui (33) poate fi scrisă sub forma Darboux: F =
r+s∏
i=0

fβi
i .

În cazul examinat, este mai uşor de găsit factorul integrant. Acesta este
μ = 1

/(
x1ψ̃

)
.

Sistemul (35). Deoarece p şi q sunt reciproc prime, pentru ele pot fi
găsite numerele ı̂ntregi pozitive u şi v astfel ı̂ncât pu− qv = 1. Transformarea
z1 = xu1x

v
2, z2 = xq1x

p
2 [3] reduce (35) la un sistem similar sistemului (33)

ż1 = z1

[
uλ1 + vλ2 +

n∗∑
i=1

(uaqi+1,pi + vbqi,pi+1) zi2

]
,

ż2 = z2

[
qλ1 + pλ2 +

n∗∑
i=1

(qaqi+1,pi + pbqi,pi+1) zi2

]
.

Cu toate acestea, vom efectua direct integrarea sistemului (35). Dacă

λ1 : λ2 = aqi+1,pi : bqi,pi+1 = −p : q, i = 1, n∗, (48)
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atunci părţile drepte ale lui (35) au factorul comun λ1 +
n∗∑
i=1

aqi+1,pi (x
q
1x
p
2)
i.

După simplificarea cu acesta, obţinem sistemul ẋ1 = x1, ẋ2 = λ2
λ1
x2, care are

integrala generală xλ2
1 x−λ1

2 = const. În cazul când (48) n-are loc avem factorul
integrant

μ =

[
x1x2

(
qλ1 + pλ2 +

n∗∑
i=1

(qaqi+1,pi + pbqi,pi+1) (xq1x
p
2)
i

)]−1

.

Din cele de mai sus rezultă
Teorema 8. Pe GL-orbitele de dimensiunea trei sistemul (23) cu condiţiile

(22) are integrală primă Darboux generalizată (factor integrant Darboux ).
În cazul sistemelor cubice (36) şi (37) avem integrale prime

xλ1
2

[
(λ1 − jλ2)x1 + a0,jx

j
2

]−λ2

,dacă λ1 = jλ2,
şi
x
a0,j

2 exp
(

−λ2x1

/
xj2

)
,dacă λ1 = jλ2, j = 2, 3.

Sistemul (40) are integrala primă x2 = c, dacă λ2 = b02 = b03 = 0 şi factorul
integrant μ =

[
x1x2

(
λ2 + b02x2 + b03x

2
2

)]−1, dacă |λ2| + |b02| + |b03| = 0. La
rândul său, sistemul (42) are integrala primă xλ2

1 x−λ1
2 = const, dacă λ1 +λ2 =

a21 + b12 = 0, şi factorul integrant μ = [x1x2 (λ1 + λ2 + (a21 + b12)x1‘x2)]
−1

ı̂n celelalte cazuri. Sistemele cubice (38), (39) şi (41) se reduc la sistemele
examinate mai sus cu ajutorul substituţiei x1 → x2, x2 → x1.
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COMPUTATIONAL ASPECTS OF THE MLS
METHOD
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Abstract The present paper introduces the Moving Least Squares (MLS) method in

electrostatics. It presents the equations of the linear electrostatics, and the
main features of the MLS method. The MLS method is used to solve a one-
dimensional problem in the context of linear electrostatics, and an algorithm
for implementing numerically this method is proposed. Finally, a numerical
example is proposed and the exact solution is compared with the approximate
one.

Keywords: Meshless methods, electrostatics, numeric analysis

1. INTRODUCTION
Presently, there are some numerical methods such as: smooth particle hy-

drodynamics, reproducing kernel particle methods, hp-clouds, and element
free Galerkin that are of great importance in numerical modelling of mechan-
ical and electrical phenomena. Their main advantage consists in the fact that
these methods are mesh free, i.e. they don’t use a mesh in order to assemble
the system of equations. Mesh free methods are of great interests in the study
of problems that involves discontinuous fields, such as crack problems or phase
changes, and adaptive refinement. The MLS method was implemented for the
first time in thermoelasticity by R.Raducanu in [5].

Coupling methods EFG (Element Free Galerkin)-FEM (Finite Element
Method) are also of great interest in applied electro-mechanics, because these
methods can reduce considerably the computational cost. Pure FEM meth-
ods are primarily used by the engineers, because are more common, but the
advantages of meshless methods are not to be negligible.
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2. BASIC EQUATIONS
Let Ω be a bounded domain in the three dimensional Euclidian space. Sup-

pose that the domain Ω is occupied by an isotropic and homogenous medium.
As in [3], the basic equations of linear electrostatics are:

Gauss Law:
divD = ρ (2.1)

Electrostatic form of the Faraday law:

rotE = 0 (2.2)

Constitutive relation:

D = εE (2.3)

where E is the electric field intensity and D is the electric flux density or,
alternatively the electric displacement, ε is the electrical permittivity and
ρrepresents charge density.

We can see from (2.2) that E is a potential field, i.e. there exists an electric
potential V (voltage) defined by:

E = −∇V (2.4)

In this way, supposing that ε is constant, from the relations (2.1)-(2.4) we
can write:

−εΔV = ρ (2.5)

To this equation we’ll attach the following mixt boundary conditions:

V = V1 on Γ1 and V,x n = V2 on Γ2 (2.6)

where V1, V2 are continuous functions given on the specified boundary parts,
and Γ̄1 ∪ Γ2 = ∂Ω, Γ1 ∩ Γ2 = Φ. Thus the boundary value problem is to find
V which satisfy (2.5) and the boundary conditions (2.6).
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In order to impose essential boundary conditions, a couple of methods have
been developed [1], [4]. In the following we will use the Lagrange multipliers
method. We consider the following weak forms for our problem: let trial
functions V (x) ∈ H1 and Lagrange multipliers l ∈ H0 for all test functions
δϕ(x) ∈ H1 and δl ∈ H0. If we have:

∫ 1

0
εδϕT ,x δV,x dx−

∫ 1

0
δϕTρdx− δϕTV2|Γ2

−δlT (V − V1) |Γ1 − δϕT l|Γ2 = 0 (2.7)

then (2.5) is satisfied together with the boundary conditions (2.6), where H0

andH1 denote Hilbert spaces. A detailed discussion about these Hilbert spaces
can be found in [2] and [6]. The next section presents the fundamentals of the
MLS method for our particular one-dimensional case.

3. MLS APROXIMANTS
Let us consider the domain = [0, 1] discretized by a set of 11 evenly spaced

nodes. Let’s suppose that each node has a corresponding ’nodal parameter’:
VI associated with it. It was shown that in general VI = V (xI). Let’s we
will consider the approximations V h (x) as polynomials of order m with non-
constant coefficients:

V h (x) =
m∑
i=1

pi (x) ai (x) = pT (x)a (x) (3.1)

where m represents the number of terms in the base, pi (x) are the basis
functions (usually monomials) and ai (x) are their coefficients. For example,
in an one dimensional space:

pT (x) = (1, x) (3.2)

As a remark, it is possible to introduce singular functions in the basis as well.
It was shown [2] that any function included in the basis could be reproduced
exactly by an MLS approximation. This fact is very useful in the study of
domains with cracks.

The unknown parameters ai (x) at a given point, are to be determined
by minimizing the differences between the local approximation at that point
and the nodal parameters: VI . Let the nodes whose support include x, be
numbered locally from 1 to n. The functional to be minimized are the following
weighted, discrete L2 norm:
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J =
n∑
I=1

w (x− xI)
[
pT (xI)a (x) − VI

]2
(3.3)

where n is the number of nodes in the neighborhood of x for which the weight
function and are nodal values at . In the calculus from the remainder of this
paper we’ll take as a cubic spline weight function:

w(x− xI) = w(r) =

2
3

− 4r2 + 4r3 for r ≤ 1
2

4
3

− 4r + 4r2 − 4
3
r3 for

1
2
< r ≤ 1

0 for r > 0

(3.4)

More details about the choice of the weight function can be found in [8].
Next, we will review the main steps in the determining the functional forms for
V . Minimizing the functional J with respect to a(x), we obtain the following
set of linear equations:

A(x)a(x) = B(x)V(x) or a(x) = A−1(x)B(x)V(x), (3.5)

where

A(x) =
n∑
i=1

w(x− xI)p(xI)pT (xI) (3.6)

B(x) = [w(x− x1)p(x1), w(x− x2)p(x2), ..., w(x− xn)p(xn)] (3.7)

V T (x) = [V1, V2, ..., Vn] (3.8)

Substituting (3.5) into (3.1), we obtain the following form for the MLS
approximants:

V h(x) =
n∑
I=1

ΦI(x)VI (3.9)

where the shape functions ΦI(x) are:

ΦI(x) =
m∑
j=0

pj(x)
(
A−1(x)B(x)

)
jI

(3.10)

As it was very well pointed out in [1], [6], the shape functions are not real
interpolants, because the Kronecker’s delta criterion is not satisfied: ΦI (xJ) =
δIJ .
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4. NUMERICAL IMPLEMENTATION
Let’s consider the approximate solution V and the test function δϕ of the

form given in (3.9). After some elementary computations, we obtain the fol-
lowing system of linear algebraic equations:(

M N
NT 0

)(
V
l

)
=
(

b
r

)
(4.1)

where,

MIJ =
∫ 1

0
εΦT

I,xΦJ,xdx (4.2)

NIJ = −ΦK |Γ1I (4.3)

bI = ΦIV2x|Γ2 +
∫ 1

0
ΦIρdx, rK = −V1K (4.4)

To assemble these equations, we should integrate over the domain using
Gauss quadrature. First we will determine the quadrature points, and second,
the domain of influence of the nodes is determined. Then, the shape functions
are computed and the equation (4.1) is assembled.

5. NUMERICAL EXAMPLE
In this section we’ll implement the MLS method: consider a one-dimensional

bar of unit length subjected to a charge density of magnitude x. Let’s suppose
that the electric potential of the bar is null at the left end, and its normal
derivative is null at the right end. The bar has constant cross sectional area
of unit value. Thus, our problem can be written:

kV,xx +x = 0, x ∈ (0, 1) (5.1)

V (0) = 0 (5.2)

V,x (1) = 0. (5.3)

The exact solution to (5.1)-(5.3) is given by:

V (x) =
1
k

(
1
2
x− 1

6
x3

)
(5.4)

In order to obtain the MLS solution, we have to assembly the equation
(4.1), computing the equations (4.2)-(4.4). In the fig.1 we can compare the
exact solution with the MLS solution. One can see that the errors in the
approximation are negligible.
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Figure 1 Electric potential vs. position

6. CONCLUSIONS
This paper proposes the implementation of MLS method in linear electro-

statics. This numerical method has been implemented in elasticity [6] since
1977 and in thermoelasticity [5] since 2002. In 1995, the method was further
developed by a great number of scientists, who proposed new meanings and in-
terpretations. Meshless methods have to be developed in the future, especially
regarding the computational cost which presently is too high. At this stage,
the optimum way of implementing these methods is coupling with FEM. This
paper represents the first step in implementing MLS in electrostatics. It is
presented the case of linear electrostatics, and an algorithm for numerical im-
plementation was proposed as well. Finally the exact solution was compared
to the approximate one and the errors were discussed.
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Abstract Solutions of the Laplace equation are important in many fields of science, no-
tably the fields of electromagnetism, astronomy and fluid dynamics. The aim
of this paper is to discuss the connection between elliptic equation, optimiza-
tion problem max Ex(−∇2 log f) and D-optimal designs when the errors are
correlated. We also discuss some simulation methods employed in effective
evaluation of regular solution of the Dirichlet problem. Some examples are
also provided.

Keywords: Wiener process, boundary PDE, Dirichlet problem, D-optimality, correlation.

1. INTRODUCTION
Solutions of the Laplace equation are important in many fields of science,

notably the fields of electromagnetism, astronomy and fluid dynamics because
they describe the behavior of gravitational, electric, and fluid potentials. It
is often written as Δu = 0, or ∇2u = 0. If the right-hand side is specified
as a given function f, then the equation is called the Poisson equation. The
Dirichlet problem for the Poisson equation consists in finding a solution u ∈
H1

0 (G) on some domain G such that for f ∈ L2(G) and Γ = ∂G

−Δu = f, in G, (1)

u = φ, in Γ. (2)

We say, that solution to (1) and (2) is regular, if u ∈ C2(G) ∩ C(G ∪ Γ).
We show that there is a correspondence between some Laplace equations

with nonzero right-hand side and Fisher information on one parameter, which
is to be maximized, when one seeks for theD-optimal designs. We also find and
interpretation of the regularity loss under the correlation, when the interest
parameter is the correlation one. To maintain the continuity of the explanation
the proofs are included in the Appendix.
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2. D-OPTIMAL CORRELATED DESIGN PDE
Consider an isotropic Gaussian random field Y (x) ∈ Y ⊂ R

k with para-
metrized covariance function cov(Y (s), Y (t)) = c(||s − t||, r), measured on
some compact design space X ⊂ R

s, and parameter r ∈ G ⊂ R
m. Such

statistical models have many applications [6]. We use the notation ψn to
denote the n-point design. Since all measurements are to be taken on one run
of the process Y (s) the replications are not allowed. The optimum n-point
design is thus a solution of the maximization problem maxψn⊂X Φ(M), where
Φ is the design criterion. For more see [7]. We can find employment of various
criteria of design optimality in literature. Here we discuss D-optimality, which
corresponds to the maximization of the determinant of a Fisher information
matrix, i.e. we have Φ(M) = detM . Theoretical justifications for using the
Fisher information in normal models with small variances of Y (s) can be found
in [9]. However there are also some asymptotical justifications, for instance
for infill asymptotics see [1].

First, just for simplicity, let the only covariance parameter r be the pa-
rameter of interest. Let h(y, r) be the density of the measurement y corre-
sponding to the design ψn = {x1, . . . , xn}. We define the abstract energy
E(r) = − ∫Y |∇ru|2eudy, where dμ = eudy is some (unit) mass distribution
over Y. We say abstract energy, because the integration can be employed over
space of dimension k, but the operator (stehlikLaplacian) is according to m-
dimensional Cartesian coordinates (r1, . . . , rm) of the parameter r. This can
correspond to the ”classical” energy − ∫Y |∇r(y)u|2dμ under m = k, due to
some diffeomorphism r = r(y). Some interpretations of this abstract energies
can be found in theoretical physics.

Theorem 2.1. Let us fix the D-optimal design problem with correlated normal
errors. Then there exists the Dirichlet problem for the Poisson equation, e.g.
there exist sufficiently regular f and φ so that lnh be the solution of (1,2).
Furthermore, there exists the abstract energy E(r) which is equal to the Fisher
information. If the correlation structure is collapsing, i.e. det Σ → 0, for
r → r� then there exists no regular solution of the Dirichlet problem.

However, when m > 1 the situation is more complex. Denote by Em
the functional of the D-optimal correlated design PDE. We have, E1(u) =
− ∫Y Δϑudμ, E2(u) =

∫
Y

∂2

∂ϑ2
1
udμ

∫
Y

∂2

∂ϑ2
2
udμ− (

∫
Y

∂2

∂ϑ1∂ϑ2
udμ)2, where ϑ =

= (ϑ1, . . . ϑm) is a general parameter. Generally Em(u) = det{−  
Y

∂2

∂ϑi∂ϑj
udμ}m

i,j=1.

2.1. CONVERGENCE OF ENERGIES AND
THEIR OPTIMIZERS

Just for simplicity let m = 1. Consider two (i = 1, 2) Laplace equations
in a bounded domain G ⊂ Rm : −Δui = fi, r ∈ G, and ui = φi, r ∈ Γ.
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Further, let us have some convergences Tj under which fi
T1→ f and φi

T2→ φ.
The following problems are interesting for the D-optimal design application:

under which type of convergence we obtain (some type of) the conver-
gence of energies Ei;

when we define the multifunctions (energetic minimizers) Xi := arg supEi,
will we obtain some (set) convergence T under which Xi

T→ X?

The following example illustrates some possibilities in such a situation.

Example 2.1. Let {x1, x2}, x1 < x2, be the design in X = [−1, 1], m =
1, k = 2, G = (0, 1

3),Y = R2, d = x2 − x1, f1(r) = exp(−rd)d2(−2 exp(−rd) +
2 exp(−3rd) + 2y2

1 exp(−3rd) + 2y2
1 exp(−rd) − y1y2 − 6y1y2 exp(−2rd)−

y1y2 exp(−4rd)+2y2
2 exp(−3rd)+2y2

2 exp(−rd))/(−1+exp(−2rd))3 and f2(r) =
(−4rd − 8y1y2 + 4y2

1 + 4y2
2 + 2y1y2r

3d3 − 6y1y2r
2d2 + 12y1y2rd + 3y2

2r
2d2 +

3y2
1r

2d2 − 6y2
2rd − 6y2

1rd − 4r3d3 + r4d4 + 6r2d2)/((rd − 2)3dr3). We have
Γ = {0, 1

3}, u1(0) = u2(0) = ∞, u1(1
3) = −0.5 ln 2π − 0.5 ln det Σ1(1

3) +

0.5y
2
1−2y1y2 exp(− d

3
)+y22

−1+exp(− 2
3
d)

and u2(1
3) = −0.5 ln 2π − 0.5 ln det Σ2(1

3)+

0.5y
2
1+y22+2y1y2(−1+ d

3
)

1
9
d2− 2

3
rd

, where (Σ1)k,l(r) = exp(−r|xk − xl|), (Σ2)k,l(r) = 1 −
r|xk − xl|.

We obtain dμi(y) = (2π)−1|Σi|−1/2 exp(yTΣ−1
i y)dy1dy2,

u1(r) = −0.5 ln 2π − 0.5 ln det Σ1(r) + 0.5
y2
1 − 2y1y2 exp(−rd) + y2

2

−1 + exp(−2rd)

and

u2(r) = −0.5 ln 2π − 0.5 ln det Σ2(r) + 0.5
y2
1 + y2

2 + 2y1y2(−1 + rd)
r2d2 − 2rd

.

Further, E1 = d2 exp(−2rd)(1+exp(−2rd))
(1−exp(−2rd))2

and E2 = −2rd+r2d2+2
r2(rd−2)2

, X1 = {x,−1 ≤
x ≤ 1} (here collapsing effect occurs, e.g. x1 = x2 := x and X2 = {−1, 1}.

Notice, that (Σ1)k,l = (Σ2)k,l + o(r|xk − xl|), where o is a ”little-o” Lan-
dau symbol. So we have limr→0 Σ1 = limr→0 Σ2. We have limr→0E1 =
limr→0E2 = +∞, but limr→0 X1 = limr→0 X2.

We can conclude that from the statistical point of view the covariance struc-
tures has strong impact on the two-point D-optimal design (DOD) for covari-
ance parameter r. In such situations the covariance misspecification effect is
significant. As we have seen, under the exponential covariance structure Σ1,
the distance between design points of DOD equals to 0. In other words, the
two-point DOD for r is collapsing. As we can see in [13], when we misspecify
the variogram and use the DOD for the linear one under exponential structure,
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we measure only 15.48% of the maximal information about r. The two-point
DOD for covariance parameter r under the linear covariance structure Σ2 is
maximal distant. For simplicity, let us have r = 1. When the covariance struc-
ture is linear and we use the DOD for the exponential one (or an arbitrary
design sufficiently different from DOD), we measure approximately 0% of the
maximal information about r. This has also the following context: We reach
a singular variance structure for d → 2 and the limiting model is (with prob-
ability 1) a deterministic regular linear system. Although every observation
possesses non-zero variance, zero-variance estimation is possible. Such phe-
nomena has no correspondence in classical inference, but can exhibit under
correlation. One possible regularization of such situations is considering of
the non-zero nugget effect.

When seeking for the regular solution, it can be sometimes useful to avoid
such r� ∈ G that limr→r� det Σ = 0. On the other hand, such parameters can
be natural in some sense. Then we can establish some convenient ε-perforation
of the domain G and study the behavior of energies for ε → 0. Further we
assume that the domain G is bounded.

We can follow the [10] and establish the ε-perforation as follows: First we
cover the R

m by cubes of size 2ε periodically arranged with period 2ε. The only
finitely many of cubes, Ci(ε), i = 1, . . . , n(ε) intersect the parameter domain
G. Let Ti be closed balls of radius 0 < aε < ε, centered at the center of the
cubes Ci(ε). Then the perforated domain Gε is defined by Gε = G \ ∪Ci(ε).

Let f ∈ L2(G). The Dirichlet problem in Gε is to find uε ∈ H1
0 (Gε) such

that −Δuε = f in Gε and uε = 0 on ∂Gε. The behavior of uε for ε → 0 was
studied in [3],[4]. Depending on the size of the holes, aε, various behavior is
possible. It was shown, that there exists a critical size of holes, cε, such that

a) if aε = cε, then there exist the measure μ and ūε → u weakly in H1
0 (G),

where u is solution of −Δu + μu = f in G and u = 0 on ∂G, where¯denotes
the extension by zero onto the holes,

b) if aε << cε, then μ = 0 and ūε → u weakly in H1
0 (G), where u is solution

of the Poisson equation in the domain G,
c) if aε >> cε, then ūε → 0 strongly in H1

0 (G).

Example 2.2. Here we illustrate the discussed matter on the lungs retention
problem. The lungs retention is modelled by a function E(Y (t)) = η(I, t, p),
where I is the input to the system in time t1, t > t1 is time and p is Activity
Median Aerodynamic Diameter. Here we discuss the D-optimal designs for
bioassays following the ideas of [12]. We are interested in the limiting case
(r = ∞) under the correlated observations c(||s− t||, r) = exp(−r|s− t|) and

η(I, t, p) = I
γ1e

α1p+β1t + γ2e
α2p+β2t

1 + γ3eα3p
.
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Let us have x = (x1, x2) = (et1 , et2) and θ = ep. Notice, that m = 2.

Theorem 2.2. For r → ∞, t1 ≥ 0, we obtain

E2(u) ∼ g(σ, γ, α, β)(−2xβ1+β2
1 xβ1+β2

2 + x2β2
1 x2β1

2 + x2β2
2 x2β1

1 ). (3)

where

g(σ, γ, α, β) = −γ2
1γ

2
2 [−2θ2α2+2α1+α3α2

1γ3−4θ2α2+2α1+α3α2γ3α1−θ2α2+2α1α2
1+

2θ2α1+2α3+2α2α2γ
2
3α1 − 2θ2α2+2α1+α3α2

2γ3 + 2θ2α2+2α1α2α1 − θ2α2+2α1α2
2−

θ2α1+2α3+2α2α2
1γ

2
3−θ2α1+2α3+2α2α2

2γ
2
3+8θ2α2+2α1+α3α1γ3α2]/

[
θ2(1 + γ3θ

α3)6
]
.

3. RANDOM WALKS ON BOUNDARY FOR
SOLVING BOUNDARY PDE PROBLEMS

It is well-known that the random walk methods for boundary value prob-
lems (BVP) for high-dimensional domains with complex boundaries are quite
efficient, especially if it is necessary to find the solution not at all points of a
grid, but only at some marked points of interest.

Monte Carlo methods for solving PDEs are based:
1) on classical probabilistic representations in the form of Wiener or dif-

fusion paths integrals; In this approach, diffusion processes generated by the
relevant differential operator are simulated using numerical methods for solv-
ing ordinary stochastic differential equations.

2) on probabilistic interpretation of integral equations equivalent to the orig-
inal BVP which results in representations of the solutions as expectations over
Markov chains. For PDEs with constant coefficients, however, it is possible to
use the strong Markov property of the Wiener process and create much more
efficient algorithms first constructed for the Laplace equation [5] known as the
walk on spheres method.

We now shortly present the first approach for constructing and justifying
the walk on spheres algorithm. Let us start with a simple case, the Dirichlet
problem (1), (2) for the Laplace equation in a bounded domain G ⊂ R3, f = 0.
We seek a regular solution to (1,2). Let d� := supx∈G d(x), where d(x) is the
largest radius of the spheres S(x, d(x)) ⊂ clG centered at x. Let Wx(t) be the
Wiener process starting at the point x ∈ G, and let τΓ be the first passage
time (the time of the first intersection of the process Wx(t) with the boundary
Γ). Suppose that the boundary Γ is regular so that (1) and (2) has a unique
solution. Then

u(x) = Exφ(Wx(τΓ)). (4)

In (4), only the random points on the boundary are involved. We thus can
formulate the following problem: how to find these points without explicit
simulation of the Wiener process inside the domain G?
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This problem was solved in [5] using the following considerations. In sphere
S(x, d(x)) representation (4) gives u(x) = Exu(Wx(τS(x,d(x)))). The same rep-
resentation is valid for all points y ∈ S(x, d(x)), so we can use the strong
Markov property and write the conditional expectation
u(x) = Ex{Eyu(Wy(τS(y,d(y))))/x = W (0), y = W (τS(x,d(x)))}. We can iter-
ate this representation many times and remark that only random points lying
on the spheres S(x, d(x)), S(y, d(y)), . . . , are involved. It is well-known, that
the points Wx(τS(x,d(x))) are uniformly distributed over the sphere S(x, d(x)).
Thus we came to the definition of the walk on spheres process starting at x :
it is defined as the homogeneous Markov chain WS = WS{x0, x1, . . . , xk, . . .}
such that x0 = x and xk = xk−1 + d(xk−1)ωk, k = 1, 2 . . . , where {ωk} is a se-
quence of independent isotropic unit vectors. It is known [5], that xk → y ∈ Γ
as k → ∞, however the number of steps of Markov chain WS is infinite with
probability one. For more see [11].

4. APPENDIX

4.1. RANDOM WALK
In mathematics and physics, a random walk is a formalization of the intu-

itive idea of taking successive steps, each in a random direction. A random
walk is a simple stochastic process. In this section we discuss some basic
properties of the random walks.

Example 4.1. The simplest random walk is a path constructed according to
the following rules: 1) there is a starting point; 2) the distance from one point
in the path to the next is a constant; 3) the direction from one point in the
path to the next is chosen at random, and no direction is more probable than
another.

The average straight-line distance between start and finish points of a ran-
dom walk of n steps is on the order of

√
n. In fact, if ,,average” is understood

in the sense of root-mean-square, then the average distance after n steps is
exactly

√
n times the step length.

Definition 4.1. Brownian motion is a continuous-time stochastic process
W (t) for t ≥ 0 with W (0) = 0 and such that the increment W (t) − W (s)
is Gaussian with mean 0 and variance t − s for any 0 ≤ s < t, and incre-
ments for nonoverlapping time intervals are independent. Brownian motion
(i.e., random walk with random step sizes) is the most common example of a
Wiener process.

Brownian motion is the scaling limit of random walk in dimension 1. This
means that if you take a random walk with very small steps you get an ap-
proximation to Brownian motion. To be more precise, if the step size is ε,
one needs to take a walk of length L/ε2 to approximate a Brownian motion
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of length L. As the size step tends to 0 (and the number of steps increased
comparatively) random walk converges to Brownian motion in an appropriate
sense. Formally, if B is the space of all paths of length L with the maximum
topology, and if M is the space of measures over B with the norm topology,
then the convergence is in the space M. Similarly, Brownian motion in several
dimensions is the scaling limit of random walk in the same number of dimen-
sions. A random walk is a discrete fractal, but Brownian motion is a true
fractal, and there is a connection between the two. For more see [8].

4.2. PROOFS
Proof of Theorem 1 Let us have f = −Δ lnh, in G and φ = lnh, in Γ.

Then lnh solves the equation (1), (2) and from Lax-Milgram theorem we have
the uniqueness. We have dμ(y) = h(y, r) and E(r) equals to r-parameter
Fisher information.�
Proof of Theorem 2 Denote η(I, x, θ) = If1(x, θ). Then for t1 > 0 and
t2 > t1 (D-optimal design is independent on I so we put I := 1) we have
M = F TF where

F =

(
f1(x1, θ),

∂f1(x1,θ)
∂θ

f1(x2, θ),
∂f1(x2,θ)

∂θ

)
.

Let t1 = 0. Then we have detM = g(σ, γ, α, β)(xβ1
2 −xβ2

2 )2. Let us have t1 > 0.
Then we have detM = g(σ, γ, α, β)(−2xβ1+β2

1 xβ1+β2
2 + x2β2

1 x2β1
2 + x2β2

2 x2β1
1 ).�
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SOME FIRST THOUGHTS ON THE STABILITY
OF THE ASYNCHRONOUS SYSTEMS

Şerban Vlad
Department of Computers, Oradea City Hall, Oradea

Abstract The (non-initialized, non-deterministic) asynchronous systems (in the input-
output sense) are multi-valued functions from m-dimensional signals to sets
of n-dimensional signals, the concept being inspired by the modeling of the
asynchronous circuits. Our purpose is to state the problem of the their stability.

Keywords: signal, asynchronous system, stability.

1. INTRODUCTION
Let B = {0, 1} be the binary Boole algebra. The function x : R → Bn has

a limit as t → ∞ if
∃tf ,∀t ≥ tf , x(t) = x(tf ). (1)

The usual notation is x(tf ) = lim
t→∞x(t). x is called a (n-dimensional) signal if

it is of the form

x(t) = x(t0 − 0) · ϕ(−∞,t0)(t) ⊕ x(t0) · ϕ[t0,t1)(t) ⊕ x(t1) · ϕ[t1,t2)(t) ⊕ ... (2)

where t ∈ R. In (1.2) ϕ( ) : R → B is the characteristic function and
t0 < t1 < t2 < ... is some unbounded sequence. We denote S(n) = {x|x :
R → Bn, x is signal}, P ∗(S(n)) = {X|X ⊂ S(n), X = ∅}, S(n)

c = {x|x ∈
S(n),∃ lim

t→∞x(t)}. For the Boolean function F : Bm → Bn we denote also

S
(m)
F,c = {u|u ∈ S(m),∃ lim

t→∞F (u(t))}. Any signal x has an initial time instant

t0, from the definition (1.2). It is not unique and it is precised by the condition
∀t < t0, x(t) = x(t0 − 0), where (the unique) x(t0 − 0) is the initial value of x.
In particular, the constant function x satisfies the property that any t0 is an
initial time instant and x coincides with its initial value. There exist signals
without final time instant tf and respectively without final value lim

t→∞x(t).If
tf exists, it is not unique and any t′f > tf is a final time instant too. In
particular, the constant function x satisfies the property that any tf is a final
time instant and x coincides with its final value.
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When x is the state of a system, the problem of the existence of tf , thus of
the limit lim

t→∞x(t) is the stability problem of that system.

2. ASYNCHRONOUS SYSTEMS
Definition We call (non-initialized, non-deterministic) asynchronous sys-

tem (in the input-output sense) a function f : U → P ∗(S(n)), where U ∈
P ∗(S(m)). The elements u ∈ U , respectively x ∈ f(u), are called (admissible)
inputs, respectively (possible) states, or outputs.

Remark The concept of asynchronous system has its origin in the model-
ing of the asynchronous circuits, where the multivalued association between
the cause u and the effects x ∈ f(u) is motivated by the changes in power
supply, temperature, by the technologycal dispersion, by the errors of the
measurement instruments etc.

Definition The system g : V → P ∗(S(n)), V ∈ P ∗(S(m)) is called a subsys-
tem of f if V ⊂ U and ∀u ∈ V, g(u) ⊂ f(u).

Definition The system f∗ : U∗ → P ∗(S(n)), U∗ ∈ P ∗(S(m)) is called the
dual system of f if U∗ = {u|u ∈ U} and ∀u ∈ U, f∗(u) = {x|x ∈ f(u)}.
We have denoted by u, x the coordinatewise complements of these signals, for
example u(t) = (u1(t), ..., um(t)).

Definition Suppose that U ∩ V = ∅ and that ∀u ∈ U ∩ V, f(u) ∩ g(u) = ∅.
The system f ∩ g : U ∩ V → P ∗(S(n)) is defined by

∀u ∈ U ∩ V, (f ∩ g)(u) = f(u) ∩ g(u).

Definition The system f ∪ g : U ∪ V → P ∗(S(n)) is defined as

∀u ∈ U ∪ V, (f ∪ g)(u) =

⎧⎨⎩
f(u), if u ∈ U − V
g(u), if u ∈ V − U

f(u) ∪ g(u), if u ∈ U ∩ V

Definition Let the system f ′ : U ′ → P ∗(S(n′)), U ′ ∈ P ∗(S(m)). If U ∩
U ′ = ∅, the parallel connection of f and f ′ is the system (f, f ′) : U ∩ U ′ →
P ∗(S(n+n′)) defined by

∀u ∈ U ∩ U ′, (f, f ′)(u) = {z|z ∈ S(n+n′),

∀i ∈ {1, ..., n+ n′}, zi =
{
xi, if i ∈ {1, ..., n}, x ∈ f(u)
yi−n, if i ∈ {n+ 1, ..., n+ n′}, y ∈ f ′(u) }

Definition The system h : X → P ∗(S(p)), X ∈ P ∗(S(n)) be given such
that ∀u ∈ U, f(u) ∩ X = ∅. The serial connection of h and f is the system
h ◦ f : U → P ∗(S(p)) that is defined by

∀u ∈ U, (h ◦ f)(u) = {y|∃x ∈ f(u) ∩X, y ∈ h(x).}
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Definition The system f is called non-anticipatory, or causal if

∀t1 ∈ R,∀u ∈ U,∀v ∈ U, u|(−∞,t1) = v|(−∞,t1) =⇒
=⇒ {x|(−∞,t1)|x ∈ f(u)} = {y|(−∞,t1)|y ∈ f(v)}

Definition The system f is initialized if

∃w0 ∈ Bn,∀u ∈ U,∀x ∈ f(u),∃t0 ∈ R,∀t < t0, x(t) = w0

If so, the unique vector w0 satisfying the previous property is called the initial
state of f .

3. STEADY VALUES OF THE STATES
Definition Let the system f : U → P ∗(S(n)), U ⊂ S(m). If

∃u ∈ U,∃x ∈ f(u),∃w ∈ Bn,∃tf ∈ R,∀t ≥ tf , x(t) = w

then the binary vector w is called the steady value, or the final value, or the
limit when t → ∞ of the state x ∈ f(u). In the special case when

∃u ∈ U,∃x ∈ f(u),∃w ∈ Bn,∀t ∈ R, x(t) = w

is true, w is called a point of equilibrium of f .
Remark For any u and any x ∈ f(u), if w = lim

t→∞x(t) exists, then it is
unique.

Notation For u ∈ U , we note Σf (u) = {w|∃x ∈ f(u), w = lim
t→∞x(t)}.

4. INITIAL TIME AND FINAL TIME
Definition We say that the system f has an initial time (instant) t0 which

is:
a) unbounded if ∀u ∈ U,∀x ∈ f(u),∃t0 ∈ R,∀t < t0, x(t) = x(t0 − 0);
b) bounded if∀u ∈ U,∃t0 ∈ R,∀x ∈ f(u),∀t < t0, x(t) = x(t0 − 0);
c) fix (or universal) if∃t0 ∈ R,∀u ∈ U,∀x ∈ f(u),∀t < t0, x(t) = x(t0 − 0).
We say that the system f has a final time (instant) tf which is:
a′) unbounded if ∀u ∈ U,∀x ∈ f(u) ∩ S

(n)
c ,∃tf ∈ R,∀t ≥ tf , x(t) = x(tf );

b′) bounded if ∀u ∈ U,∃tf ∈ R,∀x ∈ f(u) ∩ S
(n)
c ,∀t ≥ tf , x(t) = x(tf );

c′) fix (or universal) if ∃tf ∈ R,∀u ∈ U,∀x ∈ f(u) ∩ S
(n)
c ,∀t ≥ tf , x(t) =

x(tf ).
Remarks There are 3 × 3 = 9 possibilities of combining the initial time

and the final time for a system.
The next implications are true: t0 fix =⇒ t0 bounded =⇒ t0 unbounded

and the next implications are true also:

tf fix =⇒ tf bounded =⇒ tf unbounded
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5. ABSOLUTE STABILITY
Definition a) A system f that satisfies

∀u ∈ U,∀x ∈ f(u),∃w ∈ Bn,∃tf ∈ R,∀t ≥ tf , x(t) = w,

where w and tf depend on x only (thus ∃w,∃tf commute) is called absolutely
stable.

b) If ∀u ∈ U,∃w ∈ Bn,∀x ∈ f(u),∃tf ∈ R,∀t ≥ tf , x(t) = w, then f is
called absolutely race-free stable, or absolutely delay-insensitive.

c) We say that f is absolutely constantly stable if it satisfies

∃w ∈ Bn,∀u ∈ U,∀x ∈ f(u),∃tf ∈ R,∀t ≥ tf , x(t) = w.

Remarks The following implications are true:

f abs const stable =⇒ f abs race− free stable =⇒ f abs stable

On the other hand, if f is absolutely stable, then it defines the system lim f :
U → P ∗(S(n)) by ∀u ∈ U, lim f(u) = Σf (u) and we have identified the binary
vector with the constant vector function. In case of absolute race-free stability,
this system is deterministic, i.e. ∀u ∈ U, the set lim f(u) has exactly one
element. If the absolute constant stability of f is true also, then lim f is the
constant univalued function.

Sometimes it will be useful to write the absolute stability condition under
the form ∀u ∈ U,∀x ∈ f(u),∃w ∈ Bn,∃tf ∈ R,∀t ≥ tf , x(t − 0) = w and
similarly for the other two cases, showing the fact that x has reached its final
value w sometimes before tf .

Theorem Suppose that f : U → P ∗(S(n)), U ⊂ S(m) is an absolutely
stable (an absolutely race-free stable, an absolutely constantly stable) system
and let the systems g : V → P ∗(S(n)), V ⊂ S(m), f ′ : U ′ → P ∗(S(n′)),
U ′ ⊂ S(m). The next statements are true: a) if g ⊂ f , then g is absolutely
stable (absolutely race-free stable, absolutely constantly stable); b) f∗ is ab-
solutely stable (absolutely race-free stable, absolutely constantly stable); c) if
U ∩ V = ∅ and ∀u ∈ U ∩ V, f(u) ∩ g(u) = ∅, then f ∩ g is absolutely stable
(absolutely race-free stable, absolutely constantly stable); d) if g is absolutely
stable (absolutely race-free stable, absolutely constantly stable), then f ∪ g is
absolutely stable (absolutely race-free stable, absolutely constantly stable); e) if
f ′ is absolutely stable (absolutely race-free stable, absolutely constantly stable)
and if U ∩ U ′ = ∅, then (f, f ′) is absolutely stable (absolutely race-free stable,
absolutely constantly stable).

Theorem Let the systems f and h : X → P ∗(S(p)), X ⊂ S(n). Suppose
that ∀u ∈ U, f(u)∩X = ∅; then, if h is absolutely stable (absolutely constantly
stable), we have that h ◦ f is absolutely stable (absolutely constantly stable).
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Remark In general, the statement of the previous theorem is false in the
case of absolute race-free stability.

Theorem The next properties are equivalent for the system f :
a) absolute stability with unbounded final time:{ ∀u ∈ U,∀x ∈ f(u),∃w ∈ Bn,∃tf ∈ R,∀t ≥ tf , x(t) = w

∀u ∈ U,∀x ∈ f(u) ∩ S
(n)
c ,∃tf ∈ R,∀t ≥ tf , x(t) = x(tf )

⇐⇒

⇐⇒ ∀u ∈ U,∀x ∈ f(u),∃w ∈ Bn,∃tf ∈ R,∀t ≥ tf , x(t) = w,

where w and tf depend on x only (thus ∃w,∃tf commute);
b) absolute stability with bounded final time:{ ∀u ∈ U,∀x ∈ f(u),∃w ∈ Bn,∃tf ∈ R,∀t ≥ tf , x(t) = w

∀u ∈ U,∃tf ∈ R,∀x ∈ f(u) ∩ S
(n)
c ,∀t ≥ tf , x(t) = x(tf )

⇐⇒

⇐⇒ ∀u ∈ U,∃tf ∈ R,∀x ∈ f(u),∃w ∈ Bn,∀t ≥ tf , x(t) = w;

c) absolute stability with fix final time:{ ∀u ∈ U,∀x ∈ f(u),∃w ∈ Bn,∃tf ∈ R,∀t ≥ tf , x(t) = w

∃tf ∈ R,∀u ∈ U,∀x ∈ f(u) ∩ S
(n)
c ,∀t ≥ tf , x(t) = x(tf )

⇐⇒

⇐⇒ ∃tf ∈ R,∀u ∈ U,∀x ∈ f(u),∃w ∈ Bn,∀t ≥ tf , x(t) = w;

d) absolute race-free stability with unbounded final time:{ ∀u ∈ U,∃w ∈ Bn,∀x ∈ f(u),∃tf ∈ R,∀t ≥ tf , x(t) = w

∀u ∈ U,∀x ∈ f(u) ∩ S
(n)
c ,∃tf ∈ R,∀t ≥ tf , x(t) = x(tf )

⇐⇒

⇐⇒ ∀u ∈ U,∃w ∈ Bn,∀x ∈ f(u),∃tf ∈ R,∀t ≥ tf , x(t) = w;

e) absolute race-free stability with bounded final time:{ ∀u ∈ U,∃w ∈ Bn,∀x ∈ f(u),∃tf ∈ R,∀t ≥ tf , x(t) = w

∀u ∈ U,∃tf ∈ R,∀x ∈ f(u) ∩ S
(n)
c ,∀t ≥ tf , x(t) = x(tf )

⇐⇒

⇐⇒ ∀u ∈ U,∃w ∈ Bn,∃tf ∈ R,∀x ∈ f(u),∀t ≥ tf , x(t) = w,

where w and tf depend on u only (thus ∃w,∃tf commute);
f) absolute race-free stability with fix final time:{ ∀u ∈ U,∃w ∈ Bn,∀x ∈ f(u),∃tf ∈ R,∀t ≥ tf , x(t) = w

∃tf ∈ R,∀u ∈ U,∀x ∈ f(u) ∩ S
(n)
c ,∀t ≥ tf , x(t) = x(tf )

⇐⇒
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⇐⇒ ∃tf ∈ R,∀u ∈ U,∃w ∈ Bn,∀x ∈ f(u),∀t ≥ tf , x(t) = w,

g) absolute constant stability with unbounded final time:{ ∃w ∈ Bn,∀u ∈ U,∀x ∈ f(u),∃tf ∈ R,∀t ≥ tf , x(t) = w

∀u ∈ U,∀x ∈ f(u) ∩ S
(n)
c ,∃tf ∈ R,∀t ≥ tf , x(t) = x(tf )

⇐⇒

⇐⇒ ∃w ∈ Bn,∀u ∈ U,∀x ∈ f(u),∃tf ∈ R,∀t ≥ tf , x(t) = w;

h) absolute constant stability with bounded final time:{ ∃w ∈ Bn,∀u ∈ U,∀x ∈ f(u),∃tf ∈ R,∀t ≥ tf , x(t) = w

∀u ∈ U,∃tf ∈ R,∀x ∈ f(u) ∩ S
(n)
c ,∀t ≥ tf , x(t) = x(tf )

⇐⇒

⇐⇒ ∃w ∈ Bn,∀u ∈ U,∃tf ∈ R,∀x ∈ f(u),∀t ≥ tf , x(t) = w;

i) absolute constant stability with fix final time:{ ∃w ∈ Bn,∀u ∈ U,∀x ∈ f(u),∃tf ∈ R,∀t ≥ tf , x(t) = w

∃tf ∈ R,∀u ∈ U,∀x ∈ f(u) ∩ S
(n)
c ,∀t ≥ tf , x(t) = x(tf )

⇐⇒

⇐⇒ ∃w ∈ Bn,∃tf ∈ R,∀u ∈ U,∀x ∈ f(u),∀t ≥ tf , x(t) = w,

where w and tf are constant (thus ∃w,∃tf commute).
Theorem Let the system f having the property that it is non-anticipatory

and with fix final time. a) If f is absolutely stable, then the set Σf (u) depends
on the restriction u|(−∞,tf ] only. b) In the case that f is absolutely delay-
insensitive, the limit lim

t→∞x(t), that is the same for all x ∈ f(u), depends on

u|(−∞,tf ] only. c) If f is absolutely constantly stable, lim
t→∞x(t) is the same for

all x ∈ f(u) and all u ∈ U .

6. RELATIVE STABILITY
Definition a) A system f that satisfies

∀u ∈ U ∩ S(m)
c ,∀x ∈ f(u),∃w ∈ Bn,∃tf ∈ R,∀t ≥ tf , x(t) = w,

where w and tf depend on x only (thus ∃w,∃tf commute) is called relatively
stable.

b) If the next property is true

∀u ∈ U ∩ S(m)
c ,∃w ∈ Bn,∀x ∈ f(u),∃tf ∈ R,∀t ≥ tf , x(t) = w

then f is called relatively race-free stable or relatively delay-insensitive.
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c) f is relatively constantly stable if

∃w ∈ Bn,∀u ∈ U ∩ S(m)
c ,∀x ∈ f(u),∃tf ∈ R,∀t ≥ tf , x(t) = w.

If U ∩ S
(m)
c = ∅ we say that the previous stability properties are trivially

fulfilled and if U ∩ S
(m)
c = ∅ that they are non-trivially fulfilled.

Remark Relative stability and absolute stability are analized similarly.

7. STABILITY RELATIVE TO A FUNCTION
Definition Let the Boolean function F : Bm → Bn. a) A system f satis-

fying

∀u ∈ U ∩ S
(m)
F,c ,∀x ∈ f(u),∃w ∈ Bn,∃tf ∈ R,∀t ≥ tf , x(t) = w,

where w and tf depend on x only (thus ∃w,∃tf commute) is called F−relatively
stable (or stable relative to the function F ). b) If the next property holds

∀u ∈ U ∩ S
(m)
F,c ,∀x ∈ f(u),∃tf ∈ R,∀t ≥ tf , x(t) = F (u(tf ))

then f is called F−relatively race-free stable, or F− relatively delay-insensitive
(race-free stable relative to the function F , delay-insensitive relative to the
function F ). c) f is F−relatively constantly stable if it is F−relatively race-
free stable and the function F is constant

∃w ∈ Bn,∀u ∈ U,∀x ∈ f(u),∃tf ∈ R,∀t ≥ tf , x(t) = w.

Fig. 1.

If U∩S(m)
F,c = ∅ the previous stability properties are trivial and if U∩S(m)

F,c = ∅
they are non-trivial.

Remarks The stability of a system relative to a Boolean function is similar
with the other notions of stability. Remark that the notions of F−relative
constant stability and respectively of absolutely constant stability coincide,
being at the same time a special case of F−relative race-free stability.

In fig. 1 we give the existing connection between the nine previously defined
types of stability.
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8. SYNCHRONOUS-LIKE, MONOTONOUS AND
HAZARD-FREE TRANSITIONS. THE
FUNDAMENTAL MODE

Definition For x ∈ S(n) and the time instances t′ < t”, the couple (x(t′), x(t”))
is called transition; we say that x has a transition in the interval [t′, t”] from
the value x(t′) to the value x(t”).

Definition By the transition (x(t′ − 0), x(t” − 0)) it is understood any of
the transitions (x(t′ − ε), x(t” − ε)), where ε > 0 is taken sufficiently small
so that ∀ξ ∈ (0, ε], x(t′ − ξ) = x(t′ − 0), ∀ξ ∈ (0, ε], x(t” − ξ) = x(t” − 0).
The interval on which this transition takes place is by definition any of the
intervals [t′ − ξ, t” − ξ] with ξ ∈ (0, ε].

Notations The usual notations for the transitions (x(t′), x(t”)) and (x(t′ −
0), x(t” − 0)) are x(t′) → x(t”) and x(t′ − 0) → x(t” − 0) respectively. The
interval on which x(t′ − 0) → x(t” − 0) takes place is denoted [t′ − 0, t” − 0].

Definition The next data are given: the system f , the input u ∈ U , the
state x ∈ f(u) and the instants t′ < t”. In this case the transition x(t′) → x(t”)
is also called transfer of x under the input u in the interval [t′, t”] from the
value x(t′) to the value x(t”) and we say that f transfers x under the input u
(it u−transfers x) in the interval [t′, t”] from x(t′) to x(t”).

Similarly for the transition x(t′ − 0) → x(t” − 0).
Definition a) Suppose that w,w′ ∈ Bn, t0, tf ∈ R and u ∈ U exist so that:

a.i) ∀x ∈ f(u),∀t < t0, x(t) = w; a.ii) ∀x ∈ f(u),∀t ≥ tf , x(t − 0) = w′;
a.iii) t0 < tf . Then x(t0 − 0) → x(tf − 0) is a synchronous-like transition (or
transfer); we say that f transfers synchronous-likely (any) x under the input
u in the interval [t0 − 0, tf − 0] from the value w to the value w′. b) Suppose
that w,w′ ∈ Bn, tf , t

′
f ∈ R and u, v ∈ U exist so that b.i) ∀x ∈ f(u),∀t ≥

tf , x(t − 0) = w b.ii) ∀y ∈ f(v),∀t ≥ t′f , y(t − 0) = w′; b.iii) tf < t′f ; b.iv)
u|(−∞,tf ) = v|(−∞,tf ); b.v) {x|(−∞,tf )|x ∈ f(u)} = {y|(−∞,tf )|y ∈ f(v)}. If
they are true, then y(tf − 0) → y(t′f − 0) is a synchronous-like transition (or
transfer). We also say that the system f transfers synchronous-likely (any) y
under the input v = u ·ϕ(−∞,tf ) ⊕ v ·ϕ[tf ,∞) in the interval [tf − 0, t′f − 0] from
the value w to the value w′.

c) All the synchronous-like transitions are these from a) and b).
Remarks The attribute ’synchronous-like’ given to a transition y(tf −0) →

y(t′f − 0) implies the fact that y(tf − 0) = x(tf − 0) is a steady value of
x ∈ f(u) and y(t′f −0) is a steady value y ∈ f(v). The initial value is the same
for all x ∈ f(u) and all y ∈ f(v) and it is treated as a steady value. Things
happen as if the unique state y switches with all the coordinates simultaneously
(synchronously), in discrete time, in the manner y(k) = w, y(k + 1) = w′, ...
On the other hand, the ’composition’ of the synchronous-like transitions is
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a synchronous-like transition: if tf < t′f < t”f and if y(tf − 0) → y(t′f − 0),
y(t′f−0) → y(t”f−0) are synchronous-like transitions, then y(tf−0) → y(t”f−0)
is synchronous-like too.

Definition Let the system f and the input u have the property of existence
of an unbounded sequence t0 < t1 < t2 < ... so that x(tk − 0) → x(tk+1 − 0)
be synchronous-like for all k ∈ N and all x ∈ f(u). We say that f is, under
the input u, in the fundamental (operating) mode.

Definition The non-empty set U ⊂ S(m) is called σ−closed if for any
sequence uk ∈ U, k ∈ N of inputs and any unbounded sequence t0 < t1 < t2 <
... of real numbers we have u0 · ϕ(−∞,t0) ⊕ u1 · ϕ[t0,t1) ⊕ u2 · ϕ[t1,t2) ⊕ ... ∈ U .

Theorem Suppose that U is σ−closed and that f satisfies: a) it is non-
anticipatory; b) it satisfies the next property of initialization with bounded
initial time

∀u ∈ U,∃w0 ∈ Bn,∃t0 ∈ R,∀x ∈ f(u),∀t < t0, x(t) = w0,

where w0 and t0 depend on u only (thus ∃w0,∃t0 commute); c) it is absolutely
race-free stable with bounded final time, i.e.

∀u ∈ U,∃w ∈ Bn,∃tf ∈ R,∀x ∈ f(u),∀t ≥ tf , x(t− 0) = w,

where w and tf depend on u only (thus ∃w,∃tf commute). Then for any
sequence uk ∈ U, k ∈ N of inputs, the unbounded sequence t0 < t1 < t2 < ...
of real numbers exists so that the transitions x(tk − 0) → x(tk+1 − 0), k ∈ N,
x ∈ f(u) are synchronous-like, where u ∈ U is given by

u = u0 · ϕ(−∞,t1) ⊕ u2 · ϕ[t1,t2) ⊕ u3 · ϕ[t2,t3) ⊕ ...

Remark The previous theorem has two variants when ’f is absolutely
race-free stable’ is replaced by ’f is relatively race-free stable’ and by ’f is
F−relatively race-free stable’ respectively.

Theorem Let the system f : U → P ∗(S(n)), with U σ−closed and make the
next assumptions: a) f is non-anticipatory; b) it is initialized with fix initial
time, i.e. ∃w0 ∈ Bn,∃t0 ∈ R,∀u ∈ U,∀x ∈ f(u),∀t < t0, x(t) = w0, where
w0 and t0 are constant (thus ∃w0,∃t0 commute); c) the next controllability
properties hold:

∀w ∈ Bn,∃tf ∈ R,∃u ∈ U,∀x ∈ f(u),∀t ≥ tf , x(t− 0) = w

∃w ∈ Bn,∃tf ∈ R,∃u ∈ U,∀x ∈ f(u),∀t ≥ tf , x(t− 0) = w =⇒
=⇒ ∀w′ ∈ Bn,∃t′f ∈ R,∃v ∈ U,∀x ∈ f(u · ϕ(−∞,tf ) ⊕ v · ϕ[tf ,∞)),

∀t ≥ t′f , x(t− 0) = w′.
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Then for any sequence wk ∈ Bn, k ≥ 1 of binary vectors, an unbounded se-
quence t0 < t1 < t2 < ... of real numbers and a sequence of inputs uk ∈ U, k ∈
N exist so that the input u ∈ U defined by

u = u0 · ϕ(−∞,t1) ⊕ u2 · ϕ[t1,t2) ⊕ u3 · ϕ[t2,t3) ⊕ ...

satisfies the property x(tk−0) = wk, x(tk−0) → x(tk+1−0) are synchronous−
like for all k ∈ N and all x ∈ f(u).

Definition The transition x(t′) → x(t”) is called monotonous, if all the co-
ordinate functions xi, i = 1, n restricted to the interval [t′, t”] are monotonous,
i.e. they have on [t′, t”] at most one discontinuity point. The transition
x(t′ − 0) → x(t” − 0) is monotonous if all the coordinate functions xi, i = 1, n
restricted to all the intervals [t′ − ε, t” − ε] with ε > 0 chosen sufficiently small
are monotonous.

Definition If for u ∈ U and tf < t′f the transfer x(tf − 0) → x(t′f − 0) is
synchronous-like and monotonous, x ∈ f(u) then it is called hazard-free.

9. CONCLUSIONS
The asynchronous systems are a mathematical concept that is inspired by

the modeling of the asynchronous circuits and the purpose of this paper is that
of stating the stability problem for them. Furthermore, we can connect this
topic with the notions of controllability and accessibility (by analogy we can
adopt from [1] about eight definitions of controllability and four definitions
of accessibility, but there exist also different points of view in the literature)
we can change / replace the non-anticipation condition with other similar or
dual conditions, we can suppose that f is generated by a generator function
Φ : Bn × Bm → Bn, that it satisfies supplementary inertial properties etc.
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1. INTRODUCTION
It is known [9] that the normed conjugate product of gamma functions such

as
2
π

Γ(1 − ix)Γ(1 + ix) =
2
π

1
Π∞
n=1(1 + x2/n2)

, (1)

is an infinitely divisible density. From the infinite divisibility of the above
probability distribution and from numerical analysis of roots of the hyperge-
ometric functions the author could guess that a probability distribution with
the following density function consisting of conjugate product of gamma func-
tions, that is

c

∣∣∣∣Γ(m+ ix)
Γ(m)

∣∣∣∣2 =
c

Π∞
n=0(1 + x2/(m+ n)2)

, (2)

is infinitely divisible (cf. [1. 6.1.25]). In this case the hypergeometric func-
tion F (−n, 2m; 2m + n + 1; z) appears and it is necessary to show that the
hypergeometric function F (−n, 2m; 2m+ n+ 1; z) has roots outside the unit
disk. In this paper, by making use of Watson’s formula, it is shown that all
the roots of F (−n, 2m; 2m + n + 1; z) are situated outside the unit disk for
any positive constant m and for each natural number n.

2. THE HYPERGEOMETRIC SERIES
In what follows, suppose that m is a positive number and a1 = m, a2 =

m+1,..., an+1 = m+n. Let us consider the following density function instead
of (2)

f(x) =
c

Πn+1
j=1 (x2 + a2

j )
, (3)
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where c is a constant which satisfies the following equality∫ ∞

−∞
f(x)dx = 1.

The probability density function f(x) is an approximation of the above right
hand side of (2) in the sense of weak limit. Let us consider a characteristic
function of the density fucntion (3). It holds that

φ(t) =
∫ ∞

−∞
eitx

c

Πn+1
j=1 (x2 + a2

j )
dx

= πc
n+1∑
j=1

exp(−aj |t|)
ajΠn+1

l=1,l �=j(−a2
j + a2

l )
, −∞ < t < ∞. (4)

If we set x = exp(−|t|) we obtain a polynomial of the following form

φ(t) = πc
n+1∑
j=1

xaj

ajΠn+1
l=1,l �=j(−a2

j + a2
l )
, 0 ≤ x ≤ 1,

and we have a function

F (−n, 2m; 2m+ n+ 1; z)

= a1Πn+1
l=2 (−a2

1 + a2
l )
n+1∑
j=1

zaj−m

ajΠn+1
l=1,l �=j(−a2

j + a2
l )
.

They are concretely the following formulae:

F (0, 2m; 2m+ 1; z) = 1,

F (−1, 2m; 2m+ 2; z) = 1 +
(−1)(2m)
2m+ 2

z, (5)

F (−2, 2m; 2m+ 3; z) = 1 +
(−2)(2m)
2m+ 3

z +
(−2)(−1)(2m)(2m+ 1)

(2m+ 3)(2m+ 4)
z2

2!
, (6)

F (−3, 2m; 2m+ 4; z) = 1 +
(−3)(2m)
2m+ 4

z +
(−3)(−2)(2m)(2m+ 1)

(2m+ 4)(2m+ 5)
z2

2!

+
(−3)(−2)(−1)(2m)(2m+ 1)(2m+ 2)

(2m+ 4)(2m+ 5)(2m+ 6)
z3

3!
, (7)

· · · · · · · · · · · · · · ·
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F (−n, 2m; 2m+ n+ 1; z)

= 1 +
(−n)(2m)
2m+ n+ 1

z +
(−n)(−n+ 1)(2m)(2m+ 1)
(2m+ n+ 1)(2m+ n+ 2)

z2

2!

+
(−n)(−n+ 1)(−n+ 2)(2m)(2m+ 1)(2m+ 2)

(2m+ n+ 1)(2m+ n+ 2)(2m+ n+ 3)
z3

3!
+ · · ·

+
(−n)(−n+ 1) · · · (−n+ k − 1)(2m)(2m+ 1)(2m+ 2) · · · (2m+ k − 1)

(2m+ n+ 1)(2m+ n+ 2)(2m+ n+ 3) · · · (2m+ n+ k)

· zk

k!
+ · · ·

+
(−n)(−n+ 1) · · · (−2)(−1)(2m)(2m+ 1)(2m+ 2) · · · (2m+ n− 1)

(2m+ n+ 1)(2m+ n+ 2)(2m+ n+ 3) · · · (2m+ 2n)
zn

n!
.

(8)

We write the above function in the following form,

F (−n, 2m; 2m+ n+ 1; z) = Σn
k=0

(−n)k(2m)kzk

(2m+ n+ 1)kk!
.

The hypergeometric series F (−n, b; c; z) is defined by

F (−n, b; c; z) = Σn
k=0

(−n)k(b)kzk

(c)kk!
.

Here (a)k = a(a+ 1)(a+ 2) · · · (a+ k − 1) denotes the Pochhammer symbol.

3. THE HYPERGEOMETRIC SERIES HAS
ROOTS OUTSIDE THE UNIT DISK

If m = 1 it is known [8] that the roots of F (−n, 2;n + 3; z) are situated
outside the unit disk. If n = 1 the root of F (−1, 2m; 2m + 2; z) is z1 =
(m+ 1)/m and if n = 2 the roots of F (−2, 2m; 2m+ 3; z) are

z1 =
2m+ 4
2m+ 1

+ i
1

2m+ 1

√
3(m+ 2)

m
, z2 =

2m+ 4
2m+ 1

− i
1

2m+ 1

√
3(m+ 2)

m

for any positive number m. These roots are outside the unit disk. Concerning
the roots of the Gauss hypergeometric series F (−n, 2m; 2m + n + 1; z) for n
larger than 2 we obtain the following result:

Theorem 3.1. If m is a positive number and n is a natural number, the Gauss
hypergeometric series F (−n, 2m; 2m+n+1; z) has roots outside the unit disk.

Proof. Since we have F (−n, 2m; 2m + n + 1; 0) = 1, take and fix a positive
number σ in the interval (0,1]. The curve of the function F (−n, 2m; 2m +
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n + 1;σeit) of the variable t is symmetric with respect to the real axis in the
complex plane. In order to show that all the roots of the Gauss hypergeometric
function F (−n, 2m; 2m+n+1; z) are outside the unit disk, it suffices to show
that |F (−n, 2m; 2m + n + 1;σeit)|2 is positive for all t in the interval [0, π].
We make use of the Watson’s formula

F (−n, b; c; z)F (−n, b; c;Z)

=
(c− b)n

(c)n
F4[−n, b; c, 1 − n+ b− c; zZ, (1 − z)(1 − Z)]

in Slater’s book (cf. [6. (8.4.2)]). Let b = 2m, c = 2m+ n+ 1. Then

F4[−n, 2m; 2m+ n+ 1,−2n; zZ, (1 − z)(1 − Z)]

= Σn
r=0Σ

n
s=0

(−n)r+s(2m)r+s(zZ)r[(1 − z)(1 − Z)]s

(2m+ n+ 1)r(−2n)sr!s!
.

Let z = σeit, Z = σe−it. Then zZ = σ2 and (1− z)(1 −Z) = 1+σ2 − 2σ cos t.
Let x = σ2 and y =1 + σ2 − 2σ cos t. From the above F4 we obtain

|F (−n, 2m; 2m+ n+ 1;σeit)|2

=
(n+ 1)n

(2m+ n+ 1)n
Σn
r=0Σ

n
s=0

(−n)r+s(2m)r+sxrys

(2m+ n+ 1)r(−2n)sr!s!
. (9)

It holds that

|F (−n, 2m; 2m+ n+ 1;σeit)|2

=
(n+ 1)n

(2m+ n+ 1)n
Σn
s=0

(−n)s(2m)sys

(−2n)ss!

{
Σn−s
r=0

(−n+ s)r(2m+ s)rxr

(2m+ n+ 1)rr!

}
.

We see that the right hand side of the above equality is positive for all t in
the interval [0, π] since it holds that

Σn−s
r=0

(−n+ s)r(2m+ s)rxr

(2m+ n+ 1)rr!

=
Γ(2m+ n+ 1)

Γ(2m+ s)Γ(n− s+ 1)

∫ 1

0
τ2m+s−1(1 − τ)n−s(1 − xτ)n−sdτ.

When σ = 1, by Vandermonde’s formula we see that

|F (−n, 2m; 2m+ n+ 1; eit)|2

=
(n+ 1)n

(2m+ n+ 1)n
Σn
s=0

(−n)s(n+ 1 − s)n−s(2m)sys

(−2n)s(2m+ n+ 1)n−ss!

= Σn
s=0

(2m)s
(2m+ n+ 1)n(2m+ n+ 1)n−s

(
n

s

)(
2n− s

n

)
(2(n− s))!ys,
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where y = 2(1 − cos t).

4. THE WRONSKIAN
It is often convenient for us to treat the polynomial zmF (−n, 2m; 2m+n+

1; z) instead of F (−n, 2m; 2m+n+1; z). Let us take a branch such that zm is
positive if z is positive. Consider the unit circle C : z = eit (0 ≤ t ≤ 2π). Let

u(m,n; t) = Re eimtF (−n, 2m; 2m+ n+ 1; eit),

v(m,n; t) = Im eimtF (−n, 2m; 2m+ n+ 1; eit).

We have
u(m,n; t) = Σn

k=0

(−n)k(2m)k
(2m+ n+ 1)k

cos(m+ k)t
k!

(10)

and
v(m,n; t) = Σn

k=0

(−n)k(2m)k
(2m+ n+ 1)k

sin(m+ k)t
k!

. (11)

We note that the curve of F (−n, 2m; 2m + n + 1; eit) in the complex plane
does not always make a Jordan curve when t moves on the interval [0, 2π]. It
is known [1] that the Gauss hypergeometric series F (−n, 2m; 2m+n+1; z) is
a solution of the hypergeometric equation, namely

z(1 − z)
d2

dz2
F (−n, 2m; 2m+ n+ 1; z)

+ (2m+ n+ 1 − (2m− n+ 1)z)
d

dz
F (−n, 2m; 2m+ n+ 1; z)

+ 2mn F (−n, 2m; 2m+ n+ 1; z) = 0. (12)

Lemma 1.. If m is a positive number and n is a natural number, then the
functions u(m,n; t) and v(m,n; t) are solutions of the following differential
equation

sin
t

2
x′′(t) − n cos

t

2
x′(t) +m(m+ n) sin

t

2
x(t) = 0. (13)

Proof. Let h(z) = zmF (−n, 2m; 2m+n+ 1; z). Then we obtain the following
differential equation

z2(1 − z)h′′(z) + (n+ 1 + (n− 1)z)zh′(z) −m(m+ n)(1 − z)h(z) = 0. (14)

If z = eit we obtain the following equation

(1 − eit)
d2h(eit)
dt2

+ n(1 + eit)i
dh(eit)
dt

+m(m+ n)(1 − eit)h(eit) = 0 (15)
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and from the real part and imaginary part of the above equation we have two
equations

(1 − cos t)u′′(m,n; t) − n sin t · u′(m,n; t)
+m(m+ n)(1 − cos t)u(m,n; t)

= − sin t · v′′(m,n; t) + n(1 + cos t)v′(m,n; t)
−m(m+ n) sin t · v(m,n; t) (16)

and

sin t · u′′(m,n; t) − n(1 + cos t)u′(m,n; t)
+m(m+ n) sin t · u(m,n; t)

= (1 − cos t)v′′(m,n; t) − n sin t · v′(m,n; t)
+m(m+ n)(1 − cos t)v(m,n; t). (17)

Then we have

sin
t

2
{
sin

t

2
· u′′(m,n; t) − n cos

t

2
· u′(m,n; t)

+m(m+ n) sin
t

2
· u(m,n; t)

}
= − cos

t

2
{
sin

t

2
· v′′(m,n; t) − n cos

t

2
· v′(m,n; t)

+m(m+ n) sin
t

2
· v(m,n; t)

}
(18)

and

cos
t

2
{
sin

t

2
· u′′(m,n; t) − n cos

t

2
· u′(m,n; t)

+m(m+ n) sin
t

2
· u(m,n; t)

}
= sin

t

2
{
sin

t

2
· v′′(m,n; t) − n cos

t

2
· v′(m,n; t)

+m(m+ n) sin
t

2
· v(m,n; t)

}
. (19)

From the above equations we see that the functions u(m,n; t) and v(m,n; t)
are solutions of the differential equation (13).

By using the Lemma 1 we can obtain the following result:
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Theorem 4.1. If m is a positive number and n is a natural number, then the
Gauss hypergeometric series F (−n, 2m; 2m+ n+ 1; z) does not have roots on
the unit circle.

Proof. In order to show that the Gauss hypergeometric series F (−n, 2m; 2m+
n+1; z) does not have roots on the unit circle we will show that the following
relation

W (t) = u(m,n; t)v′(m,n; t) − u′(m,n; t)v(m,n; t) = c(1 − cos t)n (20)

holds, where c is a positive constant not depending on the variable t. If t0 = 0
or 2π, then W (t0) = 0, while we have

u(m,n; t0) =
(n+ 1)n

(2m+ n+ 1)n
cosmt0,

v(m,n; t0) =
(n+ 1)n

(2m+ n+ 1)n
sinmt0,

by Vandermonde’s formula, and

u(m,n; t0)2 + v(m,n; t0)2 = 0.

Let
α(t) = 2−2n sin−2n(

t

2
)

and
β(t) = 2−2nm(m+ n) sin−2n(

t

2
).

Then the differential equation (13) can be written in the following form,{
α(t)x′(t)}′ + β(t)x(t) = 0

and the wronskian W (t) can be expressed in the following form

α(t)W (t) = c1 (const).

Therefore we obtain
W (t) = c1 22n sin2n(

t

2
).

To determine c1 we take t = π. Then it implies

W (π) = u(m,n;π)v′(m,n;π) − u′(m,n;π)v(m,n;π) = c1 22n.

We can see that

W (π)

=
{
Σn
k=0

(−n)k(2m)k(−1)k

(2m+ n+ 1)kk!
}{

Σn
k=0

(−n)k(2m)k(m+ k)(−1)k

(2m+ n+ 1)kk!
}

=
(2m)n+122n−1

(2m+ n+ 1)n
. (21)
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Therefore we obtain c = (2m)n+12n−1/(2m + n + 1)n and c is a positive
constant.
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METHODOLOGY FOR BOND GRAPH
REPRESENTATION OF NONLINEAR
DISTRIBUTED PARAMETER SYSTEMS

Nasta Tanasescu
Dept. of Control Systems and Computers, ,,Dunarea de Jos” Univ., Galati
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Abstract This paper deals with the methodology for bond graph representation of non-
linear distributed parameter systems, which uses frequency response function
as a basis in describing the required behavior. This methodology aids in the
determination of control schemes, which are necessary to design the active
element, such that the required frequency domain behavior is met.

Keywords: bond graph, frequency response function.

1. INTRODUCTION
Bond graphs were selected as the modeling tools from a number of reasons:

the bond graph methodology yields a clear mapping of the topology of a
system; there exists a straightforward method by which state equations can
be extracted from the bond graphs; it allows for causality information to be
contained in the system model; it easily handles the modeling of systems that
involve multiple energy domains, and it easily allows for the modeling of system
elements that exhibit nonlinear behavior.

2. NONLINEAR MODEL WITH DISTRIBUTED
PARAMETERS

Such model is obtained by using the equations of continuity, momentum and
energy. These partial differential equations (PDEs) correspond to the physical
principles of mass conservation, Newton’s second law and energy conservation.
Under the assumptions that the fluid is compressible, viscous, isentropic, ho-
mogenous and one – dimensional they lead to a coupled nonlinear set of PDEs.
They are linearized and written in a form using common notation. We perform
a complex – plan curve fitting procedure in order to obtain the corresponding
transfer function in analytical form, namely as a ratio of two polynomials.
The results of the curve fitting procedure yields what we refer to in this case
as the “data – based” transfer function.
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3. TRANSFER FUNCTION MODEL
The derivation of a transfer function model for PDE follows the same steps

as for the scalar case: apply the Laplace transformation with respect to time.
This removes the time derivatives and turns the initial boundary value problem
into a boundary value problem for the space variable; construct a suitable
transformation for the space variable which removes the spatial derivatives
and turns the boundary value problem into an algebraic equation; in order
to obtain a multidimensional function, solve the algebraic equation for the
transfer of the solution of the PDE;

As accurate as possible curve fit is desired, however the designer must ex-
ercise caution, since selecting too high a degree of polynomials can cause the
curve - fitting algorithm to yield unstable transfer functions.

The bond graph structure that represents the system is obtained. A signal
flow diagram was also developed, which provided information about the na-
ture of the control system needed such that the system exhibited the desired
frequency response behavior.

4. ALGORITHM FOR BOND GRAPH
REPRESENTATION METHODOLOGY OF
PDE

Step 1: obtain desired transfer function, given in analytical form, or de-
termine from curve fit of experimental data; step 2: Determine theoretical
transfer function; step 3: cast into bond graph framework – using primitive
positive and negative elements bond graph; step 4: incorporate into system
bond graph model; step 5: determine state equations from bond graph model,
identify virtual state variables; step 6: identify separable bond graph elements,
select hybrid or fully active system; step 7: select active devices physical real-
ization, add idealized bond graph representation to model; step 8: determine
control signal diagram, graphical representation of the differential equations
of virtual state variable; step 9: perform simulations.

5. CONCLUSIONS
The use of the bond graph in representation distributed parameters systems

(DPS) was shown. This methodology easily allows for simulations to be run for
various physical systems and design parameters. The simulations results allow
a systems designer to perform comparisons and make decisions regarding the
system. Thus, the bond graph model of the DPS produces the desired response
characteristics.
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SIMULATION MODELS OF HYDRO ENERGETIC
EQUIPMENTS DYNAMIC BEHAVIOUR

Mircea Vereş, Ioan Dziţac, Cristina Hora
University of Oradea

Abstract The paper deals with the theoretical issues of the models of simulation of the
dynamic behavior of the hydro energetic equipments in order to identify the
nature and causes of malfunction. The construction of our model is based
on the physics laws of the work process, expressed by non-linear, linear and
ordinary differential equations, experimental measurements followed by the
identification and adjusting procedure. We describe the dynamic models used
in the identification process and different ways to describe these models.

1. INTRODUCTION
In order to model any process we need to have knowledge regarding: struc-

ture, expressed by means of mathematical relations, flowcharts and graphs;
values of the parameters (structural atributes); values of dependent variables
(variables of state). The structure is essential in building the model and its
selection may be decisive on the outcome of an identification experiment.

Fig. 1. Representation of the observability of the signals.

As the observability of input-output signals and of the noise contamination
of these signals is concerned, in the identification problems there exist the
situations described in fig. 1. The values u(t) and y(t) are the input values
and output values of the process and v(t) is a noise that contaminates, usually,
the output. This criteria is expressed as a quadratic error function, expressed
by J(y, yM ) =

∫ T
0 ε2(t)dt. In this relation y and yM are the input values for

the process and for the model, defined on the time interval [0, T ].
The error is expressed by ε=y−yM =y−M(u), where M(u) represents the

output value of the model, if its input is u.
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206 Mircea Vereş, Ioan Dziţac, Cristina Hora

2. CONSTRUCTION OF THE MODEL
The elaboration of the model may be achieved in two ways: applying the

laws of physics which govern the base of the process; using the results of
observations, materialized through measurements, on the functional attributes
(input, output, state) of the process. The details are presented in fig. 2.

Fig. 2. Ways of elaboration of the model of a process.

The data obtained by measurements made with a frequency adequated to
the dynamics of the process, are processed by some procedures (filtering, num-
bering, disposal of wrong data) before being used for the estimation of the pa-
rameters. The adjustment of the model is considered in the sense of adapting
the parameters to a model with a fixed structure so that the transfer charac-
teristics of the model to be as close as possible to the characteristics of the
process in a way established apriori. The adjustment principle is imposed by
the parity of the criterion with respect to the error (fig. 3).

Fig. 3. Adjustment scheme of the model parameters.

Generally, we adopt even functions of the form J =
∫ T
0 ε2(t, θ, θ̂)dt =

∫ T
0 [y(t, θ)−

yM (t, θ̂)]2dt, where θ̂ is the vector of parameters of the process; θ̂ is the vector
of parameters of the adjustable model. The direction of optimal adjusting is
showed by the first derivative by θ, that is ∂J

∂θ̂
=
∫ T
0 ε(t, θ, θ̂)∂ε(t,θ,θ̂)

∂θ̂
dt and the

rate of change of adjustment variation may be described as dθ̂
dt = θ̂ = −K ∂J

∂θ̂
=

−2K
∫ T
0 ε(t, θ, θ̂)∂ε(t,θ,θ̂)

∂θ̂
dt = K ′ ∫ T

0 ε(t, θ, θ̂)∂yM (t,θ̂)

∂θ̂
where K and K ′ are pro-

portionality factors. The problem arises due to the fact that neither ∂J
∂θ̂

nor
∂yM (t,θ̂)

∂θ̂
are measurable without additional instruments.
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The correctness of the adjustment does not necessitate by all means the use
of the size of these gradients but only their direction, so that the problem can
be solved. If the rate of change of the process parameters is much slower than
the speed of adjustment then the last relation offers a satisfactory description
for the dynamics of the adjustment. The base relation used for this is the linear
equation with finite differences y(t)+a1y(t−T )+a2y(t−2T ) = b1u(t−2T )+
b2u(t−3T ), or y(t) = −a1y(t−T )−a2y(t−2T )+b1u(t−2T )+b2u(t−3T ). These
relationships allow us to express the output values [y(t)] if the input values are
known [u(t)]. The output at the moment t is computed as a linear combination
of the previous inputs and outputs. The problem that was solved in the
process of identification consists in using the measured inputs and outputs
to determine the coefficients of the equation: a1, a2, b1, b2, to determine the
number of delays in the output (y(t−T ), y(t−2T )) and the number of delays
in the input u(t − 2T ) and u(t − 3T ). The number of delayed inputs and
outputs used define de order of the model.

3. WAYS OF DESCRIBING THE MODEL
A linear model defined on the space of states may be described by the

equation y = Gu + He, where y is the output value; G is transfer function
that describes the effect of inputs on the outputs; u is the value of the input;
H is the transfer function that describes the effect of perturbations on the
outputs; e is the value of the perturbations.

The representation in the state space is given by the following relations

x(t+ 1) = Ax(t) +Bu(t) +Ke(t), y(t) = Cx(t) +Du(t) + e(t)

where x(t) is the vector of state variables; A is the matrix that defines the
effect of previous states on the current state; B is the matrix that defines the
effect of current inputs on the current state; K is the matrix that defines the
effect of perturbations in the current state; C is the matrix that defines the
effect of current states on the output; D is the matrix that defines the effect
of inputs on the outputs.

The order of the model corresponds to the number of state variables.

4. DETERMINING MODEL CHARACTERISTICS
For the characterization of the models, in practice we use a series of methods

that can simplify the measurements and offer sufficient information on the
model. The most widely used methods are: the response to a signal of type
unitar impulse of a dynamic model is the output that follows after applying
an input of type impulse, whose value is 0 for any moment t, except for the
moment t = 0, when the value of the input u(0) = 1; the response to a step
signal of a dynamic model is the output that follows after applying an input of
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type step, with u(t) = 1 for all positive values of t; the response in frequency
describes the system behavior when it is excited with a sinusoidal signal. If
the input is sinusoidal with a given frequency, then the output will be also
sinusoidal with the same frequency, but the amplitude and phase modified.
The resulted phase and amplitude are represented by two diagrams, both of
a function of the frequency, known as Bode diagrams; poles and zeros. The
determination of ,,poles” and ,,zeros” is an equivalent mode of finding the
coefficients of the last equation for an ARX model. Poles are connected to
the output side and the zeros are connected to the input side. The number of
poles and zeros is identical to the number of intervals between the largest and
smallest delay in the system. By rearranging the poles of an equation we can
obtain command structures that lead to the stability of the system.

5. CONCLUSION
For the simulation of the dynamic behavior of the hydroenergetic equip-

ments it is necessary to identify them, so that we can establish an exact
connection between the model and the process. In this paper, for the sim-
ulation of the dynamic behavior of the hydroenergetic equipment, we prove
the necessity for a building o dynamic model based on measurements on the
values of the process, this being the case of experimental identification. This
way, the existence of apriori knowledge on the structure of the process or the
values of some parameters, may be used for narrowing the area of search in
a class of models or in the space of parameters. The data obtained from the
measurements, made with a frequency adequated to the dynamics of the pro-
cess, is processed by means of some procedures (filtering, numbering, disposal
of wrong data) before being used for estimation of the parameters.
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Abstract This paper treats the notion of reachability in Petri nets. More precisely, a
method to compute the residue of the reachability set of a Petri net is present.
Moreover, as an application, it is shown how this residue set can be used to
compute the concurrency-degrees of Petri nets.
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1. INTRODUCTION
A Petri net is a mathematical model used for the specification and the

analysis of parallel and distributed systems. An introduction about Petri nets
can be found in [6].

Petri nets are a powerful language for system modelling and validation.
They are now in widespread use for many different practical and theoretical
purposes in various fields of software and hardware development.

The reachability set of a Petri net is the set of all the states which are
reachable from the initial state of the system. In this paper we present a
method to compute the residue (i.e. the set of minimal elements) of the
reachability set of a Petri net, by applying a more general algorithm from [8].

It appears to be useful to have a measure of concurrency for parallel and
distributed systems. What is the meaning of the fact that in the system S1

the concurrency is greater than in the system S2? The number of transitions
which can fire simultaneously in a Petri net, which models a given real system,
can be used as an intuitive measure of the concurrency of that system.

As an application of this result, we show how we can compute the inferior
concurrency-degree of a Petri net, using the residue of its reachability set.

The remainder of this paper is organized as follows. Section 2 presents
the basic terminology, notation and results concerning Petri nets. In Sec-
tion 3 we present a method to compute the residue of the reachability set of a
marked P/T-net, and, in Section 4, we show how we can compute the inferior
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concurrency-degree of a marked P/T-net. Section 5 concludes this paper and
formulates some open problems.

2. PRELIMINARIES
Assume as known the basic terminology and notation about sets, relations

and functions, vectors, multisets and formal languages.

This section establishes the basic terminology, notation, and results con-
cerning Petri nets in order to give the reader the necessary prerequisites to
understand this paper (for details the reader is referred to [1], [3], [6]). Mainly,
it follows [3].

2.1. MULTISETS AND INTEGER VECTOR SETS
The set of integers is denoted by Z, and the set of nonnegative integers by

N.
First, let us just briefly remind that a multiset m, over a non-empty set S,

is a function m : S → N, usually represented as a formal sum:
∑

s∈Sm(s)̀ s.
Sometimes it will be identified with a |S|-dimensional vector. The operations
and relations on multisets are defined component-wise. SMS denotes the set
of all multisets over S. The empty multiset

∑
s∈S 0̀ s is denoted by ∅. The

size of the multiset m is defined as |m| =
∑

s∈Sm(s). The multiset m is called
infinite iff |m| = ∞.

In order to represent the infinity (“+∞”), a new symbol, denoted usually
by ω, is added to the set of non-negative integers N, giving Nω = N ∪ {ω}.
The symbol ω plays the role of “+∞”, the binary operations +, −, ·, min and
max, and the relation < been extended to Nω in the obvious way:
a) n+ ω = ω + n = ω + ω = ω,
b) ω − n = ω,
c) (n+ 1) · ω = ω · (n+ 1) = ω and 0 · ω = ω · 0 = 0,
d) min(n, ω) = min(ω, n) = n and max(n, ω) = max(ω, n) = ω,
e) n < ω, for all n ∈ N.

N
k (with k ≥ 1) denotes the set of k-dimensional nonnegative integer vec-

tors, and N
k
ω denotes the set of k-dimensional vectors with components from

the set Nω. The relations =, ≥, ≤ for vectors (from N
k or N

k
ω) are understood

componentwise and x < y is a shorthand for (x ≤ y and x = y). The binary
operations +, −, min, and max are evaluated componentwise too. This means,
for instance, that

min( (x1, . . . , xk), (y1, . . . , yk) ) = ( min(x1, y1), . . . ,min(xk, yk) ) .
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Definition 2.1. The residue of a set X ⊆ N
k, abbreviated res(X), is the set

of minimal elements of X (w.r.t. the partial order ≤ defined on N
k)

res(X) = minimal(X) = {x ∈ X | ∀ y ∈ X − {x} : y ≤ x} .
Remark 2.1. By Dickson’s lemma [2], any subset of N

k contains only finitely
many incomparable vectors. Since, by the above definition, the elements of the
residue of any subset of N

k are incomparable (w.r.t. the partial order ≤), it
follows that the residue of any subset of N

k is a finite set.

Petri nets
A Place/Transition net, shortly P/T-net, (finite, with infinite capacities),

abbreviated PTN, is a 4-tuple Σ = (S, T, F,W ), where S and T are two finite
non-empty sets (of places and transitions, resp.), S ∩ T = ∅, F ⊆ (S × T ) ∪
(T × S) is the flow relation and W : (S × T ) ∪ (T × S) → N is the weight
function of Σ satisfying W (x, y) = 0 iff (x, y) /∈ F .

A marking of a PTN Σ is a function m : S → N, i.e. a multiset over S ;
sometimes it will be identified with a |S|-dimensional vector. The operations
and relations on vectors are defined component-wise. N

S denotes the set of all
markings of Σ.

A marked PTN, abbreviated mPTN, is a pair γ = (Σ,m0), where Σ is a
PTN and m0, called the initial marking of γ, is a marking of Σ.

In the sequel we often use the term “Petri net”(PN ) or “net” whenever
we refer to a PTN (mPTN ) and it is not necessary to specify its type (i.e.
marked or unmarked).

Let Σ be a Petri net, t ∈ T and w ∈ T ∗. The functions t−, t+ : S → N

and Δt,Δw : S → Z are defined by: t−(s) = W (s, t) , t+(s) = W (t, s) ,
Δt(s) = t+(s) − t−(s) , and

Δw(s) =

⎧⎨⎩
0 , if w = λ
n∑
i=1

Δti(s) , if w = t1t2 . . . tn (n ≥ 1) , ∀s ∈ S.

The sequential behaviour of a net Σ is given by the firing rule, which consists
of

the enabling rule: a transition t is enabled at a marking m in Σ (or t is
fireable from m), abbreviated m[t〉Σ , iff t− ≤ m ;

the computing rule: if m[t〉Σ, then t may occur yielding a new marking
m′, abbreviated m[t〉Σm′, defined by m′ = m+ Δt.

In fact, for any transition t of Σ we have a binary relation on N
S , denoted

by [t〉Σ and given by: m[t〉Σm′ iff t− ≤ m and m′ = m+ Δt. If t1, t2, . . . , tn,
n ≥ 1, are transitions of Σ, [t1t2 . . . tn〉Σ will denote the classical product of the
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relations [t1〉Σ, . . . , [tn〉Σ. Moreover, we also consider the relation [λ〉Σ given
by [λ〉Σ = {(m,m) | m ∈ N

S}.
Let Σ be a PTN, and m ∈ N

S . The word w ∈ T ∗ is called a transition
sequence from m in Σ if there exists a marking m′ of Σ such that m[w〉Σm′.
Moreover, m′ is called reachable from m in Σ. We denote by TS(Σ,m) = {w ∈
T ∗| m[w〉Σ} the set of all transition sequences from m in Σ, and by [m〉Σ =
RS(Σ,m) = {m′ ∈ N

S | ∃w ∈ TS(Σ,m) : m[w〉Σm′} the set of all reachable
markings from m in Σ.

If γ = (Σ,m0) is a mPTN, for the case m = m0, the set TS(Σ,m0) is
abbreviated by TS(γ) and sometimes it is called the language of γ, and the set
RS(Σ,m0) is abbreviated by RS(γ) (or [m0〉γ) and it is called the reachability
set of the net γ.

Functions m : S → Nω are called pseudo-markings; sometimes they are
identified with |S|-dimensional vectors. N

S
ω denotes the set of all pseudo-

markings. If m(s) = ω, then the component s of m is called an ω-component;
Ω(m) denotes the set of all ω-components of m. , i.e. Ω(m) = {s ∈ S | m(s) =
ω}. Obviously, any marking is a pseudo-marking. The firing rule is extended
to pseudo-markings in the straightforward way: (ER) m[t〉Σ iff t− ≤ m; (CR)
m[t〉Σm′ iff m[t〉Σ and m′ = m + Δt. The other notions from markings (i.e.
transition sequence, reachable marking etc.) are extended similarly to pseudo-
markings.

3. THE RESIDUE OF THE REACHABILITY SET
The residue of the reachability set has some practical importance for P/T-

nets, for instance it can be used to compute the concurrency-degree of a Petri
net (as we see in the next section).

As we already know, for any marked P/T-net γ = (Σ,M0), the residue of
its reachability set, i.e. res([m0〉γ), is a finite set (see Remark 2.1), but the
problem is how to compute it.

In this section we show how we can compute the residue of the reachability
set of a P/T-net, using an algorithm from [8].

Definition 3.1. For each m ∈ N
k
ω, let reg(m) = {x ∈ N

k | x ≤ m} be the
region specified by m.

Definition 3.2. For each set of integer vectors X ⊆ N
k we define the predicate

pX : N
k
ω → {true, false} by pX(m) = (reg(m) ∩X = ∅), for all m ∈ N

k
ω.

A set X ⊆ N
k is said to have property RES iff the predicate pX(m) is

decidable for each m ∈ N
k
ω.

Definition 3.3. A set X ⊆ N
k is called right-closed iff ∀x ∈ X, ∀ y ∈ N

k :
x ≤ y ⇒ y ∈ X .
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Valk & Jantzen [8] proved the following result about the computability of
the residue of vector sets:

Theorem 3.1. Let X ⊆ N
k be a right-closed set. Then res(X) can be effec-

tively constructed iff X has property RES.

More exactly, the inverse implication was proved by giving an algorithm
which compute the residue of a set X ⊆ N

k which has property RES (remark:
the hypothesis X being a right-closed set was not used in the proof of the
inverse implication).

The algorithm and its correctness proof can be found in [8]. Also, that
article presents some applications to decidability problems in Petri nets of
this result.

Thus, to compute the residue of the reachability set of a P/T-net, it suffices
to show that the reachability set of any P/T-net has the property RES.

Definition 3.4. The Reachability Problem (RP) : Given γ a mPTN and m a
marking of γ, is m reachable in γ? The predicate associated with this problem
is: RP (γ,m) = true iff m ∈ [m0〉γ.
Remark 3.1. It is well-known [5], [4] that the problem (RP) is decidable (i.e.
the predicate RP is recursively decidable).

Propoziţia 3.1. Let γ = (Σ,m0) be a mPTN. Then its reachability set [m0〉γ
has the property RES.

Proof Let γ = (Σ,m0) be a marked P/T-net, with Σ = (S, T, F,W ), and
[m0〉γ its reachability set. We have to prove that the question reg(m)∩[m0〉γ =
∅ ? is decidable for any pseudo-marking m ∈ N

S
ω.

Let m ∈ N
S
ω. We distinguish two cases:

i) Ω(m) = ∅, i.e. m ∈ N
S . In this case, the set reg(m) is finite and we have

that
p [m0〉γ (m) = true iff ∃m′ ∈ reg(m) : RP (m′) = true . (1)

Therefore, in this case the predicate p [m0〉γ (m) is decidable;

ii) Ω(m) = ∅, i.e. m ∈ N
S
ω − N

S . In this case relation (1) still holds, but the
set reg(m) is infinite.

If Ω(m) = S, then m = (ω, . . . , ω) and reg(m) = N
S . Thus, the predicate

p [m0〉γ (m) in this case is decidable, because m0 ∈ N
S ∩ [m0〉γ .

Therefore, let us consider that ∅ ⊂ Ω(m) ⊂ S. Without loss of generality,
we may assume that the set of locations of the net γ, S = {s1, s2, . . . , sk}, is
indexed in such an order that Ω(m) = {sj+1, . . . , sk}, with 1 ≤ j < k. Thus,
{s1, s2, . . . , sj} is the set of finite components of the marking m, i.e.

m(s1) = n1 ∈ N, . . . ,m(sj) = nj ∈ N ,
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m(sj+1) = ω, . . . ,m(sk) = ω .

Therefore, reg(m) = {x ∈ N
k | xi ≤ ni,∀ 1 ≤ i ≤ j} and in this case the

question reg(m) ∩ [m0〉γ = ∅ ? becomes the following decision problem:

(*) Given any mPTN γ (with k locations) and the integers n1, . . . , nj ∈ N,
with 1 ≤ j < k, there exists a reachable marking m′ ∈ [m0〉γ such that
m′(si) ≤ ni, for all 1 ≤ i ≤ j ?

But the decision problem (∗) is reducible to the following decision problem:

(**) Given any mPTN γ (with k locations) and the integers n1, . . . , nj ∈ N,
with 1 ≤ j < k, there exists a reachable marking m′ ∈ [m0〉γ such that
m′(si) = ni, for all 1 ≤ i ≤ j ?

Indeed, the problem (∗) is equivalent to a finite conjunction of problems (∗∗).

Now, we prove that the problem (∗∗) is decidable.
So, let γ = (Σ,m0) be a mPTN, with Σ = (S, T, F,W ), and the integers

n1, . . . , nj ∈ N, with 1 ≤ j < k, where k = |S| (S = {s1, . . . , sk}).
We construct a new mPTN γ′ = (Σ′,m′

0), with Σ′ = (S′, T ′, F ′,W ′), defined
in the following way:

(i) S′ = S ∪ {s, s̃}, with two new locations s and s̃ ;

(ii) T ′ = T ∪{t′j+1, . . . , t
′
k}∪{t, t̃}, with k−j+2 new transitions t′j+1, . . . , t

′
k,

t and t̃ ;

(iii) the flow relation F ′ ⊆ (S′ × T ′) ∪ (T ′ × S′) is given by

F ′ = F ∪ {(s, t), (t, s) | t ∈ T} ∪ {(s, t), (t, s̃), (s̃, t̃)} ∪
∪ {(si, t) | 1 ≤ i ≤ j} ∪ {(si, t′i), (s̃, t

′
i), (t

′
i, s̃) | j < i ≤ k} ;

(2)

(iv) the weight function W ′ : (S′ × T ′) ∪ (T ′ × S′) → N is given by

W ′(x, y) =

��������
�������

W (x, y) , if (x, y) ∈ F
1 , if (x, y) ∈ {(s, t), (t, s) | t ∈ T}
1 , if (x, y) ∈ {(s, t), (t, s̃), (s̃, t̃)}
ni , if (x, y) = (si, t) , 1 ≤ i ≤ j
1 , if (x, y) ∈ {(si, t

′
i), (s̃, t

′
i), (t

′
i, s̃) | j < i ≤ k}

0 , if (x, y) �∈ F ′

(3)

(v) the initial marking m′
0 ∈ N

S′
is given by

m′
0(s) =

��
�

m0(s) , if s ∈ S
1 , if s = s
0 , if s = s̃

(4)
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By the way γ′ is constructed, it is easy to see that to each transition sequence
in γ of the form

m0 [w〉Σm, (5)

such that
w ∈ T ∗,m ∈ [m0〉γ and m(si) = ni ,∀ 1 ≤ i ≤ j (6)

it corresponds a transition sequence in γ′ of the form

m′
0 [w〉Σ′ m′ [ t 〉Σ′ m′′ [w′〉Σ′ 01 [ t̃ 〉Σ′ 0 , (7)

where the markings m′,m′′,01,0 ∈ N
S′

are defined by

m′(s) =

��
�

m(s) , if s ∈ S
1 , if s = s
0 , if s = s̃

, m′′(s) =

��
�

m(s) , if s ∈ {sj+1, . . . , sk}
0 , if s ∈ {s} ∪ {s1, . . . , sj}
1 , if s = s̃

,

and 0(s) = 0 , ∀ s ∈ S′ , 01(s) = 0 , ∀ s ∈ S′ − {s̃} and 01(s̃) = 1 ,

(8)

and the word w′ ∈ T ′∗ is given by

w′ = t′j+1
m(sj+1) · . . . · t′km(sk) (9)

(the order of the transitions t′j+1, . . . , t
′
k in the sequence w′ is not important,

i.e. more generally w′ is an arbitrary sequence w′ ∈ {t′j+1, . . . , t
′
k}∗ such that

t′i occurs exactly m(si) times in the word w′, for each j < i ≤ k).
Moreover, the marking 0 is reachable in γ′ only by transition sequences of

the form (7).
From these facts, it follows easily that there exists a reachable marking

m ∈ [m0〉γ such that m(si) = ni, for all 1 ≤ i ≤ j, iff the marking 0 is
reachable in the net γ′. Thus, we can conclude that the problem (∗∗) is
decidable.

Therefore, the predicate p [m0〉γ (m) is decidable in this case, too. �
As a consequence, we have:

Corollary 3.1. The residue of the reachability set of any mPTN is com-
putable.

Proof This afirmation follows from Theorem 3.1 and Proposition 3.1 (the
residue set res([m0〉γ) is constructed by the algorithm given in [8]). �

4. APPLICATION: COMPUTING THE
CONCURRENCY-DEGREES FOR P/T-NETS

We recall the notion of concurrency-degree for Petri nets, which was defined
in [9] in a more general way than the original definition introduced in [7],
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by taking into consideration also the transitions concurrently enabled with
themselves.

Let us briefly remind those definitions from [9].

Definition 4.1. A step Y of a P/T-net Σ is any non-empty and finite multiset
over the set of transitions of Σ. The set of all steps of Σ is denoted by Y(Σ).

Definition 4.2. Let Σ be a P/T-net and m an arbitrary marking of Σ.
i) The step-type concurrent behaviour of the net Σ is given by the step firing
rule, which consist of

the step enabling rule: a step Y is enabled at the marking m in Σ (or Y
is fireable from m), and we say also that Y is a multiset of transitions
concurrently enabled at m, abbreviated m[Y 〉Σ , iff

∑
t∈T Y (t) · t− ≤ m

;

the step computing rule: if the step Y is enabled at m in Σ, then Y may
occur at m yielding a new marking m′, abbreviated m[Y 〉Σm′, defined by
m′ =

(
m−∑t∈T Y (t) · t−)+

∑
t∈T Y (t) · t+.

ii) A step Y is called a maximal step enabled at the marking m in Σ, if Y is
enabled at m in Σ and there exists no step Y ′ enabled at m in Σ with Y ′ > Y .

Definition 4.3. Let Σ be a P/T-net and m an arbitrary marking of Σ. The
concurrency-degree at the marking m of the net Σ is defined by

d(Σ, m) = sup{ |Y | ; Y ∈ Y(Σ) ∧ m[Y 〉Σ} . (10)

Remark 4.1. Intuitively, the notion of concurrency-degree at a marking m
of a Petri net Σ represents the maximum (i.e. the supremum) number of
transitions concurrently enabled at the marking m.

Definition 4.4. Let γ=(Σ,m0) be a marked P/T-net.
i) The inferior concurrency-degree of the net γ is defined by

d−(γ) = min{ d(Σ, m) | m ∈ [m0〉γ} . (11)

ii) The superior concurrency-degree of the net γ is defined by

d+(γ) = sup{ d(Σ, m) | m ∈ [m0〉γ} . (12)

iii) If d−(γ) = d+(γ), then this number is called the concurrency-degree of γ
and it is denoted by d(γ).

Remark 4.2. Directly from definitions we have
i) 0 ≤ d−(γ) ≤ d+(γ) ≤ ∞ .
ii) The inferior concurrency-degree of the net γ, d−(γ), represents the min-
imum number of transitions maximal concurrently enabled at any reachable
marking of γ. In other words, at any reachable marking m of γ there exist
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d−(γ) transitions concurrently enabled at m.
iii) The superior concurrency-degree of the net γ, d+(γ), represents the supre-
mum number of transitions maximal concurrently enabled at any reachable
marking of γ. In other words, at any reachable marking m of γ there exist at
most d+(γ) transitions concurrently enabled at m.
iv) The concurrency-degree of γ means that at any reachable marking m of γ
there exist d(γ) transitions concurrently enabled at m, and there is no reachable
marking m′ of γ with more than d(γ) transitions concurrently enabled at m′.

What about the computability of these concurrency-degrees for P/T-nets?
In [9], we proved that the concurrency-degree at a marking, d(Σ,m), is

computable for any PTN Σ, and for any marking m, by showing that the
computation of the degree d(Σ,m) is reducible to solving the following integer
linear programming problem

(PΣ,m)

������
�����

max
!

1≤i≤n xi

!
1≤i≤n W (sj , ti) · xi ≤ m(sj) , ∀ 1≤j≤k

x1, x2, . . . , xn ∈ N

(13)

where xi are the variables of the problem and the non-negative integersW (sj , ti)(
= t−i (sj)

)
, representing the weights of the net Σ, are the coefficients of

the variables in the linear constraints (where S = {s1, . . . , sk} and T =
{t1, . . . , tn}).

In [9], we also proved that the superior concurrency-degree, d+(γ), is com-
putable for any mPTN γ = (Σ,m0)

d+(γ) = max{ d(Σ, m) | m ∈ MCS(γ)} , (14)

where MCS(γ) is the minimal coverability set of γ.

Now, we have the following result about the inferior concurrency-degree:
Theorem 4.1. The inferior concurrency-degree, d−(γ), is computable for any
mPTN γ = (Σ,m0):

d−(γ) = min { d(Σ, m) | m ∈ res([m0〉γ)} . (15)

Proof Relation (15) follows easily from Definition 4.4 and the fact that
the degree d(Σ,m) is a monotone increasing function in the argument m.
Proceeding from Corollary 3.1, using this relation we conclude that the inferior
concurrency-degree d−(γ) is computable. �

5. CONCLUSION
In this paper we have presented a method to compute the residue (i.e.

the set of minimal elements) of the reachability set of a marked P/T-net, by
applying a more general algorithm from [8].
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As an application of this result, we have showed how we can compute the
inferior concurrency-degree of a marked P/T-net, using the residue of its reach-
ability set.

Since Petri nets are used as suitable models for real-world parallel or dis-
tributed systems, the concurrency-degrees defined for Petri nets are an intu-
itive measure of the concurrency of the modelled systems, and, therefore, they
have some practical importance. For instance, they are useful for the evalua-
tion of the models in the process of designing such a system: after making a
model of that system as a Petri net, the study of the concurrency-degree of
the model will give information to the designers about the concurrency of that
system, allowing them to notice the inefficient components of the system, and
to make improvements of the model by remodelling those components.

Therefore, it is important to be able to compute the concurrency-degrees
for Petri nets.

Some problems remain to be studied, for example: finding better algorithms
to compute the residue of the reachability set for P/T-nets; finding better
algorithms to compute the concurrency-degrees of P/T-nets; making some
case studies on models of real-world systems.
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Two fuzzy database query languages are proposed. They are used to query fuzzy databases

that are enhanced from relational databases in such a way that fuzzy sets are allowed in

both attribute values and truth values. A fuzzy calculus query language is constructed based

on the relational calculus, and a fuzzy algebra query language is also constructed based on

the relational algebra. In addition, a fuzzy relational completeness theorem such that the

languages have equivalent expressive power is proved.

Keywords: fuzzy database query languages; relational completeness theorem; fuzzy

sets; attribute values; truth values; fuzzy calculus query language; relational calculus; fuzzy

algebra query language; fuzzy set theory; information retrieval; query languages; relational

databases.

1. INTRODUCTION
Database technology has been advanced up to the relational database stage

with the purpose that user interfaces with databases may approach a level of
human interfaces. It is recognized that the fuzzy theory is suitably applied to
some human-oriented engineering fields, one of which is information process-
ing, in particular database retrievals. In fact, fuzzy database models that allow
fuzzy attribute values and fuzzy truth values in enhanced relational databases
have been studied in [3] and [4]. However, these studies are restricted to just
some particular applications and not grounded on theories of fuzzy database
query languages. The fuzzy database systems would not be systematically
developed on the basis of these studies; it is due to Codd’s relational database
theory that relational database systems have been systematically developed.
It is desirable that theoretical foundations of fuzzy databases be established
in order to systematically develop fuzzy database systems.

There was an excelent work done in the field of the fuzzy database theory;
it develops a theoretical foundation for the fuzzy functional dependencies of
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fuzzy databases [1]. The work encourages further research for the rest of
theoretical foundation of fuzzy databases. This paper aims to present a the-
oretical foundation of query languages to fuzzy databases. It proposes two
fuzzy database query languages: a fuzzy calculus query language and a fuzzy
algebra query language. In adition, it proves a relationalcompletness theo-
rem such that both the languages are equivalent in expressive power to each
other. With these theoretical foundations, fuzzy database query systems will
be developed systematically.

2. A FUZZY DATABASE MODEL
A fuzzy database is defined as an enhanced relational database that allows

fuzzy attribute values and fuzzy truth values; both of these are expressed as
fuzzy sets.

Fuzzy data model. A fuzzy database consists of relations: a relation is
a relation R(t1, . . . , tn) in a Cartesian product P1 × · · · × Pn of domains Pi;
each Pi is a set of fuzzy sets ti over an attribute domain Di(1 ≤ i ≤ n). It is
assumed that key attributes take ordinary nonfuzzy values. For the notational
convenience, fuzzy sets are identified with their representative membership
functions; for example, ti also denotes a membership function.

Fuzzy attributes. Attribute values such as age have nonfuzzy values
such as 20 in the relational database; attribute values are defined as fuzzy
predicates such as ,,young” and ,,about forty” in the fuzzy database. For
example, a fuzzy attribute value of ,,age of Dr. X is young” is expressed as
a possibility function P (age of X) =YOUNG; here YOUNG denotes a fuzzy
set that represents the fuzzy predicate ,,young”. Thus attribute values are
identified with fuzzy sets such as YOUNG.

Fuzzy truth values. Truth values of any tuples are either 1 (=true) or
0 (=false) in the relational database; truth values of any tuples are defined as
fuzzy predicates such as ,,0.7” and ,,completely true” in the fuzzy database.
Consider, for example, a tuple t that asserts a fuzzy proposition: ,,It is com-
pletely true that Dr. X is very much older than twenty”. The truth value of t
is expressed as a possibility distribution P [T (t)] = N ; T (t) denotes truth value
of t and N denotes a fuzzy set that represents the fuzzy predicate ,,completely
true”. Thus the true values T (t) are identified with fuzzy sets such as N over
z ∈ [0, 1]; the value z ∈ [0, 1] has the following meaning:

1) z = 0 means that the tuple t is completely false;
2) 0 < z < 1 means that the tuple t is true to the degree expressed by the

real number z;
3) z = 1 means that the tuple t is completely false.
In particular, each tuple t of the relation R(t1, . . . , tn) is given a unique

truth value T (t) by system designers at system generation time. In this case,
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T (t) determines a mapping T : P1 × · · · × Pn → P ([0, 1]) where P ([0, 1]) is a
set of fuzzy sets over z ∈ [0, 1].

3. QUERY BY TUPLE FUZZY CALCULUS
Tuple fuzzy calculus. A tuple fuzzy calculus (query language) is con-

structed as an enhancement of the tuple relational calculus. Formulas in the
tuple fuzzy calculus are of the form (t | f(t)) where t is a fuzzy tuple variable;
each ith component ti is a fuzzy variable in Pi; f is a tuple fuzzy well-formed
formula (WFF).

Tuple fuzzy WFF’s are enhanced from those of the tuple relational calculus
as follows.

1) Atomic Tuple Fuzzy WFF’s: An atomic tuple fuzzy WFF consists of
fuzzy sets and a fuzzy comparison operator ∗. The fuzzy comparison operator ∗
is one of the operators: equal; not equal; proper inclusion; inclusion. The fuzzy
comparison operator ∗ is an enhancement from the arithmetic comparison
operator (=, =, <,>,≤,≥) in the relational calculus. Then the atomic tuple
fuzzy WFF’s are either of the following two types:

a) (ti) ∗ (sj); here, it is assumed that t and s are fuzzy tuple variables
such that Di = Dj(1 ≤ i, j ≤ n).

b) (ti) ∗ (c), (c) ∗ (ti); here, it is assumed that c is a fuzzy set over Di.
2) Logical Connectives and Quantifiers: The logical connectives (,,AND”,

,,OR”, and ,,NOT”) are used for tuple fuzzy WFF’s.
Also, quantifiers (,,for all” and ,,there exists”) are used for tuple fuzzy

WFF’s.
3) Others: Other definitions concerning tuple fuzzy WFF’s are the same

as in the tuple relational calculus.
Thus tuples in any relation R(t1, . . . , tn) that satisfy the formula (t | f(t))

form a set of Cartesian products of fuzzy sets.
It should be considered further whether or not to include fuzzy comparison

operators ∗ expressed by fuzzy relations such as ,,much greater than”, ,,is close
to”, ,,is similar to”, and ,,is relevant to”.

Query evaluation. Queries expressed in the tuple fuzzy calculus are
evaluated by two steps as follows.

(Step1) Selecting resultant tuples: Consider that the query (t | f(t)) is
issued to a relation R(t1, . . . , tn). Resultant tuples are those r ∈ R(t1, . . . , tn)
each of which satisfies the formula f(r).

(Step2) Calculating truth values of resultant tuples: Let any resultant tuple
r be a projection of t ∈ R(t1, . . . , tn) onto the components k1, . . . , kj , . . . ,
km where 1 ≤ m ≤ n, 1 ≤ k1, . . . , kj , . . . , km ≤ n. Then the truth value
T (r) is defined as a projection of T (t) onto the components k1, . . . , kj , . . . ,
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km: T (r) = Max.T (t), where the maximum is taken over those components
tk(1 ≤ k ≤ n), such that tk = tkj .

4. QUERY BY FUZZY ALGEBRA
Fuzzy algebra. A fuzzy algebra (query language) is constructed as an en-

hancement of the relational algebra. Fundamental fuzzy algebraic operations
are union, set difference, Cartesian product, projection, and selection, which
are defined as follows.

1) Union: Let R and S denote any relations in the fuzzy database. The
union of R and S is a set of tuples that belongs to R or S. The union is equal
to that in set theory.

Any resultant tuple t by the union of R and S inherits the truth value T (t)
from its original tuple in R or S.

2) Set difference: The difference R − S of R from S is a set of tuples,
each of which belongs to R and does not belong to S. The difference is equal
to that in set theory.

Any resultant tuple t by the set difference R − S inherits the truth value
T (t) from its original tuple in R.

3) Cartesian product: The Cartesian product R×S of R and S is a set of
tuples, {r, s) | r : tuple in R, s : tuple in S}. The Cartesian product is equal
to that in set theory.

The truth value T (t) of the resultant type t = (r, s) by the Cartesian product
R×S is the minimum of T (r) and T (s), where T (r) and T (s) are truth values
of r and s, respectively.

4) Projection: The projection Proj(k1, . . . , kj , . . . , km)(R) of R onto the
kjth attributes is a set of tuples of the kjth attribute values. The projection
is equal to that in set theory.

Let r denote any resultant tuple of the projection Proj(i1, . . . , ij , . . . , im)(R)
of t ∈ R. Then the truth value T (r) is the maximum of T (t) taken over those
components Tk, such that tk = tkj .

5) Selection: Let G denote a fuzzy WFF involving the following con-
stituents:

i) operands that are constant fuzzy sets and attribute item numbers of
the relation R;

ii) the fuzzy set comparison operators ∗ (equal, not equal, proper inclu-
sion, inclusion);

iii) logical conectives ,,AND”, ,,OR”, and ,,NOT”.
The selection SelG(R) of the relation R is a set of tuples t in R each of

which satisfies the fuzzy WFF G when any occurrences of the number i in G
are replaced by the ith component of r in R.
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When any resultant tuple r is made by the selection SelG(R), t ∈ R inherits
the truth value T (t) from the original tuple t in R: T (r) = T (t).

Some additional fuzzy algebraic operations such as intersection, quotient,
θ-join, and natural join are defined as combinations of the fundamental fuzzy
algebraic operations defined previously in the same way as in the relational
algebra. For example, the θ-join and the natural join are defined as follows.

6) θ-join: The θ-join of R and S is defined as a combination of two fun-
damental fuzzy algebraic operations: the Cartesian product and the selection
where θ is enhanced to a fuzzy comparison operator ∗ (equal, not equal, proper
inclusion, inclusion). Truth values of resultant tuples by the θ-join are calcu-
lated as those of combinations of the two fundamental operations.

7) Natural join: The natural join of R and S is defined as a combination
of three fundamental fuzzy algebraic operations: the Cartesian product, the
selection, and the projection. Truth values of resultant tuples by the natural
join are calculated as those of combinations of the three fundamental fuzzy
algebraic operations.

Query evaluation. Any query by the fuzzy algebra is expressed as a
combination of the fundamental fuzzy algebraic operations. Thus the resultant
tuples r and their truth values T (r) by this query are obtained as combinations
of its constituent fundamental fuzzy algebraic operations.

Duplicate removal schemes and return methods of resultant tuples to users
are the same as described in the fuzzy calculus.

5. RELATIONAL COMPLETENESS THEOREM
FOR FUZZY DATABASE QUERY
LANGUAGES

The relational database theory establishes the relational completeness the-
orem such that the relational calculus is equivalent in expressive power to the
relational algebra [2]. A similar theorem in the fuzzy database is given.

Theorem: The following three fuzzy database query languages have the
same expressive power :

1) tuple fuzzy calculus;
2) domain fuzzy calculus;
3) fuzzy algebra.
Proof: The fundamental idea of the proof of this theorem is given by Ull-

man [?, pp. 114-122]; it presents the proof of the relational completeness the-
orem for the relational database query languages. Ullman’s proof techniques
consist of the following three reduction techniques:

i) reduction of the relational algebra to the tuple relational calculus;
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ii) reduction of the tuple relational calculus to the domain relational calcu-
lus;

iii) reduction of the domain relational calculus to the relational algebra.
The reduction technique ii) is just the transformation between variable ex-

pressions, and thus is not influenced by the enhancements of the fuzzy database
query languages. Therefore, it should be proved here that the reduction tech-
niques i) and iii) can also be extended to cover the enhancements of the fuzzy
database query languages.

There are two essential enhancements in the fuzzy database query languages
from the relational database.

1) The fuzzy database allows fuzzy sets as attribute values; the fuzzy com-
parison operators ∗ (equal, not equal, proper inclusion, inclusion) are used
in the fuzzy database query languages instead of the arithmetic comparison
operators (=, =, <, >, ≤, ≥) used in the relational database query languages.

2) The fuzzy database allows fuzzy sets as truth values T (t), t ∈ R; truth
values T (r) of resultant tuples r are inherited from T (t) of original tuples
t ∈ R, or calculated as combinations of Cartesian products or projection of
T (t) of original tuples T ∈ R.

The enhancements 1) is easily incorporated into the reduction techniques
i) and iii) by replacing the arithmetic comparison operators with the fuzzy
comparison operators.

Next, consider the enhancement 2). Remember that the truth value T (t) of
the tuple t is defined just depending on the fuzzy set and fuzzy set operations
that have been established in the fuzzy theory; calculations of T (r) are made
independently of any of the definitions of the fuzzy database query languages.
Thus the reduction techniques i) and iii) can be extended to incorporate the
enhancement 2). This completes the proof.

6. CONCLUDING REMARKS
This paper presents two fuzzy database query languages (fuzzy relational

calculus and fuzzy relational algebra) based on the relational database query
languages. In addition, it proves the relational completeness theorem such
that both the languages are equivalent in expressive power to each other. As
in the case of the relational database, this relational completeness theorem in
the fuzzy database is expected to provide a criterion for the minimum fuzzy
database query capability that must be implemented in any reasonable real
fuzzy database query languages.

Further interesting studies are induced for extending the existing real rela-
tional database query languages, such as the international standard database
language SQL. Such an example is the fuzzy query language developed by
Rasmussen and Yager in 1997 [5], named SummarySQL. The purpose of the
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language is to let linguistic summaries be a part of a fuzzy query. In Summa-
rySQL, we can evaluate a linguistic summary to find the measure of validity,
but a linguistic summary can also be used as a predicate in a fuzzy query.
When a predicate is evaluated in a query it will, like a linguistic summary,
take a value in the unit interval; for this reason, SummarySQL will treat a
linguistic summary as a fuzzy predicate.

Linguistic summaries are related to the class of operators called aggregate
functions in the SQL, such as the average (AVG) and count (COUNT) func-
tions. But, different from the usual aggregate functions, linguistic summaries
always take truth values in the unit interval. The prototype interpreter built
for the SummarySQL can be used to evaluate the following query examples.

A SummarySQL statement has the form: select attributelist from tablelist
where conditions

The result from a query is a table where every tuple is associated with a
truth value. The from clause defines the join-table we access through the
query and is the result of joining the tables in the tablelist. A table in the
tablelist can also be a subquery. The select clause defines a projection on the
join-table by an attributelist. The conditions in the where clause represent
a fuzzy expression over the attributes from the join-table. The predicates in
the conditions can be ,,summaries” or have the form ,,attribute IS fuzzyterm”
and can be conjuncted (AND), disjuncted (OR) or negated (NOT). The fuzzy
expression is evaluated for each tuple in the join-table and the result is assigned
to the associated truth value (μ).

A statement for summary has the form: summary quantifier from tablelist
where conditions where the quantifier is a fuzzy quantifier and the from clause
and the where clause are the same as in the fuzzy query. Compared to a
summary of the form ,,Q objects in FDB are S”, Q is equal to the quantifier
in the summary clause and the summarizer S is equal to the fuzzy conditions
defined in the where clause. The join-table defined in the from clause is equal
to the fuzzy table FDB. As we mentioned earlier, a table in the tablelist can
be a subquery, and the result of a subquery could be a fuzzy subset FDB. If
we look at the fuzzy subset FDB as the subpopulation ,,the R objects in DB”,
we have the summary ,,Q R objects in DB are S”.
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Abstract
The logarithmic image processing (LIP) theory is a mathematical framework

that provides a set of specific algebraic and functional operations and struc-
tures that are well adapted to the representation and processing of non-linear
images, and more generally of non-linear signals, valued in a bounded inten-
sity range. The purpose of this paper is to introduce a new mathematical LIP
model focused on theoretical and practical aspects concerning the enhancement
of the transmitted medical images and the physical absorption/transmission
laws expressed within LIP mathematical framework. First of all the bounded
interval (-1,1) is considered as the set of gray levels and we define two opera-
tions: addition〈+〉 and real scalar multiplication 〈×〉. With these operations,
the set of gray levels becomes a real vector space. Then, defining the scalar
product (.|.) and the norm || .|| , we obtain an Euclidean space of the gray
levels. Secondly, we extend these operations and functions for color images. Fi-
nally, the experimental results, shown as enhanced medical images, reveal that
this method has wide potential areas of impact which may include: Digital X-
ray, Digital Mammography, Computer Tomography Scans, Nuclear Magnetic
Resonance Imagery and Telemedicine Applications.

Keywords: Medical imagery, image enhancement, logarithmic image pro-
cessing, real vector space, Euclidean space.

1. INTRODUCTION

Medical images represent, in most cases, a noisy image environment due,
primarily, to the limitations placed on X-ray dose, for example. In a large
number of situations the medical expert must inspect, visually segment and
analyze various objects within a medical image in order to diagnose diseases.
This is especially so in breast cancer screening and brain cancer tests. It is
generally accepted that due to human factors there are varying degrees of
inconsistencies in the diagnostic conclusions, reached by medical experts. In
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some cases, a false positive diagnostic conclusion is indicated, while in others
it is a false negative. Obviously, the only means of reducing the amount of
inconsistencies is the use of computer enhanced images. The user interface
should allow for proper adjustments so the medical expert (the radiologists)
can achieve the preferred image perception in order to come up with a final
and correct decision.

For telemedicine applications, particularly, there is a data channel with
a limited bandwidth between doctor and patient which may pose a potential
bottleneck. This mathematical model compacts the high input dynamic range,
potentially reducing the high bandwidth requirement.

The following mathematical model proposed is useful to any medical imag-
ing application where automatic contrast enhancement and sharpening is need-
ed. Potential areas of impact may include: digital X-ray, digital Mammogra-
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phy, computer tomography scans, nuclear magnetic resonance imagery, tele-
medicine applications.

The most important performances of this mathematical model are: dynamic
range compression, i.e. the ability to represent large input dynamic range into
relatively small output dynamic range; sharpening, i.e. compensation for the
blurring introduced into the image by the image formation process. This
allows fine details to be seen more easily than before. color constancy, i.e. the
ability to remove the effects of the illumination from the subject. This allows
consistency of output as illumination changes.

A medical image is represented as a function defined on a two-dimensional
spatial domain. Medical images can be classified by the space in which these



230 Eugen Zaharescu

functions take their values in two groups: scalar images and vector images.
Scalar images are defined as functions with real (bounded) values. The most
frequent case in practice is when the value at a point (x,y) is the measure of
the luminosity at that point. Vector images are defined by real (bounded)
vector functions.

Medical color images are the most common particular case of vector images:
R(red), G(green) and B(blue) components are considered vector real compo-
nents. Scalar image values are called gray levels and the functions that define
scalar images are called gray level functions. In order to use these gray levels
as some algebra elements, the most frequently mathematical model used is the
classical one, based on the real numbers algebra (the case of linear processing
[1], [2]). This leads to an implicit acceptance of the set of the gray level values
as the whole real axis. The result is in contradiction with the fact that gray
level functions are bounded. The practical solution to overcome this situation
consists in truncating the values as soon as they go out of the true gray level
set, be this truncation at the end of chain of operations or at each step. The
problem is that in such a way we do not control in the right way the effect
of the truncations. Within the mathematical model developed in this paper,
the set of gray levels will be the bounded interval (-1,1) put in one-to-one
correspondence with the physical interval of e.g. luminosities (0,M), by a lin-
ear transformation y=2(x-M/2)/M. The problem is to organize the set (-1,1)
as a real vector space i.e. closed with respect to an addition (inner group
operation) and to a scalar multiplication with real numbers.

The key of this approach is to use an adequate isomorphism between R and
(-1,1), respectively between R and (0,M) and the solution is of a logarithmic
nature.
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The paper is organized as follows: Section 2 and 3 introduces the addition
and real scalar multiplication, the scalar product and the norm for the gray
levels space respectively for the gray level images space. Section 4 and 5 in-
troduces the addition and real scalar multiplication, the scalar product and
the norm for the color space respectively for the color images space. Section
6 presents some experimental results and Section 7 outlines the conclusions.

2. THE REAL VECTOR SPACE OF GRAY LEVELS

We consider as the space of gray levels, the set E= (-1,1). In the set of gray
levels E we define the addition 〈+〉 and the real scalar multiplication 〈×〉.
Addition. ∀u, v ∈ E, u〈+〉v = u+v

1+ u·v
M2
, where the operations in the right-hand

side are meant in R. The neutral element for addition is θ=0. Each element v
∈ E has as its opposite the element v〈+〉w = −v and this verifies the following
equation: v〈+〉w = θ. The addition 〈+〉 is stable,associative, commutative,
has a neutral element and each element has an opposite. It means that this
operation establishes on E a commutative group structure. We can also define
the subtraction operation 〈−〉 by ∀u, v ∈ E, u〈−〉v = u−v

1− u·v
M2
. Using subtraction

〈−〉, we denote the opposite of v by 〈−〉v.
Scalar multiplication. For ∀ λ ∈ R, ∀u ∈ E, we define the product between
λ and u by ∀λ ∈ R,∀u ∈ E, λ〈×〉u = M · (M+u)λ−(M−u)λ

(M+u)λ+(M−u)λ , where again the
operations in the right-hand side of the equality are meant in R. The two
operations, addition 〈+〉 and scalar multiplication 〈×〉 establish on E a real
vector space structure.
The Euclidean space of the gray levels. We define the scalar product (.|.)E
:E × E→R by ∀u, v ∈ E, (u|v)E = ϕ(u)ϕ(v) where ϕ : (-1,1) → R and ϕ (x)
= arcth(x).With the scalar product (.|.)E the gray levels space becomes an
Euclidean space. The norm ||.||E :E → [0,∞) is defined via the scalar product
∀v ∈ E, ||v||E = ((v|v)E)1/2 = |ϕ(v)|.

3. THE VECTOR SPACE OF THE GRAY LEVEL IMAGES

A gray level image is a function defined on a two-dimensional compact D
from R

2 taking the values in the gray level space E. We denote by F (D,E)
the set of gray level images defined on D. We can extend the operations and
the functions from gray level space E to gray level images F (D,E) in a very
natural way:
Addition. ∀f1, f2 ∈ F (D,E),∀(x, y) ∈ D, (f1〈+〉f2)(x, y) = f1(x, y)〈+〉f2(x, y)
The neutral element is the identically null function. The addition 〈+〉 is sta-
ble, associative, commutative, has a neutral element and each element has an
opposite. As a conclusion, on the set F (D,E) this operation establishes a
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commutative group structure.
Scalar multiplication. ∀λ ∈ R,∀f ∈ F (D,E), (x, y) ∈ D, (λ〈×〉f)(x, y) =
λ〈×〉f(x, y) The two operations, addition 〈+〉 and scalar multiplication 〈×〉,
establish on F (D,E) a real vector space structure.
The Hilbert space of the gray level images. Let f1 and f2 be two integrable
functions from F (D,E). We define the scalar product by
∀f1, f2 ∈ F (D,E), (f1|f2)L2(E) =

∫
D(f1(x, y)|f2(x, y))Edxdy With the scalar

product the gray level images space F (D,E) becomes a Hilbert space. Further
on, we define the norm ∀f ∈ F (D,E), ||f ||L2(E)(x, y) = (

∫
D ||f(x, y)||2Edxdy)1/2

4. THE REAL VECTOR SPACE OF THE COLORS

Next we consider as the space of colors, the cube E3(−1,1)3. Denote by r, g
and b (red, green, blue) the three components of a vector v∈ E3. In the cube
E3 we define the addition 〈+〉 and the real scalar multiplication 〈×〉.
Addition. ∀v1, v2 ∈ E3 with v1 = (r1, g1, b1), v2 = (r2, g2, b2), the sum v1〈+〉v2
is defined by: v1〈+〉v2 = (r1〈+〉r2, g1〈+〉g2, b1〈+〉b2) The neutral element for
addition is θ = (0,0,0). Each element v = (r,g,b) ∈ E3 has its opposite
element w=(-r,-g,-b) and obviously v〈+〉w = θ. The addition 〈+〉 is sta-
ble, associative, commutative, has a neutral element and each element has
an opposite. It follows that this operation establishes on E3 a commuta-
tive group structure. We can also define the subtraction operation 〈−〉 by
v1〈−〉v2 = (r1〈−〉r2, g1〈−〉g2, b1〈−〉b2). Using subtraction operation 〈−〉, we
denote the opposite of v, with 〈−〉v .
Scalar multiplication. For ∀ λ ∈ R, ∀ v = (r, g, b)∈ E3 we define the product
of λ by v by λ〈x〉v = (λ〈x〉r, λ〈x〉g, λ〈x〉b). The two operations, addition 〈+〉
and scalar multiplication 〈×〉 establish on E3 a real vector space structure.
The Euclidean space of the colors. We define the scalar product (. | . )E : E3

×E 3 → R by ∀v1, v2 ∈ E3 with v1 = (r1, g1, b1), v2 = (r2, g2, b2), (v1|v2)E3 =
ϕ(r1) · ϕ(r2) + ϕ(g1) · ϕ(g2) + ϕ(b1) · ϕ(b2), where ϕ: (-1,1) → R and ϕ (x)
= arcth(x). With the scalar product (. | . )E3 the color space becomes a
three-dimensional Euclidean space. We define the norm ||.||E3 : E3→[0,∞) by
∀v = (r, g, b) ∈ E3 ||v||E3 = (ϕ2(r) + ϕ2(g) + ϕ2(b))1/2.

5. THE VECTOR SPACE OF THE COLOR IMAGES

A color image is a function defined on a two-dimensional compact D from
R

2 taking the values in the colors space E3. We note by F (D,E3) the set of
color images defined on D. We extend the operations and the functions from
colors space E3 to color images F (D,E3) in a natural way as follows
Addition. ∀f1, f2 ∈ F (D,E3),∀(x, y) ∈ D, (f1〈+〉f2)(x, y) = f1(x, y)〈+〉f2(x, y)
The neutral element is the identically null function. The addition 〈+〉 is sta-
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ble, associative, commutative, has a neutral element and each element has an
opposite. As a conclusion, these operations establish on the set F (D,E3) a
commutative group structure.
Scalar multiplication. ∀λ ∈ R,∀f ∈ F (D,E3),∀(x, y) ∈ D, (λ〈×〉f)(x, y) =
λ〈×〉f(x, y).
The two operations, addition 〈+〉 and scalar multiplication 〈×〉 establish on
F (D,E3) a real vector space structure.
The Hilbert space of the color images. Let f1and f2be two integrable functions
from F (D,E3). We define the scalar product by
∀f1, f2 ∈ F (D,E3), (f1|f2)L2(E3) =

∫
D(f1(x, y)|f2(x, y))E3dxdy With the

scalar product the gray level images space F (D,E) becomes a Hilbert space.
Further on, we define the norm
∀f ∈ F (D,E3), ||f ||L2(E3)(x, y) = (

∫
D ||f(x, y)||2Edxdy)1/2.

6. THE CONTRAST OF GRAY LEVEL IMAGES

The structure of vector space defined on the set F (D,E) allows us to trans-
late the notion of contrast from classical framework. We denote by pi = (xi, yi)
the pairs of coordinates that define the spatial position of a pixel in an image.
The relative contrast between two pixels. The relative contrast between two
distinct pixels p1, p2 ∈ D, for an image f : D → E, is a logarithmic gray
level denoted by CR(p1, p2), and defined by the relation ∀p1, p2 ∈ D, p1 =
p2 CR (p1, p2) = 1

d(p1,p2)〈×〉 f(p1)−f(p2)

1− f(p1)·f(p2)

M2

, where d(p1, p2) is the Euclidean dis-

tance between p1 and p2 in the R
2 plane.

The absolute contrast between two pixels. From the relative contrast CR we de-
fine the absolute contrast by the formulas ∀p1, p2 ∈ D, p1 = p2 CA (p1, p2) =
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|CR(p1, p2)| = 1
d(p1,p2)〈×〉 |f(p1)−f(p2)|

1− f(p1)·f(p2)

M2

.

The contrast for a pixel. The contrast for an arbitrary pixel p ∈ D, for an im-
age f ∈ F (D,E) is a positive logarithmic gray levels image, denoted by C(p),
and defined by the mean of absolute contrast between the pixel p and the
pixels (pi)i=1,n that belong to a neighborhood V . Thus we have the formula
∀p ∈ D C(p) = 1

n〈×〉(〈+〉ni=1CA(p, pi)). Usually n = 8 and the neighborhood
V is a window with 3 × 3 dimensions and having the pixel p in the center.
Experimental results for the contrast. In the next figures we show the con-
touring of images with the contrast formulae defined above. We define C(p)as
the contour image for an initial image, which obtained for each pixel using the
contrast formulae. In the nest figures we have represented in section (a) the
original image, in section (b) the horizontal relative contrast CR(pij+1, pij , in
section (c) the vertical relative contrast CR(pij , pi+1,j and in section (d) the
contrast for a pixel C(pij).

7. CONCLUSIONS

In this paper we presented a new mathematical model for gray level images
and also for color images. The main idea is to define an algebraical structure
on a bounded interval. The above examples show that the operations (addi-
tion, scalar multiplication) and the functions (scalar product, norm) ground
an important model for images processing. Using this mathematical model
we obtain very simple algorithms for images processing, especially for medical
purposes.
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ECONOMETRIC AND GEOMETRIC ANALYSIS
OF COBB-DOUGLAS AND CES PRODUCTION
FUNCTIONS

M. Zakhirov
”M. Ulugbek” National University of Uzbekistan

Abstract Due to the fact that the sign of mixed second order partial derivatives of the
functions depends on the scale, in the theory of production functions the scale
plays an important role. The laws of changes of scale can be analyzed math-
ematically. Known analytic holomorphic functions, so far they were studied
for the elliptic type of space. However, since the production functions can be
different, it is necessary to study the theory of analytic functions of hyperbolic
and parabolic types too. This needed theory is developed herein.

I. Cobb- Douglas and CES production functions are
(Cobb-Douglas)F (x, y) = Axsyt, x ≥ 0, y ≥ 0, A > 0, 0 < s, t < 1,
(CES)P (x, y) = a0(a1x

n + a2y
n)

1
ρ ,x ≥ 0, y ≥ 0,a2 = 1 − a1,−1 < n, ρ < 0,

0 < a1, a2 < 1, a0 > 0, where x is the capital invested and y is the labor force
involved in the production. A, s, t, a0, a1, a2, n, ρ are constants, evaluated
according to the real production data and statistical information. First the
Cobb-Douglas production function was studied for s+t = 1, but later, Douglas
allowed the cases s + t > 1 and s + t < 1 too. The CES production function
first was studied for n − ρ = 0 and later for n − ρ > 0 and n − ρ < 0 too.
Assume that the volume of capital and labor force increase by 10%. Then
F (1.10x, 1.10y) = A(1.10x)s(1.10y)t = (1.10)s+tAxsyt = (1.10)s+tF (x, y)and

P (1.10x, 1.10y) = a0[a1(1.10)nxn + a2(1.10)nyn]
1
ρ = (1.10)n/ρP (x, y).

In this case, the volume of production increases (1.10)s+t(Cobb-Douglas) and
(1.10)n/ρ(CES) times. The answer to the question “will this growth be greater
or less than 10%?” depends on s+ t and n/ρ. Summarizing, we have:
s+ t = 1and n− ρ = 0 – constant result of scale;
s+ t > 1and n− ρ¿0 – positive result of scale;
s+ t < 1and n− ρ¡0 – negative result of scale.

237
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Cobb-Douglas and CES production functions can correspond to any value
of the result of scale. This is the cause of their popularity among econometri-
cians. However, the feature, providing their popularity is that their elasticity
of substitution in their domain is equal to one, feature invariant relatively to
the allowance of the sum of sand t and the quotient of n and ρ.

II. Given the surface representing the graph of the function z = f(x, y),
(x, y) ∈ D → Δz,D ∈ R2, z ∈ R, then the theorema ergerium of the

surface at the point (x, y) is evaluated by formula K = fxxfyy−f2
xy

1+f2
x+f2

y
, where

fxx, fyy, fxy, fx, fyare partial derivatives of the function fwith respect to the
corresponding arguments. Since the denominator is never negative and zero,
it follows that the sign of theorema ergerium depends on the nominator. We
have

FxxFyy + F 2
xy = A2stx2s−2y2t−2[1 − (s+ t)] = X[1 − (s+ t)],

PxxPyy−P 2
xy =

a2
0

ρ2
a1a2n

2(xy)n−2(1−n)(a1x
n+a2y

n)
2
ρ
−2(1−n/ρ) = Y (1−n/ρ),

hence the sign of theorema ergerium depends on [1 − (s + t)] and (1 − n/ρ)
respectively (because other factors (that is XandY ) are always positive). We
conclude that:
s+t = 1 and n−ρ = 0-constant result of scale geometrically means that the

surfaces corresponding to Cobb-Douglas and CES functions are of parabolic
type;
s+ t > 1and n−ρ > 0–positive result of scale geometrically means that the

surfaces corresponding to Cobb-Douglas and CES functions are of hyperbolic
type;
s + t < 1and n − ρ < 0–negative result of scale geometrically means that

the surfaces corresponding to Cobb-Douglas and CES functions are of elliptic
type.

The three types of surfaces are determined by three geometries: Euclidean,
of Bolyai-Lobachevsky, and Riemann spherical geometry. Thus:

1) if the production gives constant result of scale, then the computations
must be performed on the basis of the law of the dual numbers of Euclidean
geometry with an imaginary unity ipwhere i2p = 0 but ip = 0;

2) if the production gives positive result of scale, then the computations
must be performed on the basis of the law of the double numbers of the
Bolyai-Labochevsky geometry with an imaginary unity ihwhere i2h = 1 but
ih = ±1 and there is a great probability of avoiding every possible crises;

3) if the production gives negative result of scale, then the computations
must be performed on the basis of the law of the complex numbers of the
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Riemann geometry with an imaginary unity ie where i2e = −1 and there is
possibility of transferring the production to a higher level.

In the three dimensional space, three geometries correspond to three types
of production.

Basic goal of economic theory is to find the ways of transferring the pro-
duction with negative result of scale to the production with constant and
henceforth to the production with positive result of scale.

III. Denote by D the economic space limited to the capital x and labor y.
Suppose that a geodetic line passes throughA(x0, y0) ∈ D, i.e. with the given
(x0, y0)(capital and labor) we associate an ideal production. In other words,
the ideal production corresponds to the least expense. Let the pointM(x, y) ∈
D which does not correspond to the ideal production. Then:

1) if the production is in the routine of constant result of scale, then with
the coordinates x, y of the point M, a single ideal production can correspond;

2) if the production is in the routine of positive result of scale, then with the
coordinates x, y of the point M, at lest two ideal productions can correspond;

3) if the production is in the routine of negative result of scale, then with
the coordinates x, y of the point M, cannot correspond any ideal productions.

Perhaps, these results are obvious from the economic point of view, but we
figured them out as a mathematic investigation and this is the power of our
investigation.

Since the systems of coordinates are based on the parallelism of geodetic
lines, this means that in the case of positive and negative result of scales,
the ideal production is impossible to correspond and so the effectiveness of
other productions cannot be compared with. However, this problem can be
solved by leading the local system of coordinates or by defining the surface of
production functions in the three dimensional Euclidean space.

Leading the system of curvilinear coordinates, with respect to which (conse-
quently with respect to the scale) all types of surfaces are invariant is the road
(calibrating) invariance and the corresponding geometry is the Wale geometry
W2. The importance of this invariance is stated at the beginning of the article.

Thus, leading the isothermal system of coordinates is directly connected
with MES (Mixed Equation System). Stereographic transformation of the
sphere S on the tangent plane TpSof the sphere on the southern pole P deter-
mines MES and the vector fields on the sphere, if this transformation satisfies
the commutativity of automorphism TpS → S → TpS, u = u[x(u, v), y(u, v)],
v = [x(u, v), y(u, v)], where (u, v) ∈ S − TpS are the local coordinates of the
point MES. If the above-stated invariance (invariance of elasticity of substi-
tution) is satisfied relatively to the system of coordinates(u, v), then we can
obtain the system of equations MES relatively to (x, y)
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∂u

∂u
=
∂v

∂v
;

∂u

∂v
=
∂v

∂u
i2m,

where i2m = 0,±1.
Relatively to the isothermal system of coordinates (x, y) we conclude that

ux = βvx + γvy, , i
2
mvx = βux + γuy where β = β(x, y), γ = γ(x, y) describe

the metrical features of the surface.
For i2m = 0, we can get parabolic, for i2m = 1, hyperbolic and for i2v =

−1, elliptic system of equations MES. The coefficients β, γ are related to the
functions u = u(x, y) and v = v(x, y) as follows

β = −uxuy − vxvyi
2
m

uxvy + uyvxi2m
; γ =

u2
x − i2mv

2
x

uxvy + i2muyvx
;

Holomorphic solutions of the above stated system of equations appear are

w = u+imv = f(ξ(x, y)+imη(x, y)) = u[ξ(x, y), η(x, y)]+imv[ξ(x, y)+imη(x, y)],

where f is a holomorphic function with respect to its argument that does not
depend on the conjugate function ξ(x, y) − imη(x, y). Relatively to ξ, η the
following system of equations

∂u

∂ξ
=
∂v

∂η
;

∂u

∂η
= i2m

∂v

∂ξ

is satisfied.
This is called the Cauchy-Riemann system and it was studied only for the

elliptic types of surfaces. It is easy to show its power for the hyperbolic and
parabolic types too.

To this aim, we must demonstrate the connection of the holomorphic func-
tion with Pauli matrices, namely(

0 −ie
ie 0

)
, which is the σx matrix of Pauli, and

(
0 1
1 0

)
, which is the

σy matrix of Pauli and the σz matrix of Pauli, obtained by multiplying the
first two matrices. We can conclude that holomorphic functions must satisfy
the equality(

0 1
i2m 0

)(
wx
wy

)
= im

(
wx
wy

)
,where w = u+ imv

Rather

1)
(

0 1
−1 0

)(
uξ + ievξ
uη + ievη

)
= ie

(
uξ + ievξ
uη + ievη

)
, the datum demonstrates

the validity of Cauchy-Riemann system for elliptic types of system of equations
MES;
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2)
(

0 1
1 0

)(
uξ + ihvξ
uη + ihvη

)
= ih

(
uξ + ihvξ
uη + ihvη

)
, the datum demonstrates

the validity of Cauchy-Riemann system for hyperbolic types of system of equa-
tions MES;

3)
(

0 1
0 0

)(
uξ + ipvξ
uη + ipvη

)
= ip

(
uξ + ipvξ
uη + ipvη

)
, the datum demonstrates

the validity of Cauchy-Riemann system for parabolic types of system of equa-
tions MES.

In fact, the Pauli matrices are the particular cases of a certain Qmatrix, the
connection of which with the holomorphic functions gives us the above stated
system of equations MES. More precisely

Q =

(
β γ

−β2−i2m
γ −β

)
,

and when β = 0and γ = 1, we obtain the Pauli matrices. The system of
equations MES (quasi-conformal transformation) will be found by means of
the following relation

(
β γ

−β2−i2m
γ −β

)⎛⎝ wx

wy

⎞⎠ = im

⎛⎝ wx

wy

⎞⎠ .

Specifically, if we denote by A the Q matrix when the imaginary unity is
ie(i2m = i2e = −1), then we can conclude thatA4 = E, which means thati4e = 1.
Thus, there are two solutions of this equation, i2e = −1 and i2e = 1. Most
mathematicians have omitted the second solution (i.e., i2e = 1) supposing it to
have real solutions, but in fact, it is also the imaginary unity.

If we denote by B the Q matrix when its imaginary unity is ih(i2m = i2h = 1),
then we can conclude thatB2 = E, which demonstrates thati2h = 1.

If we denote by C the Q matrix when its imaginary unity is ip(i2m = i2p = 0),
then we can conclude thatC2 = 0, which demonstrates thati2p = 0.

An arbitrary solution w = u(x, y) + imv(x, y)of the system of equations
MES reads

u(x, y) + imv(x, y) = f

⎡⎣∫
c

Mγdx−Mβdy + imMdy

⎤⎦ ,
where c is an arbitrary Jordan curve, which connects the fixed point (x0, y0) ∈
D with the arbitrary point (x, y) ∈ D, and compactly belonging to D. Here
f is an arbitrary function holomorphic with respect to its argument, and M is
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the integrating multiplier of the form γdx − βdy, i.e. M =
√

1
γ · ∂(ξ,η)

∂(x,y) and
∂(ξ,η)
∂(x,y) is the Jacobian of the transformation, (x, y) → (ξ, η).

In case of production functions (rather Cobb-Douglas and CES) we have
ξ = F (x, y), η = y, and β = −Fy(x, y), γ = Fx(x, y). Then
dF = γdx − βdy = Fxdx + Fydy, therefore

∫
c
dF =

∫
c
Fxdx+ Fydy = 0, if

c is a simple closed curve. Moreover, ∂(ξ,η)
∂(x,y) = ξxηy − ξyηx = Fx and M =√

1
Fx

· Fx = 1.
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