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Abstract The importance of turbulence models in excitable media is pointed out among
the recent important contributions in fluid mechanics, since turbulence rep-
resents a feature of far from equilibrium systems. This paper exhibits some
interesting features for such a model. It concerns the analysis of the deforma-
tions efficiency in length and surface for a 3D mathematical model associated
with a vortex phenomenon. The experiments were realized on filaments of the
aquatic algae Spirulina Platensis, based on a special vortex tube created by
S. Savulescu and with a large applications area. The conditions in which the
chaotic behavior issues are pointed out.
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1. INTRODUCTION

The turbulence term is mostly associated with fluid dynamics, but it also
represents an important feature of the systems with very few freedom degrees.
We can define turbulence as chaotic behavior of far from equilibrium systems,
with infinity of freedom degrees. In this area there are two important theories:
a) the transition theory from smooth laminar flows to chaotic flows, charac-
teristic to turbulence; b) statistic studies of the complete turbulent systems.
The statistical idea of flow is represented by the map

x = Φt (X) with X = Φt (t = 0) (X) (1)

We say that X is mapped in x after a time t.
In the continuum mechanics the relation (1.1) is called the flow, and it must

be of class Ck. From the dynamic standpoint we have a map Φt (X) −→ x
which is a diffeomorphism of class Ck. Moreover, (1.1) must satisfy the relation

0 < J < ∞, J = det

�
∂xi

∂Xj

�
(2)

or, alternately, J = det(DΦt(X)), where D denotes the derivation with
respect to the reference configuration, in this case X. The relation (1.2) involves
two particles, X1 and X2, which occupy the same position x at a moment.
Nontopological behavior (like break up, for example) is not allowed.

The basic measure for the deformation with respect to X is the deformation

gradient F = (▽XΦt (X))T or, equivalently, Fij =
(

∂xi
∂Xj

)
, or F = DΦt (X) ,
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where ∇X denotes differentiation with respect to X. According to (1.2), F
is nonsingular. The basic measure for the deformation with respect to x is
the velocity gradient. By differentiation of x with respect to X we obtain
the relation dxi = ∂xi

∂Xj
· dXj , which gives the deformation of an infinitesimal

filament of length |dX| and orientation M(= dX/|dX|) from its reference po-
sition, to the present position dx , with the length |dx| and the orientation
m(= dx/|dx|), namely dx = F · dX. This relation represents the basic de-
formation of a material filament. The corresponding relation for the area of

an infinitesimal material surface is da = (detF) ·
(
F−1

)T · dA. In this case
in the present configuration we have the area da = |da| and the orientation
n = da/|da|, and in the reference configuration, the area dA = |dA|, and the
orientation N = dA/|dA|.

The basic deformation measures used in applications are the length deforma-

tion λ and surface deformation η, with the relations [1], [2] λ = lim
|dX|→0

|dx|
|dX| , η =

lim
|dA|→0

|da|
|dA| , obtained from

λ = (C : MM)
1

2 , η = (det F ) ·
�
C−1 : NN

� 1

2 , (3)

where C(= FT U2022F) is the Cauchy-Green deformation tensor, and M
= dX/ |dX| , N = dA/ |dA| . The scalar form of (1.3) is λ = Cij ·Mi ·Nj , η =

(detF ) ·
(
C−1

ij ·Ni ·Nj

)
, with

∑
M2

i = 1,
∑
N2

j = 1. The deformation

tensor F and the associated tensors C,C−1 represent the basic quantities in
the deformation analysis for the infinitesimal elements. In most of cases, the
flow Φt(X) is unknown and it must be obtained by integrating the velocity
field. In this framework the mixing concept implies the stretching and folding
of the material elements. If in an initial location P there is a material filament
dX and an area element dA, the specific length and surface deformations are

given by the relations D(ln λ)
Dt = D : mm, D(ln η)

Dt = ▽v −D : nn, where D is
the deformation tensor, obtained by decomposing the velocity gradient in its

symmetric and non-symmetric part, i.e. ▽v = D + Ω, where D =
(▽v+(▽v)T )

2

is the symmetric tensor, Ω =
(▽v−(▽v)T )

2 is the antisimetric tensor.
The flow x = Φt(X) has a good mixing if the mean values D(lnλ)/Dt

and D(lnη)/Dt are not decreasing to zero, for any initial position P and
any initial orientations M and N. As these two quantities are bounded, the
deformation efficiency can be naturally quantified. Thus, it is defined the
deformation efficiency in length, eλ = eλ(X,M, t) of the material element dX,

as eλ = D(lnλ)/Dt

(D:D)1/2 ≤ 1, and similarly, the deformation efficiency in surface,

eη = eη(X,N, t) of the area element dA. In the case of an isochoric flow
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(the Jacobian equals 1), we have eη = D(lnη)/Dt

(D:D)1/2 ≤ 1, while in the case of a

non-isochoric flow, we have eη = D(lnη)/Dt

21/2·(D:D)1/2 ≤ 1.

2. THE ANALYSIS OF THE MATHEMATICAL
MODEL

The analysis of the deformation efficiency in length and surface for a
three-dimensional mathematical model associated with a vortex phenomena
for the aquatic algae Spirulina Platensis, has pointed out interesting analytical
properties [5]. The mathematical model was associated to experiments, real-
ized for a particular flow in a special vortex tube closed at one end. Locally,
there exists an annular vorticity zone of high intensity, which has a whirlpool
behavior. Since the turbulence occurs at small scales, phenomena like solid
particles retaining, the mixture of textile fibers or break-up of cellular filaments
of aquatic algae, are allowed. The special vortex tube is a modified version
(aprox. 0.1 bar) of the Ranque-Hilsch tube [4]. If the tube is completely
closed at one end, in this region it is obtained a very high intensity whirlpool.
The mechanism has two versions: a small version (with a 15-20mm diameter),
and a large version (100-300mm diameter), depending on two categories of
processing particles – at small and at large scale. From physical standpoint,
the generated whirlpool has four mechanisms [3], [4]: a) convection, realized
by the streamlines which are oriented to the tube cover, the pressure source
being near the middle axis of the tube; b) turbulent diffusion, realized by
the fluctuating velocity and pressure; c) stratification effects, realized by the
temperature and pressure gradients; d) turbulent mixing, realized by the con-
centrating velocity in the annular structures. In order to process the algae it
was used a non-dimensional parameter τa = t·Q

D3 , where t represents the time

(sec), D the diameter (m3), and Q the mass flow (m3/sec). By fragmenting
the long chains of cellular filaments, there where obtained isolated cell units,
or, as rare events, the break –up of the cell membrane (having less than 100
angstrom). The initial and final microscopic observations pointed out [4], [5]
that the fragmentation degree increases with τa. The analytical study of the
discrete mathematical model associated with the above phenomena has con-
firmed the experimental study. The following three-dimensional model was
considered

.
x1 = G · x2,

.
x2 = K · G · x1,

.
x3 = c, −1 < K < 1, c = const. (4)

This is a generalization to three dimensions of the two dimensional version
used in [2], a widespread model for isochoric flows. In (2.1) the third compo-
nent (corresponding to axis z) represents the rotation velocity, supposed to be
constant. The initial condition attached to (2.4) is

x1 (0) = X1, x2 (0) = X2, x3 (0) = X3. (5)

Solving the Cauchy problem (2.4)-(2.5), the solution xi = xi(Xj), i, j = 1, 2, 3
was founded as

x1 =
1

2
·
�

X1 +
1√
K

· X2

�
· exp

� .
γ · t

�
− 1

2
·
�

X2√
K

− X1

�
· exp

�
− .

γ · t
�
,
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x2 =
1

2
·
�√

K · X1 + X2

�
· exp

� .
γ · t

�
+

1

2

�
X2 −

√
K · X1

�
· exp

�
− .

γ · t
�
, (6)

x3 = c · t + X3,

where
.
γ = G ·

√
K.

From physical standpoint, (2.6) represents the state xi of the system, at
the moment t, with respect to the reference state Xj , j = 1, 2, 3. In our case,
it represents the state of the aquatic algae after the vortex experiment. The
deformations in length and surface of the material filaments, with the vortex
conditions imposed were studied. The deformation tensor F, and then the ten-
sors C,C−1, were founded, with quite complicated expressions [5]. The com-
putations are quite complex, such that in order to analyze the deformations eλ
and eη at successive moments, a discrete graphical analysis was carried out [5].
It was searched the issue of special phenomena appearing at random values of
the unit vectors in length M = (M1,M2,M3) and in surface N = (N1, N2, N3).

3. RESULTS

The studied cases, and the events corresponding to different values of the
orientations in length (M1,M2,M3) and in surface (N1, N2, N3) are very few,
at least 60 cases. Their statistical interpretation is realized in [5], including
the two-dimensional case. It was defined as rare event the event of breaking-up
the material filaments, with a corresponding mathematical standpoint in the
sudden failing of the running program, or failing the required accuracy. The
breaking up of the filaments of Spirulina Platensis is produced by the local
alternative phenomena of stretching and folding, in a favorable context of ran-
dom distributed events. There are few cases with linear behavior, but there
are also cases with alternative stretching /folding , or with breakup. In fact
there are four types of events [5]: a) events with a relative linear behavior; b)
events with a linear-negative behavior, corresponding to alternative stretching
/folding of the filaments; statistically, these are very few; c) mixing phenom-
ena, when large or small deviations, or strong discontinuities occur. In this
case small pieces of algae are taking off, and the rest of algae undergo a new
vortex phenomena; d) rare events, corresponding to turbulent mixing ; in this
case the filaments of Spirulina are broken up. A very important remark is that
the mixing, and especially the turbulent mixing, occurs at irrational values,√

2,
√

3, of 2 · γ̇, and also of Mi and Nj (i, j = 1, 2, 3) . This is not surprising,
taking into account that they can be considered as random values. Also, the
turbulence occurs at small values of the time units, being in agreement with
experiments. Depending to the context, τa can be measured in seconds, hours
or even larger units.



The discrete time analysis of the turbulence in excitable media 113

References

[1] Ottino, J. M., W. E. Ranz, C. W. Macosko, A framework for the mechanical mixing of

fluids, AlChE J. 27 (1981), 565-577.

[2] Ottino, J. M., The kinematics of mixing: stretching, chaos and transport, Cambridge
Univ. Press, 1989.
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