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Abstract The 2D phase field transition system introduced by G. Caginalp [4] to distin-

guish between the phases of the material that is involved in the solidification

process is considered. On the basis of the convergence of an iterative scheme of

fractional steps type, a numerical algorithm is constructed. The advantages of

such approach is that the new method simplifies the numerical computations

due to its decoupling feature. The finite element method (f.e.m.) is used

to deduce the discrete equations and numerical results regarding the physical

aspects (separating zone of solid and liquid states) are reported.

1. INTRODUCTION

In this section we describe the phase-field model introduced in mathemat-

ical literature by G. Caginalp [4]. For this, we consider a material in a region

Ω ⊂ RN (N = 1, 2, 3) which may be in either of the two phases, e.g., solid and

liquid (fig. 1). Let us denote by u(t, x) = θ(t, x) − θM the reduced tempera-

ture distribution, where: θ(t, x) represents the temperature of the material at

(t, x) ∈ [0, T ]× Ω, T ∈ R+ = (0,∞), and θM is the melting temperature (the

temperature at which solid and liquid may coexist in equilibrium, separated

by a planar interface).

The classical Stefan model in two phases. It is known that in the classical

Stefan problem in two phases (the first mathematical model of solidification,

see L.I. Rubinstein [12]) the interface between the solid and liquid (denoted
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Fig. 1. A material Ω exists in two phases.The dotted lines indicate possible thickness of

interface.

in the sequel by Γ) is considered to be

Γ(t) = {x ∈ Ω, u(t, x) = 0}, (1.1)

(what is equivalent with θ(t, x) = θM , ∀(t, x) ∈ Γ), while the liquid and solid

regions are defined as

Ω1(t) = {x ∈ Ω, u(t, x) > 0}, Ω2(t) = {x ∈ Ω, u(t, x) < 0} (1.2)

for all t ∈ [0, T ].

In Ω1 and Ω2, the function u(t, x) must then satisfy the heat diffusion

equation

ut = k∆u, (1.3)

where k is the thermal conductivity divided by heat capacity per unit volume

(equal to unity here) assumed to be the same constant in both phases.

Across the interface Γ, the latent heat of fusion (per unit mass) ℓ must be

dissipated or absorbed, according to the conservation law of energy given by

l −→v (t, x) · n̂ = k(∇+u(t, x)−∇−u(t, x)) · n̂, x ∈ Γ(t), (1.4)
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where n̂ is the unit normal at each point of Γ(t) (in the direction solid →
liquid), −→v is a local velocity of the interface, and

∇+u(t, x) = lim
x̄→x, x̄∈Ω1(t)

∇u(t, x̄),

∇−u(t, x) = lim
x̄→x, x̄∈Ω2(t)

∇u(t, x̄).

Together with the condition

u(t, x) = 0, x ∈ Γ(t), (1.5)

(derived from the definition of Γ(t)) one must specify the initial and boundary

conditions for u(t, x), e.g.

u(t, x) = u∂(t, x), x ∈ ∂Ω, t > 0, (1.6)

u(0, x) = u0(x), x ∈ Ω. (1.7)

This completes the mathematical statement of the classical Stefan model in

two phases. Now, the problem is to find u(t, x) and Γ(t) in suitable function

spaces, satisfying equations (1.3)-(1.7). The interface Γ(t) is often called the

free boundary.

The phase field transition system. One method to study the equations

(1.3)-(1.7) is the enthalpy or H-method [11]. The basic idea is to consider the

function H = H(u) defined by

H(u) = u+
l

2
ϕ(u), ϕ(u) =

{
+1, u > 0

−1, u < 0.
(1.8)

Then the equations (1.3)-(1.4) can be incorporated in a weak sense [11] into

the single equation
∂

∂t
H(u) = k∆u, (1.9)

which represents a balance of heat equation.

The weak formulation (1.9) was used by G. Caginalp [4] to introduce a

new model which reflects more accurately the physical aspects (superheating,
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supercooling, the effect of surface tension, separating zone of liquid and solid

states etc).

In general the physical situation is more complicated than that described

by equations (1.3)-(1.4). One of the physical effects neglected by the classi-

cal Stefan model is the surface tension. If the Gibbs-Thompson relation is

accepted

u(t, x) = − σ

∆s
· Ξ, (t, x) ∈ Γ, (1.10)

where σ is the surface tension, ∆s is the difference in entropy between solid

and liquid, and Ξ is the sum of principal curvatures at a point on the interface,

one may consider equations (1.3)-(1.4) together with (1.10) as an alternative

to the classical Stefan model. Perhaps the most interesting aspect observed by

metallurgists is the presence of liquid at subzero temperatures (the physical

phenomena of supercooling) and a similar phenomenon for solid (superheating).

It is clear that the dual role of the temperature u(t, x) is no longer possible.

Acceptance of the idea that the temperature needs not to be zero at the

interface (or negative in the solid etc.) leads to the question of how one

distinguishes the two phases.

Let us consider the interface as a continuous region, more vast (in which

the liquid can coexist with the solid), of finite thickness, in which the change

of phase occurs continuously. Then, it is natural to replace the function ϕ in

(1.8) by a function illustrated in fig. 2, i.e. a smooth function with values

from ϕ = −1 (solid) to ϕ = +1 (liquid). The key question is how one can

determine the function ϕ ?

In statistical mechanics, a model in which atoms are assumed to interact

with a mean field created by the other atoms is known as a mean field theory.

The Landau-Ginzburg theory of phase transitions [5] is such a theory. Then,

in this case, the free energy of the stationary process may be written as

Fu(ϕ) =

∫

Ω

(ξ2
2
|∇ϕ|2 − 1

a
G(ϕ)− 2uϕ

)
dx, (1.11)
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where ξ is a length scale, 1
2 |∇ϕ|2 is an extra term of penalty for ϕ, G(ϕ) is

a symmetric double well potential with minima at ±1, for example G(ϕ) =

1
8(ϕ2−1)2. The double well potential can be viewed in terms of a probabilistic

measure on the individual atoms. The extent at which this measure discrim-

inates against the interfacial region and in favor of the liquid or solid phases

depends on how close a is to zero. The last term in (1.11) which introduces the

coupling between u and ϕ, may be understood as the part of the free energy

corresponding to the component u which in time is altered by entropy.

Fig. 2. A possible choice of phase parameter ϕ.

At equilibrium one expects ϕ to be a minimizer of Fu so that δFuδϕ = 0,

i.e. ϕ satisfis the equation

ξ2∆ϕ+
1

a
g(ϕ) + 2u = 0. (1.12)

When the material is not at equilibrium (the dependence of time), ϕ will

not minimize Fu(ϕ) but will differ by a term proportional with ϕt. The Euler-

Lagrange equations (τϕt = −δFu/δϕ) imply the identity (τ is the relaxation

time)

τϕt = ξ2∆ϕ+
1

2a
(ϕ− ϕ3) + 2u. (1.13)
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Unifying now this last equation with the equation (1.9), which becomes

ρV ut +
l

2
ϕt = k∆u, (1.14)

subject to the initial conditions

u(0, x) = u0(x), x ∈ Ω, (1.15)

ϕ(0, x) = ϕ0(x), x ∈ Ω (1.16)

and appropriate boundary conditions

u = uδ(x), x ∈ ∂Ω, (1.17)

ϕ = ϕδ(x), x ∈ ∂Ω, (1.18)

the system (1.13)-(1.18) represents the mathematical problem called the phase

field transition system (or Caginalp’s model).

Different types of boundary conditions (on Σ = (0, T )× ∂Ω) are associated

with (1.13)-(1.16), namely:

∂u/∂ν + hu = w(t)g1(x) ϕ = 1, on Σ, (BC1)

∂u/∂ν + hu = w(t)g1(x) ϕ = 0, on Σ, (BC2)

∂u/∂ν + hu = 0 ϕ = 0, on Σ, (BC3)

u = g2 ∂ϕ/∂ν = 0, on Σ, (BC4)

∂u/∂ν + hu = 0 ∂ϕ/∂ν = 0, on Σ, (BC5)

u = 0 ϕ = 0, on Σ. (BC6)

Definition 2.1 By a weak solution (u, ϕ) to (1.13)-(1.16) and (BC2) we

mean a pair (u, ϕ) ∈W ×W0, W = L2(0, T ;H1(Ω)) ∩W 2,1([0, T ]; (H1(Ω))′),

W0 = L2(0, T ;H1
0 (Ω))∩W 2,1([0, T ];H−1(Ω)), which satisfies (1.13)-(1.16) and

(BC2) in the following sense
∫

Q
(ρV ut +

l

2
ϕt)ψdxdt+ k

∫

Q
∇u∇ψdxdt+ kh

∫

Σ
uψdxdt = k

∫

Σ
wgψdxdt,

(1.19)

τ

∫

Q

(
ϕtζ + ξ2∇ϕ∇ζ − 1

2a
(ϕ− (ϕ+ 1)3)ζ − 2uζ

)
dxdt =

1

2a

∫

Q
ζdxdt, (1.20)
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∀(ψ, ζ) ∈ L2(0, T ;H1(Ω))× L2(0, T ;H1
0 (Ω)), and

u(0, x) = u0(x), ϕ(0, x) = ϕ0(x)− 1 in Ω. (1.21)

Here we have denoted by the same symbol
∫
Q the duality between

L2(0, T ;H1(Ω)), L2(0, T ; (H1(Ω))′) and L2(0, T ;H1
0 (Ω)), L2(0, T ;H−1(Ω)), re-

spectively.

As far as the existence in (1.13)-(1.16) and (BC2) is concerned, we have

Proposition 2.1 Assume that u0 ∈ H1(Ω) satisfies ∂u0/∂ν+hu0 = w(t)g1(x)

and ϕ0 ∈ L4(Ω)∩H1(Ω). If w ∈W 1,∞(0, T ), w(0) = 0, and g ∈ L6(∂Ω), then

the weak solution of (1.13)-(1.16) is a strong solution and u, ϕ ∈W 1,2([0, T ];L2(Ω))∩
L(0, T ;H2(Ω)).

In addition, the following estimates hold

‖u‖L2(0,T ;H2(Ω)) ≤ C, ‖ϕ‖L2(0,T ;H2(Ω)) ≤ C,

where C > 0 depends on |Ω|, T , ρ, V , τ , k, ℓ, ξ, a, h, ‖u0‖L2(Ω), ‖ϕ0‖L4(Ω),

‖∇u0‖L2(Ω), ‖∇ϕ0‖L2(Ω), ‖w‖L3(0,T ), ‖g‖L6(Γ) and maxy∈R

{
y2 − 1

4y
4
}

.

Proof. The proof of Proposition 2.1 in based on some estimates (obtained

by using integration by parts, Cauchy’s inequality, Hölder’s inequality, Green’s

formula and Gronwall’s inequality) and on the elliptic regularity of weak so-

lution in [3]. The Proposition 2.1 remains true by replacing the boundary

condition (BC2) with (BC5) or (BC6).

Consider now the system (1.13)-(1.16) and (BC3). For every ε ≥ 0 with

this problem we associate the following approximating scheme

ρV uεt + ℓ
2ϕ

ε
t − k∆uε = f1, in Qεi ,

τϕεt − ξ2∆ϕε = 1
2aϕ

ε + 2uε + f2, in Qεi ,

∂uε

∂ν + huε = 0, on Σε
i ,

ϕε = 0, on Σε
i ,

ϕε+(iε) = z(ε, ϕε−(iε)),

(1.22)
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where Qεi = (iε, (i+ 1)ε)× Ω, Σε
i = (iε, (i+ 1)ε)× ∂Ω and z(t, ϕε−(iε)) is the

solution of {
z′(s) + 1

2az(s)
3 = 0, s ∈ [iε, (i+ 1)ε],

z(0) = ϕε−(iε); ϕε−(0, x) = ϕ0(x),
(1.23)

for i = 0,Mε − 1, with Mε =
[
T
ε

]
, QεMε−1 = ((Mε − 1)ε, T ) × Ω, ϕε+(iε) =

limt↓iε ϕε(t), ϕε−(iε) = limt↑iε ϕε(t). Corresponding to this we have

Theorem 2.2 Assume that u0, ϕ0 ∈ W 1
∞(Ω) satisfy ∂u0/∂ν + hu0 = 0.

Let (uε, ϕε) be the solution of the approximating scheme (1.22)-(1.23). Then,

for ε → 0, one has (uε(t), ϕε(t)) → (u∗(t), ϕ∗(t)) strongly in L2(Ω) for any

t ∈ [0, T ], where (u∗, ϕ∗) ∈ (W 2,1([0, T ];L2(Ω)))2 ∩ (L2(0, T ;H2(Ω)))2 is the

weak solution of (1.22)-(1.23) + (BC3).

Proof The proof is based on compactness methods. As a matter of fact

from Theorem 2.2 it turns out that if u0, ϕ0 ∈ L2(Ω), then the weak solution

(u∗(t), ϕ∗(t)) of system (1.13)-(1.16) is a strong solution, i.e. it is absolutely

continuous in t on [0, T ] and satisfies a.e. the system (1.13)-(1.16) [8]. So the

Theorem 2.2 can be also viewed as a constructive way to prove the existence

in (1.13)-(1.16).

The result in Theorem 2.2 remains true by replacing the boundary condition

(BC3) with (BC5).

The fractional steps method; the 1D case. Let Ω = [0, c] be discretized

with the grid of N + 1 equidistant nodes xj = jh1, j = 0, 1, ..., N , where

h1 = c/N is the space step size and let the time interval [0, T ] be divided into

M equal parts with the nodes ti = iε, i = 0, 1, ...,M , where ε = T/M is the

time step size.

Denote by (uε,ij , ϕ
ε,i
j ) the approximate matrix for (uε, ϕε), where uε,ij =

uε(ti, xj), ϕ
ε,i
j = ϕε(ti, xj) i = 0,M, j = 0, N. Using a standard implicit

scheme for (1.22) and, using the backward-difference formula and the forward-

difference formula for (BC5), we obtain

(
A11 A12

A21 A22

)(
ϕ̄ε,i

ūε,i

)
=

(
b1

b2

)
, i = 1, 2, ...,Mε, (1.24)
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where

ϕ̄ε,i = (ϕε,i0 , ϕε,i1 , ..., ϕε,iN ), ūε,i = (uε,i0 , uε,i1 , ..., uε,iN ),

A11, A12, A21, A22 are (N + 1)× (N + 1) matrices defined in [7].

The Cauchy problem (1.23) has the solution

z(ε, ϕε−(iε, x)) = |ϕε−(iε, x)|
√

a

a+ ε(ϕε−(iε, x))2
, i = 0, 1, ...,Mε − 1. (1.25)

The general algorithm to compute the approximate solution by means of

fractional steps method consist in the following sequence (i denotes the time

level)

Begin algfrac difference

i := 0 → ϕ̄ε,0, ūε,0 from the initial conditions;

For i := 0 to Mε − 1 do

Compute z(ε, ϕε−(iε, x)) from (1.25);

ϕ̄ε,i := z(ε, ϕε−(iε, x));

Compute ϕ̄ε,i+1, ūε,i+1 solving the linear system (1.24);

End-for;

End.

A comparison between the fractional steps method and the standard itera-

tive Newton method can be found in [1], [7] and [9].

2. THE FRACTIONAL STEPS METHOD; THE 2D

CASE

The finite element method (f.e.m. in short) is a general method for ap-

proximating the solution of boundary value problems for partial differential

equations. This method derives from the Ritz (or Galerkin) method, charac-

teristic for the finite element method being the choice of the finite dimensional

space, namely, in the case of f.e.m. the finite dimensional space, corresponding

to the original space of functions, is the span of a set of finite element basis

functions.

The steps in solving a boundary value problem using f.e.m. are:
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P0. (D) the direct formulation of the problem;

P1. (V) a variational (weak) formulation for problem (D);

P2. the construction of a finite element mesh (triangulation);

P3. the construction of the finite dimensional space of test

function (called finite element basis functions);

P4. (Vnn) a discrete analogous of (V);

P5. assembly of the system of linear equations;

P6. solve the system in P.5.

The finite element method (the 2D case) is used in the sequel to deduce

the discrete state equations and a numerical algorithm of fractional step type

is formulated in order to approximate the weak solution corresponding to

(1.22)+(BC5), namely

(
uεt +

ℓ

2
ϕεt , ψ

)
+ k(∇uε,∇ψ) + kh

∫

∂Ω
uεψdxdy = (f, ψ), (2.1)

∀ψ ∈ H1(Ω), a.e. in (iε, (i+ 1)ε),

τ(ϕεt , w) + ξ2(∇ϕε,∇w)− 1

2a
(ϕε, w) = 2(uε, w) + (g, w), (2.2)

∀w ∈ H1
0 (Ω), a.e. in (iε, (i+ 1)ε),

together with the initial conditions

u(0, x) = u0(x), ϕ(0, x) = ϕ0(x), x ∈ Ω.

By (·, ·) we have denoted the scalar product in L2(Ω).

Let ε = T/M be the time step size (Mε ≡ M). Assume that Ω ⊂ R2

is a polygonal domain. Let Tr be the triangulation (mesh) over Ω and Ω̄ =

∪K∈TrK, and let Nj = (xk, yl), j = 1, nn, be the nodes associated with Tr.

Denoting by Vnn the corresponding finite element space to Tr, then the basic

functions {bj}nnj=1 of Vnn are defined by

bj(Ni) = δji, i, j = 1, nn,

and so

Vnn = span {b1, b2, ..., bnn}.
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For i = 1,M , we denote by ui and ϕi the Vnn interpolant of uε and ϕε,

respectively. Then ui, ϕi ∈ Vnn and

ui(x, y) =
nn∑

l=1

uilbl(x, y) i = 1,M, (2.3)

ϕi(x, y) =
nn∑

l=1

ϕilbl(x, y) i = 1,M, (2.4)

where uil = uε(ti, Nl), ϕl = ϕε(ti, Nl), i = 1,M , l = 1, nn.

Using, in addition, an implicit (backward) finite difference scheme in time,

we introduce now the discrete equations corresponding to (1.22) as follows

Ruil +
ℓ
2Bϕ

i
l + εkhFRuil = B(ui−1

l + ℓ
2ϕ

i−1
l + εf i−1),

Sϕil − 2εBuil = B(τϕi−1
l + εgi−1), i = 1,M,

(2.5)

where uil and ϕil, l = 1, nn, are the vectors of unknowns for time level i.

From the initial conditions we have

u0(x, y)
not
= u0(x, y) =

∑nn
l=1 u0(Nl)bl(x, y),

ϕ0(x, y)
not
= ϕ0(x, y)

∑nn
l=1 ϕ0(Nl)bl(x, y),

and then (see (2.3)-(2.4))

u0
l = u0(Nl), l = 1, nn,

ϕ0
l = ϕ0(Nl), l = 1, nn.

(2.6)

The numerical algorithm to compute the approximate solution by fractional

steps method can be obtained from the following sequence (i denotes the time

level)

Begin algfrac fem

i := 0 → Compute u0
l , ϕ

0
l , l = 1, nn from (2.6)

For i := 1 to M do

Compute zl = z(·, Nl), l = 1, nn from (1.25);

ϕi−1 := zl, l = 1, nn;
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Compute uil, ϕ
i
l, l = 1, nn, solving the linear system (2.5);

End-for;

End.

3. INDUSTRIAL IMPLEMENTATION

The aim of this section is to present an industrial implementation of con-

ceptual algorithm algfrac fem established in the previous section (in fact, an

implementation of the numerical model stated by linear system (2.5)).

The application of the numerical model requires experimental research and

measurements of operational parameters at MTC2 from Mittal Steel S.A.

Galaţi, as well as laboratory research. So, the most important input data

in order to do this, are: the casting speed (V = 12.5 mm/s), physical parame-

ters: • the density (ρ = 7850 kg/m3), • the latent heat (ℓ = 65.28kcal/kg), •
the relaxation time (τ = 1.0e+2∗ξ2), • the length of separating zone (ξ = .5),

• the coefficients of heat transfer (h = 32.012), • a = .00008, T = 44s;

– the boundary conditions (w(t), t ∈ [0, T ]) in the primary cooling zone:

the solidifing shell - mold (cristallizer);

– dimensions of cristallizer (650 x 1300 x 220), in mm;

– the casting temperature (u0 = 15300C);

– the termal conductivity:

k = [20 100 200 300 400 500 600 700 800 850 900 1000 1100 1200 1600;

1.43e-5 1.42e-5 1.42e-5 1.42e-5 1.42e-5 9.5e-6 9.5e-6 9.5e-6 8.3e-6 ...

8.3e-6 8.3e-6 7.8e-6 7.8e-6 7.4e-6 7.4e-6].

In fig. 3 it can be seen the number of nodes associated with the mesh Tr in

the x1 and x2 – axis directions of one half of a rectangular profile. Considering

the symmetrical heat removal from the continuous casting (CC) according to

the vertical symmetry axis of the rectangular profile, only a half of the cross-

section is used in the computation program.
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Fig. 3. The triangulation Tr over Ω=[0,650]x[0,220].

The numerical model uses the temperatures w(t), t ∈ [0, T ] measured by the

thermocouples; the values are illustrated in fig. 4.

The triangulation Tr over Ω=[0,650]x[0,220].

Fig. 4. The values w(t), t ∈ [0, 44].

Figs. 5-8 below represent the approximate solution ui, ϕi (see (2.3), (2.4)),

corresponding to different moments of time (ii = 1, ii = 3, ii = 5, ii = M).
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Fig. 5. The approximate solution u1, ϕ1.

Fig. 6. The approximate solution u3, ϕ3.

A close examination of the above figures tells us the dimension of solid and

liquid zone resulting by execution of Matlab computation program c s r 2d Mioveni

developed on the basis of the conceptual algorithm algfrac fem.
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Fig. 7. The approximate solution u5, ϕ5.

Fig. 8. The approximate solution uM , ϕM .
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2(1996), 137-151.
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