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Abstract  Bifurcation theory methods under group symmetry conditions [6, 7] are applied
to crystallization problem with composite lattices in statistical crystal theory.

The obtained results are supported by RFBR-RA grant No. 07-01-91680.

Crystallization of liquid phase state in the case of composite lattice is de-
scribed by the system of nonlinear integral equations with kernel depending
on modulus of arguments difference [1], obtaining by the uncoupling of N.N.
Bogolyubov equation hierarchy on second distribution function. Suppose that
forming crystal molecules belong to M different classes and the number of i-th

class molecules in the volume V is equal to N;, N = Zf\i 1 Ni

M

oF; 1 045(lq — q'l) N 1 2 3
8qa+%;njwﬂj(q,q)dq =0, ¢=(q¢,qq) (1)
Here 0 = kT, k — Boltzman constant, T' — temperature, n; = %, v = % =

AL S § ®ii(lg — ¢'|) = ®ji(lg — ¢'|) — the potential energy of i-th and

v =V Ty

j-th moleculé7 classes interaction which are disposed at the points ¢ and ¢’.
Carrying out the approximation Fj;(q,q") = Fi(q)F;(¢")Gi;j(lg — ¢'|),

S Gij(lg—4') = 1; Gij(lg — ¢']) = 0 at |[¢ — ¢'| < a, where Gi;(lg — ¢'|)

is radial distribution function of two types of particles, transform (1) to the
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form
M
OF(q) 1 9Uij(q)
N FZ = U,
0q“ * Ov JZ:nJ 0q“ () =0
\q—q’ldq) )
i (r
Ust@) = [§ [ Gyt R
(¢) { =
M |q7q/|d<1>~(r)
Setting Fy(q) = +expq —= > n; | “E2dr p, where ; is a constant not
¢ j=1 oo

depending on coordinates and defining from the condition of density normal-
ization limy_. % [ Fi(q)dg = 1, and p;(q) = v%FZ(q) = ﬁe“i(q) we obtain

the system of nonlinear integral equations

In{AFi(g)} = uilq) = }j/ (g — e g,

/

la=d'l o
Kij(lg —d)) = Kji(lg— ¢)) = [ 229G, (r)dr, where ¢ = (¢, 42, ¢%)

oo

are Cartesian coordinates. As far as Ui = = ﬁvv the system of integral
K3

equations takes the form

il AIMEZ/ (g — ¢ @dg =0. 2)

As far as composite lattice consists of M identical sublattices here, like in
[2], it is introduced the common constant of normalization .

First, give a brief introduction to crystallographic groups. It is know [3]
that all symmetry groups of 3-dimensional homogeneous discrete space — spa-
tial crystallographic groups — are three times periodic. The translations group
T = {a = mja;+moas+msas}, m; € Z propagates any point into 3D-periodic
system of points, that is a spatial lattice. Crystalline lattices are divided into
7 crystalline systems, that are called the syngonies. Bravais mathematically
showed that for the crystals of 7 syngonies, 14 types of lattices are possible. Be-

sides of translational symmetry the crystallographic groups are characterized
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by the point symmetry K — the aggregate of rotation and reflection operations
being the symmetry of elementary cell. There are 32 point groups called the
crystalline classes which are compatible with the translation group. However,
the space crystallographic groups have new elements of symmetry that are
absent in translation and point groups: screw displacements and glide reflec-
tions. Screw displacement is the translation with subsequent rotation at some
angle around the translation axis. Glide reflection is the reflection in some
plane with subsequent translation along this plane. Both indicated symmetry
elements are formed by commuting elements; these elements themselves can
be absent in crystallographic group.

Remark 1. Give the geometric interpretation of composite lattice. There
are identical particles in the lattice nodes possessing the color symmetry of
the point group K. For the nonsymmorphic group C25h of monoclinic syngony
such particles may be interpreted as a ball, divided into 4 parts by two mutual
perpendicular planes passing through the ball center, each part of the ball
being colored into white or black. The translation group T propagates such
particles into space-periodic systems that are sublattices of the considered
crystal. The transformations of nonsymmorphic group transfers one sublattice
into another, which is shifted on some translation o = (a1, g, a3), a; € (0;1)
(see the table of nonsymmorphic crystallographic groups in the appendix to
the monograph [3]). Moreover, every particle in the new sublattice is turned
by the corresponding transformation of the point group K .

At the crystallization phenomenon investigation naturally arises the prob-
lem of periodic solutions construction u;(q) = ug; + wi(q,€), wj(q,e) =
Sy o (1 = mg-l)l(l) + m§-2)1(2) + mg-?’)l(?’) is the inverse lattice vec-
tor) in the form of Fourier series on inverse lattice vectors, bifurcating from
homogeneous density distribution p;(q) = py; = %Oi, vg; = Mwvg. Since the
sublattices consist of identical but having different orientations particles and

have the same translation group, we can take p;,; = py and u;0 = ug, and small
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parameter € should be determined by the relation

exp ug exp ug n n
g E = E.
Muvox  Mugforg Ho

System (2) in the vector-functions w = {w;(q,)}{! takes the form
M

Bave = wila) + 10 Y [ Kuslla = o Dus(a')dd =
j=1

M M
—eY [ Kalla—d0e D - Y [ Kuglla - i)
J=1 j=1
w;(q") — 1]d¢' = Rs(w,e) (3)

Remark 2. By virtue of Remark 1, system (2) possesses the group symme-
try of nonsymmorphic crystallographic group corresponding to the composite
lattice consisting of M sublattices of one type molecules oriented by point
group K = Cy, (|[K| = M, |Co,| = 4) transformations. Nonsymmorphic
group transformations transfer equations of the system (2) into each other,
leaving invariant the whole system. The connection between the sublattices
of the composite lattice and equations are realized by screw rotation and glide
reflection.

The system of integral equations (3) is considered in the space of vector-
functions C*(Ily), Iy is the elementary cell of periodicity, and kernels Kj;(|g—
¢'|) are sufficiently smooth, so [ Ky;(lg — ¢'|)u;(¢')dq’, g € Iy can be differen-
tiated with respect to the parameter q.

Further the general case of composite lattice will be illustrated by the exam-
ple of crystallization with translation lattice consisting of four primitive sub-
lattices I'y, of monoclinic syngony with nonsymmorphic group C3, [3] which
have nontrivial screw rotation and glide reflection.

Describe the zero-subspace of linearized system (3)

M
Byws = wa(a) + 1o Y / Korllg— o Dus(d)dd =0, s =1,....M (&)
j=1



On crystallization problem in statistical crystal theory... 217

presenting the components of vector-function w by Fourier series on inverse lat-

tice vectors (index k is numbering the three-tuples of integers (mgl), m§-2), mgg)))

wj(q/) _ Z wkj€27ri<lkj,q), lkj —_ m]%)l(l) + m;fj)l(Q) 4 ml(:;)l(?))’ m]gl;) c7
k

M
Bow, = Zwkse%z(lks,q) + 1o Z/Ksj(|q . q/’) Zwkj62m<lkj7q/>dq/ _
k 7=1 k
M
Z wk362m<lks’q> + 1o Z / Ksj(|q . q/‘) Z wkj€27rl<1kj7Q>e—2ﬂ'l<1kj’q_q >dq’ _
k 7j=1 k

M
S e i) 4 g 35 we2nilinsal / Koyi(|q = ¢/ |2l gy
k

E j=1
()

Compute the integrals I;; = [ Kys(|lg — ¢ e 2 ikaa=d) g/ Setting § =

q—q¢ = ze1 +yes + ze3 = Ta; + Jas + Zaz; aj = ajje; + agjes + azjes

a el T T

T -
a | =A" [ e |=]| vy |=4]| 7
ag es z z

performing the change of variables

r = Zail + yaie + Zais
Yy = Taz + Ya + Zass
z = Tas1 + yase + Zass

and then carrying out the transition to spherical coordinates one get

> ! 2mip 2det A [ 2mpRy,
Iy = 2K (p)2 — Ryt dt = K (p) si &
N R N e e

Omitting tedious computations, write the expression for Ry
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P = RO 2 mf ) =

{m(l) (a31 + a3y + a33)(a3; + a3 + a3s) — (a21a31 + a22a32 + azzass)’] +
2

mfﬁ [(af1 + aiy + a¥3)(a3; + a3 + a33) — (a11a31 + a12a32 + a13a33)°] +
2

my. [(a3) + a3y + a33)(al; + afs + ai3) — (a11021 + a12a22 + a13a23)%] +

1
mfm)m,(v ) [(ana:n + a12a32 + a13a33)(az1a31 + azza32 + azzass) — (ar1a21 + aizazn + a13a23)(a§1 + a§2 + 0«%3)] +

1
mig)m,(m) [(a11a21 + a12a22 + a13a23)(a21as1 + azeasz + assass) — (a11as1 + aizasz + a1zass)(ad; + a3y + ads)] +

(2), (3)

1
2m, 7 myY [(a11a21 + ar2a22 + a13a23)(a11a31 + ai2as2 + a13ass) — (a21a31 + agzazz + azsass)(ady +ady + a%)] } :

(6)

System (5) takes the form

S upetnoiesn s

k
M
) 2m’(m( )z+m(2)y+m(3)z) 2det A ‘ . QTFkaj _
,uozk:;wkje kj kj Rkj ; pKSJ(p) sin “del A dp=20
(7)

with the determinant

2det A [ . 2mp Ry (my; ) Je—
A= |10s; — ptg=———"- Jig™ ) d =1,M

k |: ] MORk](mkj) / p J(p) Sin < det A Pl S,J )

(8)

Thus, conversion to zero of the determinant (8) defines the eigenvalues
and presents the crystallization criterion [4] with corresponding composite
lattice.

Kernels Kj(|g —¢'|) = Kjs(|]g — ¢'|) are invariant with respect to the group
of Euclidean space motion R? including also the transformations ¢ of non-
symmorphic crystallographic groups G K;(|lgq — 9¢'|) = Ksj(lg — ¢'|). The
corresponding operators K; f(q) = [ Ksj(lg —¢'|) f(¢')dq" are invariant to the
shift operators by virtue of kernels K; invariance relative to simultaneous

motions in R3 of arguments ¢ and ¢. Indeed, since dq’ is invariant relative to
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the G measure in R3, one has

(K f)(99) = / Ko(lga—¢)F(¢)dg 7= / K.(l9—a)f(92)dq = K T(9)1(q)

Therefore, by applying nonsymmorphic transformation 7'(g) to the s-th equa-
tion (4) one gets

T( ws +MOZ/K5] wj(QQ)d

M
= T(g)ua) + oY, [ Kuslla — aDT()us(@)dg =0
j=1

Hence, together with some solution w = (w,...,wyr)? of the linearized
system (4) it has the solutions T(g)w = (T'(g)w1,...,T(g)war)’. Therefore
system (4) is invariant to the transformations T'(g).

Further the obtained result is illustrated on the example of the nonsymmor-
phic group C’ o, of monoclinic syngony [3]. Here the basic translation vectors

should be chosen in the form
a1 :Odi, 32:/8i+7j7 33:(51{

such that the inverse lattice vectors take the form

(1) _ {32,33] _ l _ ﬁ (2) _ [33731] _ 1 (3) _ [31732] :1
! Q o a'y'L ! Q 'y']’ ! Q (5k’

where Q = (aj, [ag, a3]) = avd.
R;%j _ 52[7711(:]-)5 _ m,(é)a]Q i m’(w) 252 4 m(3) 2,2

The group C3, is generated by the elements [3]

(%tzﬂ”)7 (%txa op,) and (%tx + %tz,ohr). Then the functions wy = 2™{11:4) =
. 1)~ 2) ~ 3) ~ 3 ) 2
em(m§€1>x+m§“1>y+m’(“1)z) (Atot+it., opr)wy = (_1)m’(“1>+m§€1>62m( m\y E—m - m;(d)z)a
a ) (2) (3)
(3te, on)wy = (—1)™k e2mi(m(y & +m)j-m2)

( ) D)= (2) (3)
(—1)™r @2y F=my g+m 2) are the first components of the vector solu-

5 (%tm T)wl -

tions of linearized system (4).
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Thus, according to Remark 2, the zero subspace is generated by the vector-
functions W = (w1(q), ..., war(q))", T(g))W, ..., T(gar)W, wr(q) = T(gr)w1(q) =
w1(grq), k = 1,..., M, where g, are numbered together with sublattices el-
ements of nonsymmorphic group symmetry. Since T'(gy) can be stationary
subgroup element, the dimension of the zero subspace of the linearized matrix
operator B = B(y) = (I — poX) of the system (3), i.e. the multiplicity of
the eigenvalue p,, may be equal to the divisors of the corresponding point
group symmetry order or some of their sums in the case of several generating
elements in the zero subspace N(B) under the action of g, € G, k=1,..., M.

By virtue of the symmetry K,; = Kjs the linearized matrix operator is
symmetric and it generates a symmetric determinant of the system of algebraic
equations.

Remark 3. The values Ry;, j = 1,..., M are invariant to the point group
transformations. The proof of this assertion does not follow from symmetry
considerations and it is checked for each nonsymmorphic group apart.

Four dimensional branching equation construction for the system
(3) with group symmetry C’25h of monoclinic syngony in the case of
one general position vector generating N (B)

The connection between the sublattices of composite lattice and equations
is realized by the transformations of the nonsymmorphic group
(51 = (LO23), (Gteron) = (1L,3)(2,4), (Gt gts onr) = (1,2)(3,4)

(9)
The equations transferring into each other it is necessary to fulfill the fol-

lowing symmetry relations between the kernels of the integral operators

Kii=...=Ku; K14 = Koz = K32 = Ky (10)
K2 = Koy = K34 = Ky3; K13 = K31 = Koy = Kyo.

It is practically impossible to perform bifurcating equation construction in

the case of arbitrary m,gl), thus for the simplicity take m,E/,jl) =1.
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Choose the basis vectors of the zero subspace N(B) in the form

0, = eQTri(:c+y+z) ©o
_ 2mi(—x—y—=z)
P2 = € ¥
¢ = i , Do = (Gtp + 3o, 00r) 01 = p
oy = —e2milaty—) -
0, = _627ri(—;r—y+z) ©3
¥3 Pa
12 ®
B3 = (3te,on)®r=| |, Oy = ($t,r)0 = | 7
$1 P2
P2 Y1

For the simplification of notations hereinafter we will omit the symbol
"tilde”, i.e. x, y, z will be considered as coordinates along axes a;, as and as
respectively.

In order to compute the bifurcating solutions in the neighborhoods of the
parameter critical value, bifurcation theory methods [5] are applied.

Let E; and E5 be two Banach spaces. The nonlinear equation
Bz = R(z,\), R(0,0)=0, R;(0,0)=0 (11)

is considered. Here B : E; — E» is a closed linear Fredholm operator (R(B) =
R(B), R(B) is the range of the operator B) with dense in E; domain D(B),
N(B) = span{®y,...,®,} is its null-subspace, N*(B) = span{¥y,...,¥,} C
Ej is its defect-subspace. The nonlinear operator R(z, \) is supposed to be
defined and sufficiently smooth in x and A in a neighborhood of (0,0) €
E; + A, A is the parameter space. According to Hahn-Banach theorem
there exist biorthogonal systems {I';}1 € E1, (®;,I';) = d;; and {Z;}} € Eo,
(Zk,V;) = Ok, generating the projectors P = i(-,l“j><pj : B1 — N(B),

J=1
n

Q= > (V)2 : By — Es, = span{zi,...,2,} and the following direct
j=1

sum expansions By = E} + E" EP = N(B), By = E2p, + Eycon,
Ejo—n = R(B). Then the Lyapounov-Schmidt method allows to reduce
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the problem (11) of construction of small norm solutions to nonlinear finite-

dimensional equations system that is the bifurcation equation.

Here Z, = &g,
Dy =Wy = @y, Ty = Wy = @y, Ty = Wy = — 0y, Ty = Uy — ——
4|To| 4[| 4[| 4[|
Write system (3) in the power series expansion introducing the parameters
&, k=1,...,4 and the Schmidt correction operator
w1(q) 4 > i1 Kij(lg — ¢)dd’
BW = o | XKW Y (WD) Z = (11)
wa(q) ! Y -1 Kajlla — ¢dg
wi () + 2y (@) | w@)? ,
% — X NI
walg) + 4 wa@)® L owale® ] 0=
§ = WIy)
JEu(d)dd ... [ Kul(d)dd
K =
JKu(d)dd ... [Ku(d)dd

By the implicit operators theorem the first equation (12) has a unique so-

lution W = W (¢, €). Branching system takes the form
LOEe)=¢ — (W(Ee),Ty) =0, i=1,...,4

We find the solutions of the first equation (12) in the form of the series
W(Qa 5) = Z Wa;kgagk-
o +k>1
Omitting tedious computations write out the main part of the branching

system
fi(€e) = Afe+ BE® + C& 26, + DEEE, + BEES + F&E+...=0  (12)
fa(€e) = Afye+ BE® +CEPE + DELSE, + BEE,S + FEE +...=0
f3(§7 5) = A&+ 3543 + 053254 + D& €65 + E£4§12 + F§4£22 +...=0
fi(€e) = A&+ BE® + CEP 8+ DE 6 + BEL” + FEE +...=0
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The obtained system allows the group (9) of substitutions p; = (12)(34),
p2 = (13)(24), ps = (13)(23).
Passing to real variables & = 71 4+ T2, &, = 71 — T2, {3 = T3 + iT4,

&, = 73 —iT4 one gets the branching system in the new base

cos2m(x +y + =
cos2m(x +y+ 2z

—cos2m(z+y— =z

—cos2m(z+y— =2
—cos2m(z+y— =z

cos2m(x+y+ 2

sin2mw(x +y + 2
—sin2n(z+y+ 2

—sin2n(z+y— =2

—sin27(r+y — 2
sin2m(z+y— 2

sin2w(x +y+ 2

( ) ( )
( ) ( )
( ) ( )
—cos2m(x +y — 2) sin 2m(x 4+ y — 2)
( ) ( )
( ) ( )
( ) ( )
( ) ( )

cos2m(x +y+ 2 —sin2m(z +y+ =2

ti(r,e) = Arie+ Bri(13 —373) + Cri(13 +73) + D11(75 +73) + (13)
+E[r1(12 — 73) 4 2197374) 4+ Fr1(75 — 73) — 2797374 +... =0
ta(t,e) = Arge + Bro(13 — 373) + Cro(72 + 72) + Dro(12 +72) +
+E[—7o(13 — 12) 4+ 2717374) — Fro(72 — 73) + 2117074] +... =0
t3(t,e) = Arze+ Br3(13 — 373) + Cr3(13 + 13) + Dr3(r? + 13) +
+E[r3(1? — 12) 4 211797m4) 4+ Flr3(75 — 73) — 2717974 + ... =0
ty(t,e) = Arge + Bry(ri — 372) + Cry(13 + 73) + Dry(r? + 13) +

+E[-74(1] — 73) + 27172m3] — Flra(7] — 73) + 2717273] + ... =0
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Applying the transformations

t1To —taT1 = 2BTiTo(T3 — 73) + E[r172(73 — 73) — 7374(7% — 72)] 414)
+F[ri7mo(13 = 72) + 7374(13 = 72)] 4+ ... =0

t1To +taT1 = ATimoe + (C — 2B)T17o(73 + 73) + D7iTo(T5 4+ 73) +
+(E - F)r3ra(m24+72) +...=0

t3Ty —taTs = 2B7374(75 — T3) 4+ Elr3ta(7? — 72) — T172(73 — 7] +
+Fr374(13 = 72) + T17o(72 —72)] 4+ ... =0

t3Ta +taTs = Arsrae + (C — 2B)71374(73 + 73) + D73T4(T5 4+ 73) +
+(E—-F)rima(rs+73)4+...=0

adding and subtracting first and third, second and fourth equation of the
system (15) bring the branching system to the form

ti(r,e) = Blrima(ri —73) + m37a(r3 — 1)) + (15)
+F[ri7mo(12 — 72) + 7374(73 = 72)] +... =0

to(t,e) = Blrimo(r —73) — T374(73 — 72)] +
—|—E[7'17'2(7'§ — Ti) — 7'37'4(7'% — 72)] +...=0

ta(r,e) = Ae(mima+7374) + (C — B)[mima(r] + 73) + m37a(73 + 71)] +
(D + B = F)[r172(r3 + 73) + 7374(7%) + 73] + ... = 0

ta(r,e) = Ae(rimy—7374) + (C — B)[rima(ri + 73) — m37a(73 + 71)] +
+H(D = B+ F)[r172(73 + 71) — 7374(7%) + 73] +... = 0

Note that the written system in the real basis possesses the substitutions

P1:7T1—T1, T2 = —T2, T3 =7 T3, T4 — —T4; (17)
P2 T1 <> T3, T2 <> T4; P3:T1 > T3, T2 —T4
The first two equations (16) are considered as the system relative to (72 —73),

(72—73) with determinant A = 2[ry797374(EF —B?)+B(E—F)(r273+7%73)].
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I. If A # 0, which is possible for (B2~ EF)?—4B*(E—F)? < 0 (|[B>~EF| <
2|B(E —F)|), then 73 = 73 # 0 and 73 = 73 # 0 (inequality to zero should be
taken place at least in one case). Then the last two equations of the system
(16) are reducing to one of the following forms

A. 7)1 =79, T3 =T4.

For 71 # 0, 73 # 0 one has

Ae+2(C - B)r?+2(D+E — F)r3 =
A +2(C - B)r3+2(D+ E - F)73

Ty = %73 = i\/z(fBJrciAng+F) +o(|e|"/?), signe = —sign A(~B+C — D —
E + F), any sign combinations are possible

For 71 # 0, 73 = 0 one gets the equation Ar3e — 2B7} =0

A
T1 = £/ i +o(|e|*?),  signe = sign (AB)
For 71 =0, 73 # 0 one gets At3e —2B74 =0
A
T3 = £/ i +o(e|V?),  signe = sign (AB)
In the case B. 71 = —79, T3 = —74 we obtain the same equations.
C. 71 =—79, T3 =T4.
For 71 # 0 ¢ 73 # 0 one has
Ae+2(-B+C)ri+2(D—E+F)r3=0
~Ae+2(B-C)r3+2(-D+E—F)13 =0

o —A€ 1/2
Tl _i\/Q(—B+C+D—E+F) +ollel ),

signe = —sing A(—B+C+ D — E+ F);

T3_i\/2(B—C+D—E+F) +ollel ),

signe = sing A(B—C+D —-E+F)
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For 71 # 0, 73 = 0 one gets the equation Ae +2(—B + C)7% =0

- Ae 1/2 . .
1=+ 2(B—C)+O(|€| ), signe = sign A(B—C)

For 71 =0, 73 # 0 one gets —Ae + 2(B — C)Tg =0

Ae
T3 2B-0) +o(le|?), signe = sign A(B — C)

In the case D. 71 = —79, T3 = 74 we obtain the same equations.

IT. Let A = 0, which is possible for (B>~ FEF)? > 4B>(E—F)? (|B>*~EF| >
2|B(E — F)|), then if E # F

B? - EF +./(B? - EF)? - 4B2(E — F)?
2B(E — F)

TT4 = T1T9 = kT179.

Then the last two equations of the system (16) are written in the form

(T2 +72)[(C = B) + k(E — F)| + (2 + 13D = — Ae,
(7‘% + T%)k‘ + (7‘% + TZ)[(C’ — B)+ k(E — F)] = —Ake,

whence

2, 2 _ —A(C—B)+k(E—F) - D
L7227 [(C—-B)+k(E-F)2—kD’
s o —Ae[(C—B)+k(E—F)—1]
T (OB T k(E-F)—kD

Thus, all obtained solutions are presented in the form of series, converging in
the small neigbourhood of e =0, W =} 7'2(51/2);13]C + O(le]), where 79(1/2)
are the leading terms. Taking into account group transformations their number

can be decreased.
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