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Abstract The free surface steady flow of an incompressible heavy fluid (inviscid and vis-
cous) is studied. The main goal of this work is to develop an efficient approach
based on an optimal shape design formulation that can be used for numerical
calculations.

1. INTRODUCTION
We consider the two dimensional flow of an incompressible fluid freely mov-

ing along a rigid and impermeable bottom of arbitrary geometry. Apart from
the influence of gravity, the fluid flow is free of any physical restrictions (the
presence of some obstacles within or above the flow domain has been excluded).

It is assumed that the far field flow has a constant velocity (of unitary
magnitude in the nondimensional form). We also consider, without loosing
the generality, that the uniform stream has a unitary depth.

The flow is referred to a Cartesian coordinates system Oxy with the Ox axis
directed along the unperturbed farfield free line, while Oy is oriented along
the direction of the outward normal to the unperturbed free surface.

We presume that the flow is steady, the free surface may be written using
a ’height’ function, and the flow domain is bounded.

2. PROBLEM FORMULATION
Consider a two-dimensional domain D of boundary ∂D = S ∪Γ, where S is

an a priori unknown part while Γ is the known part. The boundary Γ contains
the fixed bottom and two artificially boundaries (of inflow and outflow) on
which appropriate boundary conditions preserving the initial behavior of the
unbounded fluid flow are imposed. Assume a steady flow past a rigid and
impermeable wall presenting a smooth bump located within the interval [0, 1].

The Froude number associated with this flow is considered greater than
unity Fr ≥ 1 as well. Within this framework the waves cannot be generated
by the fluid flow [1]. That is why the free surface may be defined by using a
function with zero values at its two edges. Thus, we define the free surface
by some Lipschitz continuous functions of the type α : [0, 1] → [0, l) , where
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l ∈ R, 0 < l < 1, α (0) = α (1) = 0 a̧nd |α (x1)− α (x2)| ≤ β (x1 − x2) , for any
x1 and x2 belonging to (0, l). In this way, the free boundary becomes S (α) =
{(x, y) ∈ [0, 1]× [0, l) : y = α (x)} . The Lipschitz continuity of α functions is
an essential property [2]. Under this condition the flow domain D (α) may
be extended beyond its boundary, that provides a mathematical support for
using an optimization procedure in order to establish the a priori unknown free
boundary and further on all the fluid flow properties. Moreover, the Lipschitz
continuity condition prevents the occurrence of meaningless physical solutions
produced by the optimization procedure [6]. Therefore, the family Up

ad of the
admissible functions which may define the boundary S (α), is of the form

Up
ad =

{
α ∈ C0,1 [0, 1] : 0 ≤ α (x) ≤ l0 < l, |α (x1)− α (x2)| ≤ β |x1 − x2| ,
∨ x1, x2 ∈ [0, 1] , α (0) = α (1) = 0} .

Consequently, in the case of fluid flows with a Froude number above unity
we have defined a set of conditions which have to be fulfilled by the function
describing the free boundary such that the flow domain could be extended
beyond its boundaries (for details of how to prove this assertion, see [2]).

Let n be the number of boundary conditions which has to be imposed on the
fixed boundary Γ. Because the free boundary S is a priori unknown, usually
the number of boundary conditions imposed here should be n + 1.

Denote by a(u, p) = a∗(x, α(x)) a global representation of the first n condi-
tions imposed on S while s(u, p) = s∗(x, α(x)) is the (n + 1)th (last one). Let
b(u, p) = b∗(x, y) be a compact representation for the boundary conditions
imposed on Γ.

Hence the envisaged problem may be finally formulated in the following
terms: find α(x), u(x, y) and ϕ(x, y) as the solutions of the boundary value
problem (Re beeing the Reynolds number)

u · ∇u +∇ϕ−Re−1∇ ·
(
∇u + (∇u)T

)
= −Fr−1j,

∇ · u = 0,

s(u, p) = s∗(x, α(x)), a(u, p) = a∗(x, α(x)), b(u, p) = b∗(x, y).

It is this final formulation that will be used in our algorithm.

3. VARIATIONAL FORMULATION
Let us proceed with a representation S0 of the free boundary S, on which we

assume that the conditions a(u, p) = a∗(x, α(x)) are fulfilled. The boundary
S0 would be the right S if the condition s(u, p) = s∗(x, α(x)) is fulfilled as
well.

In order to check whether the condition s(u, p) = s∗(x, α(x)) holds on the
boundary S0 and in view of correcting its shape (if necessary), let us introduce
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a positive functional defined on the set of all admissible boundaries. The sur-
face we are looking for is that one which minimizes this functional. Denoting
this functional by J , it can be written as

J(S) =
∫

S
(s(u, p)− s∗(x, α(x)))2 dS.

So, within the optimization framework the problem may be formulated as fol-
lows: find the solution S of the problem minS J(S), where u(x, y) şi p(x, y) satisfy
the boundary value problem

u · ∇u +∇p− Re−1∇ ·
(
∇u + (∇u)T

)
= −Fr−1j,

∇ · u = 0,

a(u, p) = a∗(x, α(x)),
b(u, p) = b∗(x, y).

4. THE INVISCID CASE
Let n and t denote the outward normal unit vector drawn at the free bound-

ary S and the tangent unit vector, respectively.
For the case of an inviscid incompressible potential fluid flow (u = ∇φ) the

associated mathematical model reads

∆φ = 0, (x, y) ∈ D, (1)

n · ∇φ = 0, (x, y) ∈ Γ, (2)

n · ∇φ = 0, (x, y) ∈ S, (3)
1
2 −

(
1
2 |∇φ|2 + Fr−2y

)
= p1, (x, y) ∈ S,

where Fr stands for the Froude number and p1 is the atmospheric pressure.
By introducing an auxiliary function a : Γ → R, the unbounded flow domain

D may be restricted to a bounded domain such that the physical meaning of
the initial problem be preserved. Keeping the same symbols for the quantities,
the governing boundary value problem is (4.1), (4.3) and

p = p1, onS, (4)

n · ∇φ = a, onΓ. (5)

Define the objective functional J(S) =
∫
S (p− p1)

2 dS. Then the problem
is reduced to minS J(S) such that (1), (3), (5) hold.

Using a classical variational technique, the boundary value problem can be
associated with variational problem for the objective functional. So we get a
new objective functional, denoted by J∗, of the form

J∗(S) = J(S) +
∫

D
ψ∆φdD.
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Here ψ is an auxiliary variable on the domain D (a Lagrange multiplier). Then
the optimization problem rereads as: find S the solution of minS J∗(S).

Assume that the free boundary is perturbed along the direction of the nor-
mal n with a small quantity ε > 0, such that each point (x, y) of the boundary
S will be mapped onto a point (xε, yε) of Sε, which is related with its original
position by (x, y) −→ (xε, yε) = (x, y)− εn (this mapping is used, for instance,
in [7]).

Within this framework we may use the Taylor series expansion for the po-
tential φ

φ ((x, α (x))− εn) = φ (x, α (x))− εn · ∇φ (x, α (x)) + O
(
ε2

)
.

Then, on Sε, the velocity potential may written as φε = φ− εn · ∇φ + O
(
ε2

)
.

As long as a gradient based approach is employed, in order to solve the
above variational problem, the key element is the determination of the closed
form of the gradient of the functional J∗. The main result of this paper,
consists in just establishing the gradient expression under the form

gradnJ∗ = −
∫

S

(
pFr−2n · j + ψnn : ∇∇φ

)
dS,

where ψ satisfies the problem

∆ψ = 0, in D,

n · ∇ψ = t · ∇(pt · ∇φ), on S,

n · ∇ψ = 0, on Γ.
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