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Abstract In this paper we present novel algorithmic techniques for solving several op-

timization problems regarding distributed systems with tree topologies. I ad-

dress topics like: reliability improvement, partitioning, coloring, content deliv-

ery, optimal matchings, as well as some tree counting aspects. Some of the

presented techniques are only of theoretical interest, while others can be used

in practical settings.
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1. INTRODUCTION

Distributed systems are being increasingly developed and deployed all around

the world, because they present efficient solutions to many practical problems.

However, as their development progresses, many problems related to scalabil-

ity, fault tolerance, stability, efficient resource usage and many other topics

need to be solved. Developing efficient distributed systems is not an easy

task, because many system parameters need to be fine tuned and optimized.

Because of this, optimization techniques are required for designing efficient dis-

tributed systems or improving the performance of existing, already deployed

ones. In this paper I present several novel algorithmic techniques for some

optimization problems regarding distributed systems with a tree topology.

Trees are some of the simplest non-trivial topologies which appear in real-

life situations. Many of the existing networks have a hierarchical structure (a
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tree or tree-like graph), with user devices at the edge of the network and router

backbones at its core. Some peer-to-peer systems used for content retrieval

and indexing have a tree structure. Multicast content is usually delivered

using multicast trees. Furthermore, many graph topologies can be reduced to

tree topologies, by choosing a spanning tree or by covering the graph’s edges

with edge disjoint spanning trees [1]. In a tree, there exists a unique path

between any two nodes. Thus, the network is quite fragile. The fragility is

compensated by the simplicity of the topology, which makes many decisions

become easier.

This paper is structured as follows. Section 2 defines the main notations

which are used in the rest of the paper. In Section 3 we consider the mini-

mum weight cycle completion problem in trees. In Section 4 I discuss two tree

partitioning problems and in Section 5 we consider two content delivery opti-

mization problems. In Section 6 we solve several optimal matching problems

in trees and powers of trees and in Section 7 we analyze the first fit online

coloring heuristic, applied to trees. In Section 8 we consider three other op-

timization and tree counting problems. In Section 9 we discuss related work

and in Section 10 we conclude and present future work.

2. NOTATIONS

A tree is an undirected, connected, acyclic graph. A tree may be rooted,

in which case a special vertex r will be called its root. Even if the tree is

unrooted, we may choose to root it at some vertex. In a rooted tree, we define

parent(i) as the parent of vertex i and ns(i) as the number of sons of vertex

i. For a leaf vertex i, ns(i) = 0 and for the root r, parent(r) is undefined.

The sons of a vertex i are denoted by s(i, j) (1 ≤ j ≤ ns(i)). A vertex j is a

descendant of vertex i if (parent(j) = i) or parent(j) is also a descendant of

vertex i. We denote by T (i) the subtree rooted at vertex i, i.e. the part of the

tree composed of vertex i and all of its descendants (together with the edges

connecting them). In the paper, the terms node and vertex will be used with

the same meaning.
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A matching M of a graph G is a set of edges of the graph, such that any

two edges in the set have distinct endpoints (vertices). A maximum matching

is a matching with maximum cardinality (maximum number of edges).

3. MINIMUM WEIGHT CYCLE COMPLETION

OF A TREE

We consider a tree network with n vertices. For m pairs of vertices (i, j)

which are not adjacent in the tree, we are given a weight w(i, j) (we can

consider w(i, j) = +∞ for the other pairs of vertices). We want to connect

some of these m pairs (i.e. add extra edges to the tree), such that, in the end,

every vertex of the tree belongs to exactly one cycle. The objective consists of

minimizing the total weight of the edges added to the tree. For the unweighted

case (w(i, j) = 1) and when we can connect any pair of vertices which is not

connected by a tree edge, there exists the following simple greedy algorithm

[3]. We select an arbitrary root vertex r and then traverse the tree bottom-up

(from the leaves towards the root). For each vertex i we compute a value l(i),

representing the largest number of vertices on a path P (i) starting at i and

continuing in T (i), such that every vertex j ∈ (T (i) \P (i)) belongs to exactly

one cycle and the vertices in P (i) are the only ones who do not belong to a

cycle. We denote by e(i) the second endpoint of the path (the first one being

vertex i). For a leaf vertex i, we have l(i) = 1 and e(i) = i. For a non-leaf

vertex i, we first remove from its list of sons the sons s(i, j) with l(s(i, j)) = 0,

update ns(i) and renumber the other sons starting from 1. If i remains with

only one son, we set l(i) = l(s(i, 1)) + 1 and e(i) = e(s(i, 1)). If i remains

with ns(i) > 1 sons, we sort them according to the values l(s(i, j)), such that

l(s(i, 1)) ≤ l(s(i, 2)) ≤ . . . ≤ l(s(i, ns(i))). We connect by an edge the vertices

e(s(i, 1)) and e(s(i, 2)). This way, every vertex on the paths P (s(i, 1)) and

P (s(i, 2)), plus the vertex i, belong to exactly one cycle. For the other sons

s(i, j) (3 ≤ j ≤ ns(i)), we have to connect s(i, j) to e(s(i, j)). This will only be

possible if l(s(i, j)) ≥ 3; otherwise, the tree admits no solution. Afterwards,

we set l(i) = 0. If the root r has only one son, then we must have l(r) ≥ 3,

such that we can connect r to e(r).
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For the general case, we describe a dynamic programming algorithm (as the

greedy algorithm cannot be extended to this case). We again root the tree at

an arbitrary vertex r, thus defining parent-son relationships. For each vertex

i, we compute two values: wA(i)=the minimum total weight of a subset of

edges added to the tree such that every vertex in T (i) belongs to exactly one

cycle, and wB(i)=the minimum total weight of a subset of edges added to

the tree such that every vertex in (T (i) \ {i}) belongs to exactly one cycle

(and vertex i belongs to no cycle). We compute the values from the leaves

towards the root. For a leaf vertex i, we have wA(i) = +∞ and wB(i) =

0. For a non-leaf vertex i, we have: wB(i) =
∑ns(i)

j=1 wA(s(i, j)). In order

to compute wA(i) we first traverse T (i) and for each vertex j, we compute

wAsum(i, j)=the sum of all the wA(p) values, where p is a son of a vertex

q which is located on the path from i to j (P (i . . . j)) and p does not belong

to P (i . . . j). We have wAsum(i, i) = wB(i) and for the other vertices j we

have wAsum(i, j) = wAsum(i, parent(j)) − wA(j) + wB(j). Now we try to

add an edge, such that it closes a cycle in the tree which contains vertex i.

We first try to add edges of the form (i, j), where j is a descendant of i (but

not a son of i, of course) - these will be called type 1 edges. Adding such an

edge (i, j) provides a candidate value wcand(i, i, j) for wA(i): wcand(i, i, j) =

wAsum(i, j) + w(i, j). We then consider edges of the form (p, q) (p 6= i and

q 6= i), where the lowest common ancestor of p and q (LCA(p, q)) is vertex

i - these will be called type 2 edges (we consider every pair of distinct sons

s(i, a) and s(i, b), and for each such pair we consider every pair of vertices

p ∈ T (s(i, a)) and q ∈ T (s(i, b)) and verify if the edge (p, q) can be added to

the tree). Adding such an edge (p, q) provides a candidate value wcand(i, p, q)

for wA(i): wcand(i, p, q)=wAsum(i, p)+wAsum(i, q)-wB(i)+w(p, q). wA(i)

will be equal to the minimum of the candidate values wcand(i, ∗, ∗) (or to +∞
if no candidate value exists). We can implement the algorithm in O(n2) time,

which is optimal in a sense, because m ≤ (n · (n − 1)/2 − n + 1), which is

O(n2). wA(r) is the answer to our problem and we can find the actual edges

to add to the tree by tracing back the way the wA(∗) and wB(∗) values were

computed.
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However, when the number m of edges which can be added to the tree

is significantly smaller, we can improve the time complexity to O((n + m) ·
log(n)). We compute for each of the m edges (i, j) the lowest common an-

cestor of the vertices i and j (LCA(i, j)) in the rooted tree. This can be

achieved by preprocessing the tree in O(n) time and then answering each

LCA query in O(1) time [2]. If LCA(i, j) = k, then we add the edge (i, j)

to a list Ledge(k). Then, for each non-leaf vertex i, we traverse the edges

in Ledge(k). For each edge (p, q) we can easily determine if it is of type 1

(i = p or i = q) or of type 2 and use the corresponding equation. How-

ever, we need the values wAsum(i, p) and wAsum(i, q). Instead of recom-

puting these values from scratch, we update them incrementally. It is obvi-

ous that wAsum(parent(i), p)=wAsum(i, p)+wB(parent(i))-wA(i). We pre-

process the tree, by assigning to each vertex i its DFS number DFSnum(i)

(DFSnum(i)=j if vertex i was the jth distinct vertex visited during a DFS

traversal of the tree which started at the root). Then, for each vertex i, we

compute DFSmax(i)=the maximum DFS number of a vertex in its subtree.

For a leaf node i, we have DFSmax(i) = DFSnum(i). For a non-leaf vertex i,

DFSmax(i)=max{DFSnum(i), DFSmax(s(i, 1)), . . . , DFSmax(s(i, ns(i)))}.
We maintain a segment tree, using the algorithmic framework from [15]. The

operations we use are range addition update and point query. Initially, each

leaf i (1 ≤ i ≤ n) has a value v(i) = 0. Before computing wA(i) for a ver-

tex i, we set the value of leaf DFSnum(i) in the segment tree to wB(i).

Then, for each son s(i, j), we add the value (wB(i) − wA(s(i, j)) to the

interval [DFSnum(s(i, j)), DFSmax(s(i, j))] (range update). We can ob-

tain wAsum(i, p) for any vertex p ∈ T (i) by querying the value of the cell

DFSnum(p) in the segment tree: we start from the (current) value of the

leaf DFSnum(p) and add the update aggregates uagg stored at every anestor

node of the leaf in the segment tree. Queries and updates take O(log(n)) time

each.

If the objective is to minimize the largest weight Wmax of an edge added to

the tree, we can binary search Wmax and perform the following feasibility test

on the values Wcand chosen by the binary search: we consider only the ”extra”
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edges (i, j) with w(i, j) ≤ Wcand and run the algorithm described above for

these edges; if wA(r) 6= +∞, then Wcand is feasible.

4. TREE PARTITIONING TECHNIQUES

4.1. TREE PARTITIONING WITH LOWER AND

UPPER SIZE BOUNDS

Given a tree with n vertices, we want to partition the tree into several parts,

such that the number of vertices in each part is at least Q and at most k ·Q
(k ≥ 1). Each part P must have a representative vertex u, which does not

necessarily belong to P . However, (P ∪ {u}) must form a connected subtree.

We present an algorithm which works for k ≥ 3. We root the tree at any vertex

r, traverse the tree bottom-up and compute the parts in a greedy manner. For

each vertex i we compute w(i)=the size of a connected component C(i) in T (i),

such that vertex i ∈ C(i) , |C(i)| < Q, and all the vertices in (T (i)\C(i)) were

split into parts satisfying the specified properties. For a leaf vertex i, w(i) = 1

and C(i) = {i}. For a non-leaf vertex i, we traverse its sons (in any order) and

maintain a counter ws(i)=the sum of the w(s(i, j)) values of the sons traversed

so far. If ws(i) exceeds Q− 1 after considering the son s(i, j), we form a new

part from the connected components C(s(i, last son + 1)), . . . , C(s(i, j)) and

assign vertex i as its representative. Then, we reset ws(i) to 0. (last son < j)

is the previous son where ws(i) was reset to 0 (or 0, if ws(i) was never reset

to 0).

After considering every son of vertex i, we set w(i) = ws(i) + 1 and the

component C(i) is formed from the components C(s(i, j)) which were not

used for forming a new part, plus vertex i. If ws(i) + 1 = Q, then we form a

new part from the component C(i) and set w(i) = 0 and C(i) = {}. During

the algorithm, the maximum size of any part formed is 2 ·Q− 2. At the end

of the algorithm, we may have that w(r) > 0. In this case, the vertices in

C(r) were not assigned to any part. However, at least one vertex from C(r) is

adjacent to a vertex assigned to some part P . Then, we can extend that part

P in order to contain the vertices in C(r). This way, the maximum size of a

part becomes 3 · Q − 3. The pseudocode of the first part of the algorithm is
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presented below. In order to compute the parts, we maintain for each vertex i

a value part(i), which is 0, initially (0 means that the vertex was not assigned

to any part). In order to assign distinct part numbers, we maintain a global

counter part number, whose initial value is 0. The first part of the algorithm

has linear time complexity (O(n)). The second part (adding C(r) to an already

existing part) can also be performed in linear time, by searching for an edge

(p, q), such that part(p) = 0 and part(q) > 0 (there are only n − 1 = O(n)

edges in a tree).

LowerUpperBoundTreePartitioning(Q, i):

if (ns(i)=0) then w(i)=1 else

ws(i)=last son=0

for j=1 to ns(i) do // j=1,2,. . . ,ns(i)

LowerUpperBoundTreePartitioning(Q, s(i,j))

ws(i)=ws(i)+w(s(i,j))

if (ws(i) ≥ Q) then

part number=part number + 1; last son=j; ws(i)=0

for k=last son+1 to j do AssignPartNumber(s(i,k), part number)

w(i)=ws(i)+1

if (w(i) ≥ Q) then

part number=part number + 1; w(i)=0

AssignPartNumber(i, part number)

AssignPartNumber(i, part number):

if (part(i) 6= 0) then return()

part(i)=part number

for j=1 to ns(i) do AssignPartNumber(s(i,j), part number)

4.2. CONNECTED TREE PARTITIONING

We now present an efficient algorithm for identifying k connected parts of

given sizes in a tree (if possible), subject to minimizing the total cost. Thus,

given a tree with n vertices, we want to find k vertex-disjoint components

(called parts), such that the ith part (1 ≤ i ≤ k) has sz(i) vertices (sz(1) +

sz(2)+ . . .+sz(k) ≤ n and sz(i) ≤ sz(i+1) for 1 ≤ i ≤ k−1). Each tree edge
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(i, j) has a cost ce(i, j) and each tree vertex i has a cost cv(i). We want to

minimize the sum of the costs of the vertices and edges which do not belong

to any part. An edge (i, j) belongs to a part p if both vertices i and j belong

to part p.

In order to obtain k connected components of the given sizes we need to keep

Q− k edges of the tree and remove the others, where Q = sz(1) + . . . + sz(n).

We could try all the ((n−1) choose (Q−k)) possibilities of choosing Q−k edges

out of the n−1 edges of the tree. For each possibility, we obtain k′ = n−Q+k

connected components with sizes sz′(1) ≤ sz′(2) ≤ . . . ≤ sz′(k′); in case of

several components with equal sizes, we sort them in increasing order of the

total cost of the vertices in them. Then, we must have sz(j) = sz′(k′ − k + j)

and the total cost of the possibility is the sum of the costs of the removed edges

plus the sum of the costs of the vertices in the components 1, 2, . . . , k′−k (which

should have only one vertex each, if the size conditions hold). However, this

approach is quite inefficient in most cases. We present an algorithm with time

complexity O(n3 · 3k). We root the tree at an arbitrary vertex r. Then, we

compute a table Cmin(i, j, S)=the minimum cost of obtaining from T (i) the

parts with indices in the set S and, besides them, we are left with a connected

component consisting of j vertices which includes vertex i and, possibly, several

vertices which are ignored (if j = 0, then every vertex in T (i) is assigned to

one of the parts in S or is ignored). We compute this table bottom-up:

ConnectedTreePartitioning(i):

for each S ⊆ {1, 2, . . . , k} do for j=0 to n do Cmin(i,j,S)=+∞
Cmin(i, 1, {})=0; Cmin(i, 0, {})=cv(i)

for x=1 to ns(i) do

ConnectedTreePartitioning(s(i,x))

for each S ⊆ {1, 2, . . . , k} do for j=0 to n do

Caux(i,j,S)=Cmin(i,j,S); Cmin(i,j,S)=+∞
for each S ⊆ {1, 2, . . . , k} do for j=0 to n do

for each W ⊆ S do for q=0 to qlimit(j) do

Cmin(i,j,S)=min{Cmin(i,j,S), Caux(i,j-q,S \W ) + extra cost(i,s(i,x),q)

+ Cmin(s(i,x),q,W)}
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for each S ⊆ {1, 2, . . . , k} do

for j=0 to n do if (Cmin(i, j, S) < +∞) then

for q=1 to k do if ((j=sz(q)) and (q /∈ S)) then

Cmin(i,0,S ∪ {q})=min{Cmin(i,j,S), Cmin(i,0,S ∪ {q})}

We define extra cost(i, son x i, q)=if (q > 0) then return(0) else return(ce(i,

son x i)) and qlimit(j)=max{j-1,0}. The algorithm computes Cmin(i,*,*)

from the values of vertex i’s sons, using the principles of tree knapsack. The

total amount of computations for each vertex is O(ns(i) · 3k · n2). Sum-

ming over all the vertices, we obtain O(n3 · 3k). The minimum total cost

is Cmin(r, 0, {1, 2, . . . , k}) (if this value is +∞, then we cannot obtain k parts

with the given sizes). In order to find the actual parts, we need to trace back

the way the Cmin(∗, ∗, ∗) values were computed, which is a standard proce-

dure. When the sum of the sizes of the k parts is n, then every vertex belongs

to one part.

5. CONTENT DELIVERY OPTIMIZATION

PROBLEMS

5.1. MINIMUM NUMBER OF UNICAST

STREAMS

Consider a directed acyclic graph G with n vertices and m edges. Every

directed edge (u, v) has a lower bound lbeG(u, v), an upper bound ubeG(u, v)

and a cost ceG(u, v). Every vertex u has a lower bound lbvG(u), an upper

bound ubvG(u) and a cost cvG(u). We need to determine the minimum number

of unicast communication streams p and a path for each of the p streams, such

that the number of stream paths npe(u, v) containing an edge (u, v) satisfies

lbeG(u, v) ≤ npe(u, v) ≤ ubeG(u, v) and the number of paths npv(u) containing

a vertex u satisfies lbvG(u) ≤ npv(u) ≤ ubvG(u). Each vertex u can be a source

node, a destination node, both or none. A stream path may start at any source

node and finish at any destination node. Moreover, for the number of streams

p, we want to compute the paths such that the sum S over all the values

(npe(u, v)− lbeG(u, v))·ceG(u, v) and (npv(u)− lbvG(u))·cvG(u) is minimum.



10 Mugurel Ionuţ Andreica

Particular cases of this problem have been studied previously. When lbvG(u)

=1 and ubvG(u) = 1 for every vertex u, lbeG(u, v) = 0 and ubeG(u, v) = +∞
for every directed edge (u, v), all the costs are 0, and every vertex is a source

and destination node, we obtain the minimum path cover problem in directed

acyclic graphs, which is solved as follows [18]. Construct a bipartite graph

B with n vertices x1, . . . , xn on the left side and n vertices y1, . . . , yn on the

right side. We add an edge (xi, yj) in B if the directed edge (i, j) appears in

G. Then, we compute a maximum matching in B. If the cardinality of this

matching is C, then we need p = n − C streams. The paths are computed

as follows. Having an edge (xi, yj) in the maximum matching means that the

edge (i, j) in G belongs to some stream path. If two edges (xi, yj) and (xj , yk)

in B belong to the matching, then the edges (i, j) and (j, k) in G belong to the

path of the same stream. For non-zero costs, we compute a minimum (total)

weight matching in B (where every edge (xi, yj) has a weight equal to ce(i, j)).

In order to solve the problem we mentioned, we use a standard transfor-

mation and construct a new graph G′, where every vertex u is represented

by two vertices uin and uout. For every directed edge (u, v) in G, we add an

edge (uout, vin) in G′, with the same cost and lower and upper bounds. We

also add a directed edge from uin to uout in G′ (for every vertex u in G), with

cost cvG(u), lower bound lbvG(u) and upper bound ubvG(u). Then we add

two special vertices s (source) and t (sink) to G′. For every source node u

in G, we add a directed edge (s, uin) in G′, with lower bound and cost 0 and

upper bound +∞. For every destination node v in G, we add a directed edge

(vout, t), with lower bound and cost 0 and upper bound +∞. We also add the

edges (s, t) and (t, s) with lower bound and cost 0 and upper bound +∞. The

resulting graph G′ has costs, lower and upper bounds only on its edges and not

on its vertices. In order to compute the minimum number of communication

streams which satisfy the constraints imposed by G, it is enough to compute

a (minimum cost) minimum feasible flow in G′, from s to t. Decomposing the

flow into unit-flow paths (in order to obtain the path of each communication

stream) can then be done easily. We repeatedly perform a graph traversal

(DFS or BFS) from s to t in G′, considering only directed edges with positive

flow on them. From the traversal tree, by following the ”parent” pointers,
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we can find a path P from s to t, containing only edges with positive flow.

We compute the minimum flow fP on any edge of P , transform P into fP

unit paths and then decrease the flow on the edges in P by fP . If we remove

the first and last vertices on any unit path (i.e. s and t), we obtain a path

from a vertex uin to a vertex vout, where u is a source node in G and v is a

destination node in G. We use the algorithm presented in [18] for determining

a feasible flow (not necessarily minimum) in a flow network with lower and

upper bounds on its edges. We denote this algorithm by A(F, s, t) (F is the

flow network given as argument, s is the source vertex and t is the sink ver-

tex). I will describe A(F, s, t) briefly. We construct a new graph F ′ from F ,

as follows. We maintain all the vertices and edges in F . For every directed

edge (u, v) in F , the directed edge (u, v) in F ′ has the same cost, lower bound

0 and upper bound (ubeF (u, v)− lbeF (u, v)). We add two extra vertices s′ and

t′ and the following zero-cost directed edges: (s′, u) and (u, t′) for every vertex

u in F (including s and t). The lower bound of every edge will be 0. The

upper bound of a directed edge (s′, u) in F ′ is equal to the sum of the lower

bounds of the directed edges (∗, u) in F . The upper bound of every directed

edge (u, t′) in F ′ is equal to the sum of the lower bounds of the directed edges

(u, ∗) in F . The algorithm A(F, s, t) computes a minimum cost maximum flow

g in the graph F ′ (which, as stated, only has upper bounds); if all the costs

are 0, only a maximum flow is computed. If g is equal to the sum of the upper

bounds of the edges (s′, ∗) (or, equivalently, of the edges (∗, t′)), then a feasible

flow from s to t exists in F : the flow on every directed edge (u, v) in F will

be lbeF (u, v) plus the flow on the edge (u, v) in F ′.

We first run the algorithm on G′ (i.e. call A(G′, s, t)) in order to verify if a

feasible flow exists). If no feasible flow exists, then the constraints cannot be

satisfied by any number of streams. Otherwise, we construct a graph G′′ from

G′, by adding a new vertex snew and a zero-cost directed edge (snew, s) with

lower bound 0 and upper bound x. snew will be the new source vertex and

x is a parameter which is used in order to limit the amount of flow entering

the old source vertex s. We now perform a binary search on x, between 0

and gmax, where gmax is the value of the feasible flow computed by calling

A(G′, s, t). The feasibility test consists of verifying if there exists a feasible
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flow in the graph G′′ (i.e. calling A(G′′, snew, t)). The minimum value of x

for which a feasible flow exists in G′′ is the value of the minimum feasible flow

in G′, from s to t. Obtaining the feasible flow in G′ from the feasible flow in

G′′ is trivial: for every directed edge (u, v) in G′, we set its amount of flow to

the flow of the same edge (u, v) in G′′. The time complexity of the presented

algorithm is O(MF (n,m) · log(gmax)), where gmax is a good upper bound

on the value of a feasible flow and MF (n,m) is the best time complexity of a

(minimum cost) maximum flow algorithm in a directed graph with n vertices

and m edges.

5.2. DEGREE-CONSTRAINED MINIMUM

SPANNING TREE

In [13], the following problem was considered: given an undirected graph

with n verices and m edges, where each edge (i, j) has a weight w(i, j) > 0,

compute a spanning tree MST of minimum total weight, such that a special

vertex r has degree exactly k in MST . A solution was proposed, based on using

a parameter d and setting the cost of each edge (r, j) adjacent to r, c(r, j) =

d + w(r, j); the cost of the other edges is equal to their weight. Parameter d

can range from −∞ to +∞. We denote by MST (d)=the minimum spanning

tree using the cost functions defined previously. When d = −∞, MST (d)

contains the maximum number of edges adjacent to r. For d = +∞, MST (d)

contains the minimum number of edges adjacent to r. We define the function

ne(d)=the number of edges adjacent to r in MST (d). ne(d) is non-increasing

on the interval [−∞, +∞]. We will binary search the smallest value dopt of

the parameter d in the interval [−∞, +∞], such that ne(dopt) ≤ k. We finish

the binary search when the length of the search interval is smaller than a small

constant ε > 0.

If ne(dopt) = k, then the edges in MST (dopt) form the required minimum

spanning tree. If ne(dopt) < k, then ne(dopt−ε) > k. We define S(d)=the set

of edges adjacent to vertex r in MST (d). It is easy to prove that S(dopt) is

included in S(dopt− ε). The required minimum spanning tree is constructed

in the following manner. The edges adjacent to vertex r will be the edges in
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S(dopt), to which we add (k−ne(dopt)) arbitrary edges from the set S(dopt−
ε) \ S(dopt). Once these edges are fixed, we construct the following graph G:

we set the cost of the chosen edges to 0 and the cost of the other edges (i, j) to

w(i, j). We now compute a minimum spanning tree MSTG in G. The edges

in MSTG are the edges of the minimum spanning tree of the original graph,

in which vertex r has degree exactly k. The time complexity of this approach

is O(m · log(m) · log(DMAX)), where DMAX denotes the range over which

we search the parameter d. When m is not too large (i.e. m is not of the order

O(n2)), this represents an improvement over the O(n2) solution given in [13].

6. MATCHING PROBLEMS

6.1. MAXIMUM WEIGHT MATCHING IN AN

EXTENDED TREE

Let us consider a rooted tree (with vertex r as the root). Each vertex i

has a weight w(i). We want to find a matching in the following graph G

(extended tree), having the same vertices as T and an edge (x, y) between

two vertices x and y, if: (i) x and y are adjacent in the tree; (ii) x and

y have the same parent in the tree. The weight of an edge (x, y) in G is

|w(x)−w(y)|. The weight of a matching is the sum of the weights of its edges.

We are interested in a maximum weight matching in the graph G. For each

vertex i, we sort its sons s(i, 1), . . . , s(i, ns(i)) in non-decreasing order of their

weights, i.e. w(s(i, 1)) ≤ . . . ≤ w(i, ns(i)). We compute for each vertex i

two values: A(i)=the maximum weight of a matching in T (i) if vertex i is

the endpoint of an edge in the matching and B(i)=the maximum weight of a

matching in T (i) if vertex i is not the endpoint of any edge in the matching.

In order to compute these values, we will compute the following tables for

every vertex i: CA(i, j, k)=the maximum weight of a matching in T (i) if

vertex i is the endpoint of an edge in the matching and we only consider

its sons s(i, j), s(i, j + 1), . . . , s(i, k) (and their subtrees). Similarly, we have

CB(i, j, k), where vertex i does not belong to any edge in the matching. The

maximum weight of a matching is max{A(r), B(r)}. The actual matching can

be computed easily, by tracing back the way the A(i), B(i), CA(i, ∗, ∗) and
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CB(i, ∗, ∗) values were computed. A recursive algorithm (called with r as its

argument) is given below. The time complexity is O(ns(i)2) for a vertex i

and, thus, O(n2) overall.

MaximumWeightMatching-ExtendedTree(i):

if (ns(i)=0) then A(i)=B(i)=0 else

for j=1 to ns(i) do MaximumWeightMatching-ExtendedTree(s(i,j))

for j=1 to ns(i) do

CA(i, j, j - 1)= −∞; CA(i, j, j) = |w(i)− w(s(i, j))|+ B(s(i, j))

CB(i, j, j - 1)= 0; CB(i, j, j)=max{A(s(i,j)), B(s(i,j))}
for count=1 to (ns(i)-1) do for j=1 to (ns(i)-count) do

k = j + count

CA(i,j,k)=max{|w(s(i, j))−w(s(i, k))| + B(s(i,j)) + B(s(i,k)) + CA(i, j

+ 1, k - 1), |w(i)−w(s(i, j))| + B(s(i,j)) + CB(i, j+1, k), |w(i)−w(s(i, k))|
+ B(s(i,k)) + CB(i, j, k-1), max{A(s(i,j)), B(s(i,j))} + CA(i, j+1, k), max{
A(s(i,k)), B(s(i,k))} + CA(i, j, k-1)}

CB(i,j,k)=max{|w(s(i, j))−w(s(i, k))| + B(s(i,j)) + B(s(i,k)) + CB(i, j +

1, k - 1), max{A(s(i,j)), B(s(i,j))} + CB(i, j+1, k), max{A(s(i,k)), B(s(i,k))}
+ CB(i, j, k-1)}

A(i)=CA(i,1,ns(i)); B(i)=CB(i,1,ns(i))

6.2. MAXIMUM MATCHING IN THE POWER

OF A GRAPH

The kth power Gk (k ≥ 2) of a graph G is a graph with the same set of

vertices as G, where there exists an edge (x, y) between two vertices x and

y if the distance between x and y in G is at most k. The distance between

two vertices (x, y) in a graph is the minimum number of edges which need to

be traversed in order to reach vertex y, starting from vertex x. A maximum

matching in Gk of a graph G can be found by restricting our attention to

a spanning tree T of G. The following linear algorithm (called with i = r),

using observations from [12], solves the problem (we consider that, initially,

no vertex is matched):
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MaximumMatchingGk(i):

if (ns(i)=0) then return() else

last son=0

for j=1 to ns(i) do // j=1,2,. . . ,ns(i)

MaximumMatchingGk(s(i,j))

if (not matched(s(i,j)) then

if (last son = 0) then last son = s(i,j) else

add edge (last son, s(i,j)) to the matching

matched(last son) = matched(s(i,j)) = true; last son = 0

if (last son > 0) then

add edge (i, last son) to the matching

matched(i) = matched(last son) = true

7. FIRST FIT ONLINE TREE COLORING

A very intuitive algorithm for coloring a graph with n vertices is the first-fit

online coloring heuristic. We traverse the vertices in some order v(1), v(2), . . . ,

v(n). We assign color 1 to v(1) and for i = 2, . . . , n, we assign to v(i) the

minimum color c(i) ≥ 1 which was not assigned to any of its neighbours v(j)

(j < i).

A tree is 2-colorable: we root the tree at any vertex r and then compute

for each vertex i its level in the tree (distance from the root); we assign the

color 1 to the vertices on even levels and the color 2 to those on odd levels.

However, in some situations, we might be forced to process the vertices in a

given order. In this case, it would be useful to compute the worst-case coloring

that can be obtained by this heuristic, i.e. the largest number of colors that

are used, under the worst-case ordering of the tree vertices (Grundy number).

I will present an O(n·log(log(n))) algorithm for this problem, similar in nature

to the linear algorithm presented in [4]. For each vertex i, we will compute

cmax(i)=the largest color the can be assigned to vertex i in the worst-case, if

vertex i is the last vertex to be colored. The value max{cmax(i)|1 ≤ i ≤ n} is

the largest number of colors that can be assigned by the first fit online coloring

heuristic.
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We root the tree at an arbitrary vertex r. The algorithm consists of two

stages. In the first stage, the tree is traversed bottom-up and for each ver-

tex i we compute c(1, i)=the largest color that can be assigned to vertex

i, considering only the tree T (i). For a leaf vertex i, we have c(1, i) = 1.

For a non-leaf vertex i, we will sort its sons s(i, 1), . . . , s(i, ns(i)), such that

c(1, s(i, 1)) ≤ c(1, s(i, 2)) ≤ . . . ≤ c(1, s(i, ns(i))). We will initialize c(1, i) to

1 and then consider the sons in the sorted order. When we reach son s(i, j),

we compare c(1, s(i, j)) with c(1, i). If c(1, s(i, j)) ≥ c(1, i), then we incre-

ment c(1, i) by 1 (otherwise, c(1, i) stays the same). The justification of this

algorithm is the following: if a vertex i can be assigned color c(1, i) in some

ordering of the vertices in T (i), then there exists an ordering in which it can be

assigned any other color c′, such that 1 ≤ c′ ≤ c(1, i). Then, when traversing

the sons and reaching a son s(i, j) with c(1, s(i, j)) ≥ c(1, i), we consider an

ordering of the vertices in T (s(i, j)), where the color of vertex s(i, j) is c(1, i);

thus, we can increase the maximum color that can be assigned to vertex i.

After the bottom-up tree traversal, we have cmax(r) = c(1, r), but we still

have to compute the values cmax(i) for the other vertices of the tree. We

could do that by rooting the tree at every vertex i and running the previously

described algorithm, but this would take O(n2 ·log(log(n))) time. However, we

can compute these values faster, by traversing the tree vertices in a top-down

manner (considering the tree rooted at r). For each vertex i, we will compute

colmax(parent(i), i)=the maximum color that can be assigned to parent(i)

if we remove T (i) from the tree and afterwards we consider parent(i) to be

the (new) root of the tree. We will use the values c(2, i) as temporary storage

variables. c(2, i) is initialized to c(1, i), for every vertex i. When computing

cmax(i), we consider that vertex i is the root of the tree. Assume that we

computed the value cmax(i) of a vertex i and now we want to compute the

value cmax(j) of a vertex j which is a son of vertex i. We remove j from

the list of sons of vertex i and add parent(i) to this list (parent(i)=vertex i’s

parent in the tree rooted at the initial vertex r). We now need to lift vertex

j above vertex i and make j the new root of the tree. In order to do this,

we recompute the value c(2, i), which is computed similarly to c(1, i), except

that we consider the new list of sons for vertex i (and their c(2, ∗) values).
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Afterwards, we add vertex i to the list of sons of vertex j. We compute the

value cmax(j) similarly to the value c(1, j), using the values c(2, ∗) of vertex

j’s sons (instead of the c(1, ∗) values of the sons). After computing cmax(j)

we restore the lists of sons of vertices i and j to their original states (as if the

tree were rooted at the initial vertex r). After computing the values cmax(u)

of all the descendants u of a vertex j, we reset the value c(2, j) to c(1, j).

Both traversals take O(n · log(n)) time, if we sort the ns(i) sons of every

vertex i in O(ns(i) · log(ns(i))) time. However, it has been proved in [4] that

the minimum number of vertices of a tree with the Grundy number q is 2q−1,

which is the binomial tree B(q−1). The binomial tree B(0) consists of only one

vertex. The binomial tree B(k ≥ 1) has a root vertex with k neighbors; the ith

of these neighbors (0 ≤ i ≤ k−1) is the root of a B(i) binomial tree. Thus, ev-

ery value c(1, ∗), c(2, ∗) and cmax(∗) can be represented using O(log(log(n)))

bits. We can use radix-sort and obtain an O(n · log(log(n))) time complexity.

The pseudocode of the functions is given below. The main algorithm consists

of calling FirstFit-BottomUp(r), initializing the c(2, ∗) values to the c(1, ∗)
values, setting cmax(r) = c(1, r) and then calling FirstFit-TopDown(r)

Compute(i, idx):

sort the sons of vertex i, such that c(idx,s(i,1))≤ . . .≤c(idx,s(i,ns(i)))

c(idx,i)=1

for j=1 to ns(i) do if (c(idx,s(i,j))≥c(idx,i)) then c(idx,i)=c(idx,i)+1

FirstFit-BottomUp(i):

for j=1 to ns(i) do FirstFit-BottomUp(s(i,j))

Compute(i, 1)

FirstFit-TopDown(i):

if (i 6= r) then

remove vertex i from the list of sons of parent(i)

add parent(parent(i)) to the list of sons of parent(i) (if parent(i) 6= r)

Compute(parent(i),2); colmax(parent(i),i)=c(2,parent(i))

add parent(i) to the list of sons of vertex i

Compute(i,2); cmax(i)=c(2,i)

restore the original lists of sons of the vertices parent(i) and i
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for j=1 to ns(i) do FirstFit-TopDown(s(i,j))

c(2,i)=c(1,i)

8. OTHER OPTIMIZATION AND COUNTING

PROBLEMS

8.1. BUILDING A (CONSTRAINED) TREE

WITH MINIMUM HEIGHT

In this subsection I consider the following optimization problem: We are

given a sequence of n leaves and each leaf i (1 ≤ i ≤ n) has a height h(i). We

want to construct a (strict) binary tree with n − 1 internal nodes, such that,

in an inorder traversal of the tree, we encounter the n leaves in the given order.

The height of an internal node i is h(i) = 1+max{h(leftson(i), h(rightson(i))}
(the height of the leaves is given). We are interested in computing a tree

whose root has minimum height. A straight-forward dynamic programming

solution is the following: compute Hmin(i, j)=the minimum height of a tree

containing the leaves i, i + 1, . . . , j. We have: Hmin(i, j)=1 + mini≤k≤j−1

max{Hmin(i, k), Hmin(k +1, j)}. Hmin(1, n) is the answer to our problem.

However, the time complexity of this algorithm is O(n3), which is unsatisfac-

tory. An optimal, linear-time algorithm was given in [14]. The main idea of

this algorithm is the following. We traverse the leaves from left to right and

maintain information about the rightmost path of the optimal tree for the first

i leaves. Then, we can add the (i+1)st leaf by modifying the rightmost path of

the optimal tree for the first i leaves. Let’s assume that we processed the first

i leaves and the optimal tree for these leaves contains, on its rightmost path,

the vertices v(1), v(2), . . . , v(nv(i)), in order, from the root to the rightmost

leaf (v(1) is the root). Let’s assume that the heights of the subtrees rooted

at these vertices are hv(1), . . . , hv(nv(i)). It is easy to build this tree for

i = 1 and i = 2 (it is unique). When adding the (i + 1)st leaf, we traverse

the rightmost path from nv(i) down to 2. Assume that we are considering the

vertex v(j). If hv(j−1) < (2+max{hv(j), h(i+1)}), then we disconsider the

vertex v(j) from the rightmost path and move to the next vertex (v(j − 1)).

Let’s assume that the path now contains the vertices v(1), . . . , v(nv′(i)). We
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replace vertex v(nv′(i)) by a new vertex vnew, whose left son will be v(nv′(i))

(together with its subtree) and whose right son will be the (i + 1)st leaf. The

height of the new vertex will be 1 + max{hv(nv′(i)), h(i + 1)}. The right-

most path of the optimal tree behaves like a stack and, thus, the overall time

complexity is linear.

We present a sub-optimal O(n · log(n)) time algorithm which is interest-

ing on its own. The algorithm is similar to Huffman’s algorithm for com-

puting optimal prefix-free codes, except that it maintains the order of the

leaves. A suggestion that such an approach might work was given to me by

C. Gheorghe. At step i (1 ≤ i ≤ n − 1) of the algorithm, we have n − i + 1

subtrees of the optimal tree. Each subtree j contains an interval of leaves

[leftleaf(j), rightleaf(j)] and its height is h(j). We combine the two ad-

jacent subtrees j and j + 1 whose combined height (1+max{height(subtree

j),height(subtree j+1)}) is minimum among all the O(n) pairs of adjacent sub-

trees. At the first step, the n subtrees are represented by the n leaves, whose

heights are given. A straight-forward implementation of this idea leads to an

O(n2) algorithm. However, the processing time can be improved by using two

segment trees [15], A and B, with n and n−1 leaves, respectively. Each node q

of a segment tree corresponds to an interval of leaves [left(q), right(q)] (leaves

are numbered starting from 1). Each leaf node of the segment tree A can

be in the active or inactive state. Each node q of A (whether leaf or internal

node) maintains a value nactive(q), denoting the number of active leaves in its

subtree. Initially, each of the n leaves of A is active and the nactive(∗) values

are initialized appropriately, in a bottom-up manner (1, for a leaf node, and

nactive(leftson(q)) + nactive(rightson(q)), for an internal node q). Segment

tree B has n−1 leaves and each node of B (leaf or internal node) stores a value

hc. If leaf i (1 ≤ i ≤ n− 1) is active in A, then hc(leaf i)=1+max{h(i), h(j)},
where j > i is the next active leaf. If leaf i is not active in A or is the last ac-

tive leaf, then hc(leaf i)=+∞. The value hc of each internal node q of B is the

minimum among all the hc values of the leaves in node q’s subtree, i.e. hc(node

q)=min{hc(leftson(q)), hc(rightson(q))}. Moreover, each node q of B main-

tains the number lnum of the leaf in its subtree which gives the value hc(node
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q). We have lnum(leaf i)=i and lnum(internal node q)=if (hc(leftson(q)) ≤
hc(rightson(q))) then lnum(leftson(q)) else lnum(rightson(q)).

At each step i (1 ≤ i ≤ n − 1), each active leaf is the leftmost leaf of a

subtree of the optimal tree. After every step, the number of active leaves

decreases by 1. We can find in O(log(n)) time the pair of adjacent subtrees to

combine. The height of the combination of these subtrees is hc(root node of

B), the leftmost leaf of the first subtree is i=lnum(root node of B) and that of

the second subtree is j = next active(i). We define the function next active

by using two other functions: rank(i) and unrank(r). rank(i) returns the

number of active leaves before leaf i (0 ≤ rank(i) ≤ nactive(root node of A)-

1). unrank(r) returns the index of the leaf whose rank is r. The two functions

are inverses of each other: unrank(rank(i)) = i and rank(unrank(r)) = r.

We have rank(i)=rank’(i, root node of A), unrank(r)=unrank’(r, root node of

A) and next active(i)=unrank(rank(i) + 1).

rank’(i, q):

if (q is a leaf node) then

if (left(q)=right(q)=i) then return(0) else return(-1)

else if (i > right(leftson(q))) then

return(nactive(leftson(q))+rank’(i, rightson(q)))

else return(rank’(i, leftson(q)))

unrank’(r, q):

if (q is a leaf node) then

if (r > 0) then return(-1) else return(left(q))

else if (nactive(leftson(q)) ≤ r) then

return(unrank’(r-nactive(leftson(q)), rightson(q)))

else return(unrank’(r, leftson(q)))

The functions rank, unrank and next active take O(log(n)) time each. After

obtaining the indices of the two active leaves i and j whose corresponding

subtrees are united (by adding a new internal node whose left son is the

root of i’s subtree and whose right son is the root of j’s subtree), we mark

leaf j as inactive. We do this by traversing the segment tree A from leaf j

towards the root (from j to parent(j), parent(parent(j)), . . . , root node of
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A) and decrement by 1 the nactive values of the visited nodes. Then, we

change the h values of leaves i and j. We set h(i)=hc(root node of B) and

h(j) = +∞. After this, we also change the hc values associated to the leaves

i and j in the segment tree B. The new hc value of leaf j will be +∞. If i

is now the last active leaf, then hc(leaf i) becomes +∞, too. Otherwise, let

j′ = next active(i), the next active leaf after i (at this point, leaf j is not

active anymore). We change hc(leaf node i) to (1 + max{h(i), h(j′)}). After

changing the hc value of a leaf k, we traverse the tree from leaf k towards

the root (visiting all of k’s ancestors, in order, starting from parent(k) and

ending at the root of B). For each ancestor node q, we recompute hc(node q)

as min{hc(leftson(q)), hc(rightson(q))}.

8.2. THE NUMBER OF TREES WITH A FIXED

NUMBER OF LEAVES

In order to compute the number of labeled trees with n vertices and exactly

p leaves, we compute a table NT (i, j)=the number of trees with i vertices and

exactly j leaves (1 ≤ j ≤ i ≤ n). Obviously, we have NT (1, 1) = NT (2, 2) = 1

and NT (i, j) = 0 for i = 1, 2 and j 6= i. For i > 2, we have NT (i, i) = 0

and for 1 ≤ j ≤ i − 1, we proceed as follows. The j leaves can be chosen

in C(i, j) ways (i choose j). After choosing the identifiers of the j leaves, we

conceptually remove the leaves from the tree, thus remaining with a tree having

i−j vertices and any number of leaves k (1 ≤ k ≤ j). Each of the j leaves that

we conceptually removed is adjacent to one of these k vertices. Furthermore,

each of these k vertices is adjacent to at least one of the j leaves from the larger

tree. Thus, we need to compute the number of surjective functions f from a

domain of size j to a domain of size k. We denote this value by NF (j, k). This

is a ”classical” problem, but I will present a simple solution, nevertheless. We

have NF (0, 0) = 1 and NF (j, k) = 0, if j < k. In order to compute the

values for k ≥ 1 and j ≥ k, we consider every number g of values x from the

set {1, . . . , j} for which f(x) = k. Once g is fixed, we have C(j, g) ways of

choosing the g values from the set {1, . . . , j}. For each such possibility we have

NF (j−g, k−1) ways of extending it to a surjective function. Thus, NF (j, k) =
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∑j
g=1 C(j, g)·NF (j−g, k−1). We can tabulate all the NF (∗, ∗) values in O(n3)

time (after tabulating the combinations C(∗, ∗) in O(n2) time, first). With

the NF (∗, ∗) values computed, we have NT (i, j) = C(i, j) · ∑j
k=1 NF (j, k).

We can easily compute each entry NT (i, j) in O(n) time. However, if we

compute a table SNF of partial sums for the NF values, we can reduce the

time complexity to O(1) per entry. We have SNF (j, 0) = 0 and SNF (j, k) =

SNF (j, k−1)+NF (j, k). With this table, the definition of NT (i, j) becomes

C(i, j) · SNF (j, j). Even with this improvement, however, the overall time

complexity is O(n3), because of the step where the NF values are computed.

The technique of performing dynamic programming on successive layers of

leaves of a tree is also useful in several other counting problems.

8.3. THE NUMBER OF TREES WITH DEGREE

CONSTRAINTS

We want to compute the number of unlabeled, rooted trees with n ≥ 2

vertices, such that the (degree / number of sons) of each vertex belongs to

a set S, which is a subset of {0, 1, 2, . . . , n − 1}. By (a/b) we mean that a

refers to the degree-constrained problem and b refers to the number-of-sons-

constrained problem (everything else being the same). Because every tree

with n ≥ 2 vertices must contain at least a leaf (a vertex of degree 1) and at

least one vertex with at least 1 son, the set S will always contain the subset

({1}/{0, 1}). We compute a table NT (i, j, p)=the number of trees with i

vertices, such that the root has degree j (j sons) and the maximum number

of vertices in the subtree of any son of the root is p; moreover, except perhaps

the tree root, the (degrees/numbers of sons) of all the other vertices belong

to the set S. Because the trees are unlabeled, we can sort the sons of each

vertex in non-decreasing order of the numbers of vertices in their subtrees.

Thus, we compute the table NT in increasing order of p. NT (1, 0, p) = 1 and

NT (1, j > 0, p) = NT (i ≥ 2, j, 0) = 0. For p ≥ 1 and i ≥ 2, we have:

NT (i, j, p)=NT (i, j, p−1)+
∑

⌊
i−1

p

⌋

k=1 NT (i−k ·p, j−k, p−1)· CR(TT (p), k)

TT (p) is the total number of trees with p vertices, for which the (degree

/ number of sons) of the root is equal to some ((x − 1)/(x)), x ∈ S, and
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the (degrees / numbers of sons) of the other vertices belong to the set S.

By CR(i, j) we denote combinations with repetitions of i elements, out of

which we choose j. Because the argument i can be very large, we cannot

tabulate CR(i, j). Instead, we compute it on the fly. We know that CR(i, j) =

C(i + j − 1, j) and that C(i, j) = i−j+1
j · C(i, j − 1). Thus, CR(i, j) can be

computed in O(j) time. Before computing any value NT (∗, ∗, p), we need to

compute and store the values TT (p), TT (p) =
∑

x∈S NT (p, ((x−1)/(x)), p−1),

and CR(TT (p), k), for all the values of k (1 ≤ k ≤
⌊

n−1
p

⌋
). We can compute

all of these values in O(n3 · log(n)) time. The desired number of trees is
∑

x∈S NT (n, x, n − 1). The memory storage can be reduced from O(n3) to

O(n2), by noticing that the values NT (∗, ∗, p) are computed based only on

the values NT (∗, ∗, p − 1). Thus, we can maintain these values only for the

most recent two values of p.

A less efficient method is to compute the numbers Tok(i)=the number of

trees with i vertices, such that each vertex satisfies the (degree/number of

sons) constraints. Tok(1) = Tok(2) = 1. We make use of the TT (i) values

defined previously, except that they will be computed differently. For every

i ≥ 2, we consider every possible number x of sons of the tree root and compute

NT2(i, x)=the number of trees with i vertices, such that the tree root has x

sons and all the other vertices satisfy the (degree/number of sons) constraints.

We generate all the possibilities (y(1), y(2), ..., y(i−1)), with 0 ≤ y(j) ≤
⌊

i−1
j

⌋

(1 ≤ j ≤ i − 1) and y(1) + . . . + y(i − 1)=x. y(j) is the number of sons of

the tree root which have j vertices in their subtrees. The number of trees

”matching” such a partition is equal to
∏i−1

j=1 CR(TT (j), y(j)). NT2(i, x)

is computed by summing the numbers of trees ”matching” every partition.

Afterwards, if x ∈ S, we add NT2(i, x) to Tok(i). If x = ((y − 1)/(y)) and

y ∈ S, then we add NT2(i, x) to TT (i). NT2(i, x) may be added to both

Tok(i) and TT (i).

9. RELATED WORK

Reliability analysis and improvement techniques for distributed systems

were considered in [6,7]. Reliability analysis and optimization for tree net-
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works in particular were considered in [3,5,8]. Different kinds of tree parti-

tioning algorithms, based on optimizing several objectives, were proposed in

[9,10,16]. Problems related to tree coloring were studied in [4]. Content deliv-

ery in distributed systems is a subject of high practical and theoretical interest

and is studied from multiple perspectives. Communication scheduling in tree

networks was considered in many papers (e.g. [17]) and the optimization of

content delivery trees (multicast trees) was studied in [11].

10. CONCLUSIONS AND FUTURE WORK

In this paper I considered several optimization problems regarding dis-

tributed systems with tree topologies (e.g. peer-to-peer networks, wireless net-

works, Grids), which have many practical applications: minimum weight cycle

completion (reliability improvement), constrained partitioning (distributed co-

ordination and control), minimum number of streams and degree-constrained

minimum spanning trees (efficient content delivery), optimal matchings (data

replication and resource allocation), coloring (resource management and fre-

quency allocation) and tree counting aspects. All these problems are variations

or extensions of problems which have been previously posed in other research

papers. The presented techniques are either better (faster or more general)

than the previous solutions or easier to implement.

References

[1] J. Roskind, R. E. Tarjan, A Note on Finding Minimum-Cost Edge-Disjoint Spanning

Trees, Mathematics and Operations Research 10 (4) (1985), 701-708.

[2] M. A. Bender, M. Farach-Colton, The LCA Problem revisited, Lecture Notes in Com-

puter Science 1776 (2000), 88-94.

[3] M. Scortaru, National Olympiad in Informatics, Gazeta de informatica (Informatics

Gazzette) 12 (7) (2002), 8-13.

[4] S. M. Hedetniemi, S. T. Hedetniemi, T. Beyer, A Linear Algorithm for the Grundy

(Coloring) Number of a Tree, Congressus Numerantium 36 (1982), 351-362.

[5] M. I. Andreica, N. Tapus, Reliability Analysis of Tree Networks Applied to Balanced

Content Replication, Proc. of the IEEE Intl. Conf. on Automation, Robotics, Quality

and Testing (2008), 79-84.



Algorithmic techniques... 25

[6] D. J. Chen, T. H. Huang, Reliability Analysis of Distributed Systems Based on a Fast

Reliability Algorithm, IEEE Trans. on Par. and Dist. Syst. 3 (1992), 139-154.

[7] A. Kumar, A. S. Elmaghraby, S. P. Ahuja, Performance and reliability optimization for

distributed computing systems, Proc. of the IEEE Symp. on Comp. and Comm. (1998),

611-615.

[8] H. Abachi, A.-J. Walker, Reliability analysis of tree, torus and hypercube message pass-

ing architectures, Proc. of the IEEE S.-E. Symp. on System Theory (1997), 44-48.

[9] G. N. Frederickson, Optimal algorithms for tree partitioning, Proc. of the ACM-SIAM

Symposium on Discrete Algorithms (SODA) (1991), 168-177.

[10] R. Cordone, A subexponential algorithm for the coloured tree partition problem, Discrete

Applied Mathematics 155 (10) (2007), 1326-1335.

[11] Y. Cui, Y. Xue, K. Nahrstedt, Maxmin overlay multicast: rate allocation and tree con-

struction, Proc. of the IEEE Workshop on QoS (IWQOS) (2004), 221-231.

[12] Y. Qinglin, Factors and Factor Extensions, M.Sc. Thesis, Shandong Univ., 1985.

[13] T. L. Magnanti, L. A. Wolsey, Optimal Trees, Handbooks in Operations Research and

Management Science, vol. 7, chap. 9 (1995), 513-616.

[14] S.-C. Mu, R. S. Bird, On Building Trees with Minimum Height, Relationally, Proc. of

the Asian Workshop on Programming Languages and Systems (2000).

[15] M. I. Andreica, N. Tapus, Optimal Offline TCP Sender Buffer Management Strategy,

Proc. of the Intl. Conf. on Comm. Theory, Reliab., and QoS (2008), 41-46.

[16] B. Y. Wu, H.-L. Wang, S. T. Kuan, K.-M. Chao, On the Uniform Edge-Partition of a

Tree, Discrete Applied Mathematics 155 (10) (2007), 1213-1223.

[17] M. R. Henzinger, S. Leonardi, Scheduling multicasts on unit-capacity trees and meshes,

J. of Comp. and Syst. Sci. 66 (3) (2003), 567-611.

[18] T. H. Cormen, C. E. Leiserson, R. L. Rivest, C. Stein, Introduction to Algorithms, MIT

Press and McGraw-Hill (2001).





BIT REVERSAL THROUGH DIRECT FOURIER
PERMUTATION METHOD AND VECTORIAL
DIGIT REVERSAL GENERALIZATION

ROMAI J., 4, 1(2008), 27–46

Nicolaie Popescu-Bodorin

“Spiru Haret” University, Bucharest

bodorin@iee.org

Abstract This paper describes the Direct Fourier Permuation Algorithm, an efficient

method of computing Bit Reversal of natural indices [1, 2, 3, . . . , 2k] in a vec-

torial manner (k iterations). It also proposes the Vectorial Digit Reversal

Algorithm, a natural generalization of Direct Fourier Permutation Algorithm

that is enabled to compute the r-digit reversal of natural indices [1, 2, 3, . . . , rk]

where r is an arbitrary radix. Matlab functions implementing these two algo-

rithms and various test and comparative results are presented in this paper to

support the idea of inclusion of these two algorithms in the next Matlab Signal

Processing Toolbox official distribution package as much faster alternatives to

current Matlab functions bitrevorder and digitrevorder.

Keywords: Bit Reversal, Direct Fourier Permutation Method, Additive Constants Method,

Vectorial Digit Reversal, bitrevorder, digitrevorder, FFT, Fast / Discrete Fourier Transform,

Danielson-Lanczos Lemma.
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1. INTRODUCTION

Recurrence relations in the Danielson-Lanczos Lemma allow for the imme-

diate implementation of an explicitly recursive function for FFT computation.

Each time it calls itself, a 2k point FFT computation is reduced to two 2k−1

FFT computations. This direct approach (divide et impera and explicit back-

ward recursion) allows for the FFT computation algorithm to be expressed by

decimation-in-time implementation (1). Subdividing the initial vector x up

to a set of pairs on which the FFT computation is very simple is sometimes

called buterfly operation, a name suggested by the graphical representation of

27
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the computation [1].

function X = mkFFT (x)

% x - 1x2k line vector

% X - Discrete Fourier Transform of x calculated through 2-radix Decima-

tion

% in Time Fast Fourier Transform with Explicit Backward Recursion.

N = max(size(x));

ifN == 1

X = x;

else (1)

oddind = 1 : 2 : N ; xodd = x(oddind);

evenind = 2 : 2 : N ; xeven = x(evenind);

O = mkFFT (xodd);

E = mkFFT (xeven);

For k = 1 : 1 : N/2

X(k) = O(k) + (exp(−2 ∗ pi ∗ i ∗ (k − 1)/N)) ∗E(k);

X(N/2 + k) = O(k)− (exp(−2 ∗ pi ∗ i ∗ (k − 1)/N)) ∗ E(k);

end

end;

Implicitly, during this computation, a permutation of the argument vector

x takes place whenever the function calls itself. Consequently, a composed

permutation of the initial vector argument x will occur up to and within the

innermost call. This permutation will be referred further in this paper as

Fourier Permutation and is sometimes named the Buterfly Permutation [1],

or Bit Reversal Permutation [2] due to the fact that the reversed bit repre-

sentation of the permuted index of the initial 0-based index (see the following

example) is implicitly sorted in ascending order.
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Example 1.

permuted index bit reprezentation reversed reprezentation 0-based index

0 000 000 0

4 100 001 1

2 010 010 2

6 110 011 3

1 001 100 4

5 101 101 5

3 011 110 6

7 111 111 7

The Fourier Permutation of the 1-based index [1, 2, 3, 4, 5, 6, 7, 8] is

[1, 5, 3, 7, 2, 6, 4, 8]. The stages leading to this permutation through the ex-

plicit calls in (1) are the following: [1, 2, 3, 4, 5, 6, 7, 8] → [1, 3, 5, 7, 2, 4, 6, 8] →
[1, 5, 3, 7, 2, 6, 4, 8] → [1, 5, 3, 7, 2, 6, 4, 8], where a left to right reading shows

the permutations operated from the first to the last (the innermost) call.

2. ADDITIVE CONSTANTS METHOD

In what follows we aim to compute the Fourier permutation in an iterative

manner, by other methods than the ’Bit Reversal’ algorithms proposed in [1]

- [9].

Our primary intention is to formulate an algorithm for computing the func-

tion YN = mkFPerm(N), where YN is the Fourier permutation of the vector

of indices [1, 2, . . . , N ] and N = 2k, with acceptable efficiency. The formu-

lation of such an algorithm requires that a recurrence relation of first order

should be found between the consecutive components of the resulting vector

YN

∀p ∈ 1, N − 1 : YN (p + 1) = YN (p) + CN (p); YN (1) = 1, (2)
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where CN (1 : N) is an additive constants vector to be determined.

Example 2:
C8(1 : 7) = [ (+4) (−2) (+4) (−5) (+4) (−2) (+4) ]

Y8(1 : 8) = [ 1 5 3 7 2 6 4 8 ]

The Fourier permutation of indices 1, 8 can be computed taking into ac-

count that each component of the resulting vector is the sum of the preceding

component and a constant that depends on N , and that the first component

always has the value 1.

The quantity to be found in all the odd rank positions of vector CN (+4 in

the example under discussion) will be further referred to in this paper as the

trivial additive constant of the Fourier permutation, all the other being called

nontrivial constants.

Definition 1. Let N = 2k, k ∈ N∗ , N*. We shall call the aditive constants

of the Fourier permutation of indices [1, 2, 3, ..., 2k] the (2k− 1) components of

vector CN thus constructed:

i. C21 = 1;

ii. ∀k ∈ N∗, k ≥ 2 : C2k = [2C2k−1 ,−2k + 3, 2C2k−1 ].

The basic properties of the additive constants corresponding to the Fourier

permutation of indices [1, 2, 3, ..., 2k] are given in the following

Proposition 1. If k ≥ 2 and N = 2k , the vector of the additive constants

of the Fourier permutation (CN ) has the following properties:

i. all odd-rank components store the value of the trivial additive constant:

∀p ∈ 1, N/2 : CN (2p− 1) = 2k−1;

ii. all non-trivial additive constants are negative:

∀p ∈ 1, N/2 : CN (2p) < 0;

iii. the lowest non-trivial additive constant splits the CN vector into two

equal vectors:
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CN (1 : 2k−1 − 1) = CN (2k−1 + 1 : 2k − 1);

iv. the value of the minor nontrivial constant: CN (2k−1) = −2k + 3;

v. all non-trivial additive constants, except the minor nontrivial constant,

are even:

∀p ∈ 1, (N/2− 1) : |CN (2p)|mod 2 = 0;

vi. the components that are symmetrically placed in relation to the minor

nontrivial constant are equal:

∀p ∈ 1, (N/2− 1) : CN (2k − p) = CN (p);

vii. forward recursion: at step (k + 1) each of the vectors formed with the

components on the left and on the right of the minor non-trivial additive

constant, respectively, is double the vector of constants computed at step

k:

if N1 = 2k and N2 = 2k+1 then: CN2(1 : N1− 1) = 2CN1 = CN2(N1 +1 :

N2);

viii. forward recursion between minor nontrivial constants: if N1 = 2k and

N2 = 2k+1 then: CN2(N1) = 2CN1(2
k−1).

Consequence. If N = 2k and k ≥ 2 , then the number of unique non-

trivial additive constants of the Fourier permutation is (k − 1), and the value

of the trivial additive constant is 2k−1. Consequently the computation of the

Fourier permutation of indices [1, 2, 3, ..., 2k] is reduced to:

the computation of these k additive constants and their distribution in

a template vector of length 2k − 1.

the computation of each component of the resulting vector as the sum

of the preceeding component and the corresponding additive constant.
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3. COMPUTING FOURIER PERMUTATION

THROUGH ADDITIVE CONSTANTS

ALGORITHM

Due to property P1.iii, in order to obtain the template vector of additive

constants it suffices to determine its first 2k−1 components, i.e. its first 2k−2

non-trivial additive constants (as all the others, i.e. all odd rank components

store the trivial additive constant). According to the above considerations,

the matlab function for generating the additive constants of the Fourier per-

mutation and the function for computing the Fourier permutation of indices

[1, 2, 3, ..., 2k] can be written as:

function V = mkCAPF (N)

% V I = intermediate vector of the first 2k−1 non-trivial additive constants

% N = 2k, k > 2

% ct = trivial constant

ct = N/2; % property (P1.i)

k = log2(N);

V I = [−2,−5];

% the two non-trivial additive constants corresponding to case k=3

for p = 4 : k

V I = 2 ∗ V I; % property (P1.vii)

c = max(size(V I));

V I = [V I, V I(1 : c− 1)]; % property (P1.iii)

V I = [V I, V I(c)− 3]; % properties (P1.vii, P1.viii)

end;

c = max(size(V I));

V I = [V I, V I(1 : c− 1)]; % property (P1.iii)

V = zeros(1, N − 1) + ct; % property (P1.i)

V (2 : 2 : N − 1) = V I;

function V = mkFPerm(N)

V = zeros(1, N);V (1) = [1];
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CN = mkCAPF (N);

for p = 1 : N − 1

V (p + 1) = V (p) + CN(p);

end;

The complexity of the computation of permuted indices depends on the

multiplication operations in the mkCAPF function and on the addition iter-

ated in the mkFPerm function. Consequently the complexity of computing

the function mkFPerm is O(Nlog2(N)) and may decrease if multiplications

are excluded from the computational mechanism and the number of iterations

decreases, possibly to k.

4. DIRECT FOURIER PERMUTATION METHOD

Proposition 2. If N = 2k and k ≥ 2, the vector of the additive constants

of the Fourier permutation, CN = mkCAPF (N), has the following properties:

i. . the sum of all the additive constants of the Fourier permutation is

N−1∑

i=1

CN (i) = 2k − 1;

ii. the sum of all non-trivial constants of the Fourier permutation is

N/2∑

i=1

CN (2i− 1) = −(2k−1 − 1)2;

iii. the sum of the first 2k−1 constants of the Fourier permutation is 1

N/2∑

i=1

CN (i) = 1;

iv. the sum of any 2k−1consecutive constants of the Fourier permutation is1

∀p ∈ 1, N/2 :
N/2+p−1∑

i=p

CN (i) = 1.
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Consequences.

By construction, for any i ∈ 1, 2k−1 the difference between the rank (i +

2k−1) component and the rank i component of vector Y is the sum of the

2k−1 consecutive additive constants starting with (and including) the rank i

constant.

Consequently YN (2k−1 + 1 : 2k) = YN (1 : 2k−1) + 1.

Moreover, using properties P1.vii and P2.iii,iv applied to case N = 2k−1,

it follows that the sum of any 2k−2 consecutive constants selected from the

first (2k−1 − 1) components of CN is 2. However, by construction, for any

i ∈ 1, 2k−2 , the difference between the rank (i + 2k−2) component and the

rank i component of the vector YN is the sum of the 2k−2 consecutive additive

constants starting with the rank i constant YN (2k−2 + 1 : 2k−1) = YN (1 :

2k−2) + 2.

The sum of any 2k−3 consecutive constants selected from the first (2k−2−1)

components of CN is 22 , and therefore YN (2k−3+1 : 2k−2) = YN (1 : 2k−3)+22.

And the procedure can go on until the first component of vector CN is

reached by successive truncations like those above: CN (1) = 2k−1; YN (2) =

YN (1) + 2k−1.

Proposition 3. If N = 2k and k ≥ 2, the Fourier permutation of the

indices [1, . . . , N ] , has the property

∀p ∈ 0, (k − 1) : YN (2k−p−1 + 1 : 2k−p) = YN (1 : 2k−p−1) + 2p.

5. DIRECT FOURIER PERMUTATION

ALGORITHM IMPLICIT BIT REVERSAL

By applying the properties mentioned in Proposition 2 and their conse-

quences, the generating function of the the Fourier permutation of indices

1, 2k can be rewritten in k iterations, as follows:

function V = dfp(b,N)

% N = 2k, k > 0;

% b is a natural number;
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% V is the Fourier permutation of indices [b, b + 1, ..., b + 2k − 1]

V = [b]; p2 = N/2;

while p2 ≥ 1

V = [V, V + p2]; % one vectorial addition and one memory reallocation

of V

p2 = p2/2; % update by one division

end;

Let V = dfp(0, N) .

Taking into account that the decimal number obtained by reversing the k-bit

representation of the decimal number 2k−p is 2(k−1)−(k−p) = 2p−1, the function

that returns the decimal values corresponding to the binary representations

obtained by reversing the k-bit representation of all of the components of V

is the following:

function W = mkB10RevKBit(N)

% N = 2k, k > 0;

W = [0]; p2 = 1;

while p2 ≤ N/2

W = [W,W + p2];

p2 = p2 ∗ 2;

end;

Proposition 4. On each iteration within mkB10RevKBit function, the

intermediate result W is ascendently ordered.

Consequence. The result W = mkB10RevKBit(N) is ascendently or-

dered. As the length of W is N = 2k and the values in W are distinct natural

numbers corresponding to binary k-bit representations, it follows that the

maximal item in W is 2k − 1. Consequently W = [0, 1, 2, 3, . . . , 2k − 1].

The above considerations allow for the formulation of the following theorem.
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Theorem 1. (Correctness and Complexity of Direct Fourier Permutation

Algorithm) If V = dfp(b,N), N = 2k, then by implication the vector V meets

the relation V = b + R, where R is a permutation of W , specifically the one

that corresponds to the reversed k-bit representations of the components of W

(i.e. R = dfp(0, N), or in other words, reversed k-bit representation of R is

sorted in ascending order, i.e. R=bitrevorder(W)). The arithmetical complex-

ity of the computation of V is O(N + k − 1) .

Remark. The above theorem proves that the Fourier permutation is

uniquely determined by its first component and by its most important prop-

erty formulated as Proposition 3. This is because neither Proposition 3 nor

Proposition 2 really depends on the first component of the index to be per-

muted ([0, 1, 2, . . . , 2k−1] or [1, 2, . . . , 2k] or [b, b + 1, b + 2, . . . , b + 2k−1]). In

other words, all the properties mentioned in this paper regarding both the

Fourier permutation and the set of additive constants of the Fourier permu-

tation, including Theorem 1, are independent of the particular choice of the

initial index (languages like C uses 0-based indexing while Matlab uses 1-based

indexing). These are the reasons why the formalism in Theorem 1 has been

chosen to unify the descriptions of both cases mentioned in Example 1.

6. VECTORIAL DIGIT REVERSAL

GENERALIZATION

As a natural generalization of the Direct Fourier Permutation Algorithm we

propose the following algorithm that is enabled to compute the r-digit reversal

of natural index [1, 2, 3, ..., rk] for arbitrary radices r in a vectorial manner:

function V = vdigitrevorder(N, r)

%N = rk

crN = N/r;

KV = crN ∗ [0 : r − 1] + 1;

V = KV ;

crLenV = r;

crStep = 1;
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while crLenV < N

if crLenV == rcrStep

crStep = crStep + 1;

crN = crN/r;

KV = V + crN ;

crLenKV = crLenV ;

crLenV = 2 ∗ crLenV ;

else

KV = KV + crN ;

crLenV = crLenV + crLenKV ;

end;

V = [V, KV ];

end;

The idea of the above algorithm is to compute (at each step of the iteration)

the current kernel vector KV and to concatenate its value at the end of the

currently calculated partial result V using the following rule:

While V is only a partial result (i.e. length of V < N):

if the current length of V is equal to a natural power of the radix rp then

– update the current kernel vector increasing the number of its compo-

nents and increasing the components themselves KV = V +rk−p−1;

– update the current partial result doubling the number of its compo-

nents V = [V, V + rk−p−1];

else (the current length of V is between rp and rp+1)

– update the current kernel vector increasing all of its components

KV = KV + rk−p−1

– update the current partial result increasing the number of its com-

ponents with rp V = [V, KV ].

Another form of the same algorithm, in which the similarity to the Direct

Fourier Permutation is obvious, is the following:
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Vectorial Digit Reversal: Direct Fourier Permutation:

function V = vdro(N, r) function V = dfp(b,N)

V = [1]; pr = N/r; V = [b]; p2 = N/2;

while pr ≥ 1 while p2 ≥ 1

KV = V ;

for cont = 1 : r − 1

V = [V, KV + cont ∗ pr]; V = [V, V + p2];

end;

pr = pr/r; p2 = p2/2;

end; end;

We prefer the above formulation of the Vectorial Digit Reversal Algorithm

for two reasons: it is less redundant and it enables us to note that these two

functions, vdro(N, r), dfp(b,N), have the same arithmetic complexity when

r = 2 and N = 2k. Also, during various tests performed by the author,

the above formulation of the Direct Fourier Permutation Algorithm has been

proved to be the fastest Matlab script for computing bit reversal permutation.

On the other hand, both the present mathematical formulation of the Bit

Reversal computation and the theoretical arithmetic complexity obtained in

Theorem 1 suggest that the Direct Fourier Permutation Algorithm defines the

minimal computational effort (minimal arithmetic complexity) for computing

bit reversal permutation of an arbitrary-based index [b, b + 1, . . . , b + 2k−1]

in natural arithmetic, unless a stronger property than Proposition 3 can be

formulated.

Despite the Matlab formalism that has been chosen in the description of

both of the above algorithms, up to this point of the present work, there was

no particular hypothesis (concerning some particular implementation or some

particular computational advantage that could have been gained by program-

ming in one specific language, medium or platform) being pursued, and conse-

quently, all the above results are purely arithmetical. In the following section

we will see how the particular result of Theorem 1 that concerns complex-
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ity can be refined by making the most of the speed of the vectorized Matlab

calculation.

7. BENCHMARK

7.1. GENERALITIES

In this section we obtain experimentally determined time-complexity results

for the two Matlab script functions, dfp and vdro, coded above.

Test variables: the arithmetic complexity of the dfp function does not

depend on the starting value (b) of the index [b, b + 1, . . . , b + 2k−1] and con-

sequently the dfp function will be tested only against increasing values of the

length of the index (N = 2k). According to the above considerations, almost

identical time-complexity results are expected to be found for the dfp(b, 2k)

and vdro(2k, 2) computations. The vdro function will be tested against the

variable (k, r).

Computing the medium execution times: the medium execution time

for each test variable (k and (k, r) respectively) will be the average of execution

times cumulated over a great number of repetitions. Each medium execution

time thus calculated will obviously depend on the performance of the computer

running the tests, but the nature of variation of the medium execution time

against the test variables is a characteristic of the Matlab implementations of

the algorithms in themselves and does not depend on the performance of the

computer. On the other hand, it is all the more necessary to establish with

accuracy the medium execution time, as the execution time intended to be es-

timated is shorter (cases of immediate practical interest, where test variables

are small). In these cases the number of repetitions will be the greatest and

will decrease gradually as the value of the test variables increases, up to a

value that guarantees that the resulting vector of medium execution times is

a fair statistical reflection of reality. In establishing the number of repetitions

corresponding to each individual test variable, as well as in establishing the

minimal number of repetitions corresponding to high values of the test vari-
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ables, we will consider to be a ”fair reflection of reality” such a representation

of the medium execution times in which the first symptom of convergence is

present, i.e. the curve of medium execution times is nearly a smooth, ascen-

dent one.

Limitations of the present ’digitrevorder’ Matlab functions: there

are three reasons for replacing the existing digitrevorder Matlab function

within the Signal Processing Toolbox:

i) the arbitrary radix r is limited to the integer range from 2 to 36. In

the proposed implementation of the Vectorial Digit Reversal Algorithm (vdro

function) there is no such limitation;

ii) the computation of the vdro proposed function is much faster than that

required to be done in the present digitrevorder function;

iii) unexpected behavior of the digitrevorder function could be sometimes

obtained (digitrevorder(1 : 81, 3) - for example). This is because of a data

validation issue: the power k of the radix r is computed in the digitrevorder.m

(present file) as being: radixpow = floor(log10(N)/log10(radixbase)) and

this instruction sometimes fails to return the correct result of the calculus (see

floor(log10(27)/log10(3)), floor(log10(81)/log10(3)), floor(log10(77)/log10(7))

for example) and consequently, that instruction must be replaced anyway with:

radixpow = floor(log(N)/log(radixbase)), and moreover, a refined, more ac-

curate method of computing the log10 function may be needed.

7.2. TESTING THE PROPOSED FUNCTIONS

AGAINST THE EXISTING

DIGITREVORDER MATLAB FUNCTION

This section assumes that the tested functions are called with the following

syntaxes: dfp(1, 2k), vdro(2k, 2), digitrevorder(1 : 2k, 2), where k takes sev-

eral increasing natural values. We preferred to test digitrevorder instead of

bitrevorder function because, due to its implementation, the latter is calling

the former.
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Fig. 1. Testing dfp, vdro, digitrevorder against increasing k values

Fig. 2. Time-complexity lines of the dfp computation
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Fig. 3. Time-complexity lines: vdro versus digitrevorder (arbitrary radices)

As expected, the time-complexity lines (fig.1) of the two proposed algo-

rithms (dfp and vdro) are almost identical when the radix is r = 2. In this

case the graphical representation in fig. 1 enables us to distinguish two vari-

ation regimes along the time-complexity lines of the both algorithms. Fig. 2

reveals more clearly the point where the variation of the time-complexity line

undergoes a significant change. During all the tests done by the author so far,

the existence of this point has been proved to be an invariant of the algorithm.

This is because the medium execution time calculated for each k depends on

the following factors: k itself, the number of repetitions, the type of the cache

and influences from other processes that are running on the same CPU.

The greater the increase of k and in the number of repetitions, the greater

the contribution of the two other factors will be to the calculated medium

execution time and the computation itself will becomes less cache-optimal. In

fig. 2, Cmin, Cmed and Cmax are the minimal, medium, maximal duration,

respectively, of the computational cycle of the dfp algorithm, all of them being
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experimentally determined.

Also, fig. 2 and the dfp function itself allow for the formulation of the

following remarks:

i) due to its simplicity, the dfp function certainly has a lower complexity

and a higher performance than the bitrevorder function within the Signal

Processing Toolbox;

ii) the dfp function allows us to compute the bit reversal order of indices

1, 2k in just k iterations, each of these involving only three operations: one

vectorial addition, one memory reallocation, and one division;

iii) for k ranging between 2 and 12, the medium execution time needed to

compute V = dfp(1, 2k) is increasing linearily with 4k (reflecting the very few

operations within each iteration). On this range of k values, the dfp function

takes all computational advantage of its simplicity. Consequently, this is the

range on which the dfp function reaches its maximal efficiency and its minimal

computational complexity O(4k);

iv) for k ranging between 13 and 20, due to the increasing size of the variable

V , the computational complexity of the dfp function suddenly turns into its

own worst case scenario - predicted by its theoretical complexity O(N +k−1)

- on which the medium execution time needed to compute V = dfp(1, 2k) is

increasing exponentially with k (i.e. linearily with N = 2k). But even on this

range of k values, the multiplicative constant characterising the time complex-

ity of the computation is relatively small. Consequently, on this range of k

values the dfp function is still operative, even though it reaches its minimal

efficiency and its maximal computational complexity O(2k + k − 1).

Fig. 3 reveals the great improvement in the performance of the proposed

vdro function compared to the present Matlab function digitrevorder. Even

for arbitrary radices r the computation of the vdro function is faster and more

reliable.
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7.3. REPLICABILITY OF RESULTS

The essential qualitative results illustrated by the tests above are the

following:

i) higher performance of the dfp function compared to the Matlab bitrevorder

function;

ii) linear variation proportional to 4k of the medium execution time needed

to compute V = dfp(1, 2k) for k ranging between 2 and 12;

iii) exponential variation proportional to (2k+k−1) of the medium execution

time needed to compute V = dfp(1, 2k) for k ranging between 13 and 20;

iv) higher performance of the vdro function compared to the Matlab

digitrevorder function for arbitrary radices r.

The replication of the qualitative results mentioned above does not depend

on the PC hardware architecture used. Nonetheless, the replication of any

quantitative results requires a hardware architecture which must be very sim-

ilar to the one used for the purposes of this paper. All the tests mentioned

above were run on the following configuration: CPU: Prescott, Intel Pentium

4E, 2800Mhz; Memory bus features: Type - Dual DDR SDRAM, Bus width

- 64 bit, Real clock - 200MHz (DDR), Effective clock - 400MHz, Bandwidth

- 6400MB/s; Memory module features: Size - 512 MB, Module type - Un-

buffered, Speed - PC3200 (200MHz);

As far as the variation of experimental medium execution times along the

range of k is concerned, all the tests that have been run have high statis-

tical relevance, being based on a number of repetitions that is high enough

for statistic phenomena to become observable. All the above tests have been

validated by the author by performing more tests on other hardware configu-

rations, with similar results.
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8. APPENDIX

1. The Discrete Fourier Transform of the signal of finite length x(0 : N −1)

is a vector X(0 : N − 1), possessing the components

∀k ∈ 0, (N − 1) : X(k) =
N−1∑

n=0

x(n)W kn
N , WN = exp(−2πi/N);

2. Fast Fourier Transform is the algorithm that allows for the computation of

the Discrete Fourier Transform with a complexity of order O(Nlog2N). The

FFT algorithm for computing the Discrete Fourier Transform of signals of

length 2k is based on the Danielson-Lanczos Lemma.

Danielson-Lanczos Lemma. Let signal x(0 : N − 1), N = 2k and f(0 :

N/2− 1), g(0 : N/2− 1) be defined by

f(n) = x(2n), g(n) = x(2n + 1), n ∈ 0, (N/2− 1);

Let X(0 : N − 1), F (0 : N/2− 1), G(0 : N/2− 1) be the Fourier transforms of

signals x, f , and g, respectively.

Then X has the following components: X(k) = F (k)+W k
NG(k), k ∈ 0, (N/2− 1);

X(N/2 + k) = F (k)−W k
NG(k), k ∈ 0, (N/2− 1);
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Abstract The theory of oligopolies is a particularly active area of research using applied

mathematics to answer questions that arise in microeconomics. It basically

studies the occurrence of equilibria and their stability in market models in-

volving few firms and has a history that goes back to the work of Cournot in

the 19th century. More recently, interest in this approach has been revived,

owing to important advances in analogous studies of Nash equilibria in game

theory. In this paper, we first attempt to highlight the basic ingredients of

this theory for a concrete model involving two firms. Then, after reviewing

earlier work on this model, we describe our modifications and improvements,

presenting results that demonstrate the robustness of the approach of nonlinear

dynamics in studying equilibria and their stability properties. On the other

hand, plotting the profit functions resulting from our modified model we show

that its behavior is more realistic than that of other models reported in the

literature.

Keywords: economic dynamics, nonlinear dynamics, stability of equilibrium points.

2000 MSC: 91B62, 93A30, 70K20.

1. INTRODUCTION

People constantly want to buy products, choose amongst those which they

find more appropriate to their needs and finally pay the price requested. How

many of us, however, really understand how the market works? Do persons

play a vital role in the determination of the prices for each product, or are

they simply recipients of the flow? How can one attack these problems math-

ematically and how close are the mathematical findings to reality?

47
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Depending on the product a market is born. The number of firms activated

in that market depends on the easiness to achieve profitability, the measures

followed by Government, the strength of the market itself and many other

possibly minor factors. An immediate question is: how do these firms decide

how much to produce and at what price? When this question is answered,

production takes place and depending upon the evolution of the market new

firms enter, while others collapse and exit the market.

In economic theory two extremes are usually studied first: Monopoly, where

there is just one firm (most of the times due to government intervention) and

the so-called perfect (complete) competition. Somewhere in between lies the

case of oligopoly, that is few firms (oligo) selling (polo) products, which may

be either identical or differentiated.

The theory of oligopoly is an active field of research and has attracted much

attention through the last decades. This paper first presents an introduction to

oligopoly theory with emphasis on two firms (duopoly) for reasons of simplic-

ity and then focuses on the resulting dynamics, which is of particular interest.

Currently, one can find many research papers, in both mathematical and eco-

nomical journals, approaching the problem from the perspective of nonlinear

dynamics based on some ‘reasonable’ assumptions.

One such approach was followed recently by Matsumoto and Szidarovszky

(MS) in their paper [6]. They postulated a particular dependence of prices on

production levels and proposed a dynamical system based solely on deviations

from equilibrium configurations. In the present paper, we begin from a more

fundamental set of differential equations describing the dynamics and also

introduce more realistic price functions. What we find is that the resulting

equilibria are distributed in much the same way as in the MS approach and

they are all stable. However, the corresponding profit values at these equilibria

are distributed very differently on the parameter plane and suggest that our

approach is more ‘natural’ than the one followed by MS.

2. FORMULATION OF A REASONABLE MODEL

We start with a number of assumptions: Consider the case of two firms with

the restriction that no other firm can enter the market in the future. Both
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firms produce the same product, which cannot be stored and sold later. The

process takes place in finite time and the firms have no information on the

other’s actions/choices and do not cooperate.

Cournot [4] assumed that firms choose their output level (productivity) first

and then the market sets the price straightforwardly, based on a demand curve

and the total quantity offered. The quantity of production chosen by one firm

affects the profit of all others including itself and assumptions are made by

each firm, regarding the output of all the others.

A set of quantities sold for which, holding the quantities of all other firms

constant, no firm can obtain a higher profit by choosing a different quantity is

called a Cournot (Nash) equilibrium. At such an equilibrium, no firm wants

to change its behaviour. Each firm is on its best-response curve and attains

its maximal profit, given that it has the correct information about its rivals’

output.

Stackelberg [12] and Bertrand [3] formulated other models originating from

different beliefs concerning the behaviour of the market. The former studied

the case of a firm setting its output level first, followed by the other firms,

assuming Cournot’s ideas for the determination of the equilibrium point, while

the latter postulated that firms firstly choose prices and then let the quantities

of the product be designated by the market.

In this paper, we study Cournot behaviour in a market where two firms are

active: firm 1 and firm 2, which sell the identical product at quantities x and

y, respectively, at the same price. The objective functions, which represent

the overall profit (or loss) of each firm, are

u1 = {p(x, y)− c1(x, y)}x and u2 = {p(x, y)− c2(x, y)}y, (1)

where p(x, y) is the price requested per item x or y sold and ci, i = 1, 2, are the

cost functions for each firm. The first-order conditions for the computation of

the Cournot equilibrium point are
{

∂p

∂x
− ∂c1

∂x

}
x + {p(x, y)− c1(x, y)} = 0 and

{
∂p

∂y
− ∂c2

∂y

}
y+{p(x, y)−c2(x, y)} = 0 ⇔ x = X(y) and y = Y (x). (2)
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The solution of the simultaneous system, (2), yields the Cournot (Nash) equi-

librium point.

2.1. INVERSE DEMAND FUNCTION

The choice of an inverse demand function is of obvious fundamental im-

portance. Driven by economic reasoning, one expects the price to vary as

follows: for small demand, the price remains approximately the same, while,

as demand increases, the slope decreases steeply and then levels off and falls

slowly to zero, as shown in Figure 1.

Puu [7, 8, 9] considered a price function of the form

p(x, y) =
1

x + y
, (3)

according to an assumption first made in [5]. Of course, this assumption has

a serious drawback due to its singularity as production levels go to zero [1, 2].

0.5 1 1.5 2 2.5 3

0.5

1

1.5

2

2.5

3
Price Functions

p=1�Hq^2+1L

p=1�q^2

p=1�Hq+.5L-.1

p=1�q

Fig. 1. Four representative choices for the price function vs. output level.

This is ‘amended’ by considering a price function of the form

p + p0 =
1

q + q0
, where q = x + y. (4)



Theory of oligopolies: dynamics and stability of equilibria 51

Still, this choice suffers from the fact that a steep price decrease occurs already

at very small output levels.

We propose a more realistic price function (see Figure 1) given by the ex-

pression

p =
1

q2 + 1
, (5)

which overcomes the above difficulties.

Note that in the case of differentiated goods, the way this differentiation

enters in the corresponding expressions is very important. A simple and real-

istic way to achieve this is by introducing two parameters, θ1 and θ2, as in [6]

and by defining two inverse demand functions as follows

p1 =
1

x + θ1y
and p2 =

1
θ2x + y

, (6)

where 0 < θi < 1 keeping dp1/dx < 0 and dp2/dy < 0, an assumption first

made in [7] and later extended to differentiated goods [6].

We suggest that (6) may be appropriate for the analysis followed in [6], but

it is not optimal. For reasons mentioned above, a better choice might be

p1 =
1

(x + θ1y)2 + 1
and p2 =

1
(θ2x + y)2 + 1

. (7)

2.2. FORMULATION OF A CONTINUOUS

DYNAMICAL SYSTEM

We consider the case of constant marginal costs to simplify the calculations

and best illustrate the idea. The objective functions for the two firms are

u1(x, y) = p1(x, y)x− c1x and u2(x, y) = p2(x, y)y − c2y. (8)

Let us formulate a continuous dynamical system modeling the situation of a

Cournot duopoly. Matsumoto and Szidarovszky [6] introduced the so-called

‘reaction functions’, R1(y) and R2(x), by solving the first-order conditions

for the system (8) with inverse demand functions as given in (6), i.e. θ1y =

c1(x + θ1y)2 and θ2x = c2(y + θ2x)2 and, solving for x and y, respectively,

obtained

R1(y) =
√

θ1y

c1
− θ1y and R2(x) =

√
θ2x

c2
− θ2x. (9)
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Hence, they postulated that the differential equations generate the continuous

dynamics of the system are

ẋ(t) = k1(R1(y(t))− x(t)) and ẏ(t) = k2(R2(x(t))− y(t)), (10)

where the dot denotes differentiation with respect to time t and ki, i = 1, 2,

are some positive constants (adjustment coefficients).

This choice seems rather ad hoc, in the sense that there are several ways to

construct a dynamical system. In [6] the authors try to express the change of

output level depending on the deviation from the Cournot equilibrium point.

An alternative approach, which we investigate here, is to assume that the

change of output is proportional to the rate of change of profits with respect

to the production level, according to the equations

ẋ(t) = k1
∂u1

∂x
and ẏ(t) = k2

∂u2

∂y
(11)

or, explicitly for the case of (6) and (8),

ẋ(t) = k1

(
θ1y

(x + θ1y)2
− c1

)
and ẏ(t) = k2

(
θ2x

(y + θ2x)2
− c2

)
. (12)

2.3. CHOICE OF A COST FUNCTION

Marginal costs determine the dependence of cost functions on amounts of

productivity and, in most research papers, are assumed to be constant. This

makes the analysis much easier, but lacks sufficient economical justification.

Other choices include the introduction of capacity constraints for each firm

as proposed, for example, by Puu and Norin [9] and Puu [10, 11]. More

specifically, Puu and Norin [9] introduce as total production cost functions

the expressions − ln(1 − x/v1) for the first firm and − ln(1 − y/v2) for the

second, where v1 and v2 are the capacity limits for firm 1 and 2, respectively.

This is a reasonable assumption since zero production levels result in zero

cost, increasing output levels increase the total cost and finally, as production

reaches capacity limits, costs go to infinity. These total costs lead to the profit

functions

u1(x, y) = xp1(x, y) + ln(1− x/v1),

u2(x, y) = yp2(x, y) + ln(1− y/v2),
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see (1). However, this choice turns out to give results similar to those we

obtain assuming constant marginal costs (see Sections 3 and 4) and will not

be further pursued here.

3. PUTTING THESE IDEAS TO WORK

3.1. THE FORMULATION DUE TO

MATSUMOTO AND SZIDAROVSZKY [6]

Before we use the modified price functions (7) let us consider the problem

as expressed by our equations (12), involving the price functions introduced

in [6]. Thus, the objective functions for the two firms are given by

u1(x, y) =
x

x + θ1y
− c1x, u2(x, y) =

y

θ2x + y
− c2y. (13)

The vanishing of the first-order partial derivatives

∂u1

∂x
= 0 and

∂u2

∂y
= 0 (14)

determines the Cournot equilibrium point by the relations

θ1y

(x + θ1y)2
− c1 = 0,

θ2x

(θ2x + y)2
− c2 = 0. (15)

In order to study the stability of these equilibrium points, we need to consider

the Jacobian matrix associated with the dynamical system (12)

J =




k1
∂2u1

∂x2
k1

∂2u1

∂x∂y

k2
∂2u2

∂x∂y
k2

∂2u2

∂y2




and obtain its eigenvalues from the characteristic equation

λ2 + 2Aλ + B = 0, (16)

where

A = −1
2k1

∂2u1

∂x2
− 1

2k2
∂2u2

∂y2
,

B =
(

∂2u1

∂x2

∂2u2

∂y2
− ∂2u1

∂x∂y

∂2u2

∂x∂y

)
k1k2. (17)
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Fig. 2. Stable equilibrium points of the MS model for θ1 = θ2 = 0.5, k1 = 1, k2 = 1.1

(left) and θ1 = 0.7, θ2 = 0.2, k1 = 0.4, k2 = 1.3 (right).

The eigenvalues are

λ1,2 = −A±
√

A2 −B (18)

and stability is achieved if and only if both A > 0 and B > 0 for every

equilibrium point.

Following this approach – which we call the MS formulation – Matsumoto

and Szidarovszky found that the equilibrium point of (10) is unique and al-

ways locally asymptotically stable [6]. Solving (12) numerically, we also find

a unique equilibrium point, which is always asymptotically stable, as follows:

The eigenvalues (18) evaluated at the fixed points for every choice of param-

eters in the set (θ1, θ2, c1, c2) have negative real part. We then allow the

marginal costs c1 and c2 to vary in the interval (0, 1), compute the corre-

sponding equilibrium point and plot it in the (x, y) plane of Figure 2 for two

choices of proportionality constants k1 and k2.

3.2. USING THE PRICE FUNCTIONS (7)

Consider the following objective functions for the two firms

u1(x, y) =
x

(x + θ1y)2 + 1
− c1x,

u2(x, y) =
y

(θ2x + y)2 + 1
− c2y. (19)

The first-order conditions (14) give

1
(x + θ1y)2 + 1

− 2x(x + θ1y)
[(x + θ1y)2 + 1]2

= c1, (20)
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1
(θ2x + y)2 + 1

− 2y(θ2x + y)
[(θ2x + y)2 + 1]2

= c2. (21)

In order to specify the reaction functions explicitly, one must solve (19) and

(21) for x = R1(y) and y = R2(x) analytically, which appears impossible.

Assuming that x = R1(y) and y = R2(x) we determine the first-order deriva-

tives,
∂x

∂y
=

∂R1

∂y
and

∂y

∂x
=

∂R2

∂x
, (22)

by differentiating (19) with respect to y keeping x = x(y) and (21) with respect

to x. Thus, we obtain

∂x

∂y
=

θ2
1y(3x2 − θ2

1y
2 − 1) + 2θ1x(x2 − 1)

θ1y(3θ1xy + 2θ2
1y

2 + 2)− x(x2 − 3)
= F (x, y) =

∂R1

∂y
, (23)

∂y

∂x
=

θ2
2x(3y2 − θ2

2x
2 − 1) + 2θ2y(y2 − 1)

θ2x(3θ2xy + 2θ2
2x

2 + 2)− y(y2 − 3)
= G(x, y) =

∂R2

∂x
. (24)

Consider now the continuous dynamical system of the form (10), with k1 =

k2 = 1 for simplicity. Its Jacobian matrix is

J =




−1
∂R1(y)

∂y
∂R2(x)

∂x
−1


 ,

whose eigenvalues satisfy the characteristic equation

λ2 + 2λ + 1− ∂R2

∂x

∂R1

∂y
= 0. (25)

Again, as in the previous subsection, we locate all equilibrium points, (xe, ye),

of the system, for various choices of the parameter values, solving (20) and

(21) numerically. Note that, combining (22), (23) and (24), the characteristic

equation (25) takes the form

λ2 + 2λ + 1−G(xe, ye)F (xe, ye) = 0 (26)

whose roots are given by

λ± = −1±
√

G(xe, ye)F (xe, ye). (27)

Figure 3 shows all the equilibrium points for c1, c2 choices ranging from 0

to 1. Clearly all (c1, c2) pairs leading to xe < 0 or ye < 0 are rejected as being

‘unphysical’.
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Fig. 3. Stable equilibrium points of our system for θ1 = θ2 = 0.5, k1 = 1, k2 = 1.1 (left)

and θ1 = 0.7, θ2 = 0.2, k1 = 1, k2 = 1.1 (right). Compare with Figure 2.

The important result is that our approach, utilising (7) and (11), also yields

that the equilibrium points, (xe, ye), are all stable and have an analogous

distribution in the x, y plane as in the case of the formulation described in

subsection 3.1.

4. A STUDY OF THE PROFIT FUNCTIONS

Having determined the Cournot equilibrium points and their stability, firms

naturally worry about their profits. Provided that in the short term a given

firm is in a position to change its parameters and/or initial conditions, the two

firms try to maximise their profits, u1 and u2, as in (13) or (19). Let us now

examine how these profits evaluated at the various equilibrium points vary as

functions of the parameters c1 and c2:

Following the MS formulation, we plot in Figure 4 for each equilibrium

point shown in Figure 2 the corresponding u1 and u2 values for the profits

of firms 1 and 2, respectively. Observe that these profit pairs lie on two

nonintersecting curves, indicating that the MS approach exhibits a rather

restrictive and unrealistic distribution of profit values. It seems unnatural to

expect that such an extensive variation of the c1 and c2 parameters would

yield profits belonging to so limited a (1-dimensional) subset of the (u1, u2)

plane.
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Fig. 4. Profit distributions for the MS model, (13), at θ1 = θ2 = 0.5 (left) and θ1 = 0.7,

θ2 = 0.2 (right).

By contrast, our approach for the corresponding c1, c2 values leads to a

distibution of profits that occupies a significant (2-dimensional) subset of the

(u1, u2) plane, as shown in Figure 5.
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Fig. 5. Profit distributions for our formulation (19) at θ1 = θ2 = 0.5 (left) and θ1 = 0.7,

θ2 = 0.2 (right).

We also plot profits vs. prices for each firm separately in Figure 6. We find

that, at θ1 > θ2, the profits of firm 2 are considerably higher than those of

firm 1 for a large set of c1 and c2 parameters corresponding to prices of firm

1 that are lower than those of firm 2, i.e. p1 < p2.

We believe that this is an interesting observation. It implies, at least for the

parameter values studied, that a firm (here firm 2) which pays less attention to

the level of production of its rival (here firm 1) and consequently sets its prices

with θ2 < θ1, achieves higher profits when its products are more expensive than

those of its rival.
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Fig. 6. Profits vs. prices resulting from our approach (19) with θ1 = 0.7, θ2 = 0.2 for firm

1 (left) and firm 2 (right).

5. CONCLUDING REMARKS

The operation of a free market is a complex problem whose time evolution

depends on many factors and generally relies on choices made by humans. Still,

in a market that is well-developed, it appears that competing firms operate

on a basis of well-defined principles whose effectiveness has been validated by

experience. It follows, therefore, that it would be useful to analyse free market

operation using deterministic models of nonlinear dynamics (like systems of

nonlinear ordinary differential equations) to describe firm competition.

In this paper, we have adopted such a dynamical approach for a market

consisting of two firms producing a single, but differentiated, product. Follow-

ing a formulation suggested by Matsumoto and Szidarovszky (MS) we have

performed a detailed study of a model that uses more realistic price func-

tions and a dynamical system derived from more fundamental principles. Our

first conclusion is that in terms of existence and stability of equilibria our

approach yields results very similar to MS, demonstrating the robustness of

these duopoly models.

However, extending our study to the evaluation of the associated price func-

tions we have found that the results of our model are richer and, therefore,

more realistic than those of MS. Furthermore, an important observation can

be made concerning the choice of the two parameters, θ1 and θ2, that reflect

the degree to which each firm takes into account the output level of the other

firm, when setting the price of its own product. We have found that if firm
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2 sets its prices with less regard for the output level of firm 1, i.e. θ2 < θ1,

its profits are higher over the full regime where the prices of firm 1 are lower

than those of firm 2.

These results may lead to the conclusion that a two-firm market has simple

dynamics which in all cases we examined is attracted by a stable equilibrium

point. Clearly, to observe more complicated behavior, one has to go beyond

duopoly models and investigate systems of n ≥ 3 competing firms.
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1. INTRODUCTION

The notion of compactness is one of the most important notions.

A generalized compactification or a g-compacification of a space X is a pair

(Y, eY ), where Y is a compact Hausdorff space and eY : X → Y is a continuous

mapping such that the set eY (X) is dense in Y . If eY is an embedding, then

Y is called a compactification of X, we identify x = eY (x) for any x ∈ X and

consider that X ⊆ Y .

Let (Y, eY ) and (Z, eZ) be two g-compactifications of a space X. We con-

sider that (Y, eY ) ≤ (Z, eZ) if there exists a continuous mapping f : Z → Y

such that eY = f ◦ez, i.e. eY (x) = f(eZ(x)) for any x ∈ X. If (Y, eY ) ≤ (Z, eZ)

and (Z, eZ) ≤ (Y, eY ), then f is a homeomorphism and we say that the g-

compactifications (Y, eY ), (Z, eZ) are equivalent. We identify the equivalent

g-compactifications. In this case the set GC(X) of all g-compactifications of

the space X is a complete lattice with the maximal element (βX, βX). The

minimal element of the lattice GC(X) is the one-point space. The compacti-

fication βX is the Stone-Čech compactification of the space X.

Let L be a non-empty subset of the lattice GC(X). Then the maximal

element ∨L and the minimal element ∧L are determined in GC(X). Problems

connected with the g-compactifications ∨L,∧L are among the most interesting

problems of the topology.

61
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We use the terminology from [3]. Denote by |A| the cardinality of the set

A, by clXA or clA the closure of the set A in the space X.

2. PARTIAL ALGEBRAS

Denote by K the ring of complex numbers.

A set A is called a partial algebra if for some pairs x, y ∈ X there are

determined the sum x + y and the multiplication x · y such that:

1. the multiplication and sum are associative, commutative and distributive.

2. for every x ∈ A and α ∈ K it is defined αX ∈ A such that:

2.1. α(x + y) = αx + αy for all x, y ∈ A and α ∈ K;

2.2. (α + β)x = αx + βx for all x ∈ A and α, β ∈ K;

2.3. 1 · x = x for any x ∈ A;

3. α(βx) = (αβ)x for all x ∈ A and α, β ∈ K;

4. there exist two distinct elements 0, 1 ∈ A such that 0 · x = 0 and

0 + x = 1 · x = x for any x ∈ X.

Let A be a partial algebra. A subset I ⊆ A is called an ideal of A if:

I 6= ∅; x + y ∈ I provided x, y ∈ I and x + y is defined in A; x · y ∈ I provided

x ∈ I and x · y is defined in A; if α ∈ K and x ∈ I, then αx ∈ I. A maximal

ideal of A is called a proper ideal of A if it is not contained in other proper

ideal of A. Let M(A) be the set of maximal ideals of A. For every x ∈ A we

put M(x,A) = {I ∈ M(A) : x ∈ I}. Then M(x1, ..., xn, A) = ∩{M(xi, A) :

i ≤ n, n ∈ N = {1, 2, ...}}. If L ⊆ A, then M(L,A) = ∩{M(x,A) : x ∈ L}.
The family {M(L,A) : L ⊆ A} is a closed basis of the topology of the space

M(A).

Theorem 2.1. The ideal space M(A) is a compact T1-space.

Proof. Let {M(Lλ, A) : λ ∈ Γ} be a given family of closed sets and ∩{M(Lλ, A) :

λ ∈ P} 6= ∅ for any non-empty finite subset P ⊆ Γ. Assume that: for

every two elements α, β ∈ Γ there exists γ ∈ Γ such that M(Lγ , A) ⊆
M(Lα, A)∩M(Lβ, A); if the set P ⊆ A is finite and M(P, A)∩M(Lα, A) 6= ∅
for every α ∈ Γ, then M(P, A) = M(Lβ, A) for some β ∈ Γ.

We put I = ∪{Lλ : λ ∈ Γ}. Then I ∈ M(A) and I ∈ ∩{M(Lα, A) : α ∈ Γ}.
It is obvious that M(A) is a T1-space. The proof is complete.
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3. SPECIAL COMPACTIFICATION OF THE

FIELD K

Let C = {z ∈ K :| z |= 1}. For every z ∈ C we fix an improper number ∞z

such that:

1. ∞z 6= ∞x provided x 6= z;

2. if x, y ∈ C, x 6= −y and z = α(x + y) for some positive number α, then

we consider that ∞z = ∞x +∞y;

3. if x, y ∈ C and z = xy, then ∞z = ∞x · ∞y;

4. x +∞y = ∞y + x for any x ∈ K and y ∈ C;

5. if x ∈ K, y ∈ C, z ∈ C and z = λxy for some positive λ, then ∞z =

x · ∞y = ∞y · x;

6. 0 · ∞z = ∞z · 0 = 0 for any z ∈ C.

We put K̄ = K ∪ {∞z : z ∈ C} and Ω = {∞z : z ∈ C}. There exists

an one-to-one mapping ϕ : K̄ → B = {x ∈ K :| x |≤ 1} such that ϕ(0) =

0, ϕ(∞z) = z for any z ∈ C,ϕ(x) = x · (1+ | x |) for any x ∈ K. On K̄ we

consider the topology with respect to which ϕ is a homeomorphism. Then K̄

is a compactification of the space K and K̄ is a partial algebra. If x, y ∈ C and

x = −y, then ∞x +∞y is not determined. We consider that −∞x = ∞(−x). If

R is the field of reals, then +∞ = ∞1, −∞ = ∞(−1) and R∪{−∞, +∞} ⊆ K.

We put R̄ = R ∪ {−∞, +∞} = [−∞, +∞]. Thus R̄ is a compactification of

the reals and R̄ is homeomorphic to the closed interval.

4. PARTIAL ALGEBRAS OF FUNCTIONS

Fix a topological space X. Denote by C(X, K̄) the set of all continuous

functions of X into K̄ and C0(X,K) = {f ∈ C(X, K) : f(X) is a bounded

subset of K}. If f ∈ C0(X, K), then clKf(X) is a compact subset.

A function f ∈ C0(X,K) possesses a compact support if there exists a

compact subset F ⊆ X such that f−1(K\{0}) ⊆ F . In this case supp(f) =

clXf−1(K\{0}) is a compact subset. Let C0(X, K) = {f ∈ C(X, K) : supp(f)

is a compact set}.
Definition 4.1. A subset A ⊆ C(X, K̄) is an algebra of functions on X if :

- 0 ∈ A, where 0(x) = 0 for any x ∈ X;
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- if f is a constant function, then f ∈ A;

- if f, g ∈ A and f + g ∈ C(X, K̄), then f + g ∈ A;

- if f, g ∈ A and f · g ∈ C(X, K̄), then f · g ∈ A;

- if f ∈ A, then −f ∈ A and f̄ ∈ A;

- if f ∈ A, then λf ∈ A for any λ ∈ K.

For every subset L ⊂ C(X, K̄) there exists a minimal algebra a(L) generated

by the set L.

Definition 4.2. Let (Y, eY ) be a g-compactification of a space X. Then

C(X, K, Y, eY ) = {f ◦ ey : f ∈ C(X, K̄)} is called the algebra of functions on

X continuously extendable on Y .

Theorem 4.3. Let X be a topological space X0 = ∪{U : U is open in X

and clXU is a compact Hausdorff subspace} and L ⊆ C(X, K̄). Then there

exists a unique g-compactification (Y, eY ) of the space X with the following

properties:

1. every function f ∈ L is continuously extendable on Y , i.e. there exists a

unique continuous function ef ∈ C(Y,K) such that f = ef ◦ eY .

2. if y1, y2 ∈ Y \ey(X0) and y1 6= y2, then there exists f ∈ L such that

ef(y1) 6= ef(y2).

3. if the set U is open in X and clXU is a Hausdorff compact subset

of X, then ey(U) is an open subset of Y and eY | U : U → eY (U) is a

homeomorphism.

Proof. If X is a compact Hausdorff space, then Y = X. Suppose that the

space X is not a compact Hausdorff space. Let {(xα, Fα) : α ∈ A} be the set of

all pairs (x, F ), where x ∈ X0, F is a closed subset of X and x 6∈ F . For every

α ∈ A fix a continuous function ϕα : X → [0, 1] ⊆ K such that ϕα(xα) = 0

and Fα ∪ (X\X0) ⊆ ϕ−1
α (1). Let Xα be the closure of the set ϕα(X) in K.

Then (Xα, ϕα) ∈ GC(X).

For every f ∈ L denote by Yf the closure of the set f(X) in K̄. Then

(Yf , f) ∈ GC(X).

If X0 ∪ L = ∅, then (Y, eY ) is the one-point g-compactification.

Suppose that X0 ∪ L 6= ∅.



Algebras of continuous functions and compactifications of spaces 65

Denote by (Y, eY ) the minimal g-compactification with the following prop-

erties:

- (Y, eY ) ≥ (Xα, ϕα) for any α ∈ A;

- (Y, eY ) ≥ (Yf , f) for any f ∈ L.

By construction, the functions from L ∪ {ϕα : α ∈ A} are continuously

extendable on (Y, eY ). Hence, eY | Z : Z → eY (Z) is a homeomorphism.

If α ∈ A and eϕα is the extension of ϕα on Y , then xαα ∈ eϕ−1
α [0, 1) and

eϕ−1
α [0, 1) is an open subset of Y . Thus eY (X0) is an open subset of Y .

Thus (Y, eY ) satisfies all conditions of Theorem 4.3.

Fix (S, eS) ∈ GC(X) with the properties of the Theorem 4.3. Then the

functions from L∪{ϕα : α ∈ A} are continuously extendable on S and (S, eS) ≥
sup({(Yf , f) : f ∈ L} ∪ {(Xα, ϕα) : α ∈ A}) = (Y, eY ) and there exists a

continuous mapping g : S → Y such that eY = g ◦ eS .

We affirm that g is a homeomorphism and the g-compactifications (Y, eY ),

(S, eS) are equivalent. Suppose that g is not a homeomorphism. Then there

exists two distinct points s, s2 ∈ S such that g(s1) = g(s2).

If x1 ∈ X \ X0 and x2 ∈ X X0, then ϕα(x1) 6= ϕα(x2) provided x1 = x2.

In this case eY (x1) = eY (x2). Therefore s1, s2 ∈ S\eS(X0). Let ef be the

continuous extension of the function f ∈ L on (S, eS). Thus ef(s1) = ef(s2)

for every f ∈ L, a contradiction with the condition 2. The proof is complete.

Corollary 4.4 Let X be a locally compact Hausdorff space and L ⊆ C(X, K).

Then there exists a unique compactification Y of the space X such that:

1. every function f ∈ L is continuously extendable on Y ;

2. if y1, y2 ∈ Y \X and y1 6= y2, then there exists f ∈ L such that ef(y1) 6=
ef(y2);

3. X is an open and dense subspace of the space Y .

Theorem 4.5. Let X be a topological space, X0 = ∪{U : U is open in

X and clXU is a compact Hausdorff subspace}, L ⊆ C(X,K) and L ∪ {f ∈
C(X, K) : supp(f) ⊆ X0}. Then the maximal ideal space M(L̄) of the algebra

L is the g-compactification with the properties from Theorem 4.3.

Proof. Let (Y, ef ) be the g-compactification from Theorem 4.3. For every
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f ∈ I denote by ef the continuous extension of f on (Y, eY ). We consider

that eY (Z) = Z ⊆ Y . From the Stone-Weierstrass theorem ([3], Theorem

3.2.21) the algebra {ef : f ∈ L̄} is dense in the Banach algebra C(Y, K) of

all continuous functions of Y into K. The maximal ideal spaces C(L̄) and

M(C(Y, K)) are homeomorphic to the space Y [4]. The proof is complete.

Remark 4.6 For the Riemanian surfaces X and functions L ⊆ C(X, R̄) the

Corollary 4.4 was proved by C. Constantinescu and A. Cornea in [2], while for

any locally compact X Hausdorff space, by M. Brelot [1].

Remark 4.7. The set L ⊆ C0(X,K) and the subalgebra I ⊆ C0(X, K)

generate the same g-compactification of the Brelot-Constantinescu-Cornea

type.

Let A(X,K) be the set of all closed subalgebras of the Banach algebra

C0(X,K) with the sup-norm ||f || = sup{|f(x)| : x ∈ X}. Then there exist

an one-to-one correspondence k : A(X, K) → GC(X) and a mapping c :

A(X, K) → GC(X) such that:

1. if A ∈ A(X,K) and k(A) = (Y, eY ), then A = {f ◦ eY : f ∈ C(Y,K)}
and Y is the maximal ideal space of the algebra A;

2. A,B ∈ A(X,K), then A ⊆ B iff k(A) ≤ k(B);

3. if A ∈ A(X, K) and c(A) = (Y, eY ), then (Y, eY ) is the g-compactification

of the Brelot-Constantinescu-Cornea type generated by the algebra A;

4. by construction, k(A) ≤ c(A) for any algebra A ∈ A(X, K);

5. c(A(X,K)) is the set of all g-compactifications of the Brelot-Constantinescu-

Cornea type;

6. if X is a locally compact Hausdorff space, then c(A(X, K)) is the set of

all compactifications of the space X;

7. if |X| ≤ 1, then c = k.

Example 4.8. Let X be a locally compact non-compact Hausdorff space

and A be the algebra of constant functions. Then c(A) is the one-point Alexan-

droff compactification of X and k(A) is the one-point minimal g-compactification

of X.

Example 4.9. Let X be the space of reals and A = {f ∈ C0(X, K) :

[−3, 3] ⊆ f−1(0). Then c(A) is the Stone-Čech compactification βX of X and
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k(A) = (Y, eY ) is a g-compactification. In this case eY ([−3, 3]) is an one-point

subset of the space Y .

Example 4.10. Let X = [0, 1) be endowed with the topology generated by

the open base {X∩[x, x+ε) : x ∈ X, ε > 0}, Y be the space [0, 1] in the natural

topology, eY (x) = x for any x ∈ X and A = C0(Y, K) ⊆ C0(X,K). Then

(Y, eY ) is a g-compactification of the space X and c(A) = k(A) = (Y, eY ). In

this case c = k.
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1. Introduction

We recall first that R. M. Loynes defined in [9] and [10] the notions of

V E-spaces and V H-spaces (or LV H-spaces) respectively, as generalizations

of prehilbertian and Hilbert spaces, respectively. The name ”pseudo-Hilbert

spaces” for LV H-spaces appears first in [14] and later these spaces was called

”Loynes spaces” in [3] and [15]. These spaces are important in the study of

the stochastic processes.

Thus the pseudo-Hilbert spaces (Loynes spaces) are characterized by the

property of possessing an ”inner product” (gramian) which takes its values in

a suitable ordered topological space, instead of a scalar valued inner product

[9], [10]. This property is sufficient to ensure the existence of many results

known from the Hilbert spaces. But, a main difference is given to the failure

of the Riesz representation theorem. Another difference is the absence of the

classical Cauchy-Schwarz inequality, because the product [x, x]·[y, y], x, y ∈ Z

69
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does not exist, and the existence of the gramian adjoint and of the gramian

projections is not always checked.

Some immediately examples of Loynes Z-spaces are the complex Hilbert

spaces with the scalar product and Hilbert C∗-modulus (which are Hilbert

modulus on a C∗-algebra).

Herein we define these classes of operators, mentioned in the abstract, on

spaces of operators more general than Hilbert spaces, on pseudo-Hilbert spaces

and to generalize many properties of them known from the Hilbert spaces.

B∗(H) is a particular C∗-algebra (see Corollary 1) and this fact allows us

to recover many properties from Hilbert spaces in our cases.

Corollary 1, Corollary 2 and Theorem 1 were proved in [6].

A few results concerning the quasi-isometries and quasi-contractions, given

in Hilbert spaces in [12] and generalized in [2] as Remark1, Remark 2, Propo-

sition 1, Proposition 2 and Proposition 3 are presented for pseudo-Hilbert

spaces. Then a characterization of hyponormal operators from the book of

P.Halmos [8] was reverified and given also for n-hyponormal operators in

Proposition 6 and Proposition 7.

Gramian hyponormal operators can be obtained from the polar decom-

position of a gramian hyponormal invertible operator in Proposition 4 and

Proposition 5, using the model from [11].

Theorem 4, Consequence 1 and Theorem 6 are another extensions in Loynes

spaces of two results of Aluthge [1] concerning the hyponormality of T̃ defined

by using the polar decomposition of a gramian hyponormal and invertible

operator.

Definition 1[6] A locally convex space Z is called admissible in the Loynes

sense if the following conditions are satisfied:

(A.1) Z is complete;

(A.2) there is a closed convex cone in Z, denoted by Z+, that defines an order

relation on Z (that is z1 ≤ z2 if z2 − z1 ∈ Z+);

(A.3) there is an involution in Z, Z 3 z → z∗ ∈ Z (that is z∗∗ = z, (αz)∗ =

αz∗, (z1 + z2)∗ = z∗1 + z∗2), such that z ∈ Z+ implies z∗ = z;
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(A.4) the topology of Z is compatible with the order (that is there exists a basis

of convex solid neighbourhoods of the origin);

(A.5) any monotonously decreasing sequence in Z+ is convergent.

Remark 1 [6] A set C ⊂ Z is called solid if 0 ≤ z′ ≤ z′′ and z′′ ∈ C implies

z′ ∈ C.

Example 1[6]Z = C, a C∗–algebra with topology and natural involution.

Definition 2[6] Let Z be an admissible space in the Loynes sense. A linear

topological space H is called pre-Loynes Z–space if it satisfies the following

properties:

(L1) H is endowed with a Z–valued inner product (gramian), i.e. there exists

an application H ×H 3 (h, k) → [h, k] ∈ Z having the properties:

(G1) [h, h] ≥ 0; [h, h] = 0 implies h = 0;

(G2) [h1 + h2, h] = [h1, h] + [h2, h];

(G3) [λh, k] = λ[h, k];

(G4) [h, k]∗ = [k, h];

for all h, k, h1, h2 ∈ H and λ ∈ lC;

(L2) the topology of H is the weakest locally convex topology on H for which

the application H 3 h → [h, h] ∈ Z is continuous.

Moreover, if H is a complete space with this topology, then H is called a Loynes

Z–space.

Example 2 [6] Let Z = C in Example 1, then Z with [z1, z2] = z∗2z1 is a

Loynes-Z space.

An important result which can be used below is given in the next statement,

and was proved in [6].

Let H and K be two Loynes Z-spaces.

We recall that [6], [9], [10] an operator T ∈ L(H, K) is called gramian

bounded, if there exists a constant µ > 0 such that in the sense of order of Z
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holds

(1.3.1) [Th, Th]K ≤ µ[h, h]H, h ∈ H.

Denote the class of such operators by B(H, K) and B∗(H, K) = B(H, K) ∩
L∗(H, K).

We also denote the introduced norm by

(1.3.2)

‖T‖ = inf {√µ, µ > 0 and satisfies (1.3.1)} .

Corollary 1 [6] The space B∗(H,K) is a Banach space, and its involution

B∗(H, K) in B∗(K, H) satisfies

‖T ∗T‖ = ‖T‖2, T ∈ B∗(H, K).

In particular B∗(H) is a C∗–algebra.

Corollary 2 [6] Let T : H → K be an operator between Loynes Z–spaces

H and K for which there is T ∗, i.e. T ∈ L∗(H,K).

(a) If T is surjective, then T ∗ is injective;

(b) If T ∗ is surjective, then T is injective;

(c) If T ∈ C∗(H, K), then N(T ) = R(T ∗)⊥ = {h ∈ H | [h, T ∗k] = 0, k ∈ K}.

Theorem 1 [6] Let H, K be two Loynes Z–spaces and T ∈ L(H, K). The

following assertions are equivalent:

(a) the operator T ∈ B(H,K), R(T ) is closed and there exists T−1 ∈ B(R(T ), H);

(b) there exists µ, ν > 0 such that:

(1.3.3) ν[h, h] ≤ [Th, Th] ≤ µ[h, h]

for any h ∈ H.

If T admits an adjoint, then each condition (a) or (b) ensures the existence of

a bounded extension S ∈ B∗(K, H) of T−1 with the property S
∣∣
N(T ∗)= 0.
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2. The main results

Let Z be an admissible space and H a Loynes Z- space.

Consider A ∈ B∗(H) a fixed positive operator. In the sense of [2], we

define also in pseudo-Hilbert spaces a gramian A-contraction on H, as being

an operator T ∈ B∗(H) which satisfies the inequality

T ∗AT ≤ A.

As a particular case of the gramian A-contraction we obtain

Definition 1 An operator T ∈ B∗(H) is called (T ∗T )α- gramian contrac-

tion, 0 < α < 1, if T ∗(T ∗T )αT ≤ (T ∗T )α.

Definition 2 An operator T ∈ B∗(H) is gramian power bounded if

sup
n∈ lN

‖Tn‖ < ∞.

Definition 3 An operator T ∈ B∗(H) is called a gramian n-quasicontraction

if T is gramian T ∗nTn- contraction, i.e. T ∗(T ∗nTn)T ≤ T ∗nTn.

Definition 4 An operator T ∈ B∗(H) is called a gramian n-quasi-isometry

if T is gramian T ∗nTn- isometry, that is T ∗(T ∗nTn)T = T ∗nTn.

Remark 1 If T ∈ B∗(H) is a gramian n-quasi-isometry, then ‖ T ‖≥ 1.

T ∈ B∗(H) and n ∈ lN fixed implies Tn ∈ B∗(H). The conclusion is obvious

from

‖ Tn+1 ‖2=‖ T ∗n+1Tn+1 ‖=‖ T ∗nTn ‖=‖ Tn ‖2 or ‖ Tn+1 ‖=‖ Tn ‖≤‖
Tn ‖‖ T ‖ .

Remark 2 (i)The operator T ∈ B∗(H) is a gramian n-quasicontraction iff

the sequence of operators {T ∗mTm}m≥n is decreasing.

(ii) If T is a gramian n-quasicontraction then, for all m > n, T is a gramian

m-quasicontraction too.
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(iii) If T is a gramian n-quasi-isometry then, for all m > n, T is a gramian

m-quasi-isometry too.

Proof: (i) By Definition 3, we can write, T ∗n+1Tn+1 ≤ T ∗nTn and T ∗n+2Tn+2 =

T ∗(T ∗n+1Tn+1)T ≤ T ∗(T ∗nTn)T = T ∗n+1Tn+1 that is the sequence {T ∗mTm}m≥n

is decreasing. We used the known inequality, 0 ≤ A ≤ B ⇒ T ∗AT ≤
T ∗BT, A, B, T ∈ B∗(H), see 2.6 pp. 44 [13], for example. Conversely, if

{T ∗mTm} is decreasing for all m ≥ n then T ∗(T ∗nTn)T = T ∗n+1Tn+1 ≤
T ∗nTn.

(ii) It is immediate from (i).

(iii) T ∗n+2Tn+2 = T ∗(T ∗n+1Tn+1)T = T ∗(T ∗nTn)T = T ∗n+1Tn+1.

2

Definition 5 An operator T ∈ B∗(H) is gramian quasinormal if (T ∗T )T =

TT ∗T.

This definition, was considered in the case of Hilbert spaces in [2] and in [7]

for this notion.

It is easy to see that if T is a gramian quasinormal contraction, then T and

T ∗ are T ∗T - contractions and T ∗T commutes with T and T ∗.

Remark 3 If T is a gramian n-quasicontraction on H satisfying T | Tn |=|
Tn | T, then it easily follows that Tn is gramian quasinormal and when T is a

gramian n-quasi-isometry one has T ∗nTn = T ∗2nT 2n = (T ∗nTn)2. Hence Tn

is a partial gramian isometry, being a gramian projection.

Proof: The condition T | Tn |=| Tn | T implies T | Tn |2=| Tn |2 T and

Tn | Tn |2=| Tn |2 Tn, or exactly Tn(Tn∗Tn) = (Tn∗Tn)Tn.

By Remark 1 (iii), we have T ∗nTn = T ∗n+1Tn+1 = T ∗(T ∗n+1Tn+1)T =

... = T ∗2nT 2n and (T ∗nTn)2 = (T ∗nTn)T ∗nTn =| Tn |2 T ∗nTn = T ∗n | Tn |2
Tn = T ∗2nT 2n, by T ∗n | Tn |2=| Tn |2 T ∗n.

2
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We recall that the modulus of an operator T ∈ B∗(H), is defined by | T |=
(T ∗T )

1
2 . The existence and the positivity is assured in B∗(H) by the functional

calculus with continuous functions on spectrum [6]. Also | T |2α≥ 0.

Proposition 1 If T is a (T ∗T )α- gramian contraction with 0 < α < 1, then

T is a gramian power bounded operator.

Proof: Writing the condition from the Definition 1, we have

0 ≤ T ∗ | T |2α T ≤| T |2α .

But from,

[| T |α Tnh, | T |α Tnh] = [T ∗n | T |2α Tnh, h] ≤ [| T |2α h, h] =

= [| T |α h, | T |α h], (∀) n ∈ lN, h ∈ H

we obtain

[| T | Tnh, | T | Tnh] ≤ [| T |1−α| T |α Tnh, | T |1−α| T |α Tnh] ≤

≤‖| T |1−α‖2 [| T |α Tnh, | T |α Tnh] ≤‖| T |1−α‖2 · ‖| T |α‖2 [h, h], (∀) n ∈ lN, h ∈ H.

In these inequalities we used that | T |α, | T |1−α∈ B∗(H) , which follows

from T ∈ B∗(H) a C∗-algebra implies T ∗T ∈ B∗(H) or | T |∈ B∗+(H), i.e.

‖ | T | ‖≤ M or | T |≤ MI, 0 < α < 1 and because xα is a monotone operator,

we have | T |α≤ MαI.

Also, by induction, we found, T ∗n | T |2α Tn = T ∗(T ∗n−1 | T |2α Tn−1)T ≤
≤ T ∗ | T |2α T ≤| T |2α .

Because

[Tn+1h, Tn+1h] = [TTnh, TTnh] = [T ∗nT ∗TTnh, h] = [T ∗n | T |2 Tnh, h] =

= [| T | Tnh, | T | Tnh], we deduce that

[Tn+1h, Tn+1h] ≤‖| T |1−α‖2 · ‖| T |α‖2 [h, h], h ∈ H,

i.e. ‖ Tn ‖≤‖| T |1−α‖ · ‖| T |α‖, n ≥ 1 that is T is gramian power bounded.
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2

Definition 6 We say that an operator T ∈ B∗(H) is gramian n-quasi

hyponormal, if [Tn+1h, Tn+1h] ≥ [T ∗Tnh, T ∗Tnh] for all h ∈ H.

Remark 4 Using the previous definition, it easily follows that ‖Tn+1‖ ≥
‖T ∗Tn‖.

Remark 5 Every gramian n-quasihyponormal operator is gramian m-quasi

hyponormal, for all m > n, m ∈ lN.

Proof: It is obvious from,

[Tm+1h, Tm+1h] = [Tn+1Tm−nh, Tn+1Tm−nh] ≥

≥ [T ∗TnTm−nh, T ∗TnTm−nh] = [T ∗Tmh, T ∗Tmh].

2

Proposition 2 Let T be a gramian n-quasi-isometry on Loynes Z-space H

with Tn 6= 0. Then the following implications are equivalent:

(i) ‖ T ‖= 1;

(ii) T is gramian n-quasihyponormal.

Corollary 3 If T is a gramian n-quasi-isometry with ‖T‖ = 1, then N(T ) ⊂
N(T ∗n).

If in Definition 6 we take, n = 0, then we obtain the definition of gramian

hyponormal operators.

Proposition 3 Let T be a gramian n-quasi-isometry with n ≥ 1 on Loynes

Z-space H and Tn 6= 0. Then the following statements are equivalent:

(i) ‖ Tn ‖= 1;

(ii) Tn is gramian hyponormal.

Proof: (ii)⇒(i) Tn being gramian hyponormal, it follows that ‖Tn‖m =

‖Tnm‖, m ∈ lN by Proposition 2, [5].
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T is a gramian n-quasi-isometry so T ∗n+1Tn+1 = T ∗nTn and from Remark

1, (iii) T ∗m+1Tm+1 = T ∗mTm, (∀) m > n,m ∈ lN. Thus

‖Tn‖2 = ‖T ∗nTn‖ = ‖T ∗n+1Tn+1‖ = ... = ‖T ∗2nT 2n‖ = ‖T 2n‖2,

or ‖Tn‖ = ‖Tn‖2. Using now the hypothesis Tn 6= 0, we obtain ‖Tn‖ = 1.

(i)⇒(ii) We calculate

[Tnh− Tn∗T 2nh, Tn − Tn∗T 2nh] = [Tnh, Tnh]− [Tn∗T 2nh, Tnh]−

−[Tnh, Tn∗T 2nh] + [Tn∗T 2nh, Tn∗T 2nh] = [Tnh, Tnh]− 2[T 2nh, T 2nh]+

+[Tn∗T 2nh, Tn∗T 2nh] ≤ [Tnh, Tnh]−2[T 2nh, T 2nh]+‖Tn∗‖2‖Tn‖2[Tnh, Tnh] ≤

≤ [Tnh, Tnh]− 2[T 2nh, T 2nh] + [Tnh, Tnh] = 0,

by hypothesis (i) and Remark 1.

This implies Tnh− Tn∗T 2nh = 0 or Tn = Tn∗T 2n.

Therefore, using that ‖T 2n∗‖ = 1 from Remark 1, we have

[Tn∗h, Tn∗h] = [T 2n∗Tnh, T 2n∗Tnh] ≤ ‖T 2n∗‖2[Tnh, Tnh] = [Tnh, Tnh],

which means that Tn is gramian hyponormal.

2

Corollary 4 (i) If T ∈ B∗(H) is a gramian hyponormal operator, then

N(T ) ⊆ N(T ∗).

(ii) For every gramian hyponormal operator T we have R(T ∗ − λI)⊥ ⊆
R(T − λI)⊥.

(iii) If T ∈ B∗(H) is gramian hyponormal and surjective, then T is invertible

and T−1 is gramian hyponormal.

(iv) Every gramian hyponormal operator T for which T − λI is surjective

or T ∗ − λI is injective satisfies R(T − λI) ⊆ R(T ∗ − λI).

Proof: (i) Let h ∈ N(T ). Now, the gramian hyponormality of T implies

that

0 ≤ [T ∗h, T ∗h] ≤ [Th, Th] = 0

that is T ∗h = 0.
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(ii) T gramian hyponormal implies T − λI is gramian hyponormal, so that

N(T − λI) ⊆ N(T ∗ − λI) or R(T ∗ − λI)⊥ ⊆ R(T − λI)⊥, using that N(A) =

R(A∗)⊥ for every A ∈ C∗(H).

(iii) T ∈ B∗(H) being surjective, it follows that T ∗ is injective, see Corollary

1.2.1, [5]. Then N(T ∗) = {0} or N(T ) = {0} by (i). Thus T is invertible in

B∗(H) and the inverse, T−1 is also gramian hyponormal.

(iv) By (ii), we have R(T ∗ − λI)⊥ ⊆ R(T − λI)⊥ or R(T − λI) ⊆ R(T −
λI)⊥⊥ ⊆ R(T ∗ − λI)⊥⊥ = R(T ∗ − λI), because R(T ∗ − λI) will be closed (by

Theorem 1.3.1, see [6], T ∗−λI being injective), N(T −λI)⊕R(T ∗ − λI) = H

and R(T ∗ − λI)⊥ ⊕ R(T ∗ − λI)⊥⊥ = H.

2

As a particular case of the Proposition 3, when n = 1, we obtain a general-

ization of Theorem 2.2 from [12].

Theorem 2 It T is a gramian quasi-isometry and ‖T‖ = 1, then T is a

gramian hyponormal operator.

The following result generalizes a part of Theorem 2.9 from [12] on Loynes

spaces.

Theorem 3 Let T be a gramian quasi-isometry. If T ∗ is gramian n-

quasihyponormal, then T is gramian normal.

Proof: Assume that T ∗ is gramian n-quasihyponormal. Then

[T ∗n+1Tnh, T ∗n+1Tnh] ≥ [TT ∗nTnh, TT ∗nTnh]

for all h ∈ H.

Since T is a gramian quasi-isometry, we have

(1) T ∗nTn = T ∗T

and then

[T ∗2Th, T ∗2Th] = [T ∗T ∗nTnh, T ∗T ∗nTnh] = [T ∗n+1Tnh, T ∗n+1Tnh] ≥

≥ [TT ∗nTnh, TT ∗nTnh] = [TT ∗Th, TT ∗Th]
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, or [T 2T ∗2Th, Th] ≥ [(TT ∗)2Th, Th].

This inequality shows that

[T 2T ∗2h, h] ≥ [(TT ∗)2h, h]

for all h ∈ R(T ).

Thus from [T 2T ∗2h, h] = 0 = [(TT ∗)2h, h] for all h ∈ N(T ∗), we find

(2) [T 2T ∗2h, h] ≥ [(TT ∗)2h, h]

for all h ∈ H. By inequality (2), we deduce that ‖T 2‖ = ‖T‖2. Now, combining

the relation (1) with (2), we have ‖T‖2 = ‖T 2‖ = ‖T‖ or ‖T‖ = 1.

Now, using Theorem 2, the operator T will be gramian hyponormal and

then N(T ) ⊂ N(T ∗). Using (2) we obtain [T ∗T ∗h, T ∗T ∗h] ≥ [TT ∗h, TT ∗h]

or [T ∗h, T ∗h] ≥ [Th, Th] for all h ∈ R(T ∗). If h ∈ N(T ) ⊂ N(T ∗), then

[T ∗h, T ∗h] = 0 = [Th, Th] i.e. [T ∗h, T ∗h] ≥ [Th, Th], for all h ∈ H.

This argument shows that T ∗ is gramian hyponormal and T being gramian

hyponormal we find that T is gramian normal.

2

Proposition 4 Let T = U | T | be an invertible gramian hyponormal

operator. Then Un | T | is gramian hyponormal for any n ≥ 1. Moreover,

Un | T | is invertible in B∗(H) and also gramian hyponormal.

Proof: T being gramian hyponormal, we have

T ∗T =| T | U∗U | T |≥ TT ∗ = U | T |2 U∗

or

(3) | T |2≥ U | T |2 U∗,

using the fact that the operator U from the polar decomposition of an invert-

ible operator is gramian unitary from B∗(H), see [6].

Because A ≥ B ≥ 0 ⇒ X∗AX ≥ X∗BX, (∀) A,B,X ∈ B∗(H) applying

the inequality (3) n times, we find, | T |2≥ Un | T |2 U∗n.

The last inequality shows that

(Un | T |)∗(Un | T |) =| T |2≥ Un | T |2 U∗n = (Un | T |)(Un | T |)∗.
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The operators T and U being invertible in B∗(H), so are | T | and Un.

Then Un | T | will be invertible in B∗(H) and its inverse will be gramian

hyponormal.

2

Proposition 5 (i) Let T = U | T | be an invertible gramian hyponormal

operator, with T = U | T | the polar decomposition of T . Then | T |≥ U | T |
U∗ and the operator U | T | 12 is also gramian hyponormal.

(ii) Let T ∈ B∗(H) be invertible and the polar decomposition of T , T = U |
T |. Then T is gramian n-hyponormal iff S = U | T |n, n ∈ lN is gramian

hyponormal.

Proof: (i) T being a gramian hyponormal, yields the inequalities

T ∗T ≥ TT ∗ ⇒| T |2≥| T ∗ |2 .

But, polar decomposition of T, which exists T being invertible, T = U | T |
with U gramian unitary, implies, T ∗ =| T | U∗ and

TT ∗ =| T ∗ |2= U | T |2 U∗.

This relations lead to | T |2≥ U | T |2 U∗, which becomes

| T |2≥ (U | T | U∗)(U | T | U∗) = (U | T | U∗)2,

where | T |, (U | T | U∗) | T |2, U | T |2 U∗ ≥ 0, and | T |, | T |2, (U |
T | U∗), U | T |2 U∗ ∈ B∗h(H). Since f(x) =

√
x is a monotone operator on

[0,∞), see pp. 45, [13], we deduce that

| T |≥ U | T | U∗.

The last inequality will be (U | T | 12 )∗(U | T | 12 ) ≥ (U | T | 12 )(U | T | 12 )∗.

(ii) (T ∗T )n ≥ (TT ∗)n ⇔ | T |2n≥ (U | T |2 U∗)n = U | T |2n U∗ ⇔
⇔ (U | T |n)∗(U | T |n) ≥ U | T |2n U∗ = (U | T |n)(U | T |n)∗

⇔ U | T |n is gramian hyponormal.

2
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The following result was given in Hilbert spaces by A. Aluthge in [1]. The

existence of the polar decomposition with U gramian unitary is provided for

the invertible operator in B∗(H), where H is a Loynes Z-space.

Theorem 4 Let T = U | T | be a gramian p-hyponormal operator 1
2 ≤ p < 1,

and U be gramian unitary. Then the operator T̃ =| T | 12 U | T | 12 is gramian

hyponormal.

Proof: The check will be as in [1]. Taking into account that any gramian

p-hyponormal operator, 1
2 ≤ p < 1, is gramian (1

2)-hyponormal , we have

| T |= (| T | U∗U | T |) 1
2 = (T ∗T )

1
2 ≥ (TT ∗)

1
2 =

= (U | T || T | U∗)
1
2 = (U | T | U∗U | T | U∗)

1
2 = [(U | T | U∗)2]

1
2 = U | T | U∗.

Using again the inequality, A ≥ B ≥ 0 ⇒ X∗AX ≥ X∗BX, (∀) A, B,X ∈
B∗(H), we obtain,

U∗ | T | U ≥ U∗U | T | U∗U =| T |≥ U | T | U∗.

But, T̃ is gramian hyponormal because

T̃ ∗T̃ − T̃ T̃ ∗ =| T | 12 U∗ | T | 12 | T | 12 U | T | 12 − | T | 12 U | T | 12 | T | 12 U∗ | T | 12 =

=| T | 12 U∗ | T | U | T | 12 − | T | 12 U | T | U∗ | T | 12 =

=| T | 12 (U∗ | T | U − U | T | U∗) | T | 12≥ 0.

2

Consequence 1 Every gramian hyponormal operator, T = U | T | with U

gramian unitary has T̃ =| T | 12 U | T | 12 gramian hyponormal.
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The Problem 165, from the book of P. Halmos can be extended also in

pseudo-Hilbert spaces as follows.

Is a gramian contraction, similar to a gramian unitary operator, necessarily

gramian unitary?

Proposition 6 If U is gramian unitary, P is positive and invertible in

B∗(H), C = P−1UP and A = UP , then a necessary and sufficient condition

that C be a gramian contraction is that A be gramian hyponormal operator.

Proof: We use the demonstration given by P. Halmos in Hilbert spaces for

linear and bounded operators.

Considering the above assumptions we obtain the following assertions:

C is gramian contraction is equivalent to

CC∗ ≤ I ⇔ P−1UP 2U∗P−1 ≤ I ⇔

⇔ UP 2U∗ ≤ P 2 ⇔ (UP )(UP )∗ ≤ (UP )∗(UP ) ⇔

⇔ AA∗ ≤ A∗A.

2

Answer: If W is gramian unitary, S is invertible in B∗(H) and C =

S−1WS, then using the polar decomposition of the invertible operator S,

S = V P we notice that C = P−1UP , where U = V −1WV is gramian unitary

and P is positive.

It is sufficient to consider the transformations of gramian unitary operators

by the positive operators. Then the statement just proved is applicable to

them.

In the case of gramian n-hyponormal operators, Proposition 5 has the fol-

lowing variant below.

Proposition 7 If U is gramian unitary, P ≥ 0 and invertible in B∗(H),

C = P−nUPn, n ∈ lN and A = UP , then a necessary and sufficient condi-
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tion that C be a gramian contraction is that A be a gramian n-hyponormal

operator.

Proof: Using the hypothesis we obtain the following assertions:

C is gramian contraction is equivalent to

CC∗ ≤ I ⇔ P−nUP 2nU∗P−n ≤ I ⇔

⇔ P−n(UP 2U∗)(UP 2U∗)...(UP 2U∗)P−n ≤ I ⇔
⇔ P−n(UP 2U∗)nP−n ≤ I ⇔

⇔ (UP 2U∗)n ≤ (P 2)n ⇔ ((UP )(UP )∗)n ≤ ((UP )∗(UP ))n ⇔
⇔ (AA∗)n ≤ (A∗A)n.

2

A similar result with Theorem 5 can be stated.

Theorem 6 Let T = U | T | be a gramian (p
2)-hyponormal operator 0 <

p < 1, and U be gramian unitary. Then the operator T̃1 =| T | p2 U | T | p2 is

gramian hyponormal.

Proof: The proof of this theorem is similar to the proof of Theorem 4.

2
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[4] L. Ciurdariu, A. Crăciunescu, On spectral representation of gramian normal operators

on pseudo-Hilbert spaces, Anal. Univ. de Vest Timişoara, XLV, 1 (2007), 131-149.
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1. INTRODUCTION

The theory of almost periodic functions on groups was elaborated by John

Von Neumann. The main results which were developed by Harald Bohr for

almost periodic functions on the real line, as the existence of mean value, the

theory of the Fourier series, were extended to this class of functions. The

set AP (G) of all almost periodic functions on a Hausdorff locally compact

abelian group G is a Banach algebra with respect to the supremum norm. If

f ∈ AP (G) then the Fourier series of f is

∞∑

n=1

cγn
(f)γn,

where Ĝ is the dual of the group G and {γn ∈ Ĝ| n ∈ N} is the set of

those characters with the property that for every n ∈ N the Fourier coefficient

cγn
(f) is different by the value 0. Based on the property that two almost

periodic functions coincide if they have the same Fourier coefficients, we solve

the following system of equations

fi =
p∑

j=1

gij ∗ fj + hi, i = 1, 2, ..., p. (1)

85
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In this context the functions gij , (i, j) ∈ {1, 2, ..., p}2 belong to L1(G) and

the functions hi, i ∈ {1, 2, ..., p} are in AP (G). A solution of the system (1)

is an element F = (f1, f2, ..., fp) ∈ (AP (G))p such that the almost periodic

functions f1, f2, ..., fp satisfy the relations (1). In the same manner we can

discuss the system of functional equations

fi =
p∑

j=1

νij ∗ fj + hi, i = 1, 2, ..., p, (2)

where νij , (i, j) ∈ {1, 2, ..., p}2 are bounded measures and hi, i ∈ {1, 2, ..., p},
are almost periodic functions.

2. PRELIMINARIES

Consider a Hausdorff locally compact Abelian group G and let λ be the

Haar measure on G. Let us denote by C(G) the set of all bounded continuous

complex-valued functions on G. The space of Haar measurable functions f on

G, with
∫

G
|f(x)|dλ(x) < ∞, will be denoted by L1(G). As usually the norm

‖ · ‖1 is defined by

‖f‖1 =
∫

G
|f(x)|dλ(x), f ∈ L1(G).

We use mF (G) to denote the space of all bounded measures on G. We denote

by |ν| the variation measure which corresponds to a measure ν on G. For

f ∈ C(G) and a ∈ G, the translate of f by a is the function fa(x) = f(xa)

for all x ∈ G. In [2], [5], [6], [7], there are defined the almost periodic functions.

Definition 2.1. A function f ∈ C(G) is called an almost periodic function on

G, if the family of translates of f , {fa : a ∈ G} is relatively compact in the

sense of uniform convergence on G.

The set AP (G) of all almost periodic functions on G is a Banach algebra with

respect to the supremum norm, closed to conjugation. There exists a unique

positive linear functional M : AP (G) → C such that M(fa) = M(f), for all

a ∈ G, f ∈ AP (G) and M(1) = 1. We denote by 1 the constant function

which is 1 for all x ∈ G. If f ∈ AP (G) we define the mean of f as being the
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above complex number M(f). Denote by Ĝ the dual of G. It is easy to see

that Ĝ ⊂ AP (G). We put cγ(f) = M(γf) for all γ ∈ Ĝ, f ∈ AP (G) and

we call cγ(f), the Fourier coefficient of f corresponding to γ ∈ Ĝ. Next, we

recall the definition of the Fourier series of an almost periodic function. First,

let us say that if f ∈ AP (G), then there exists only a countably subset of Ĝ,

denoted by {γn ∈ Ĝ| n ∈ N}, such that M(γnf) 6= 0, n ∈ N.

Definition 2.2. Let f ∈ AP (G) and {γn ∈ Ĝ| n ∈ N} be the subset of Ĝ such

that M(γnf) 6= 0, n ∈ N. We define the Fourier series of f by
∞∑

n=1

cγn
(f)γn.

If g ∈ L1(G) and f ∈ AP (G), their convolution, g ∗ f , belongs to AP (G).

We recall that

g ∗ f(x) =
∫

G
f(xy−1)g(y)dλ(y), x ∈ G,

and that the Fourier transform of g ∈ L1(G), denoted by ĝ is given by

ĝ(γ) =
∫

G
g(x)γ(x)dλ(x), γ ∈ Ĝ.

We also recall that for ν ∈ mF (G) and f ∈ AP (G) we have that their convolu-

tion belongs to AP (G); we use the notation ν ∗ f for the convolution between

f and ν and the meaning of that is

ν ∗ f(x) =
∫

G
f(xy−1)dν(y), x ∈ G.

The Fourier - Stieltjes transform of ν ∈ mF (G), denoted by ν̂, is given by

ν̂(γ) =
∫

G
γ(x)dν(x), γ ∈ Ĝ.

3. SYSTEMS OF EQUATIONS

Consider p ∈ N, p ≥ 2, the functions gij ∈ L1(G), (i, j) ∈ {1, 2, ..., p}2 and the

almost periodic functions li, i = 1, 2, ..., p. Denote by [g] the matrix having

the elements gij , (i, j) ∈ {1, 2, ..., p}2. Consider i ∈ {1, 2, ..., p}. The subset

of Ĝ which contains the characters with the property that the corresponding

Fourier coefficient of li is different by the value 0, is

Sli = {γi
n| n ∈ N}.
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This means M
(
γi

nli

)
6= 0, n ∈ N. The Fourier series of li is

∞∑

n=1

cγi
n
(li)γi

n.

Consider

S =
p⋃

i=1

Sli ,

and denote S = {γn ∈ Ĝ| n ∈ N}. Let (an)n be a sequence of complex numbers

such that the series
∑∞

n=1 |an|2 is convergent.

Lemma 3.1. For every i = 1, 2, ..., p the Fourier series

∞∑

n=1

cγi
n
(li)anγi

n

is uniformly convergent in the space AP (G).

Proof. For every i ∈ {1, 2, ..., p} we have that the function li satisfies the

Parseval equality
∞∑

n=1

|cγi
n
(li)|2 = M(|li|2). (3)

The conclusion follows from (3) and from the inequalities

(
n+p∑

k=n

|cγi
k
(li)akγ

i
k(x)|

)2

=

(
n+p∑

k=n

|cγi
k
(li)ak|

)2

≤

≤
n+p∑

k=n

|cγi
k
(li)|2

n+p∑

k=n

|ak|2, x ∈ G, n ∈ N, p ∈ N. 2

Using Lemma 3.1 we can easily obtain the following result.

Corollary 3.1. There exist the functions h1, h2, ..., hp such that for every

i = 1, 2, ..., p we have

hi =
∞∑

n=1

cγi
n
(li)anγi

n. (4)

in the space AP (G).
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Notation 3.1. For every n ∈ N we make the following notation

C(h1,h2,...,hp,γn) =




cγn
(h1)

cγn
(h2)

...

cγn
(hp)




.

For n ∈ N we consider the matrix

M([g],γn) =




ĝ11(γn)− 1 ĝ12(γn) . . . ĝ1p(γn)

ĝ21(γn) ĝ22(γn)− 1 . . . ĝ2p(γn)

. . . . . . . . . . . .

ĝp1(γn) ĝp2(γn) . . . ĝpp(γn)− 1




(5)

and we denote the determinant of the matrix M([g],γn) by ∆n. We also consider

max
(i,j)∈{1,2,...,p}2

‖gij‖1 = Vmax.

Theorem 3.1. Consider the functions gij ∈ L1(G), (i, j) ∈ {1, 2, ..., p}2 and

the functions hi, i ∈ {1, 2, ..., p} defined in (4).

If there exists δ > 0 such that infn∈N |∆n| > δ, then the system (1) has a

solution (f1, f2, ..., fp) ∈ (AP (G))p.

Proof. Consider n ∈ N. The Fourier coefficients of the convolutions gij ∗
fj , (i, j) ∈ {1, 2, ..., p}2 are given by

cγn
(gij ∗ fj) = ĝij(γn)cγn

(fj).

Taking into account the relations (1), we calculate the Fourier coefficients of

the functions f1, f2, ..., fp, so, we obtain the linear algebric system

cγn
(fi) =

p∑

j=1

ĝij(γn)cγn
(fj) + cγn

(hi), i = 1, 2, ..., p, (6)
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which has the matrix (5). From (6) it follows that for every n ∈ N we have

C(f1,f2,...,fp,γn) = −M([g],γn)
−1C(h1,h2,...,hp,γn), (7)

where

C(f1,f2,...,fp,γn) =




cγn
(f1)

cγn
(f2)

...

cγn
(fp)




.

We prove that for every i ∈ {1, 2, ..., p}, the Fourier series

∞∑

n=1

cγn
(fi)γn (8)

is uniformly convergent in the space AP (G). For every (i, j) ∈ {1, 2, ..., p}2 we

have

|ĝij(γn)| = |
∫

G
gij(x)γn(x)dλ(x)| ≤ ‖gij‖1 ≤ Vmax

and

|ĝij(γn)− 1| ≤ 1 + Vmax.

If βn
ij is the element of the matrix M([g],γn)

−1 situated on the line i and the

column j then

|βn
ij | ≤

(p− 1)!
δ

(1 + Vmax)
p−1 .

Taking into account (7) it follows that for every i ∈ {1, 2, ..., p}

|cγn
(fi)γn(x)| ≤

≤ (p− 1)!
δ

(1 + Vmax)
p−1

p∑

k=1

|cγn
(hk)|, n ∈ N, x ∈ G.

(9)

On the other hand, for every k ∈ {1, 2, ..., p} the series

∞∑

n=1

|cγn
(hk)| (10)
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is convergent. Therefore, from (9) we see that the Fourier series (8) are uni-

formly convergent. Based on the property that two almost periodic functions

coincide if they have the same Fourier coefficients, we conclude that the sums

of these series satisfy the equations of the system (1). 2

In the same manner we can treat the system (2). Consider the measures

νij ∈ mF (G), (i, j) ∈ {1, 2, ..., p}2. We denote by [ν] the matrix having the

elements νij , (i, j) ∈ {1, 2, ..., p}2. For n ∈ N we consider the matrix

M([ν],γn) =




ν̂11(γn)− 1 ν̂12(γn) . . . ν̂1p(γn)

ν̂21(γn) ν̂22(γn)− 1 . . . ν̂2p(γn)

. . . . . . . . . . . .

ν̂p1(γn) ν̂p2(γn) . . . ν̂pp(γn)− 1




(11)

and we denote the determinant of the matrix M([ν],γn) by Ωn. We have the

inequalities

|ν̂ij(γ)| ≤ |ν|(G), γ ∈ Ĝ, (i, j) ∈ {1, 2, ..., p}2.

Using formulas for calculating the Fourier coefficients, as

cγ(νij ∗ fj) = ν̂ij(γ)cγ(fj), γ ∈ Ĝ, (i, j) ∈ {1, 2, ..., p}2,

and performing similar steps as in the proof of Theorem 3.1, we obtain the

following result.

Theorem 3.2. Consider the measures νij ∈ mF (G), (i, j) ∈ {1, 2, ..., p}2 and

the functions hi, i ∈ {1, 2, ..., p} defined in (4).

If there exists ω > 0 such that infn∈N |Ωn| > ω, then the system (2) has a

solution (f1, f2, ..., fp) ∈ (AP (G))p.
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Abstract The impact of the stochastic limiter on the dynamics of the economy is ana-

lyzed. The conventional economic model is modified by adding with or mul-

tiplying the characteristic parameters by a random quantity. It is shown that

if the limiter contains a stochastic factor, then it is possible for the govern-

ing invariant sets of the dynamics generated by the model to change into an

equilibrium or a cyclic regime or, even more important, a cyclic regime can

turn into a chaotic one. For economists, it is highly important to be able to

predict the economic asymptotic behaviors in order to prevent the unwanted

situations. That’s why MathCAD, which is a very useful and powerful pro-

gram, is going to be used. The numerical examples and diagrams in the paper

are realized by us and they use MathCAD.
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1. RANDOM REGIME OF THE MODEL

The economic model described by the logistic function was intensively stud-

ied in the framework of the topological dynamical systems. However, in reality,

the factors determining the dynamics generated by the model are random. In

the theory of discrete dynamic systems these random variations are known as

noise, in analogy to electronic circuits.

In what follows, the limiter factor, the parameter ‘h’ is random. We inves-

tigate the effects of the stochastic limiter on the dynamics of the economical

system. Thus, the model will be modified up to a version that implies the exis-

tence of a noise in the limiter factor fh,ω (xt) = min {axt (1− xt) , h (1 + ωξt)},
or fh,ω (xt) = min {axt (1− xt) , h (1 + rnd(d))} where ω > 0, is the intensity
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of noise, ξt is the Gaussian distribution of the variable with the average 0

and the variation 1, and ‘rnd’ is the random function, 0 < d < 1. Of course,

dynamics are determined by circumstances and can be random. But, as we

are mainly interested in the consequences of the noise limiter, we shall refer

to the last cases.

2. RANDOM VARIATIONS

Previously it has been studied the effect of the introduction of a fixed lim-

iter threshold in order to control the dependence of the logistic function. In

what follows, we take into consideration the fact that in reality, the values

situated under this threshold have a variation which will be stimulated by the

introduction of a random element. Two kinds of variations will be analyzed:

one, which is stimulated by random numbers characterized by the ‘rnd’ func-

tion and the other which is of a Gaussian type, ‘dnorm’. Moreover, there will

also be taken into consideration the following cases: the variations will influ-

ence Xt function; the variations will influence the parameter a. The graphical

representations of the two variations are illustrated in fig. 1.

Fig. 1. Variations of the limiter threshold.

If hl stands for the random form of the threshold, then its expression in

terms of the initial determinist threshold h will have one of the forms: h1 =

h(1 + rnd(d)), or h1 = h(1 + ωdnorm(h, 0, 1)), where ”rnd” is the random

function, 0 < d < 1 is its domain and dnorm is the function of normal

distribution (of 1 and 0 parameters in the present case).



The impact of the stochastic limiter control on economic dynamics 95

We are going to illustrate a few representations of the logistic function with

both determinist and random threshold in order to establish their influence. In

our analysis we also use the numerical series. We start with the logistic func-

tion in a chaotic regime corresponding to a = 3.9 applying first a deterministic

threshold with a superior limiter of h = 0.9.

Fig. 2. The change of logistic function in: a) chaotic regime; b) with a determinist thresh-

old, h = 0,85; c) with a random threshold h1=h(1+0,4rnd(0,2)); d) with a Gaussian thresh-

old, h2=h(1+0,4dnorm(h,0,1)).



96 Adriana-Daniela Gurgui Costea

The result is given in fig 2 a). Thus x(t) stands for the initial logistic

function, y(t) for the logistic function limited by a logistic threshold, z(t) for

the logistic function limited by a random threshold and w(t) for the logistic

function limited by a Gaussian threshold. Here and in the following by logistic

function we mean the motion generated by it.

We notice that, when the determinist threshold is applied, the function

changed from its chaotic regime into a cyclic regime of period 2. But, as we

can see in the fig 2 c) and in the following table, when a random threshold,

whose values vary around the values of the determinist threshold, is applied,

the state of the model will change into a cycle of period 4. Also, if a Gaussian

threshold is applied, the system changes into a cyclic regime of period 7, (fig

2 d)).

3. FEIGENBAUM DIAGRAMS

In order to study the influence of variations over the limited logistic func-

tion (HLC), we shall analyze the influence of variations in the bifurcation

Feigenbaum diagram. In this representation we are interested in the bifurca-

tion variable ai, which determines the various regimes of the logistic function

(equilibrium, cycles, chaos). For these we are going to define the following

variables:

Xn,i−the basic logistic function (n is the number of iterations and i deter-

mines the step of increase of variable ai) (fig 3. a));
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X1n,i−the logistic function to which there has been added a random vari-

ation (rnd) over Xn,i (fig 3. b));

X2n,i−the logistic function to which there has been added a Gaussian vari-

ation (dnorm) over Xn,i (fig 3. c));

X3n,i−the logistic function to which there has been added a random vari-

ation (rnd) over ai (fig 3. d));

X4n,i−the logistic function to which there has been added a Gaussian vari-

ation (dnorm) over ai (fig 3. e)).
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Fig. 3. Feigenbaum diagram for the logistic function a) Xn,i-basic; b) X1n,i- to which

there has been added a random variation (rnd) over Xn,i; c) X2n,i- to which there has been

added a Gaussian variation (dnorm) over Xn,i; d) X3n,i- to which there has been added a

random variation (rnd) over ai; e) X4n,i- to which there has been added a Gaussian variation

(dnorm) over ai

That is: Xn+1,i := aiXn,i(1−Xn,i);X1n+1,i := aiXn,i(1−Xn,i)+md(0.15);

X2n+1,i := aiXn,i(1−Xn,i)+dnorm(ai, 0, 1); X3n+1,i := (ai+md(0.1))Xn,i(1−
Xn,i); X4n+1,i := (ai + dnorm(ai, 0, 1))Xn,i(1−Xn,i).

In the case of a random variation, this variation is represented by thick lines.

When we take into consideration the Gaussian variation, the dependence of

the logistic function is reflected by the change in form and sizes of it. The

differences will be illustrated in what follows by calculations. The changes

that take place in the case of variations are very important not only for the

functions themselves, but also for their averages, calculated for a random

number of iterations. We choose a number of 50 iterations between 100 and

150. Define the following averages:

m (n, i) the average for 50 iterations of the basic logistic function Xn,i;

m1 (n, i) the average for 50 iterations of the basic logistic function X1n,i;

m2 (n, i) the average for 50 iterations of the basic logistic function X2n,i;

m3 (n, i) the average for 50 iterations of the basic logistic function X3n,i;

m4 (n, i) the average for 50 iterations of the basic logistic function X4n,i.

where m (n, i) = 1
50

150∑
n=100

Xn+1,i, m1 (n, i) = 1
50

150∑
n=100

X1n+1,i,

m2 (n, i) = 1
50

150∑
n=100

X2n+1,i, m3 (n, i) = 1
50

150∑
n=100

X3n+1,i,

m4 (n, i) = 1
50

150∑
n=100

X4n+1,i. In order to avoid the effect of variations over these
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averages, we calculate the differences (in absolute value) that follows between

these and the basic function average m (n, i). The relations of definition are

d1(n, i) := |m(n, i)−m1(n, i)|, d2(n, i) := |m(n, i)−m2(n, i)|,

d3(n, i) := |m(n, i)−m3(n, i)|, d4(n, i) := |m(n, i)−m4(n, i)|.

Fig. 4. The effects of variations over averages.
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4. CONCLUSIONS

The mechanisms of hard limiter control are often met in economy. The

control generates a stable behavior of the system, even if it is chaotic or peri-

odic. A frequent change in the position of the limiter can appear as a proper

strategy which can compensate the new cycles that appear. This strategy will

lead to irregular behavior of the system.

Our analysis shows that it is to keep the limiter fixed, changing it only in

those moments when the value of the parameter is modified substantially. In

this case there will appear adjustable cycles of a smaller period. Out of these

the cycle of period one seems to be the best from several points of view in

relation to economy. A powerful and permanent control is necessary in order

to obtain this regime. Otherwise its behavior will not be at the right standards.

When economy is being discussed, these effects could be used as arguments

against the control politics. In order to counterbalance such arguments, a

simple control politics should be formulated in order to reach the peak of

economy.
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Abstract A classical technique for analyzing dynamical systems is due to Poincaré [4].

It replaces the flow of a nth-order continuous-time system by a (n− 1)th-order

discrete-time system called the Poincaré map. A Poincaré map essentially

describes how points on a plane Σ (the Poincaré section), which is transverse

to an orbit Γ and which are sufficiently close to Γ, get mapped back onto Σ by

the flow [5]. Unfortunately, except under the most trivial circumstances, the

Poincaré map cannot be expressed by explicit equations. Here the numerical

analysis interpose. In this paper we present an algorithm for constructing the

Poincaré map, we build its Maple code, and implement it on an example.

Keywords: systems of differential equations, Poincaré map.
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1. INTRODUCTION

Consider a system of autonomous differential equations

ẋ = f(x), x ∈ Rn. (1)

Throughout the text, we assume that the vector field f is sufficiently smooth

(C1 will do nicely). Let ϕ(x, t) denote the solution of (1) satisfying ϕ(x, 0) = x.

The curve O(x) = {ϕ(x, t) : t ∈ R} is called the orbit or trajectory passing

through the point x.

In many physical applications and particulary in the theory of dynamical

systems, one is often interested in computing a Poincarè map P (also known

as the first return map) of a system such as (1). This map is produced by

considering successive intersections of a trajectory with a codimension-one

surface Σ - called the Poincaré section- of the phase space Rn.
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Given a system (1), the existence of a Poincarè map is far from being

obvious; in many cases it simply does not exist. However, in the case when the

system admits periodic solutions Γ, the Poincarè map is well-defined. Indeed,

let x∗ be a point on such a solution (x∗ ∈ Γ). There exists a positive number

T , called the period of the orbit, such that ϕ(x∗, T + t) = ϕ(x∗, t) for all t ∈ R.

In particular, ϕ(x∗, T ) = ϕ(x∗, 0) = x∗, so the point x∗ returns to itself after

having flowed T time units. Now consider a surface Σ that is transversal to

the flow, i.e. the surface normal at x∗ satisfies < nΣ(x∗), f(x∗) >6= 0, where

< · > denotes the inner product in Rn. By the implicit function theorem

we can find an open neighborhood U ⊂ Σ of x∗ such that for all x ∈ U ,

there exists a positive number τ(x) such that if z = ϕ(x, τ(x)) then: (a)

z ∈ Σ (x returns to the plane Σ after time τ(z)); (b) sign < nΣ(x), f(x) >=

sign < nΣ(z), f(z) > (Σ is crossed from the same direction). The function

τ : Rn → R+ is continuous, and represents the time taken by the point x

to return to Σ according to the condition (b). The point z = ϕ(x, τ(x)) is

called the fist return of x, and the Poincaré map P : U → Σ is defined by

P (x) = ϕ(x, τ(x)). Note, by definition, we have τ(x∗) = T and P (x∗) = x∗.

The advantages of a Poincaré map consists in the facts that it reduces the

study of a flow to the study of maps and it also reduce the dimension of the

problem by 1. Except for some cases, the Poincaré map can not be expressed

by explicit equations, but it is implicitly defined by the vector field f and the

section Σ.

2. LOCATING HYPERPLANE CROSSINGS Σ

In practical implementations the (n-1)-dimensional hyperplane Σ can be

chosen in several ways, but if the program already knows the position of a

limit cycle, it can choose a point in the hyperplane xΣ = x∗ and the normal

vector h = f(x∗) where x∗ is any point on the limit cycle. So the hyperplane

is represented by the equation H(x) =< h, x − xΣ >= 0. In practice the

hyperplane Σ divides Rn in two regions: Σ− = {x ∈ Rn| < h, x − xΣ >< 0}
and Σ+ = {x ∈ Rn| < h, x − xΣ >> 0} and the trajectory will repeatedly

cross Σ from Σ− to Σ+ to Σ− etc.
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In order to locate the first hyperplane crossing of a trajectory ϕ(x, t), in-

tegrate the trajectory and calculate H(ϕ(x, t)) at every time-step. We keep

integrating until two consecutive points, x1 = ϕ(x, t1) and x2 = ϕ(x, t2), lie on

different sides of Σ, that is H(x1) and H(x2) have opposite signs. Once x1 and

x2 are found, the exact crossing is some point α = ϕ(x, τ) with t1 < τ < t2.

If we want to calculate α and τ , assuming x1, x2, t1 and t2 are known, we

use a simple linear interpolation scheme. Let α1 = H(x1) and α2 = H(x2).

Then α ≈ α2
α2−α1

x1 + α1
α1−α2

x2, τ ≈ α2
α2−α1

t1 + α1
α1−α2

t2.

3. A NUMERICAL EXAMPLE FOR

CONSTRUCTING THE POINCARÉ MAP

Consider the dynamical system

ẋ1 = −x2 + x1(1− x2
1 − x2

2),

ẋ2 = x1 + x2(1− x2
1 − x2

2).

If we pass to the polar system of coordinates x1 = r cos θ and x2 = r sin θ this

system becomes the product system

ṙ = r(1− r2), θ̇ = 1, (2)

the general solution of which is

Φ(r, θ, t) = ([1 + (
1
r2
− 1)e−2t]−1/2, t + θ). (3)

We note that the periodic solution is r(t) = 1 (with the period T = 2π) and

the transversal section is Σp = {(r, θ) ∈ R+ × S1|r > 0, θ = 0}.
Consider now the diffeomorphism who help us to pass from polar coordi-

nates to Cartesian h : R2 → R2, h(r, θ) = (r cos θ, r sin θ) = (x1, x2). So, the

two systems are topological conjugate, and the solution of the first system will

be ϕ(x, t) = h ◦ Φ(r, θ, t). Doing the calculations we obtain

ϕ(x, t) = [1+(
1

x2
1 + x2

2

−1)e−2t]
−1
2

1√
x2

1 + x2
2

(x1 cos t−x2 sin t, x1 sin t+x2 cos t).

(4)

The periodic solution r(t) = 1 of the system in polar coordinates will be

transform in the unit circle x2
1 + x2

2 = 1 in Cartesian coordinates. The prin-

cipal period is also T = 2π and a point on this solution is x∗ = (1, 0). So we
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can choose the point in the hyperplane Σ, xΣ = x∗ and by using the equation

of H we conclude that the Poincaré section is Σ = {(x1, x2) ∈ R2|x2 = 0}.
We denote by Σ+ = {(x1, x2) ∈ R2|x2 > 0} and Σ− = {(x1, x2) ∈ R2|x2 < 0}
the two regions in which Σ divide R2. We also choose the point x = (0.5, 0)

in the neighborhood of x∗, and construct the image P (x) of this point under

the Poincaré map. We note that in an Euclidian space the point P (x) is not

the first point at which ϕ(x, t) intersects Σ; ϕ(x, t) will pass at least once after

returning in the neighborhood U . If Σ is properly chosen, then the trajectory

in study will successively cross Σ coming from Σ+ to Σ− to Σ+ etc. The point

x = (0.5, 0) situated in the neighborhood of x∗ = (1, 0) first returns in the

same neighborhood after τ = 6.283185307 ≈ 2π.

The Maple code of the programm which constructs the Poincaré map and

the numerical results are presented below.

f := proc(x :: V ector)

return < −x[2]+x[1]∗(1−x[1]∧2−x[2]∧2), x[1]+x[2]∗(1−x[1]∧2−x[2]∧2) >:

end:

H := proc(x :: V ector)

local y, h :: V ector :

y := x− xs : h := f(xs) :

return DotProduct(h, y) :

end:

phi := proc(x :: V ector, t :: float)

local r :: float :

r := 1/(x[1] ∧ 2 + x[2] ∧ 2) :

return < 1/sqrt(1 + (r − 1) ∗ exp(−2 ∗ t)) ∗ (x[1] ∗ cos(t) ∗ sqrt(r)− x[2]∗
sin(t)∗sqrt(r)), 1/sqrt(1+(r−1)∗exp(−2∗t))∗(x[1]∗sin(t)∗sqrt(r)+x[2]∗
cos(t) ∗ sqrt(r)) >:

end:

crossings := proc(x0 :: V ector, t0, tf :: float)

local t1, t2, tau, alfa1, alfa2 :: float :

x1, x2, alfa :: V ector :
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x2 := x0 :

t2 := t0 :

alfa2 := H(x0) :

while (t2 < tf) do

x1 := x2 :

t1 := t2 :

alfa1 := alfa2 :

t2 := t1 + 0.001 :

if t2 > tf then

t2 := tf : fi;

x2 := phi(x, t2) :

alfa2 := H(x2) :

if (alfa1 ∗ alfa2 < 0.0) then

print(‘There is a crossing between the points:‘):

print(x1) : print(x2) :

alfa := alfa2/(alfa2− alfa1) ∗ x1 + alfa1/(alfa1− alfa2) ∗ x2 :

tau := alfa2/(alfa2− alfa1) ∗ t1 + alfa1/(alfa1− alfa2) ∗ t2 :

print(‘The point of crossing is‘): print(alfa):

print(‘The time when the crossing took place is‘):print(tau):

fi:

od:

end:
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It Crossing between points Crossing point Time of crossing

1
−0.9972070812

0.0005909984257

−0.9972127303

−0.0004062110483

−0.997210429151753176

−2.31352480575819364 ∗ 10−14
3.141592652

2
0.9999947498

−0.0001853062088

0.9999944460

0.0008146884761

0.999994693503674648

−2.62652584143846513 ∗ 10−14
6.283185307

3
−0.9999996874

0.0007779606830

−0.9999999652

−0.0002220392266

−0.99999990351749724

2.76520855182651720 ∗ 10−14
9.424777961

4
0.9999999312

−0.0003706143508

0.9999998020

0.0006293855992

0.99999988331662348

−3.07184291024886758 ∗ 10−14
12.56637061

5
−0.9999995360

0.0009632678000

−0.9999999992

−0.00003673205104

−0.99999998219571140

−1.97446090510408624 ∗ 10−15
15.70796327

6
0.9999998456

−0.0005559215100

0.9999999014

0.0004440784466

0.99999987622042166

−2.6994571107613378 ∗ 10−14
18.84955592
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Abstract In 1969, D. D. Stancu have introduced the Bernstein operators with arguments

real functions in p variables. Using weakly Picard operators and contraction

principle, C. Bacotiu studied the convergence of these operators’ iterates. In

the present paper good and special convergence for Bernstein operators in p

variables are investigated.
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1. INTRODUCTION

In [8], D.D. Stancu has introduced the Bernstein operators in p variables,

like as:

Definition 1.1. [8]. Consider the set

∆ =

{(x1, x2, ..., xp+) ∈ Rp : x1 > 0, x2 > 0, ..., xp > 0; x1 + x2 + ... + xp 6 1}

The operators Bn : C
(
∆

) → C
(
∆

)
defined by

Bn (f) (x1, ..., xp) =
∑

06i1+...+ip6n
pn;i1,...,ip (x1, ..., xp) f

(
i1
n , ...,

ip
n

)

for any f ∈ C
(
∆

)
and (x1, ..., xp) ∈ ∆ are called Bernstein operators with

arguments real functions in p variables.

The polynomials pn;i1,...,ip are generalizations of Bernstein fundamental poly-

nomials and are defined by

pn;i1,...,ip (x1, ..., xp) = n!
i1!i2!...ip!x

i1
1 ...x

ip
p (1− x1 − x2 − ...− xp)

n−i1−i2−...−ip

107
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for any (x1, ..., xp) ∈ ∆.

The set ν∆ = {(0, 0, ..., 0) , (0, 1, ..., 0) , ..., (0, 0, ..., 1)} ⊂ ∆ represents the

set of knots and if α0 = (0, 0, ..., 0) , α1 = (0, 1, ..., 0) , ..., αp = (0, 0, ..., 1) , then

ν∆ =
{
αk : k = 0, p

}
.

In the following, we present some properties of Bernstein operators in p

variables, which were studied in [8]:

(P1) Bn are linear and positive;

(P2) for any k = 0, p, eαk is a fixed point for Bn, so

Bn (eαk) (x1, ..., xp) = eαk (x1, ..., xp) , ∀ (x1, ..., xp) ∈ ∆;

(P3) Bn is an interpolation for any f ∈ C
(
∆

)
and for the knots of ν∆, so

Bn (f) (αk) = f (αk) , ∀k = 0, p.

Definition 1.2. [5], [6], [7]. Let (X, d) be a metric space.

1) An operator A : X → X is weakly Picard operator (WPO) if the sequence

of successive approximations (Am (x0))m∈N converges for all x0 ∈ X and the

limit (which may depend on x0) is a fixed point of A.

2) If the operator A : X → X is an WPO and FA = {x∗}, then the operator

A is called a Picard operator (PO).

3) If the operator A : X → X is an WPO, then the operator A∞ is defined by

A∞ : X → X, A∞ (x) := lim
m→∞Am (x).

The basic result in the WPO’s theory is the following characterization the-

orem

Theorem 1.1. [5], [6], [7]. An operator A : X → X is WPO if and only if

there exists a partition of X, X =
⋃

λ∈Λ

Xλ, such that:

(a) Xλ ∈ I (A) , ∀λ ∈ Λ;

(b) A|Xλ
: Xλ → Xλ is PO, ∀λ ∈ Λ.

In [7], I.A. Rus has introduced the notions of good and special WPO

Definition 1.3. . Let (X, d) be a metric space and A : X → X an WPO.

1) A : X → X is a good WPO, if the series
∞∑

m=1
d

(
Am−1 (x) , Am (x)

)
con-

verges, for all x ∈ X [7]. If the sequence
(
d

(
Am−1 (x) , Am (x)

))
m∈N∗ is
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strictly decreasing for all x ∈ X, the operator A is a good WPO of type M

[2].

2) A : X → X is a special WPO, if the series
∞∑

m=1
d (Am (x) , A∞ (x)) con-

verges, for all x ∈ X [7]. If the sequence (d (Am (x) , A∞ (x)))m∈N∗ is strictly

decreasing for all x ∈ X, A is a special WPO of type M [2].

Theorem 1.2. [4]. Let (X, d) be a metric space and A : X → X a WPO. If

A is a special WPO then A is a good WPO.

Theorem 1.3. [3]. The Bernstein operators in p variables Bn : C
(
∆

) →
C

(
∆

)
are weakly Pixard and B∞

n (f) = ϕ∗f , ∀f ∈ C
(
∆

)
, where the function

f ∈ C
(
∆

)
are given by

ϕ∗f (x1, ..., xp) = f (α0) + [f (α1)− f (α0)]x1 + [f (α2)− f (α0)]x2 + ...+

+ [f (αp)− f (α0)]xp, ∀ f ∈ C
(
∆

)
, ∀ (x1, ..., xp) ∈ ∆.

The convergence is in the space C
(
∆

)
.

In order to apply the characterization theorem of weakly Picard operators,

the partition of space C
(
∆

)

C
(
∆

)
:=

⋃
Λ∈Rp+1

XΛ

was considered, where XΛ :=
{
f ∈ C

(
∆

)
: f (αk) = λk, for k = 0, p

}
, for any

Λ = (λ0, λ1, ..., λp) ∈ Rp+1.

Proposition 1.1. [3]. The Bernstein operators in p variables satisfy the

following contraction property

‖Bn (f)−Bn (g)‖C 6
(

1− 1
pn−1

)
‖f − g‖C , ∀f, g ∈ XΛ. (1)

2. MAIN RESULTS

In this section, we study the good and special weakly Picard operators

convergence for Bernstein operators in p variables.

Using the inequality (1), we obtain the estimation

∣∣B1
n (f) (x1, ..., xp)−B∞

n (f) (x1, ..., xp)
∣∣ =

=
∣∣B1

n (f) (x1, ..., xp)−B1
n (B∞

n (f)) (x1, ..., xp)
∣∣ 6
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6
(
1− 1

pn−1

)
|f (x1, ..., xp)−B∞

n (f) (x1, ..., xp)| =

=
(
1− 1

pn−1

)
|f (x1, ..., xp)− {f (α0) + [f (α1)− f (α0)]x1 + ... + [f (αp)− f (α0)]xp}| 6

6
(
1− 1

pn−1

)
(p + 1)C, ∀ (x1, ..., xp) ∈ ∆,

where C = diam (Im f) = diam
(
f

(
∆

))
=

= max
{|f (x1, ..., xp)− f (y1, ..., yp)| : (x1, ..., xp) , (y1, ..., yp) ∈ ∆

}
.

∣∣B2
n (f) (x1, ..., xp)−B∞

n (f) (x1, ..., xp)
∣∣ =

=
∣∣B1

n

(
B1

n (f)
)
(x1, ..., xp)−B1

n (B∞
n (f)) (x1, ..., xp)

∣∣ 6

6
(
1− 1

pn−1

)∥∥B1
n (f)−B∞

n (f)
∥∥ =

(
1− 1

pn−1

)2
(p + 1)C, ∀ (x1, ..., xp) ∈

∆ .

By induction, for m ∈ N∗, we have

|Bm
n (f) (x1, ..., xp)−B∞

n (f) (x1, ..., xp)| =

=
∣∣B1

n

(
Bm−1

n (f)
)
(x1, ..., xp)−B1

n (B∞
n (f)) (x1, ..., xp)

∣∣ 6

6
(
1− 1

pn−1

)m
(p + 1)C, ∀ (x1, ..., xp) ∈ ∆.

So,
∞∑

m=1
|Bm

n (f) (x1, ..., xp)−B∞
n (f) (x1, ..., xp)| 6 C (p + 1)

(
pn−1 − 1

)
,

∀ (x1, ..., xp) ∈ ∆.

On the other hand, we have

∣∣B1
n (f) (x1, ..., xp)−B0

n (f) (x1, ..., xp)
∣∣ =

=

∣∣∣∣∣
∑

06i1+...+ip6n
pn;i1,i2,...,ip (x1, ..., xp) f

(
i1
n , ...,

ip
n

)
− f (x1, ..., xp)

∣∣∣∣∣ =

= C · ∑
06i1+...+ip6n

pn;i1,i2,...,ip (x1, ..., xp) = C, ∀ (x1, ..., xp) ∈ ∆ .

By induction, we have

∣∣Bm
n (f) (x1, ..., xp)−Bm−1

n (f) (x1, ..., xp)
∣∣ =

=
∣∣B1

n

(
Bm−1

n (f)
)
(x1, ..., xp)−B1

n

(
Bm−2

n (f)
)
(x1, ..., xp)

∣∣ 6
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6
(
1− 1

pn−1

)m−1
· C, ∀ (x1, ..., xp) ∈ ∆.

So,
∞∑

m=1

∣∣Bm
n (f) (x1, ..., xp)−Bm−1

n (f) (x1, ..., xp)
∣∣ 6 C · pn−1,

∀ (x1, ..., xp) ∈ ∆, ∀ f ∈ C
(
∆

)
.

From above results, we have the following

Proposition 2.1. The Bernstein operators in p variables are special weakly

Picard and good weakly Picard on C
(
∆

)
.
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Abstract We assimilate the stochastic systems, which are describing the stochastic dy-

namics of a differential game, as a characteristic system associated with Hamil-

ton Iacobi equation.We present in detail an example of stochastic differential

game, where the calculus can be explained as an algorithm if the hypothesis

(H) on the diffusion coefficients is personalized as linear fields with constant

coefficients.
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A differential game with stochastic perturbation is determined by a dy-

namics of the state variable x ∈ X ⊆ Rn defined by a system of stochastic

differential equations

1)





dtx = f (t, x, u1, .., uN ) dt +
d∑

j=1
gj(t, x)⊗ dwj(t),

x(0) = x0, (t, x, u1, .., uN ) ∈ [0, tf ]×X × U1 × ..× UN ,

where Ui ⊆ Rmi are some fixed closed sets and w (t) = (w1 (t) ..wd (t)) is a

standard Wiener d-dimensional process over a complete filtered probability

space {Ω, F, P, {Ft} ↑ F} and ”⊗ ” is a special type of stochastic integral [3] .

Remark 0.1. Choosing an admissible command (open loop strategy) is a key

point in the analysis of some differential stochastic systems as much in de-

fine the sense of associated solution with (1) as in formulating some required

”reasonable” conditions associated with Nash equilibrium solutions.

The simplest case is when the fields gj ∈ Rn, j ∈ {1, .., d} , from stochastic

perturbation, does not depend on the state x ∈ X and associate the continuous
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process

I) η (t, ω) =
d∑

j=1

t∫

0

gj (s) dwj (s) , t ∈ [0, tf ] ,

where we used the standard Ito integral.

Then by a translation x (t) = y (t) + η (t, ω) , t ∈ [0, tf ] the solution of

stochastic system (1) is replaced by y (t) satisfying the system of differential

equations with random parameter ω ∈ Ω




dy

dt
= f (t, y + η (t, ω) , u) = fω (t, y, u) ,

y (0, ω) = x0, (t, y, u) ∈ [0, tf ]×X × U.

A functional J (u) = F (x (tf , ω, u)) +
tf∫
f0
0

(t, x (t, ω, u) , u (t, ω)) dt

associated with (1) is rewritten

Jω (u) = F (y (tf , ω, u)) + η (tf , ω) +
tf∫
f0
0

(t, y (t, ω, u))) dt

+η (t, ω) , u (t, ω) =

Fω (y (tf , ω, u)) +
tf∫
0

fω
0 (t, y (t, ω, u) , u (t, ω)) dt, ω ∈ Ω.

The necessary condition of optimality (Pontriaghin principle) will be associ-

ated with an optimal solution and with the Hamilton function Hω (t, y, u, ψ) ∆=

ψtfω (t, y, u) + fω
0 (t, y, u) . Let us explain this conclusion. We have

cω
1 )

dy∗

dt
(t, ω) = ∇ψHω (t, y∗(t, ω), u∗(t, ω), ψ (t, ω))

= fω (t, y∗(t, ω), u∗(t, ω)) , y∗ (0, ω) = x0 ∈ X,

cω
2 )

dψi

dt
(t, ω) = −∇yH

ω (t, y∗(t, ω), u∗(t, ω), ψ (t, ω)) =

= −
[
∂fω

∂y
(t, y∗(t, ω), u∗(t, ω))

]T

ψ (t, ω)− ∂fω
0

∂y
(t, y∗(t, ω),

u∗(t, ω)), t ∈ [0, tf ] ,

cω
3 )ψ (tf , ω) = ∇yF

ω (y∗ (tf , ω)) = ∇xF (y∗ (tf , ω) + η (tf , ω))

cω
4 )Hω (t, y∗(t, ω), u∗(t, ω), ψ (t, ω)) = min

u∈U
Hω (t, y∗(t, ω), u, ψ (t, ω)) ,

a.p.t in t ∈ [0, tf ] and for each ω ∈ Ω.

This shows that the differentiable function ψ (t, ω), t ∈ [0, tf ] (covector ) is

just F- measurable for each t ∈ [0, tf ] (is not Ft adapted) relying ω ∈ Ω
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we obtain (see cω
4 )) u∗ (t, ·) just as F-measurable function for each t ∈ [0, tf ]

(non Ft adapted). Therefore x∗ (t, ω) = y∗ (t, ω) + η (t, ω) , t ∈ [0, tf ] will

be a non Ft adapted solution associated with stochastic system (1), where

the stochastic integral ⊗” is taken in the Ito sense, if gi (t, x) = gi (t), i ∈
{1, .., d}. Using a class of commands as u (t, ·) to be Ft− measurable t ∈ [0, tf ]

(command Ft−adapted) forces us to define the adjunct function ψ (t, ω) , t ∈
[0, tf ] , as a continuous process (nondifferentiable) and Ft−adapted and with

final condition ψ (tf , ω) = ∇xF (x∗ (tf , ω)) fixed.

This is an interesting, but difficult to use in applications, mathematical

problem.

From now on we use the admissible command in measurable and bounded

functions class on product space {[0, tf ]× Ω,B⊗ F, dt⊗ P} , where B−σ al-

gebra of measurable Lebesgue set from [0, tf ] and F ⊇ {Ft} ↑ is a σ−algebra

of measurable set given with filtered probability space.

With the dynamics (1) we associate the functionals

2) Jω
i (u) = F i (x (tf , ω, u))+η (tf , ω)+

tf∫
0

f i
0 (t, x (t, ω, u) , u (t, ω)) dt for each

ω ∈ Ω, i ∈ {1, .., N} , where x (t, ω, u) , t ∈ [0, tf ] represents the solution of sys-

tem (1) corresponding to the admissible command u (·) ∆= (u1 (·) , .., uN (·)) ∈
A = ⊗Ai, which, for each t ∈ [0, tf ] fixed, is just F−measurable (is non

Ft−adapted).

Remark 0.2. The sense of solution for (1) will be make precise minutely

later accepting that ui (·) ∈ Ai (ui (·) admitted) if ui (t, ω) : [0, tf ] × Ω −→
Ui is measurable and bounded and possesses the trajectories ui (·, ω) piecewise

continuous for each ω ∈ Ω, i ∈ {1, .., N} .

The definition of an equilibrium Nash solution for differential game with

stochastic perturbation represented by system (1) and functionals (2) will in-

clude the interpretation that this time we have a set of differential deterministic

game with N players index after parameter ω ∈ Ω.

In this sense a solution of stochastic system (1) is searched as a continuous

process and Ft−adapted with value in mappings set x = G (p (t, ω) , y) relaying

to y ∈ B (x0, ρ (ω)) ⊆ Rn. Therefore, if y (t, ω, u) ∈ B (x0, ρ (ω)) ⊆ Rn is the
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solution of differential equations system

3)





dy

dt
(t, ω, u) =

[
dG

dy
(p (t, ω) ; y)

]−1

f (t, G (p (t, ω) ; y) , u (t, ω))

∆= f̃ (ω, t, u (t, ω)) , t ∈ [0, tf ] ,

y (0, ω, u) = x0,

then χ (t, ω, u) = G (p (t, ω) ; y (t, ω, u)) is a solution non Ft−adapted of differ-

ential stochastic system (1) corresponding to admissible command u (·) ∈ A

(non Ft−adapted). Correspondingly, the functionals Jω
i (u) are rewritten as

4) Jω
i (u) = F i (G (p(tf , ω), y (tf , ω, u)))

+
tf∫
0

f i
0 (t, G(p(t, ω), y (t, ω, u)), u (t, ω)) dt

= F̃ i (ω, y (tf , ω, u)) +
tf∫
0

f̃ i
0 (ω, t, y (t, ω, u) , u (t, ω)) dt,

where F̃ i (ω, y) = F i(G(p(t, ω), y)),

f̃ i
0 (ω, t, y, u) = f i

0 (t, G (p (t, ω) ; y) , u) , i ∈ {1, .., N} .

Remark 0.3. The functions f̃ (ω, t, y, u) ∈ Rn in (3) and F̃ i (ω, y) , f̃ i
0 (ω, t, y, u)

in (4) establish a differential game with N players and open loop strategy,

5) ΓN (ω) =
{

[0, tf ] , Y = Rn, Ui, Ai, f̃ (ω, ·) , x0, J
ω
i

}
i∈{1,..,N}

.

Here we accept that the vectorial functions gj (t, x) are continuous in (t, x) ∈
[0, tf ] × Rn, having the structure given in: II) gj (t, x) = Ajx + bj (t) , where

Aj is a constant (n× n) matrix and bj (t) is continuous, j ∈ {1, .., d} .

Remark 0.4. In hypothesis (II), the solution of the system (1) becomes 6)

x(t, ω, u) = G (t, ω) (y (t, ω, u)) + η (t, ω) , t ∈ [0, tf ] ,

where the n× n matrix G and the vector η ∈ Rn are defined as a continuous

process satisfying

6.1) dtG =
d∑

j=1

AjG ◦ dwj (t) , G (0, ω) = In,

η (t, ω) =
d∑

j=1

t∫

0

bj (s) · dwj (s) , t ∈ [0, tf ] ,

where ”◦” is the Fisk-Stratonovich stochastic integral, and ”·” is Ito integral.
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The vector y (t, ω, u) ∈ Rn is defined as a differential process in t ∈ [0, tf ]

and non Ft−adapted satisfying

6.2)





dy

dt
= [G (t, ω)]−1 f (t, G (t, ω) (y) + η (t, ω) ; u (t, ω))

= f̃ (ω, t, y, u (t, ω)) , t ∈ [0, tf ] ,

y (0, ω, u) = x0 ∈ Rn.

The matrix G (t, ω) is invertible and K (t, ω) = [G (t, ω)]−1 is the solution of

the system

6.3) dtK = −
d∑

j=1

KAj ◦ dwj (t) ,K (0, ω) = In, t ∈ [0, tf ] .

A Nash equilibrium point (x∗ (t, ω) , u∗ (t, ω)) , t ∈ [0, tf ] , ω ∈ Ω, convert in

(6), leads us to a Nash equilibrium point (y∗ (·, ω) , u∗ (·, ω)) for the differential

game ΓN (ω) defined in (5) for ω ∈ Ω.

Lemma 0.1. Let gj (t, x) ∈ Rn, j ∈ {1, .., d} are fulfilling the hypothesis (i0).

Let f (t, x, u) ∈ Rn, Fi (x) ∈ R, f i
0 (t, x, u) ∈ R, i ∈ {1, .., N} continuous on

[0, tf ]×Rn × U i.e

i1) |f (t, x, u)| ≤ kR (1 + |x|) ,for any x ∈ Rn, u ∈ B (0, R) ⊆ U, t ∈ [0, tf ]

i2) |f (t, x′′, u)− f (t, x′, u)| ≤ Lρ
R |x′′ − x′| , for any t ∈ [0, tf ] ,

u ∈ B (0, R) , x′, x′′ ∈ B (x0, ρ) ⊆ Rn, where kR ≥ 0, Lρ
R ≥ 0 are constant.

Let (x∗ (·, ω) , u∗ (·, ω)) a Nash equilibrium point associated with system (1)

and functionals (2) for any ω ∈ Ω. Then

y∗ (t, ω) = [G (t, ω)]−1 (x∗ (t, ω)− η (t, ω)) and u∗ (t, ω) , t ∈ [0, tf ] is a Nash

equilibrium point for differential game ΓN (ω) defined in (5) for each ω ∈ Ω.

The proof of this lemma proceeds easily if we use the solution representation

x∗ (t, ω) = G (t, ω) (y∗ (t, ω)) + η (t, ω) as in (6). Thus, supposing the condi-

tions of differentiability for initial date f (t, x, u) ∈ Rn, F i (x) ∈ R, f i
0 (t, x, u) ∈

R, i ∈ {1, .., N} , relying on variable x ∈ Rn we have the necessary con-

ditions for Nash equilibrium for (y∗ (·, ω) , u∗ (·, ω)) which will represent the

necessary conditions ”reasonable” associated with the Nash equilibrium point

(x∗ (·, ω) , u∗ (·, ω)) for each ω ∈ Ω.

Theorem 0.1. Let gj (t, x) ∈ Rn, j ∈ {1, .., d} fulfil the hypothesis (i0). Let

f (t, x, u) ∈ Rn, F i
i (x) ∈ R, i ∈ {1, .., N} fulfil the hypotheses (i1) and (i2)
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from Lemma 5 and f (t, ·, u) ∈ C1 (Rn, Rn) , F i (·) , f i
0 (t, ·, u) ∈ C1 (Rn, R)

for any (t, u) ∈ [0, tf ] × U, i ∈ {1, .., N}. Let (x∗ (·, ω) , u∗ (·, ω)) be a Nash

equilibrium solution associated with dynamics (1) and functionals (2). Then

the differentiable functions ψi (t, ω) , t ∈ [0, tf ] , i ∈ {1, .., N} exist such that

with

H i
(
ω, t, x, u(−i), ui, ψ

i
) ∆=

(
ψi

)T
K (t, ω) f (t, x, u1, .., uN )

the following equations

c1) dtx
∗ (t, ω) = f (t, x∗ (t, ω) , u∗ (t, ω)) dt +

d∑
j=1

gj (t, x∗ (t, ω)) ⊗ dwj (t) ,

x∗ (0, ω) = x0,

c2)
(

dψi

dt
(t, ω)

)T

= −∇xH i
(
ω, t, x∗ (t, ω) , u∗ (t, ω) , ψi (t, ω)

)T
G (t, ω) ,

c3)
(
ψi (tf , ω)

)T =
(∇xF i (x∗ (tf , ω))

)T
G (tf , ω) ,

c4) H iω, t, x∗ (t, ω) , u∗ (t, ω) , ψi (t, ω) =

= min
ui∈Ui

H i
(
ω, t, x∗ (t, ω) , u∗(−i) (t, ω) , ui, ψ

i (t, ω)
)

,

hold for any i ∈ {1, .., N} , t ∈ [0, tf ] , for u∗ (·, ω) and any ω ∈ Ω, where

u(−i) = (u1, .., ui−1, ui+1, .., uN ) and the (n× n) matrix satisfies (6.3).

The proof of this theorem is a direct consequence of Lemma 5 if we write

the necessary conditions for (y∗ (·, ω) , u∗ (·, ω)) .
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1. INTRODUCTION

We consider the Navier-Stokes equations for a two-dimensional flow, with

periodic boundary conditions.

As in the usual Galerkin method for this problem, the Hilbert space of func-

tions used as phase space (defined in Section 2) is split into a direct sum of two

subspaces: one is the finite dimensional space spanned by the eigenfunctions

of the linear operator A corresponding to a finite set, Γm (defined in Section

3), of eigenvalues of A, and the other is the orthogonal complement of the

first.

The solution u of the Navier-Stokes equations and these equations them-

selves are projected on these subspaces. Let P be the projector of H on the

finite dimensional space, and define Q = I−P, p = Pu, and q = Qu, hence

the decomposition u = p + q.

In [3] an estimate for q is proved, namely the
[
L2 (Ω)

]2 norm of this function

is found to be less than K0L
1/2δ, with K0 depending on the data of the problem

(kinematic viscosity coefficient, area of periodicity cell, body forces), δ = λ/Λ,
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where λ is the least eigenvalue of A, Λ is the least eigenvalue of A not

belonging to Γm, and L is an increasing function of the number of eigenvalues

in Γm (it is of the order of ln Λ).

In the literature, this inequality is used (e.g. [6], [2]) to estimate the dis-

tance between an approximate inertial manifold of the Navier-Stokes problem

(belonging to the family of approximate inertial manifolds defined in [3], [6],

[7]) and the exact solution. For the jth approximate inertial manifold defined

in [6], [7], this distance is found to be less than κjL
(j+1)/2δ(j+3)/2, with κj

depending on the data, therefore, it is clear that the presence of L affects the

accuracy of the estimate.

In this paper we obtain independent of L estimates for the norm of q.

2. THE EQUATIONS, THE FUNCTIONAL

FRAMEWORK

Let Ω = (0, l) × (0, l) be a domain in R2, representing the periodicity cell

for the flow of a viscous incompressible fluid filling the plane. The plane flow

in Ω of this fluid is modeled by the Navier-Stokes equations, with periodic

boundary conditions on the boundary ∂Ω of Ω

∂u
∂t

− ν∆u + (u ·∇)u+∇p = f , (1)

divu = 0, (2)

u(t,x) = u(t,x + lej), t ≥ 0, x ∈ Ω, j = 1, 2, (3)

u (0, ·) = u0 (·) , (4)

where u = u (t,x) ∈ R2 is the fluid velocity, t ∈ R+ is the time, x ∈Ω,

p = p (t,x) ∈ R is the fluid pressure, ν is the coefficient of kinematic viscosity,

and f is the body force. The vectors ej , j = 1, 2 in condition (3) are the

versors of the axes in R2.

Assume that f is independent of time and is an element of
[
L2

per (Ω)
]2, that

is the space of
[
L2(R2)

]2 functions, which are periodic, with Ω as periodicity

cell. Due to the periodicity of the boundary conditions, it is usually assumed

that [8], [5]
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f =
1
l2

∫

Ω
f (x) dx = 0, (5)

and that the pressure is a periodic function. For simplicity we assume also

that the average u of the velocity over the periodicity cell is equal to zero, too.

The velocity u is thus looked for in the space

H =
{
v; v ∈ [

L2
per (Ω)

]2
, divv = 0, v = 0

}
. The scalar product in H is

(u,v) =
∫
Ω (u1v1 + u2v2) dx, (where u = (u1, u2) , v = (v1, v2)). The induced

norm is denoted by | |.
We also define the space V =

{
v ∈ [

H1
per (Ω)

]2
, div v = 0,v = 0

}
, with the

scalar product ((u,v)) =
∑2

i,j=1

(
∂ui
∂xj

, ∂vi
∂xj

)
, and the induced norm, denoted

by ‖ ‖ .

Then the variational formulation of the Navier-Stokes equations, obtained

by projecting the generalized equations on the space of solenoidal vectors [8],

reads as the Cauchy problem

du
dt
− ν∆u + (u ·∇)u = f in V ′, (6)

u (0) = u0, u0 ∈ H. (7)

In the sequel the notations B(u,v) = (u ·∇)v, B(u) = B(u,u),

b(u,v,w) = (B(u,v),w) will be used.

For the bilinear mapping B(u,v) the following inequalities

|B (u,v)| ≤ c1 |u|
1
2 |∆u| 12 ‖v‖ , (∀) u ∈D(A), v ∈V, (8)

|B (u,v)| ≤ c2 ‖u‖ ‖v‖
[
1 + ln

(
|∆u|2

λ1 ‖u‖2

)] 1
2

, (∀) u ∈D(A), v ∈V. (9)

hold [4], [8], [6]. We remind the following properties of the trilinear form

b(u,v,w) (valid for periodic boundary conditions [5]):

b(u,v,w) = −b(u,w,v), (10)

b(u,v,v) = 0, (11)

as well as the following inequalities [5]

|b(u,v,w)| ≤ c3 |u|
1
2 ‖u‖ 1

2 ‖v‖ |w| 12 ‖w‖ 1
2 , (∀)u,v,w ∈V, (12)
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|b(u,v,w)| ≤ c4 |u|
1
2 ‖u‖ 1

2 ‖v‖ 1
2 |∆v| 12 |w| , (∀)u ∈V, v ∈ D (A) ,w ∈H.

(13)

We denote A = −∆ and note that A is defined on D(A) = V∩H2 (Ω) . For

the problem (6), (7) we have the classical existence and uniqueness results:

Theorem 1 [8]. a) If u0 ∈ H, f ∈ H, then the problem (6), (7) has an

unique solution u ∈ C0 ([0, T ]; H) ∩ L2 (0, T ; V) , for any T > 0.

b) If, in addition, u0 ∈ V, then u ∈ C0 ([0, T ]; V) ∩ L2 (0, T ;D(A)) , for

any T > 0. Moreover, the solution is analytic in time for t > 0.

The semi-dynamical system {S (t)}t≥0 generated by problem (6) is dissi-

pative [9], [5]. More precisely, there is a ρ0 > 0 such that for every R > 0,

there is a t0(R) > 0 with the property that for every u0 ∈ H with |u0| ≤ R,

we have |S (t)u0| ≤ ρ0 for t > t0(R). In addition, there are absorbing balls

in V and D (A) for {S (t)}t≥0, i.e. there are ρ1 > 0, ρ2 > 0 and t1(R), t2(R)

with t2(R) ≥ t1(R) ≥ t0(R) such that for every R > 0, |u0| ≤ R implies

‖S (t)u0‖ ≤ ρ1 for t > t1(R) and |AS (t)u0| ≤ ρ2 for t > t2(R).

3. THE DECOMPOSITION OF THE SPACE, THE

PROJECTED EQUATIONS

The eigenvalues of A are λj1,j2 = 4π2

l2

(
j2
1 + j2

2

)
, (j1, j2) ∈ N2\ {(0, 0)} ,

and the corresponding eigenfunctions are [6]

ws±
j1,j2

=
√

2
l

(j2,∓j1)
|j| sin

(
2π

j1x1 ± j2x2

l

)
,

wc±
j1,j2

=
√

2
l

(j2,∓j1)
|j| cos

(
2π

j1x1 ± j2x2

l

)
,

where |j| =
(
j2
1 + j2

2

) 1
2 . These eigenfunctions form a total system for H. In

order to be able to write easily sums involving the four eigenfunctions above,

we denote them as follows

ws+
j1,j2

= w1
j1,j2 , ws−

j1,j2
= w2

j1,j2 , wc+
j1,j2

= w3
j1,j2 , wc−

j1,j2
= w4

j1,j2 .

For a fixed m ∈ N we consider the set Γm of eigenvalues λj1,j2 having

0 ≤ j1, j2 ≤ m and define

λ := λ1,0 = λ0,1 =
4π2

l2
, (14)
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Λ := λm+1,0 = λ0,m+1 =
4π2

l2
(m + 1)2 , (15)

δ = δ (m) :=
λ

Λ
=

1
(m + 1)2

. (16)

Λ is the least eigenvalue not belonging to Γm. The eigenfunctions corre-

sponding to the eigenvalues of Γm span a finite-dimensional subspace, Hm, of

H. We denote by P the orthogonal projection operator on this subspace and

by Q the orthogonal projection operator on the complementary subspace, i.e.

P : H → Hm, Q = I−P, I being the identity operator. Then the solution u

of (6)-(7) reads u = p + q, where

p = Pu, q = Qu.

By projecting equation (6) on the above constructed spaces, we obtain

dp
dt
− ν∆p + PB(p + q) = Pf , (17)

dq
dt
− ν∆q + QB(p + q) = Qf . (18)

4. OUR NEW ESTIMATES FOR THE “SMALL”

COMPONENT OF THE SOLUTION

In [3] it is proved that for every R > 0, there is an instant t3 (R) ≥ t2(R),

such that, for every |u0| ≤ R,

|q (t)| ≤ K0L
1
2 δ, ‖q (t)‖ ≤ K1L

1
2 δ

1
2 , (19)

∣∣q′ (t)∣∣ ≤ K ′
0L

1
2 δ, |∆q (t)| ≤ K2L

1
2 , t ≥ t3 (R) ,

where K0, K ′
0, K1, K2 depend of ν, |f | , λ and, for our choice of the projection

subspaces, L = L(m) = 1 + ln 2m2 (see also [6]). The constant L occurs when

using inequality (9) to prove (19). More specific,

L = sup
p∈PH

(
1 + ln

|∆p|2
λ1 ‖p‖2

)
= max

λ∈Γm

(
1 + ln

λ

λ1

)
= 1 + ln 2m2. (20)

We note that L tends to infinity as m → ∞. In the sequel we improve the

estimates (19), such that L will not occur anymore in our new inequalities. The

idea is that of refining the contribution of the term QB(p) from QB(p + q)

in (18).
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We start from the trigonometric relation

sin
(

2π
j1x1 ± j2x2

l

)
sin

(
2π

k1x1 ± k2x2

l

)
=

1
2

[
cos 2π

(j1 − k1) x1 ± (j2 − k2) x2

l
−

− cos 2π
(j1 + k1) x1 ± (j2 + k2) x2

l

]
,

and the similar ones for all other combinations of sine and cosine that might oc-

cur in the scalar product of two eigenfunctions. Since p =
∑

0≤j1,j2≤m

4∑
i=1

pi
j1,j2

wi
j1,j2

,

from the term (p∇)p =

(
∑

0≤j1,j2≤m

4∑
i=1

pi
j1,j2

wi
j1,j2

∇
)(

∑
0≤k1,k2≤m

4∑
l=1

pl
k1,k2

wl
k1,k2

)
,

only those products of terms that have j1 +k1 ≥ m+1 or j2 +k2 ≥ m+1 will

belong to QH.

From this point on we assume that m is even, and we put m = 2n.

If for wi
j1,j2

and wl
k1,k2

we have j1, j2 ≤ n and k1, k2 ≤ n, then(
wi

j1,j2
∇

)
wl

k1,k2
belongs to PH. Whence the idea of defining the subspace

of H spanned by the eigenfunctions wi
j1,j2

with 0 ≤ j1, j2 ≤ n, 1 ≤ i ≤ 4. We

denote this space by Hn, the projection operator on this subspace by Pp and

we set: Pq = P−Pp, pp = Ppp, pq = Pqp. Obviously

Q (pp∇)pp= 0. (21)

Then, by setting δ1 = δ (n) = 1
(n+1)2

, L1 = L(n) = 1 + ln 2n2, the estimates

(19) imply

|(I−Pp)u| ≤ K0L
1
2
1 δ1, ‖(I−Pp)u‖ ≤ K1L

1
2
1 δ

1
2
1 , (22)

∣∣(I−Pp)u′
∣∣ ≤ K ′

0L
1
2
1 δ1, |∆(I−Pp)u| ≤ K2L

1
2
1 . (23)

On the other hand, we note that (I−Pp)u = pq + q, hence |pq| ≤ |(I−Pp)u| ,
‖pq‖ ≤ ‖(I−Pp)u‖ .

We use these inequalities to refine the estimates (19). In the rest of the

paper we assume that for a fixed R ≥ 0, the function u0 is such that |u0| ≤ R.

We assert and prove

Theorem 1. There are some constants C̃0, C̃1, C̃ ′
0, C̃2, depending only

on ν, λ, |Qf | such that, for t large enough, the inequalities

|q(t)| ≤ C̃0δ, (24)
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‖q(t)‖ ≤ C̃1δ
1
2 , (25)

∣∣q′(t)∣∣ ≤ C̃ ′
0δ, (26)

|∆q(t)| ≤ C̃2, (27)

hold.

Proof. With the notation introduced before the Proposition, we have

QB(p) = QB(pp+pq) = QB(pp)+QB(pp,pq)+QB(pq,pp)+QB(pq) (28)

= QB(pp,pq) + QB(pq,pp) + QB(pq),

since QB(pp) = 0. Now we take the scalar product of (18) by q, and by using

(11) and (28), we obtain

1
2

d |q|2
dt

+ ν ‖q‖2 ≤ ∣∣(B(pp,pq),q
)∣∣ +

∣∣(B(pq,pp),q
)∣∣+ (29)

+ |(B(pq),q)|+ |(B(q,p),q)|+ |(Qf ,q)| .

For the first term of the right-hand side, the following estimates, obtained by

using (8), the dissipativity of the problem and (22), hold

∣∣(B(pp,pq),q
)∣∣ ≤ c1 |pp|1/2 |∆pp|1/2 ‖pq‖ |q| ≤ c1ρ

1/2
0 ρ

1/2
2 K1L

1
2
1 δ

1
2
1

1

Λ
1
2

‖q‖

≤ c2
1ρ0ρ2K

2
1L1δ1

2
νΛ

+
ν

8
‖q‖2 .

For the second term we obtain, with the same arguments and (23),

∣∣(B(pq,pp),q
)∣∣ ≤ c1 |pq|1/2 |∆pq|1/2 ‖pp‖ |q|

≤ c1K
1/2
0 L

1
4
1 δ

1
2
1 K

1/2
2 L

1
4
1 ρ1

1

Λ
1
2

‖q‖

≤ c2
1K0K2ρ

2
1L1δ1

2
νΛ

+
ν

8
‖q‖2 .

For the third term we have, by using (9) and the above arguments,

|(B(pq),q)| ≤ c2L
1
2 ‖pq‖2 |q| ≤ c2L

1
2 K2

1L1δ1
1

Λ
1
2

‖q‖

≤ c2
2K

4
1LL2

1δ
2
1

2
νΛ

+
ν

8
‖q‖2 ,
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and for the fourth, by using (13) and the above arguments,

|(B(q,p),q)| ≤ c4 |q|
1
2 ‖q‖ 1

2 ‖p‖ 1
2 |∆p| 12 |q| ≤

≤ c4K
1/2
0 L

1
4 δ

1
2 K

1/2
1 L

1
4 δ

1
4 ρ

1
2
1 ρ

1
2
2

1

Λ
1
2

‖q‖

≤ c2
4K0K1ρ1ρ2Lδ

3
2

2
νΛ

+
ν

8
‖q‖2 .

At last

|(Qf ,q)| ≤ |Qf | |q| ≤ 2 |Qf |2
νΛ

+
ν

8
‖q‖2 .

The above inequalities and (29) imply

1
2

d

dt
|q|2 + 3

νΛ
8
|q|2 ≤ C2

0δ,

where

C2
0 =

2
νλ

[
c2
1ρ0ρ2K

2
1L1δ1 + c2

1K0K2ρ
2
1L1δ1 + c2

2K
4
1LL2

1δ
2
1+

+c2
4K0K1ρ1ρ2Lδ

3
2 + |Qf |2

]
.

By using the Gronwall Lemma, it follows,

|q (t)|2 ≤ |q (0)|2 e−
3
4
νΛt +

8C2
0

3νλ
δ2,

hence, for t4 (R) ≥ t3(R), taken as to have |q (0)|2 e−
3
4
νΛt ≤ 4C2

0
3νλ δ2 for

t ≥ t4 (R) , we obtain (24), with C̃0 = 2C0√
νλ

.

The functions of n : L1δ1 = L (n) δ (n) =
(
1 + ln 2n2

)
/ (n + 1)2 ,

LL2
1δ

2
1 = L (2n) L (n)2 δ (n)2 =

(
1 + ln 8n2

) (
1 + ln 2n2

)2
/ (n + 1)4 and

Lδ
3
2 =

(
1 + ln 8n2

)
/ (2n + 1)3 , that occur in the structure of C2

0 , have at

n = 2 values less than 1 and are decreasing as n increases (for n ≥ 2). Then,

for n ≥ 2, we have

C2
0 ≤

2
νλ

(
c2
1ρ0ρ2K

2
1 + c2

1K0K2ρ
2
1 + c2

2K
4
1 + c2

4K0K1ρ1ρ2 + |Qf |2
)

and the right-hand side of this inequality depends only on ν, λ, |Qf | . More

than that, since all functions defined above tend to zero as n → ∞, we can

choose n large enough so that 2|Qf |2
νλ becomes the leading term in C2

0 .
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For that n, C̃0 will be of the order of |Qf |
νλ . However, the structure of

K0, K1, ρ0, ρ1, ρ2 shows that if ν is very small, then n with the above

property must be very large.

Now, we attempt to estimate ‖q‖ . Multiplying equation (18) by ∆q, and

using the equalities u = p + q = pp + pq + q and (21), we obtain

1
2

d ‖q‖2

dt
+ ν |∆q|2 ≤

∣∣(B(pp,pq + q),∆q
)∣∣ +

∣∣(B(pq+q,pp), ∆q
)∣∣ +

+
∣∣(B(pq+q,pq+q),∆q

)∣∣ +

+ |(Qf ,∆q)| .

For the first term in the right-hand side with (8), by using the dissipativity

of the problem and (22), we have
∣∣(B(pp,pq + q), ∆q

)∣∣ ≤ c1 |pp|
1
2
∣∣∆pp

∣∣ 1
2 ‖pq + q‖ |∆q|

≤ c1ρ
1/2
0 ρ

1/2
2 L

1
2
1 K1δ

1
2
1 |∆q|

≤ c2
1ρ0ρ2K

2
1L1δ1

2
ν

+
ν

8
|∆q|2 ,

for the second, with (13), (24), (22) and the dissipativity of the problem,
∣∣(B(pq+q,pp), ∆q

)∣∣ ≤ c4 |pq+q| 12 ‖pq+q‖ 1
2 ‖pp‖

1
2 |∆pp|

1
2 |∆q|

≤ c4C̃
1
2
0 δ

1
2
1 L

1
4
1 K

1
2
1 δ

1
4
1 ρ

1
2
1 ρ

1
2
2 |∆q|

≤ c2
4C̃0ρ1ρ2K1L

1
2
1 δ

3
2
1

2
ν

+
ν

8
|∆q|2

for the third, with the above quoted results and (23)
∣∣(B(pq+q,pq+q),∆q

)∣∣ ≤ c4 |pq+q| 12 ‖pq+q‖ |∆(pq+q)| 12 |∆q|
≤ c4C̃

1
2
0 δ

1
2
1 L

1
2
1 K1δ

1
2
1 L

1
4
1 K

1
2
2 |∆q|

≤ c2
4C̃0K

2
1K2L

3
2
1 δ2

1

2
ν

+
ν

8
|∆q|2 ,

and for the fourth

|(Qf ,∆q)| ≤ 2 |Qf |2
ν

+
ν

8
|∆q|2 .

Denote

1
2
C2

1 =
2c2

1

ν
ρ0ρ2K

2
1L1δ1 +

2c2
4

ν
C̃0ρ1ρ2K1L

1
2
1 δ

3
2
1 +

+
2c2

4

ν
C̃0K

2
1K2L

3
2
1 δ2

1 +
2 |Qf |2

ν
.
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Then the differential inequality for ‖q‖ becomes

d ‖q‖2

dt
+ νΛ ‖q‖2 ≤ C2

1 ,

yielding

‖q (t)‖2 ≤ ‖q (0)‖2 e−νΛt +
1
νλ

C2
1δ.

Let t5 (R) ≥ t4 (R) be such that for t ≥ t5 (R) the inequality

‖q (0)‖2 e−νΛt ≤ 1
νλ

C2
1δ

is satisfied. For t ≥ t5 (R) ,

‖q(t)‖2 ≤ 2
νλ

C2
1δ (30)

holds.

Remark that L1δ1 = L (n) δ (n) , L
1
2
1 δ

3
2
1 = L (n)

1
2 δ (n)

3
2 , L

3
2
1 δ2

1 = L (n)
3
2 δ (n)2

have values less than 1 for n = 2, decrease as n increases beyond n = 2 and

tend to zero as n →∞. Hence,

2
νλ

C2
1 ≤

8
ν2λ

[c2
1ρ0ρ2K

2
1 + c2

4C̃0ρ1ρ2K1 + c2
4C̃0K

2
1K2 + |Qf |2]. (31)

We denote by C̃2
1 the right hand side of the above inequality. The inequalities

(30) and (31) imply (25), with the coefficient C̃1 depending only on ν, λ, |Qf |
and not on n.

Moreover, n can be chosen large enough such that each of the first three

terms of C2
1 becomes smaller than |Qf |2

ν , hence for this n, C̃1 maybe taken of

the order of |Qf |
νλ

1
2
.

With the same method as that used for the solution u(t) in [1], [8], it can be

proved that q (t) is analytic in time for t > 0 and is the restriction to the real

axis of an analytic function of a complex variable defined on a neighborhood

of the real axis. By using the Cauchy formula, we obtain (26).

Finally, from (18) we have

∆q =
1
ν

[
dq
dt

+ QB(p + q)−Qf
]

and with the above estimates we obtain (27).¤
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Abstract We first consider a time-inhomogeneous diffusion process that is a generaliza-

tion of the standard Brownian motion. We find that it has a Gaussian proba-

bility density function with the same mean as an Ornstein-Uhlenbeck process,

and variance that generalizes that of the standard Brownian motion. Next,

the problem of finding diffusion processes having a Gaussian N(0, t) probabil-

ity density function is treated.

Keywords: Wiener process, Kolmogorov forward equation, infinitesimal parameters.

2000 MSC: 60H15.

1. INTRODUCTION AND THEORETICAL

RESULTS

Arguably the two most important diffusion processes are the Wiener pro-

cess {W (t), t ≥ 0} and the Ornstein-Uhlenbeck process {U(t), t ≥ 0} defined

respectively by the stochastic differential equations

dW (t) = µdt + σdB1(t)

and

dU(t) = −αU(t)dt + σdB2(t),

where {Bi(t), t ≥ 0}, i = 1, 2, is a standard Brownian motion, and µ ∈ R
and σ > 0 are constants. As is well known, conditional on W (t0) = w0

and U(t0) = u0, we may write that W (t) ∼ N
(
w0 + µ(t− t0), σ2(t− t0)

)
and

U(t) ∼ N
(
u0e−α(t−t0), σ2

2α

[
1− e−2α(t−t0)

])
see Lefebvre (2007), pp. 184 and

203, for instance).

131



132 Mario Lefebvre

In this note, we first consider the time-inhomogeneous diffusion process

{X(t), t ≥ 0} that satisfies the stochastic differential equation

dX(t) = −k

2
X(t)dt + (1 + kt)1/2 dB(t), (1)

where k is a non-negative constant and {B(t), t ≥ 0} is a standard Brownian

motion. Notice that it generalizes the standard Brownian motion, which cor-

responds to the case when k = 0. That is, if k = 0, then {X(t), t ≥ 0} is a

Wiener process with infinitesimal parameters µ = 0 and σ = 1.

In Section 2, we find the probability density function of the random variable

X(t). We see that if t0 = 0 and x0 = 0, then X(t) has the same probability

density function as a standard Brownian motion, namely a Gaussian N(0, t)

distribution. Then, in Section 3, we consider the problem of finding other dif-

fusion processes having a Gaussian N(0, t) distribution. Finally, a few remarks

conclude this work in Section 4.

2. PROBABILITY DENSITY FUNCTION OF

X(T )

Let Φ(t) be the function that satisfies the ordinary differential equation

d

dt
Φ(t) = −k

2
Φ(t), for t > t0,

subject to the initial condition Φ(t0) = 1. Its solution is Φ(t) = exp
{−k

2 (t− t0)
}

,

for t ≥ t0. We can state the following proposition.

Proposition 2.1. Conditional on X(t0) = x0, the distribution of the random

variable X(t) is given by

X(t) ∼ N
(
x0e−(k/2)(t−t0), t− t0e−k(t−t0)

)
for t ≥ t0.

Proof. This result is an application of Proposition 4.3.1, p. 211, in Lefebvre

(2007) [see Remark iii), p. 212]. Indeed, we deduce from this proposition that

X(t) | {X(t0) = x0} has a Gaussian distribution with mean

m(t) = Φ(t)
(

x0 +
∫ t

t0

Φ−1(u) · 0du

)
= x0e−(k/2)(t−t0)
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and variance σ2(t) = Φ2(t)
∫ t
t0

Φ−2(u)(1 + ku)du. That is,

σ2(t) = e−k(t−t0)

∫ t

t0

ek(u−t0) (1 + ku)du = t− t0e−k(t−t0) for t ≥ t0.

Remarks. i) We can also obtain the probability density function of X(t) by

proceeding as follows: the function

f(x, t) (= f(x, t;x0, t0)) :=
P [X(t) ∈ (x, x + dx) | X(t0) = x0]

dx
(2)

satisfies the Kolmogorov forward equation (also called Fokker-Planck equation;

see Cox and Miller (1965), for instance)

1
2

∂2

∂x2
{(1 + kt)f(x, t)} − ∂

∂x

{
−k

2
xf(x, t)

}
=

∂

∂t
f(x, t)

⇐⇒ 1 + kt

2
fxx +

k

2
(f + xfx) = ft.

Taking the Fourier transform on both sides of this partial differential equation,

we obtain that F (ω, t) :=
∫∞
−∞ eiωxf(x, t)dt, where ω ∈ R, is a solution of

Ft +
k

2
ωFω +

ω2

2
(1 + kt)F = 0. (3)

Moreover, the function F is such that

F (0, t) = 1 (4)

and

lim
t↓t0

F (ω, t) = eiωx0 . (5)

This last condition follows from the fact that

lim
t↓t0

f(x, t) = δ(x− x0).

Next, the general solution of equation (3) can be written as F (ω, t) =

e−ω2t/2G
(
ωe−kt/2

)
, where G is an arbitrary function. We then infer from

(4) and (5) that F (ω, t) is of the form

F (ω, t) = exp
{

iωx0e−k(t−t0)/2 − ω2

2

[
t− t0e−k(t−t0)

]}
.
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Finally, the result in the proposition is obtained by remembering that if

X ∼ N(µ, σ2), then the characteristic function of X is given by CX(ω) :=

E
[
eiωX

]
= exp

{
iωµ− σ2

2 ω2
}

.

ii) When the initial time is t0 = 0, the distribution of X(t) reduces to

X(t) | {X(0) = x0} ∼ N
(
x0e−kt/2, t

)
.

Notice that the mean of X(t) is the same as that of an Ornstein-Uhlenbeck

process with α = k/2, while its variance corresponds to that of a standard

Brownian motion. Furthermore, if the process starts at x0 = 0, then X(t) ∼
N(0, t). In the next section, the problem of finding diffusion processes having

the same probability density function as a standard Brownian motion starting

at the origin will be treated.

iii) From the previous remark, we can state that the diffusion process {X(t),

t ≥ 0} defined by (1) is intermediate between the Wiener process with µ = 0

and σ = 1, and the Ornstein-Uhlenbeck process with α = k/2. In applications

where the mean of X(t) tends to 0 with increasing t, rather than remaining

constant, and the variance of X(t) is a linear function of t, this process would

be a model better than either the Wiener or the Ornstein-Uhlenbeck process.

In the case of the Ornstein-Uhlenbeck process, its variance is bounded (from

above) by σ2/(2α) (= σ2/k).

3. DIFFUSION PROCESSES HAVING A

GAUSSIAN PROBABILITY DENSITY

FUNCTION

In the preceding section, we found that the diffusion process {X(t), t ≥ 0}
defined by (1) has the same probability density function as a standard Brow-

nian motion starting from the origin, if x0 = 0 and t0 = 0. Now, we try

to find other diffusion processes having a Gaussian N(0, t) probability density

function.

Let m(x, t) and v(x, t) ≥ 0 be the infinitesimal parameters of {X(t), t ≥ 0}.
These functions must be such that (see Lamberton and Lapeyre (1997, p. 58),
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in particular), for all s ≥ 0,
∫ s

0
|m(x, t)| dt < ∞ and

∫ s

0
v(x, t) dt < ∞. (6)

Then, the function f(x, t) defined in (2) satisfies the Kolmogorov forward

equation

1
2

∂2

∂x2
{v(x, t)f(x, t)} − ∂

∂x
{m(x, t)f(x, t)} =

∂

∂t
f(x, t). (7)

When v(x, t) ≡ 1 and m(x, t) ≡ 0, we know that (if x0 = 0 and t0 = 0)

f(x, t) =
1√
2πt

exp
{
−x2

2t

}

for x ∈ R and t > 0. Substituting the function f(x, t) into (7), we obtain that

1
2

{
v

(
x2

t2
− 1

t

)
+ 2vx

(
−x

t

)
+ vxx

}
−

{
mx + m

(
−x

t

)}
= − 1

2t
+

x2

2t2
.

Since we have only one differential equation and two unknown functions, there

are many possible solutions for which X(t) is a diffusion process.

First, notice that we cannot have m(x, t) = m(t) and v(x, t) = v(t) at the

same time, except when m(x, t) ≡ 0 and v(x, t) ≡ 1. That is, when X(t) is

a standard Brownian motion. Assume that v(x, t) = v(t), but that m(x, t)

depends on x. We find that m satisfies the ordinary differential equation

mx −
(x

t

)
m +

v(t)− 1
2t

(
1− x2

t

)
= 0,

whose general solution is

m(x, t) = c1 exp
{

x2

2t

}
− x

(
v(t)− 1

2t

)
.

Let us choose the constant c1 = 0. We see that the process considered in the

previous section corresponds to the infinitesimal variance v(t) = 1 + kt, with

k a non-negative constant. Indeed, we then have m(x, t) = −k
2 x. Note that

the conditions in (6) are satisfied with this choice of infinitesimal parameters.

There are however other interesting possibilities. For example, we could take

v(x, t) = v(t) = 1+kt2 and m(x, t) = −k
2 tx. Furthermore, we can of course

consider the case when m(x, t) = m(t), but v(x, t) depends on x, as well as

the general case when both m(x, t) and v(x, t) depend on x (and t).
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4. CONCLUSION

In this note, we first considered the diffusion process {X(t), t ≥ 0} whose

infinitesimal parameters are m(x, t) = −kx/2 and v(x, t) = 1 + kt, where

the constant k is non-negative. Although this process is time-inhomogeneous,

we were able to calculate explicitly the probability density function of the

random variable X(t). We saw that X(t) is normally distributed and that

its parameters are related to those that correspond to the standard Brownian

motion and the Ornstein-Uhlenbeck process.

The diffusion process {X(t), t ≥ 0} is a good compromise between the

Wiener and Ornstein-Uhlenbeck processes, in that it behaves partly like these

two very important diffusion processes. Moreover, if {X(t), t ≥ 0} starts from

the origin at time t0 = 0, then X(t) ∼ N(0, t), exactly like a standard Brownian

motion.

In Section 3, we saw that there are other time-inhomogeneous diffusion

processes {X(t), t ≥ 0} for which X(t) has a Gaussian N(0, t) distribution.

This is true when t0 = 0 and X(0) = 0. Making use of the proposition in

Lefebvre (2007) mentioned above, we could calculate their probability density

function in the general case when the initial time is t0 ≥ 0 and X(t0) = x0 ∈ R.

As a sequel to this work, we could, in particular, try to find diffusion

processes having a lognormal probability density function, like the geomet-

ric Brownian motion. This diffusion process is used extensively in financial

mathematics. Moreover, it would be nice to have some real-life data for which

the diffusion process {X(t), t ≥ 0} introduced in Section 1 would be a good

model. Finally, we could also study first passage time problems involving

{X(t), t ≥ 0}.
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Crystallization of liquid phase state in the case of composite lattice is de-
scribed by the system of nonlinear integral equations with kernels depending
on modulus of arguments difference [1], obtained by the uncoupling of N.N.
Bogolyubov equations hierarchy on second distribution function. Suppose that
forming crystal molecules belong to M different classes and take Bogolyubov
equations hierarchy, that is the system of equations connecting simple Fi(q)
and binary Fij(q, q′) densities of particles distribution

∂Fi

∂qα
+

1

θv

M∑
j=1

nj

∫
∂Φij(|q − q′|)

∂qα
Fij(q, q

′)dq′ = 0, q = (q1, q2, q3). (1)

Here θ = kT , k – Boltzman constant, T – temperature, ni = Ni
N , v = V

N ⇒
nj

v = Nj

V = 1
vj

, Φij(|q − q′|) = Φji(|q − q′|) – the potential energy of i-th and

j-th molecule classes interaction which are disposed at the points q and q′.
Carrying out the approximation Fij(q, q′) = Fi(q)Fj(q′)Gij(|q − q′|),
lim

|q−q′|→∞
Gij(|q − q′|) = 1; Gij(|q − q′|) = 0 at |q − q′| ≤ a, where Gij(|q − q′|)

is radial density distribution of two types particles, transform (1) to the form

∂Fi(q)

∂qα
+

1

θv

M∑
j=1

nj
∂Uij(q)

∂qα
Fi(q) = 0,

Uij(q) =

∫

(q′)

{ |q−q′|∫

∞

dΦij(r)

dr
Gij(r)dr

}
Fj(q

′)dq′.

137
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Setting Fi(q) = 1
λi

exp
[ − 1

θv

M∑
j=1

njUij(q)
]
, where 1

λi
is a constant not de-

pending on coordinates and defining from the condition of density normaliza-

tion lim
V→∞

1
V

∫ M∑
i=1

Fi(q)dq = 1, and ρi(q) = 1
vi

Fi(q) = 1
λivi

eui(q) we obtain the

system of nonlinear integral equations

ln{λFi(q)} = ui(q) = −1

θ

M∑
j=1

∫
1

λvj
Kij(|q − q′|)euj(q′)dq′.

Kij(|q−q′|) = Kji(|q−q′|) =
|q−q′|∫
∞

dΦij(r)
dr Gij(r)dr, q = (q1, q2, q3) – Cartesian

coordinates. As far as 1
vi

= ni
v = 1

Mv , the system of integral equations takes
the form

ui(q) +
1

Mvθλ

M∑
j=1

∫
Kij(|q − q′|)euj(q′)dq′ = 0. (2)

As far as the composite lattice consists of M identical sublattices, here, like

in [2], the common constant of normalization λ is introduced.

Further the general case of composite lattice will be illustrated by an ex-

ample of crystallization with translation lattice consisting of four primitive

sublattices Γm of monoclinic syngony with nonsymmorphic group C5
2h [3],

which have nontrivial screw rotation and glide reflection.

First, give a brief introduction to crystallographic groups. It is know [3]

that all symmetry groups of 3-dimensional homogeneous discrete space – spa-

tial crystallographic groups – are three times periodic. Translations group

T = {a = m1a1 + m2a2 + m3a3}, mi ∈ Z propagates any point into 3D-

periodic system of points, that is spatial lattice. Crystalline lattices are divided

into 7 crystalline systems, that are called syngonies. Bravais mathematically

showed that for the crystals of 7 syngonies 14 types of lattices are possible.

Besides of translational symmetry crystallographic groups are characterized

by point symmetry K – the aggregate of rotation and reflection operations

being the symmetry of elementary cell. There are 32 point groups called

crystalline classes which are compatible with the translation group. However,

space crystallographic groups have new elements of symmetry that are absent

in translation and point groups: screw displacements and glide reflections.

Screw displacement is a translation with subsequent rotation on some angle

around translation axis. Glide reflection is a reflection in some plane with
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subsequent translation along this plane. Both indicated symmetry elements

are formed by commuting elements, these elements themselves can be absent

in crystallographic group.

To the considered crystallographic group C5
2h it corresponds the rotation-

reflection point group symmetry – the eldest crystalline class of monoclinic

syngony C2h = {e, r, σh, σhr}, where r is the rotation of angle π around Oz,

σh is the reflection in the xOy plane.
Here the basic translation vectors should be chosen in the form

a1 = αi, a2 = βi + γj, a3 = δk, and the inverse lattice vectors take the
form

l(1) =
[a2,a3]

Ω
=

1

α
i− β

αγ
j; l(2) =

[a3,a1]

Ω
=

1

γ
j; l(3) =

[a1,a2]

Ω
=

1

δ
k,

where Ω = 〈a1, [a2,a3]〉 = αγδ.
Elements of the nonsymmorphic group G = C5

2h take the form (ξ,O), ξ ∈ T ,
O ∈ C2h, the product is defined by the formula

(ξ1, O1) · (ξ2, O2) = (ξ1 + O1ξ2, O1O2).

Moreover, the elements of point group C2h are entered into G only accompa-

nied by the translations (1
2 tz, r), (1

2 tx, σh), (1
2 tx + 1

2 tz, σhr).

Remark 1. Give the geometric interpretation of composite lattice. There

are identical particles in the lattice nodes possessing the colour symmetry of

the point group K. For nonsymmorphic group C5
2h of monoclinic syngony such

particles may be interpreted like a ball, divided into 4 parts by two mutual

perpendicular planes passing through the ball center, each part of the ball is

colored into white or black. The translation group T propagates such particles

into space-periodic systems that are sublattices of the considered crystal. The

transformations of nonsymmorphic group transfers one sublattice into another,

which is shifted by some translation α = (α1, α2, α3), αi ∈ (0; 1) (see the table

of nonsymmorphic crystallographic groups in the appendix to the monograph

[3]). Moreover, every particle in the new sublattice is turned by corresponding

transformation of the point group K .

At the crystallization phenomenon investigation, the problem of periodic

solutions construction, ui(q) = u0i + wi(q, ε), wj(q, ε) =
∑

l wle
2πi〈lj ,q〉

(lj = m
(1)
j l(1) + m

(2)
j l(2) + m

(3)
j l(3) is the inverse lattice vector), in the form of
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Fourier series on inverse lattice vectors, bifurcating from homogeneous densi-

ties distribution ρi(q) = ρ0i = 1
v0i

, v0j = Mv0, naturally arises. Since sub-

lattices consist of identical but having different orientation particles and have

the same translation group we can take ρi0 = ρ0 and ui0 = u0, and the small

parameter ε should be determined by the relation exp u0

Mvθλ = exp u0

Mv0θ0λ0
+ε = µ0+ε.

The considered system of nonlinear integral equations (2) with respect to
vector-functions w = {wi(q, ε)}M

1 takes the form

Bsws ≡ ws(q) + µ0

M∑
j=1

∫
Ksj(|q − q′|)wj(q

′)dq′ =

− ε

M∑
j=1

∫
Ksj(|q − q′|)ewj(q′)dq′ − µ0

M∑
j=1

∫
Ksj(|q − q′|)[ewj(q′)−

− wj(q
′)− 1]dq′ ≡ Rs(w, ε). (3)

Remark 2. By virtue of Remark 1, system (2) possesses the group symmetry of

nonsymmorphic crystallographic group corresponding to the composite lattice

consisting of M sublattices of one type molecules oriented by point group

K = C2h (|K| = M , |C2h| = 4) transformations. Nonsymmorphic group

transformations transfer equations of the system (2) into each other, leaving

invariant the entire system. The connection between sublattices of composite

lattice and equations are realized by screw rotation and glide reflection.

The system of integral equations (3) is considered in the space of vector-

functions continuously differentiable on the elementary periodicity cell, and

kernels Ksj(|q− q′|) are sufficiently smooth, so
∫

Ksj(|q− q′|)uj(q′)dq′, q ∈ Π0

can be differentiated with respect to q.
Describe the zero-subspace of linearized system (3)

Bsws ≡ ws(q) + µ0

M∑
j=1

∫
Ksj(|q − q′|)wj(q

′)dq′ = 0, s = 1, . . . , M. (4)

By presenting the components of vector-function w by Fourier series on inverse
lattice vectors (index k is numbering the three-tuples of integers (m(1)

j ,m
(2)
j ,m

(3)
j ))

wj(q) =
∑

k

wkje
2πi〈lkj ,q〉, lkj = m

(1)
kj l(1) + m

(2)
kj l(2) + m

(3)
kj l(3), m

(p)
kj ∈ Z
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one gets the equation

Bsws =
∑

k

wkse
2πi〈lks,q〉 + µ0

M∑
j=1

∫
Ksj(|q − q′|)

∑

k

wkje
2πi〈lkj ,q′〉dq′ =

∑

k

wkse
2πi〈lks,q〉 + µ0

M∑
j=1

∫
Ksj(|q − q′|)

∑

k

wkje
2πi〈lkj ,q〉e−2πi〈lkj ,q−q′〉dq′ =

∑

k

wkse
2πi〈lks,q〉 + µ0

∑

k

M∑
j=1

wkje
2πi〈lkj ,q〉

∫
Ksj(|q − q′|)e−2πi〈lkj ,q−q′〉dq′. (5)

Compute the integrals Its =
∫

Kts(|q − q′|)e−2πi〈lks,q−q′〉dq′. By setting
q̃ = q − q′ = xe1 + ye2 + ze3 = x̃a1 + ỹa2 + z̃a3; aj = a1je1 + a2je2 + a3je3




a1

a2

a3


 = AT




e1

e2

e3


 ⇒




x

y

z


 = A




x̃

ỹ

z̃


 ,

using the change of variables x = x̃a11 + ỹa12 + z̃a13, y = x̃a21 + ỹa22 + z̃a23,

z = x̃a31 + ỹa32 + z̃a33, and then carrying out the transition to spherical
coordinates one gets

Its =

∫ ∞

0

ρ2K(ρ)2π

∫ 1

−1

exp

[
− 2πiρ

det A
Rkst

]
dt =

2det A

Rks

∫ ∞

0

ρK(ρ) sin

(
2πρRks

det A

)
dρ.

Omitting tedious computations, write the expression for Rks

Rks = R(m
(1)
ks , m

(2)
ks , m

(3)
ks ) =

{
m

(1)2

ks [(a2
21 + a2

22 + a2
23)(a

2
31 + a2

32 + a2
33)− (a21a31 + a22a32 + a23a33)

2]+

m
(2)2

ks

[
(a2

11 + a2
12 + a2

13)(a
2
31 + a2

32 + a2
33)− (a11a31 + a12a32 + a13a33)

2] +

m
(3)2

ks

[
(a2

21 + a2
22 + a2

23)(a
2
11 + a2

12 + a2
13)− (a11a21 + a12a22 + a13a23)

2] +

+ 2m
(1)
ks m

(2)
ks [(a11a31 + a12a32 + a13a33)(a21a31 + a22a32 + a23a33)−
− (a11a21 + a12a22 + a13a23)(a

2
31 + a2

32 + a2
33)]+

+ 2m
(1)
ks m

(3)
ks [(a11a21 + a12a22 + a13a23)(a21a31 + a22a32 + a23a33)−
− (a11a31 + a12a32 + a13a33)(a

2
21 + a2

22 + a2
23)]+

+ 2m
(2)
ks m

(3)
ks [(a11a21 + a12a22 + a13a23)(a11a31 + a12a32 + a13a33)−

(a21a31 + a22a32 + a23a33)(a
2
11 + a2

12 + a2
13)]

} 1
2 . (6)

The linearized system (5) takes the form

∑

k

wkse
2πi(m

(1)
ks

x+m
(2)
ks

y+m
(3)
ks

z)−

µ0

∑

k

M∑
j=1

wkje
2πi(m

(1)
kj

x+m
(2)
kj

y+m
(3)
kj

z) 2det A

Rkj

∫ ∞

0

ρKsj(ρ) sin

(
2πρRkj

det A

)
dρ = 0 (7)
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with determinant

∆k =

[
Iδsj − µ0

2det A

Rkj(mkj)

∫ ∞

0

ρKsj(ρ) sin

(
2πρRkj(mkj)

det A

)
dρ

]
, s, j = 1, M (8)

Thus, conversion to zero of the determinant (8) defines eigenvalues µ0 and

presents the crystallization criterion [4] with corresponding composite lattice.
Kernels Ksj(|q−q′|) = Kjs(|q−q′|) are invariant with respect to the group of

Euclidean space motion R3 including also transformations g of nonsymmorphic
crystallographic groups G Ksj(|gq − gq′|) = Ksj(|q − q′|). The corresponding
operators Ksjf(q) =

∫
Ksj(|q − q′|)f(q′)dq′ are invariant with respect to shift

operators by virtue of kernels Ksj invariance relative to simultaneous motions
in R3 of arguments q and q′. Indeed, since dq′ is invariant relative to G measure
in R3, one has

(Ksjf)(gq) =

∫
Ksj(|gq − q′|)f(q′)dq′

q′=gq̄
=

∫
Ksj(|q − q̄|)f(gq̄)dq̄ = KsjT (g)f(q).

Therefore applying the nonsymmorphic transformation T (g) to the s-th equa-
tion (4) one gets

T (g)ws(q) + µ0

M∑
j=1

∫
Ksj(|q − q̄|)wj(gq̄)dq̄ =

= T (g)ws(q) + µ0

M∑
j=1

∫
Ksj(|q − q̄|)T (g)wj(q̄)dq̄ = 0.

Hence, together with some solution w = (w1, . . . , wM )T of the linearized

system (4) it has the solutions T (g)w = (T (g)w1, . . . , T (g)wM )T , so system

(4) is invariant relative to the transformations T (g).
The connection between sublattices of composite lattice and equations is

realized by transformations of nonsymmorphic group

(
1

2
tz, r) ∼= (1, 4)(2, 3), (

1

2
tx, σh) ∼= (1, 3)(2, 4), (

1

2
tx +

1

2
tz, σhr) ∼= (1, 2)(3, 4). (9)

For the equations changing into each other, it is necessary the fulfilment of
the following symmetry relations between the kernels of the integral operators

K11 = . . . = K44; K14 = K23 = K32 = K41;

K12 = K21 = K34 = K43; K13 = K31 = K24 = K42.
(10)
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Choose the basis vectors of the null subspace N(B) in the form

Φ1 =




ϕ1 = e2πi(x+y+z)

ϕ2 = e2πi(−x−y−z)

ϕ3 = −e2πi(x+y−z)

ϕ4 = −e2πi(−x−y+z)




, Φ2 = (1
2 tx + 1

2 tz, σhr)Φ1 =




ϕ2

ϕ1

ϕ4

ϕ3




,

Φ3 = (1
2 tx, σh)Φ1 =




ϕ3

ϕ4

ϕ1

ϕ2




, Φ4 = (1
2 tz, r)Φ1 =




ϕ4

ϕ3

ϕ2

ϕ1




.

For the simplification of designations hereinafter we omit the symbol “tilde”,

i.e. x, y, z are considered as coordinates along the axes a1, a2, a3 respectively.

For the computation of bifurcating solutions in neighborhoods of parameter

critical value, bifurcation theory methods [5] are applied.

Let E1 and E2 be Banach spaces. The nonlinear equation

Bx = R(x, λ), R(0, 0) = 0, Rx(0, 0) = 0 (11)

is considered. Here B : E1 → E2 is a closed linear Fredholm operator (R(B) =

R(B), R(B) is the range of the operator B) with dense in E1 domain D(B),

N(B) = span{Φ1, . . . ,Φn} is its null-subspace, N∗(B) = span{Ψ1, . . . , Ψn} ⊂
E∗

2 is its defect-subspace. The nonlinear operator R(x, λ) is supposed to be

defined and sufficiently smooth in x and λ in a neighborhood of (0, 0) ∈
E1

.
+ Λ, Λ is the parameter space. According to Hahn-Banach theorem

there exist biorthogonal systems {Γj}n
1 ∈ E1, 〈Φi, Γj〉 = δij and {Zk}n

1 ∈ E2,

〈Zk, Ψl〉 = δkl, generating the projectors P =
n∑

j=1
〈·,Γj〉ϕj : E1 → N(B),

Q =
n∑

j=1
〈·, Ψj〉zj : E2 → E2,n = span{z1, . . . , zn} and the following direct

sum expansions E1 = En
1

.
+ E∞−n

1 , En
1 = N(B), E2 = E2,n

.
+ E2,∞−n,

E2,∞−n = R(B). Then the Lyapounov-Schmidt method allows to reduce

the problem (11) of construction of small norm solutions to nonlinear finite-

dimensional equations system, that is the bifurcation equation.
Here Zs = Φs,

Γ1 = Ψ1 =
1

4|Π0|Φ2, Γ2 = Ψ2 =
1

4|Π0|Φ1, Γ3 = Ψ3 =
1

4|Π0|Φ4, Γ4 = Ψ4 =
1

4|Π0|Φ3.
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Write system (3) in the power series expansion introducing parameters ξk,
k = 1, . . . , 4 and Schmidt correction operator

B̃W =




w1(q)

· · ·
w4(q)


 + µ0KW +

4∑
j=1

〈W, Γj〉Zj = −ε




∑4
j=1 K1j(|q − q′|)dq′

· · ·
∑4

j=1 K4j(|q − q′|)dq′


 (11)

−εK




w1(q
′) + w1(q′)2

2!
+ . . .

· · ·
w4(q

′) + w4(q′)2
2!

+ . . .


− µ0K




w1(q′)2
2!

+ w1(q′)3
3!

+ . . .

· · ·
w4(q′)2

2!
+ w4(q′)3

3!
+ . . .


 +

4∑
j=1

ξjZj ,

ξj = 〈W, Γj〉,

K =




∫
K11(q

′)dq′ . . .
∫

K14(q
′)dq′

· · · · · · · · ·
∫

K41(q
′)dq′ . . .

∫
K44(q

′)dq′


 .

By the implicit operators theorem the first equation (12) has a unique solu-

tion W = W (ξ, ε).

Branching system takes the form L(i)(ξ, ε) ≡ ξi − 〈W (ξ, ε), Γi〉 = 0, i = 1, . . . , 4.

We find the solutions of the first equation (12) in the form of the series

W (q, ε) =
∑

|α|+k≥1

Wα;kξ
αεk.

Omitting tedious computations we write out the main part of the branching
system

f1(ξ, ε) = Aξ1ε + Bξ2
3 + Cξ1

2ξ2 + Dξ1ξ3ξ4 + Eξ2ξ3
2 + Fξ2ξ4

2 + . . . = 0, (12)

f2(ξ, ε) = Aξ2ε + Bξ1
3 + Cξ2

2ξ1 + Dξ2ξ3ξ4 + Eξ1ξ4
2 + Fξ1ξ3

2 + . . . = 0,

f3(ξ, ε) = Aξ3ε + Bξ4
3 + Cξ3

2ξ4 + Dξ1ξ2ξ3 + Eξ4ξ1
2 + Fξ4ξ2

2 + . . . = 0,

f4(ξ, ε) = Aξ4ε + Bξ3
3 + Cξ4

2ξ3 + Dξ1ξ2ξ4 + Eξ3ξ2
2 + Fξ3ξ1

2 + . . . = 0.

The obtained system admits the group (9) of substitutions p1 = (12)(34),

p2 = (13)(24), p3 = (13)(23).
Passing to real variables ξ1 = τ1 + iτ2, ξ2 = τ1 − iτ2, ξ3 = τ3 + iτ4,

ξ4 = τ3 − iτ4 one gets branching system in the new basis

Φ̂1 =




cos 2π(x + y + z)

cos 2π(x + y + z)

− cos 2π(x + y − z)

− cos 2π(x + y − z)




, Φ̂2 =




sin 2π(x + y + z)

− sin 2π(x + y + z)

− sin 2π(x + y − z)

sin 2π(x + y − z)




,

Φ̂3 =




− cos 2π(x + y − z)

− cos 2π(x + y − z)

cos 2π(x + y + z)

cos 2π(x + y + z)




, Φ̂4 =




− sin 2π(x + y − z)

sin 2π(x + y − z)

sin 2π(x + y + z)

− sin 2π(x + y + z)




,
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t1(τ , ε) = Aτ1ε + Bτ1(τ

2
1 − 3τ2

2) + Cτ1(τ
2
1 + τ2

2) + Dτ1(τ
2
3 + τ2

4) + (13)

+E[τ1(τ
2
3 − τ2

4) + 2τ2τ3τ4] + F [τ1(τ
2
3 − τ2

4)− 2τ2τ3τ4] + . . . = 0,

t2(τ , ε) = Aτ2ε + Bτ2(τ
2
2 − 3τ2

1) + Cτ2(τ
2
1 + τ2

2) + Dτ2(τ
2
3 + τ2

4) +

+E[−τ2(τ
2
3 − τ2

4) + 2τ1τ3τ4]− F [τ2(τ
2
3 − τ2

4) + 2τ1τ2τ4] + . . . = 0,

t3(τ , ε) = Aτ3ε + Bτ3(τ
2
3 − 3τ2

2) + Cτ3(τ
2
3 + τ2

4) + Dτ3(τ
2
1 + τ2

2) +

+E[τ3(τ
2
1 − τ2

2) + 2τ1τ2τ4] + F [τ3(τ
2
1 − τ2

2)− 2τ1τ2τ4] + . . . = 0,

t4(τ , ε) = Aτ4ε + Bτ4(τ
2
4 − 3τ2

3) + Cτ4(τ
2
3 + τ2

4) + Dτ4(τ
2
1 + τ2

2) +

+E[−τ4(τ
2
1 − τ2

2) + 2τ1τ2τ3]− F [τ4(τ
2
1 − τ2

2) + 2τ1τ2τ3] + . . . = 0.

By applying the transformations

t1τ2 − t2τ1 = 2Bτ1τ2(τ
2
1 − τ2

2) + E[τ1τ2(τ
2
3 − τ2

4)− τ3τ4(τ
2
1 − τ2

2)] + (14)

+F [τ1τ2(τ
2
3 − τ2

4) + τ3τ4(τ
2
1 − τ2

2)] + . . . = 0,

t1τ2 + t2τ1 = Aτ1τ2ε + (C − 2B)τ1τ2(τ
2
1 + τ2

2) + Dτ1τ2(τ
2
3 + τ2

4) +

+(E − F )τ3τ4(τ
2
1 + τ2

2) + . . . = 0,

t3τ4 − t4τ3 = 2Bτ3τ4(τ
2
3 − τ2

4) + E[τ3τ4(τ
2
1 − τ2

2)− τ1τ2(τ
2
3 − τ2

4)] +

+F [τ3τ4(τ
2
1 − τ2

2) + τ1τ2(τ
2
3 − τ2

4)] + . . . = 0,

t3τ4 + t4τ3 = Aτ3τ4ε + (C − 2B)τ3τ4(τ
2
3 + τ2

4) + Dτ3τ4(τ
2
1 + τ2

2) +

+(E − F )τ1τ2(τ
2
3 + τ2

4) + . . . = 0,

by adding and subtracting first and third, second and fourth equation of the
system (14), we bring branching system to the form

t̃1(τ , ε) = B[τ1τ2(τ
2
1 − τ2

2) + τ3τ4(τ
2
3 − τ2

4)] + (15)

+F [τ1τ2(τ
2
3 − τ2

4) + τ3τ4(τ
2
1 − τ2

2)] + . . . = 0,

t̃2(τ , ε) = B[τ1τ2(τ
2
1 − τ2

2)− τ3τ4(τ
2
3 − τ2

4)] +

+E[τ1τ2(τ
2
3 − τ2

4)− τ3τ4(τ
2
1 − τ2

2)] + . . . = 0,

t̃3(τ , ε) = Aε(τ1τ2 + τ3τ4) + (C −B)[τ1τ2(τ
2
1 + τ2

2) + τ3τ4(τ
2
3 + τ2

4)] +

+(D + E − F )[τ1τ2(τ
2
3 + τ2

4) + τ3τ4(τ
2
1) + τ2

2] + . . . = 0,

t̃4(τ , ε) = Aε(τ1τ2 − τ3τ4) + (C −B)[τ1τ2(τ
2
1 + τ2

2)− τ3τ4(τ
2
3 + τ2

4)] +

+(D − E + F )[τ1τ2(τ
2
3 + τ2

4)− τ3τ4(τ
2
1) + τ2

2] + . . . = 0.

Note, that the written system in real basis allows substitutions

p1 : τ1 → τ1, τ2 → −τ2, τ3 → τ3, τ4 → −τ4;

p2 : τ1 ↔ τ3, τ2 ↔ τ4; p3 : τ1 ↔ τ3, τ2 ↔ −τ4.
(17)

The first two equations (16) are considered as the system relative to (τ2
1− τ2

2),

(τ2
3−τ2

4) with determinant ∆ = 2[τ1τ2τ3τ4(EF−B2)+B(E−F )(τ2
1τ

2
2+τ2

3τ
2
4)].
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I. If ∆ 6= 0, it is possible for (B2−EF )2− 4B2(E −F )2 < 0 (|B2−EF | <
2|B(E−F )|), then τ2

1 = τ2
2 6= 0 and τ2

3 = τ2
4 6= 0 (inequality to zero must take

place at least in one case). Then the last two equations of the system (16) are

brought to one of the following forms
A. τ1 = τ2, τ3 = τ4. For τ1 6= 0, τ3 6= 0, one has

Aε + 2(C −B)τ2
1 + 2(D + E − F )τ2

3 = 0,

Aε + 2(C −B)τ2
3 + 2(D + E − F )τ2

1 = 0,

τ1 = ±τ3 = ±
√

−Aε
2(−B+C−D−E+F ) + o(|ε|1/2), sign ε = −sign A(−B + C −

D − E + F ), any sign combinations are possible.

For τ1 6= 0, τ3 = 0, one gets the equation Aτ2
1ε− 2Bτ4

1 = 0,

τ1 = ±
√

Aε

2B
+ o(|ε|1/2), sign ε = sign (AB).

For τ1 = 0, τ3 6= 0, one gets Aτ2
3ε− 2Bτ4

3 = 0,

τ3 = ±
√

Aε

2B
+ o(|ε|1/2), sign ε = sign (AB).

In the case B. τ1 = −τ2, τ3 = −τ4, we obtain to the same equations.
C. τ1 = −τ2, τ3 = τ4. For τ1 6= 0, τ3 6= 0, one has

Aε + 2(−B + C)τ2
1 + 2(D − E + F )τ2

3 = 0,

−Aε + 2(B − C)τ2
3 + 2(−D + E − F )τ2

1 = 0,

τ1 = ±
√

−Aε

2(−B + C + D − E + F )
+ o(|ε|1/2),

sign ε = −sign A(−B + C + D − E + F );

τ3 = ±
√

Aε

2(B − C + D − E + F )
+ o(|ε|1/2),

sign ε = sign A(B − C + D − E + F ).

For τ1 6= 0, τ3 = 0, one gets the equation Aε + 2(−B + C)τ2
1 = 0,

τ1 = ±
√

Aε

2(B − C)
+ o(|ε|1/2), sign ε = sign A(B − C).

For τ1 = 0, τ3 6= 0, one gets −Aε + 2(B − C)τ2
3 = 0,

τ3 = ±
√

Aε

2(B − C)
+ o(|ε|1/2), sign ε = sign A(B − C).
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In the case D. τ1 = −τ2, τ3 = τ4 we obtain the same equations.
II. Let ∆ = 0, it is possible for (B2 − EF )2 ≥ 4B2(E − F )2 (|B2 − EF | ≥

2|B(E − F )|), then if E 6= F

τ3τ4 =
B2 − EF ±

√
(B2 − EF )2 − 4B2(E − F )2

2B(E − F )
τ1τ2 = kτ1τ2.

Then the last two equations of the system (16) can be written in the form

(τ2
1 + τ2

2)[(C −B) + k(E − F )] + (τ2
3 + τ2

4)D = −Aε,

(τ2
1 + τ2

2)k + (τ2
3 + τ2

4)[(C −B) + k(E − F )] = −Akε,

whence
τ2

1 + τ2
2 =

−Aε[(C −B) + k(E − F )−D]

[(C −B) + k(E − F )]2 − kD
, τ2

3 + τ2
4 =

−Aε[(C −B) + k(E − F )− 1]

[(C −B) + k(E − F )]2 − kD
.

Thus, all obtained solutions are presented in the form of converging in the

small neigbourhood of ε = 0 series of the form W =
∑

τ0
k(ε

1/2)Φ̂k + O(|ε|),
where τ0

k(ε
1/2) are the leading terms of asymptotics of obtained solutions.

Taking into account group transformations their number can be decreased.
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1. INTRODUCTION

The idea of pseudoperturbation method (PPM), i.e. perturbation operator

construction such that the known approximations to spectral characteristics

would became exact for the perturbed operator, is due to M.K. Gavurin [1]

in his application to the refining of simple eigenvalues and eigenelements of

self-adjoint operators in Hilbert spaces. Later on his PhD-student F. Kuh-

nert [2] has solved this problem for non-self-adjoint operators. The further

development of PP-method was given in the articles by B. V. Loginov, D.

G. Rakhimov and N. A. Sidorov (see review article [3]), where the refining

problem was solved for multiple eigenvalues, eigenvectors and generalized Jor-

dan chains (GJCh) of linear by spectral parameter operator-function in Banach

spaces. The suggested there PP-operator did not make possible to use GJChs

of adjoint operator-function, and in the general case, the problem remained

149
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unsolved. In 2003 [4, 5] two forms of PP-operators were suggested which allow

to refine multiple eigenvalues and GJChs of the eigenvalue problem linear by

spectral parameter and adjoint to it in Banach spaces. They symmetrically

used the known approximations to enumerating spectral characteristics with

subsequent application of Newton-Kantorovich method to their refining. In

the articles [6, 7] the development of PP-method to nonlinear with respect

to spectral parameter operator-function was given based on its linearization

possibilities.

Here four iteration processes for the determination of exact spectral char-

acteristics are suggested together with the investigation of their convergence

rates and stability with respect to small computation errors. The main at-

tention is payed to various illustrations of PP-iteration method; some of them

are reviewed in [8]. The PP-iteration (PPI) methods are considered in a

group symmetry conditions. Also their connections with parameter continua-

tion methods [9] are investigated. The theory of PPI-methods and the proof of

their computational stability is based on bifurcation and perturbation theories

[10].

The obtained results are supported by grant RFBR-Romanian Academy,

N 07-01-91680-PA a.

2. PSEUDOPERTURBATION OPERATOR

CONSTRUCTION

In Banach spaces E1 and E2 the linear by spectral parameter eigenvalue

problem with bounded for simplicity linear operators B, A ∈ L(E1, E2)
(B − tA)x = 0 (1)

is considered. Let the unknown eigenvalue λ be the Fredholm point of the

operator-function B − tA with eigenelements N(B−λA) = span{ϕ(1)
1 , . . . , ϕ

(1)
n },

N(B∗ − λA∗) = span{ψ(1)
1 , . . . , ψ

(1)
n } and corresponding A− and A∗− Jordan

chains [10] of lengths p1 ≤ p2 ≤ . . . ≤ pn

(B − λA)ϕ(s)
i = Aϕ

(s−1)
i , (B∗ − λA∗)ψ(s)

i = A∗ψ(s−1)
i , s = 2, pi, i = 1, n,

k = det[〈Aϕ
(pi)
i , ψ

(1)
j 〉] 6= 0, Lij = [〈Aϕ

(pi+1−s)
i , ψ

(l)
j 〉]l=1,pj , s=1,pi

6= 0,

L = det[Lij ] 6= 0,

(2)
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which can be chosen [10, 11] to satisfy the biorthogonality relations

〈ϕ(j)
i , γ

(l)
k 〉 = δikδjl, 〈z(j)

i , ψ
(l)
k 〉 = δikδjl, j(l) = 1, . . . , pi(pk)

γ
(l)
k = A∗ψ(pk+1−l)

k , z
(j)
i = Aϕ

(pi+1−j)
i , i, k = 1, . . . , n.

(3)

Let some sufficient good approximations λ0, ϕ
(s)
i0 , ψ

(s)
i0 to unknown eigen-

value λ and GJChs be given, |λ−λ0| ≤ ε, ‖ϕ(s)
i − ϕ

(s)
i0 ‖ ≤ ε, ‖ψ(s)

i −ψ
(s)
i0 ‖ ≤ ε,

with close to unit relevant magnitudes k0 and L0 (2). The problem is posed:

to construct pseudoperturbation operator D0, for which the given approxima-

tions would be exact for the perturbed operator.

Lemma 1. Passing to linear combinations the systems {γ(l)
k0}l=1,pk

k=1,n
, γ

(l)
k0 =

A∗ψ(pk+1−l)
k0 , {z(j)

i0 }j=1,pi

i=1,n
, z

(j)
i0 = Aϕ

(pi+1−j)
i0 satisfying the biorthogonality re-

lations (3) 〈ϕ(j)
i0 , γ

(l)
k0〉 = δikδjl, 〈z(j)

i0 , ψ
(l)
k0〉 = δikδjl can be determined.

Proof. In fact, let some sufficiently good approximations {ϕ(j)
i0 }j=1,pi

i=1,n
,

{ψ̃(ν)

µ0 }ν=1,pµ

µ=1,n
and z

(j)
i0 =Aϕ

(pi+1−j)
i0 be given. Setting γ̃

(ν)
µ0 =A∗ψ̃

(pµ+1−ν)

µ0 form

the linear combinations γ
(l)
k0 =

n∑

µ=1

pµ∑

ν=1

K lν
kµγ̃

(ν)
µ0 , subject to the conditions

〈ϕ(j)
i0 , γ

(l)
k0〉 = δikδjl, i, k = 1, . . . , n, j(l) = 1, . . . , pi(pk). Then according to (2)

the coefficients K lν
kµ can be uniquely determined by the system of equations

n∑

µ=1

pµ∑

ν=1

K lν
kµ〈Aϕ

(j)
i0 , ψ̃

(pµ+1−ν)

µ0 〉 = δikδjl, i, k = 1, . . . , n, j(l) = 1, . . . , pi(pk).

Setting now ψ
(pk+1−l)
k0 =

n∑

µ=0

pµ∑

ν=1

K lν
kµψ̃

(pµ+1−ν)

µ0 from this system it follows

〈z(pi+1−j)
i0 , ψ

(pk+1−l)
k0 〉 = δikδjl, z

(pi+1−j)
i0 = Aϕ

(j)
i0 .

Computing the discrepancies

σ
(1)
i0 = (B − λ0A)ϕ(1)

i0 , σ
(j)
i0 = (B − λ0A)ϕ(j)

i0 −Aϕ
(j−1)
i0 ,

τ
(1)
i0 = (B∗ − λ0A

∗)ψ(1)
i0 , τ

(j)
i0 = (B∗ − λ0A

∗)ψ(j)
i0 −A∗ψ(j−1)

i0 ,
j = 2, . . . , pi

determine [4] two forms of pseudoperturbation operator

D0x =
n∑

i=1

pi∑

j=1

〈x, γ
(j)
i0 〉

[
σ

(j)
i0 −

n∑

k=1

pk∑

s=1

〈σ(j)
i0 , ψ

(s)
k0 〉z(s)

k0

]
+

n∑

i=1

pi∑

j=1

〈x, τ
(j)
i0 〉z(j)

i0 (4)

D0x =
n∑

i=1

pi∑

j=1

〈x, γ
(j)
i0 〉σ(j)

i0 +
n∑

i=1

pi∑

j=1

[
〈x, τ

(j)
i0 −

n∑

k=1

pk∑

s=1

〈ϕ(s)
k0 , τ

(j)
i0 〉γ(s)

k0 〉
]
z
(j)
i0 (5)
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Theorem 1. [4] Pseudoperturbation operators (4) and (5) have the following

properties
D0ϕ

(s)
i0 = σ

(s)
i0

D∗
0ψ

(s)
i0 = τ

(s)
i0

⇒ (B − λ0A−D0)ϕ
(1)
i0 = 0, (B − λ0A−D0)ϕ

(s)
i0 = Aϕ

(s−1)
i0

(B∗ − λ0A
∗ −D∗

0)ψ
(1)
i0 = 0, (B∗ − λ0A

∗ −D∗
0)ψ

(s)
i0 = A∗ψ(s−1)

i0

(6)

3. ITERATIVE PROCESSES AND THEIR

CONVERGENCE RATES

A. Newton-Kantorovich method

According to the generalized E. Schmidt lemma [10] and general perturba-

tion theory at the sufficiently exact initial approximations (‖D0‖ is small) there

exists the bounded operator Γ = B̃−1 =
[
(A0 − λ0A1 −D0) +

n∑
i=1

〈
·, γ(1)

i0

〉
z
(1)
i0

]−1

.

Consequently the Jordan elements for the exact eigenvalue are determined by

formulae [4]
ϕ

(s)
i = (I − (λ− λ0)ΓA + ΓD0)

−1 [
ΓA(I − (λ− λ0)ΓA + ΓD0)−1

]s−1
ϕ

(1)
i0 ,

s = 1, 2, . . .

(7)

and it is not difficult to see [4] that the exact eigenvalue t = λ is K =
n∑

i=1
pi-

multiple root of the equation

f(t) = det[lij(t− λ0)] = 0,

lij(t− λ0) =
〈
((t− λ0) A−D0) [I − Γ(t− λ0)A + ΓD0]

−1 ϕ
(1)
i0 , ψ

(1)
k0

〉

= −
〈{

I − [I − Γ((t− λ0)A1 −D0)]
−1

}
ϕ

(1)
i0 , γ

(1)
k0

〉
,

lij,s(t− λ0) =
1
s!

dslij(t− λ0)
dts

=
〈

[I − (t− λ0)ΓA + ΓD0]
−1

(
ΓA

[
I − (t− λ

)
0ΓA + ΓD0

]−1
)s

ϕ
(1)
i0 , γ

(1)
j0

〉
,

i.e.
dsf(t)

dts

∣∣∣∣
t=λ

= 0 for s < K and
dKf(t)

dtK

∣∣∣∣
t=λ

= det
[
dpi lij(t− λ0)

dtpi

]

t=λ

6= 0

by virtue of the relation
1
pi!

dpi lik(0)
dtpi

=
〈
(I + ΓD0)

−1 (
ΓA(I + ΓD0)−1

)pi ϕ
(1)
i0 , γ

(1)
k0

〉

=
〈
(ΓA)piϕ

(1)
i0 , γ

(1)
k0

〉
−

− 〈[
ΓD0(ΓA)pi + (ΓA)(ΓD0)(ΓA)pi−1 + . . .+ (ΓA)pi(ΓD0)]ϕ

(1)
i0 , γ

(1)
k0

〉
+

+o(‖D0‖) =
〈
ϕ

(1)
i0 , γ

(1)
k0

〉
+ O(‖D0‖) = δik + O(‖D0‖).

(8)
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In order to determine the exact λ of the equation f (K−1)(t) = 0, the modified

or basic Newton-Kantorovich (N.-K.) method can be applied taking t = λ0 as

the initial approximation

λν = λν−1 −
[
f (K)(λ0)

]−1
f (K−1)(λν−1), ν = 1, 2, . . . (9)

λν = λν−1 −
[
f (K)(λν−1)

]−1
f (K−1)(λν−1), ν = 1, 2, . . . (10)

Theorem 2. Newton-Kantorovich method applied to the equation f (K−1)(t) =

0, for sufficiently small ‖D0‖ , determines its unique solution λ and has the

square convergence rate.

Proof. Indeed, by virtue of formulae [10,§31]

ϕ
(s)
j0 = (Γ0A)s−1ϕ

(1)
j0 = ϕ

(s−
[

s
pj

]
pj)

j0 and
〈
ϕ

(s)
j0 , γ

(1)
k0

〉
= δjkδ

(s−
[

s
pj

]
pj),1

(11)

and according to Hadamard inequality for determinant, there exists a con-

stant C such that
∣∣f (s)(λ0)

∣∣ ≤ C ‖D0‖, s 6= K. Also the relation (8) gives

f (K)(λ0) = p1! . . . pn! det [δik + O(‖D0‖)], whence by virtue of the continuity

f (K)(t) there exists a constant such that
∣∣f (K)(λv)

∣∣−1 ≤ m (ρ) in some ρ-

neighborhood Sρ(λ0) of the point λ0. The continuity of f (K+1)(λ) in Sρ(λ0)

gives the Lipschitz condition with some constant l
∣∣f (K)(λ1)− f (K)(λ2)

∣∣ ≤
l |λ1 − λ2| , λ1, λ2 ∈ Sρ(λ0). Consequently [12, §34.2] if q =

1
2
m2lC ‖D0‖ < 1

and ρ′ = mC ‖D0‖
∞∑

k=0

q2K−1 < ρ, the equation f (K−1)(t) = 0 has in the ball

S′ρ(λ0)the unique solution λ to which the iterations (10) are square convergent.

Corollary. According to theorem [12, §34.3] , if 2m2lC ‖D0‖ < 1 and r′ =
1

ml
(1−

√
1− 2m2lC ‖D0‖) < ρ the iterations (9) of the modified N.-K. method

converge in the ball S′r(λ0) to the unique solution λ. The convergence rate of

{λν} to λ is given by the inequality |λ− λν | ≤ 1−
√

1− 2m2lC ‖D0‖√
1− 2m2lC ‖D0‖

mC ‖D0‖ .

After the determination of the exact eigenvalue λ the elements of GJChs

can be determined directly from the following equations [4]

(B − λA)ϕ(1)
j +

n∑
i=1

〈
ϕ

(1)
j , γ

(1)
i0

〉
z
(1)
i0 = z

(1)
j0 ,

(B − λA)ϕ(s)
j +

n∑
i=1

〈
ϕ

(s)
j , γ

(1)
i0

〉
z
(1)
i0 = Aϕ

(s−1)
j ,

s = 2, . . . , pj , j = 1, . . . , n

(12)
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(B∗ − λA∗)ψ(1)
j +

n∑
i=1

〈
z
(1)
i0 , ψ

(1)
j

〉
γ

(1)
i0 = γ

(1)
j0 ,

(B∗ − λA∗)ψ(s)
j +

n∑
i=1

〈
z
(1)
i0 , ψ

(s)
j

〉
γ

(1)
i0 = A∗ψ(s−1)

j .
s = 2, pj , j = 1, n (13)

B. Newton-Kantorovich method with cubic convergence

In the articles [13, 14] one modification of the basic N.-K. method was

suggested that has the cubic convergence. It is based on the change of the

original nonlinear equation g(t) = 0 by the equation F (t) = g(t)e−kt = 0,

which has the same roots. This change gives the modification of the iteration

process by the following one

tn+1 = tn − g(tn)
[
g′(tn)− kg(tn)

]−1
, (14)

where the arbitrary parameter k is chosed in the special form k =
g′′(tn)
2g′(tn)

. In

fact, the setting εn = t∗− tn gives for the iterations (14) the following relation

εn+1 = εn +g(tn) [g(tn)− kg(tn)]−1, whence by using of the Taylor expansions

of g(tn) and g′(tn) in a neighbourhood of the exact solution t∗, the equality

εn+1 = −ε2
n

1
2
g′′(t∗)− kg′(t∗)− εn

(
1
3
g′′′(t∗)− k

2
g′′(t∗)

)
+ o (|εn|)

g′(t∗)− εn (g′′(t∗)− kg′(t∗)) + o (|εn|)

= ε3
n

1
3
g′′′(t∗)− k

2
g′′(t∗) + o (|εn|)

g′(t∗)− εn
1
2
g′′(t∗) + o (|εn|)

.

Under the theorem of [12, §34.2] assumptions about convergence rate of

the basic Newton method in [14] its analog about cubic convergence of the

suggested modification is proved.

Consequently the relevant iteration scheme for our problem has the form

tn = tn−1 − 2g(tn−1)g′(tn−1)
2g′2(tn−1)− g′′(tn−1)g(tn−1)

= (15)

g = f (K−1)(t)tn−1 − 2f (K−1)(tn−1)f (K)(tn−1)

2
[
f (K)(tn−1)

]2 − f (K+1)(tn−1)f (K−1)(tn−1)
,

which has the cubic convergence at sufficiently small ‖D0‖.
C. Eitken-Steffensen iteration process

In the monographs [15, 16, 17] it was investigated the Eitken-Steffensen

iteration process which does not require the derivatives computation, however



Pseudoperturbiteration methods in generalized eigenvalue problems 155

possessing the square convergence rate

λn = λn−1 − g(λn−1)
g(λn−1)− g (ψ(λn−1))

g(λn−1), ψ(t) = t− f(t). (16)

For our problem we must take g(t) = f (K−1)(t), and (16) takes the form

λn = λn−1 − f (K−1)(λn−1)
f (K−1)(λn−1)− f (K−1) (ψ(λn−1))

f (K−1)(λn−1).

On every step of this process it is required to solve 4n2(K+1)2 linear equations

(12), (13) for λ = λn−1 and ψ(λn−1) = λn−1 − f (K−1)(λn−1), respectively.

Remark 1. The iteration processes A and C can be changed on the rele-

vant processes for the computation of multiple roots [15], for our problem of

K-multiple roots of the equation f(t) = det[lij(t− λ0)] = 0,

A. tn = tn−1−K
f(tn−1)
f ′(tn−1)

, C. λn = λn−1−K
f(λn−1)

f(λn−1)− f(ψ(λn−1))
f(λn−1),

which have superlinear convergence rate.

D. Gavurin iteration process

By means of pseudoperturbation operator D0 (4), (5) the eigenvalue prob-

lem (1) is rewritten in the form of the perturbation problem for the eigenvalue

λ0 with the small parameter D0 [10, §32]

B0ϕ ≡ (B − λ0A−D0)ϕ = (∆λ)Aϕ−D0ϕ, µ = ∆λ = λ− λ0, (17)

which can be reduced [10] to the branching equation (BEq)

L(µ, ‖D0‖) = det
[〈((∆λ)A−D0) [I − Γ0 ((∆λ)A−D0)]

−1 ϕ
(1)
i0 , ψ

(1)
k0 〉

]
= 0.

(18)

The length of the decreasing part of the Newton diagram for (13) is equal to

K =
n∑

i=1
pi, since L(µ, 0) =

∞∑
s=k

Ls0µ
s, Ls0 = 0, s < k,

LK0 = det
[〈µA (I − Γ0A)−1 ϕ

(1)
i0 , ψ

(1)
k0 〉

]
= det

[〈Aϕ
(pi)
i0 , ψ

(1)
k0 〉

]
= 1.

However, some of BEq coefficients Ls,K−s may be nonzero. Let ν be the first

number for which Lν,K−ν 6= 0.

From formulae (7) it follows that as first approximations to the exact Jordan

chain elements we must to take the following

ϕ
(1)
j1 = (I + ΓD0)−1ϕ

(1)
j0 ,

ϕ
(2)
j1 = (I + ΓD0)−1ΓA(I + ΓD0)−1ϕ

(1)
j0 = (I + ΓD0)−1ΓAϕ

(1)
j1 , . . . ,

ϕ
(pi)
j1 = (I + ΓD0)−1

[
ΓA(I + ΓD0)−1

]pj−1
ϕ

(1)
j0 = (I + ΓD0)−1ΓAϕ

(pi−1)
j1 ,

(19)
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ψ
(1)
j1 = (I + Γ∗D∗

0)
−1ψ

(1)
j0 ,

ψ
(2)
j1 = (I + Γ∗D∗

0)
−1Γ∗A∗(I + Γ∗D∗

0)
−1ψ

(1)
j0 = (I + Γ∗D∗

0)
−1Γ∗A∗ψ(1)

j1 , . . . ,

ψ
(pi)
j1 = (I + Γ∗D∗

0)
−1

[
Γ∗A∗(I + Γ∗D∗

0)
−1

]pj−1
ψ

(1)
j0

= (I + Γ∗D∗
0)
−1Γ∗A∗ψ(pi−1)

j1 .

(20)

These elements are the solutions of the equations

(B − λ0A)ϕ(1)
j1 +

n∑
k=1

〈
ϕ

(1)
j1 , γ

(1)
k0

〉
z
(1)
k0 = z

(1)
j0 ,

(B − λ0A)ϕ(s)
j1 +

n∑
k=1

〈
ϕ

(s)
j1 , γ

(1)
k0

〉
z
(1)
k0 = Aϕ

(s−1)
j1 ,

s = 2, . . . , pj , j = 1, . . . , n

(B∗ − λ0A
∗)ψ(1)

j1 +
n∑

k=1

〈
z
(1)
k0 , ψ

(1)
j1

〉
γ

(1)
k0 = γ

(1)
j0 ,

(B∗ − λ0A
∗)ψ(s)

j1 +
n∑

k=1

〈
z
(1)
k0 , ψ

(s)
j1

〉
γ

(1)
k0 = A∗ψ(s−1)

j1 ,
s = 2, . . . pj , j = 1, . . . , n

respectively. The relevant first approximation λ1 to the exact eigenvalue λ

can be found by the Newton diagram method from the BEq (18). Now after

Lemma 1 application, i.e. after the biorthogonalization of the first approxima-

tions, we repeat the iteration process: the pseudoperturbation operator D1 is

determinating and the second approximations to Jordan elements ϕ
(s)
j2 , ψ

(s)
j2 ,

s = 1, . . . , pj , j = 1, . . . , n with the relevant λ2 determination and so on.

Theorem 3. The M.K. Gavurin iteration processes is converging with the

rate of the order 1 +
1
ν
, i.e. it is superlinearly convergent.

The technically difficult proof coincides with the proof of relevant theorems

in [18, 19].

4. STABILITY OF ITERATION PROCESSES

In [20, 21] regularization by A.N. Tychonov questions in perturbation and

bifurcation theories are investigated. The symbol ∼ denotes δ-approximations

of the corresponding magnitudes, ‖Ãx− Ax‖ ≤ δ(‖x‖+ a‖Ax‖), ∀x ∈ D(A).

Here we give the result for linear equations, on the base of which the computa-

tional stability of suggested iteration processes can be satisfied by Theorem 4

[20, 21]. Let in the equation Ax = f , A : E1 ⊃ D(A) → E2, D(A) = E1 the op-

erator A be Fredholm; N(A) = span{ϕ1, . . . , ϕn}, N∗(A) = span{ψ1, . . . , ψn}
be its zero and defect subspaces; {γi}n

1 ∈ E∗
1 and {zi}n

1 ∈ E∗
2 be corresponding
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biorthogonal systems. Let x∗ = Γf , Γ =
(
A +

n∑

i=1

〈·, γi〉zi

)−1 be the normal

solution of the equation Ax = f . If δ < q[a + (1 + na)‖Γ‖]−1, 0 < q < 1, then

the unique solution of the regularized equation Ãx +
n∑

i=1

〈x, γi〉zi = f̃ is deter-

mined by the formula x̃ =
(
Ãx +

n∑

i=1

〈x, γi〉zi

)−1
f̃ and satisfies the following

estimate ‖x̃− Γf‖ ≤ (1− q)−1‖Γ‖(1 + a‖f‖+ ‖Γf‖)δ.

5. APPLICATIONS OF

PSEUDOPERTURBITERATION METHODS

A. Pseudoperturbiteration method for differential equations with

displacements in boundary conditions

Here we consider three problems with displacements: 1. one-dimensional

Bitsadze-Samarskii problem [22]; 2. four eigenvalue problems with two dis-

placements [23]; 3. E. Schmidt eigenvalue problems with displacement [24, 25,

26].

1. In the space C2[(0, x0) ∪ (x0, 1)] ∩ C1[0, 1] the linear eigenvalue problem

u′′+λu = 0, u(0) = 0, u(x0) = u(1) is considered. It has two sets of eigenvalues

µm =
2mπ

1− x0
, µs =

(2s + 1)π
1 + x0

, to which the eigenfunctions ϕm = sinµmx,

ϕs = sin µsx correspond. The adjoint problem v′′+λv = 0, v(0) = 0, v(1) = 0,

v′(x0 + 0) − v′(x0 − 0) = v′(1) in the space C2[(0, x0) ∪ (x0, 1)] ∩ C[0, 1] has

the same eigenvalues with relevant eigenfunctions

ψm =

{
0, 0 ≤ x ≤ x0,

sinµm(1− x), x0 ≤ x ≤ 1;

ψs =





sinµs(1− x0) · sinµsx

sinµsx0
, 0 ≤ x ≤ x0,

sinµs(1− x), x0 ≤ x ≤ 1.

The Jordan chains of the length two exist in the condition µm=µs=µ0 ⇒ x0 =
2s− 2m + 1
2s + 2m + 1

. They are computed in the form satisfying the biorthogonality

conditions (3).
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The realization of PPI-method is fulfilled for m = s = 1, x0 =
1
5
, λ = µ2

0 =

25π2

4

ϕ(1) = sin
5π

2
x, ψ(1) =





0, 0 ≤ x ≤ 1
5
,

125π

6
cos

5π

2
x,

1
5
≤ x ≤ 1;

ϕ(2) = − 1
5π

x cos
5π

2
x, ψ(2) =




−10

3
sin

5π

2
x, 0 ≤ x ≤ 1

5
,

−25
6

(1− x) sin
5π

2
x,

1
5
≤ x ≤ 1.

(21)

As approximations ϕ̂
(1)
0 , ψ̂

(1)

0 , ϕ̂
(2)
0 , ψ̂

(2)

0 to eigenfunctions ϕ
(1)
0 , ψ̃

(1)

0 and Jordan

elements ϕ
(2)
0 , ψ̃

(2)

0 were selected relevant parts of Taylor series for (7), and the

approximation to eigenvalue λ0 was determined to within 1 from the equation〈
d2

dx2
ϕ̂

(2)
0 + tϕ̂

(2)
0 + ϕ̂

(1)
0 , ψ̂

(1)

0

〉
= 0, by stopping the iteration process at the

achievement of a sufficient accuracy of approximation to λ0. Note that in the

considered example the exact spectral characteristics were known.

The problems 2. are investigated in [23], the problems 3. will be described

in part C 4.

B. The refining of critical spectral parameter at Poincaré-Andronov-

Hopf bifurcation

This problem in the general form is considered in [25], separately for the

DE of the first order Ax′ = Bx − R(x, ε), R(0, 0) = 0, Rx(0, 0) = 0 and

DE of higher order of the form Asx
(s) + As−1x

(s−1) + . . . + A1x
′ = Bx −

R(x, x(1), . . . , x(s−1), ε), R(0, . . . , 0, 0) = 0, Rxk(0, . . . , 0, 0) = 0 with bounded,

for simplicity, linear operators. Therefore we give here only concrete example

in part C.3◦ as spatially one-dimensional dynamical problem with a displace-

ment illustrating the results [25].

C. Generalized pseudoperturbiteration methods for computation

of E. Schmidt eigenvalue problems

At the beginning of the past century, E. Schmidt has introduced [26] sys-

tems of eigenvalues {λk} (counted with their multiplicity) and eigenelements

{ϕk}∞1 , {ψk}∞1 satisfying the relations Bϕk = λkψk, B∗ψk = λkϕk for inte-

gral Fredholm operators and allowing to generalize Hilbert-Schmidt theory on

non-self-adjoint completely continuous operators in abstract separable Hilbert
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space [27]. As s-numbers these systems have found many applications in com-

putational mathematics and ill-posed problems theory.

1. For a pair of linear, bounded for simplicity, operators B, A ∈ L(H) the

generalized E. Schmidt eigenvalues and eigenelements are introduced [28] by

the following equalities: Bϕ = λAψ, B∗ψ = λA∗ϕ. Here H is a Hilbert space,

the eigenvalue λ can be chosen real. The above system can be rewritten in

matrix form

(B− λA)Φ = 0, (B∗ − λA∗)Ψ = 0, (22)

where A = diag{A∗, A}, B = secondarydiag{B∗, B}, which is non-selfadjoint.

Therefore Schmidt eigenelements can have generalized Jordan chains Φ(j)
k =(

ϕ
(j)
k , ψ

(j)
k

)
and Ψ(j)

k =
(
ϕ̂

(j)
k , ψ̂

(j)

k

)
, j = 1, pk, k = 1, n. They can be chosen

so that the following orthogonality relations be satisfied

(
Φ(j)

i , Γ(l)
k

)
=

(
ϕ

(j)
i , Aϕ̂

(pk+1−l)
k

)
+

(
Aψ

(j)
i , ψ̂

(pk+1−l)

k

)
= δikδjl,

Γ(l)
k = A∗Ψ(pk+1−l)

k ,

(
Z

(j)
i , Ψ(l)

k

)
=

(
ϕ

(pi+1−j)
i , Aϕ̂

(l)
k

)
+

(
Aψ

(pi+1−j)
i , ψ̂

(l)

k

)
= δikδjl,

Z
(j)
i = AΦ(pi+1−j)

i , i, k = 1, n, j(l) = 1, pi(pk).

Let for n-multiple Schmidt eigenvalue λ and generalized Jordan chains

(GJCh) some sufficiently good approximations λ0, Φ(j)
k0 , Ψ(j)

k0 , j = 1, pk, k =

1, n, be given. The problem arises to construct the pseudoperturbation op-

erator such that these approximations would be exact magnitudes for the

perturbed problem and to give iteration procedure for their refining (as an

eigenvalue and GJCh of the given operators) on the base of perturbation the-

ory [28].

2. The second problem connected with the E. Schmidt spectrum arises in

abstract Dirac type systems [29] at dynamical bifurcation

A
dX

dt
≡

(
0 A

A∗ 0

)(
x′1
x′2

)
=

(
B 0

0 −B∗

)(
x1

x2

)
−R(X, ε) ≡ BX−R(X, ε),
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from pure imaginary n-multiple A-eigenvalue ±iα of the operator B. Then

according to [30]

B(α)Φ(1)
k ≡

(
B αA

−αA B

) (
U

(1)
1k

U
(1)
2k

)
= 0,

B∗(α)Ψ(1)
k ≡

(
B∗ −αA∗

αA∗ B∗

)(
V

(1)
1k

V
(1)
2k

)
= 0,

U
(1)
sk =

(
u

(1)
s1k, u

(1)
s2k

)T
, V

(1)
sk =

(
v

(1)
s1k, v

(1)
s2k

)T
∈ H+̇H, s = 1, 2, k = 1, n,

which means that the numbers ±α are n-multiple Schmidt A-eigenvalues of

the operator B, resp. Schmidt A∗-eigenvalues of the operator B∗

Bu
(1)
11k = −αAu

(1)
22k, Bu

(1)
21k = αAu

(1)
12k; Bv

(1)
22k = αA∗v(1)

11k, Bv
(1)
12k = −αA∗v(1)

21k;

B∗u(1)
22k = −αA∗u(1)

11k, B∗u(1)
12k = αA∗u(1)

21k; B∗v(1)
11k = αAv

(1)
22k, B∗v(1)

21k = −αAv
(1)
12k.

Again the biorthogonality properties for the conveniently chosen A-Jordan

chains of the operator B(α) = B − αA, B = diag(B,−B∗, B,−B∗), A =

secondary diag(−A,−A∗, A, A∗), take place
(
AΦ(lk+1−j)

µk , Ψ(l)
νs

)
= δµνδksδjl,

(
Φ(j)

µk ,A∗Ψ(ps+1−l)
νs

)
= δµνδksδjl, µ, ν = 1, 2,

j = 1, pk, l = 1, ps, k, s = 1, n, Φ(s)
1k =

(
U

(s)
1k , U

(s)
2k

)T
,

Φ(s)
2k =

(
−U

(s)
2k , U

(s)
1k

)T
,Ψ(s)

1k =
(
V

(s)
2k ,−V

(s)
1k

)T
, Ψ(s)

2k =
(
V

(s)
1k , V

(s)
2k

)T
.

Thus the problem of refining the approximately given E. Schmidt n-multiple

eigenvalue α and relevant eigenelements with Jordan chains u
(s)
ijk0, v

(s)
ijk0 arises

as a generalization of the previous one.

The problem 2. can be presented in the same form (22) as the problem 1.

by replacing A and B by A and B, λ by α. In the following arguments the

forms (22) will be used both for the problem 1. and 2.

For the approximations to n-multiple Schmidt eigenvalue of the problem

1. (analogously to the problem 2.) with relevant GJChs we introduce the

following notations: λ0, Φ(j)
i0 , Ψ(j)

k0 , Γ(j)
k0 , Z

(j)
i0 . Passing, if necessary, to linear

combinations (lemma 1) they can be considered satisfying the biorthogonality

relations. Computing the discrepancies

σ
(j)
i0 = (B− λ0A)Φ(j)

i0 + (1− δ1j)AΦ(j−1)
i0 ,
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τ
(j)
i0 = (B∗ − λ0A

∗)Ψ(j)
i0 + (1− δ1j)A∗Ψ(j−1)

i0 ,

introduce two following forms of pseudoperturbation operators D0 (see (4),

(5)), such that D0Φ
(s)
i0 = σ

(s)
i0 , D∗

0Ψ
(s)
i0 = τ

(s)
i0 , so the approximations to eigen-

value and GJChs are exact for the perturbed operator B− λ0A−D0.

Now one of iteration procedure of 3. can be applied.

Remark 2. To generalized E. Schmidt eigenvalue problem with s operators

B1ϕ
(1)
1 = λAψ

(1)
s , B2ϕ

(1)
2 = λAψ

(1)
s−1, . . . , Bsϕ

(1)
s = λAψ

(1)
1 ,

B∗
1ψ

(1)
s = λA∗ϕ(1)

1 , B∗
2ψ

(1)
s−1 = λA∗ϕ(1)

2 , . . . , B∗
sψ

(1)
1 = λA∗ϕ(1)

s ,

and problems with polynomial or analytic operator-function of spectral pa-

rameter

Bϕ = A(λ)ψ ≡
s∑

k=1

λkAkψ, B∗ψ = A∗(λ)ϕ ≡
s∑

k=1

λkA∗kϕ,

as generally in generalized eigenvalue problems with polynomial (analytic)

dependence on spectral parameter their linearization by means of matrix op-

erators [6, 7] is applied [28].

3. Consider here the example of one dimensional dynamical problem, arising

at the determination of spectral parameter critical value at Poicaré-Andronov-

Hopf bifurcation [25] for the equation

A
dX

dt
= BX + R(X, ε), R(0, ε) = 0, A =

(
0 A

A∗ 0

)
, B =

(
B 0

0 −B∗

)
,

A = A∗ = I, B = B∗ =
d2x

dt2
+ I

which can be written in the form of the periodical solutions determination for

the boundary value problem

∂v

∂t
=

d2u

dx2
+ u + R1(u, v, ε), R1(0, 0, ε) = 0, u(0, t) = 0, u(x0, t) = u(1, t),

∂u

∂t
= −d2v

dx2
− v + R2(u, v, ε), R2(0, 0, ε) = 0, v(1, t) = 0, v(x0, t) = v(0, t).

The linearized problem has the pure imaginary critical eigenvalues

u, v ∈ C2 ([0, x0) ∪ (x0, 1]) ∩ C1 [0, 1], 0 < x0 < 1,
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u′′ + u = iαv, v′′ + v = −iαu, (23)

u(0) = 0, u(x0) = u(1), v(1) = 0, v(x0) = v(0),

where it is sufficient to find positive values α and relevant eigenfunctions u(x),

v(x). It is established that nontrivial solutions exist only for α > 1. The

adjoint problem in the space C2 ([0, x0) ∪ (x0, 1]) ∩ C [0, 1], has the form

ũ′′ + ũ = −iαṽ, ṽ′′ + ṽ = iαũ, 0 < x0 < 1,

ũ(0) = 0, ũ(1) = 0, ũ(x0 + 0) = ũ(x0 − 0),

ũ′(x0 + 0)− ũ′(x0 − 0) = ũ′(1),

ṽ(0) = 0, ṽ(1) = 0, ṽ(x0 + 0) = ṽ(x0 − 0),

ṽ′(x0 + 0)− ṽ′(x0 − 0) = −ṽ′(0).

(24)

The equation

∆ ≡ [sin ν − sin ν(1− x0)] (sin hµ− sinhµx0)+

+ (sin ν − sin νx0) [sinhµ− sinhµ(1− x0)] = 0,

µ =
√

α− 1, ν =
√

α + 1, determines, for every 0 < x0 < 1, the eigenvalue

α = α(x0) of the problem (23). The system ∆ = 0, ∆′
α = 0 is inconsistent

and Jordan elements are absent.

The PPI-method is illustrated here for the case x0 = 0, 5. Here ∆ =

32 sinh
µ

4
cosh

3µ

4
sin

ν

4
cos

ν

4
(1 − 4 sin2 ν

4
) ⇒ α = 16π2n2 − 1, n = 1, 2, . . .;

α = 4π2(1 + 2m)2 − 1, m = 0, 1, 2, . . .; α = 16(πs± π

6
)2 − 1, s = 0, 1, 2, . . .

The smallest eigenvalue is α =
4π2

9
− 1 at s = 0, for which the explicit

formulae for eigenfunctions of the problems are obtained. For this eigenvalue

the computational experiment is made with approximation α̃ = 3.4375, con-

vergent on the fifth step up to 10−16. Schmidt’s eigenfunctions are determined

then after refining α̃ on the relevant formulae.

4. In [24] in the functional class C2 ([0, x0) ∪ (x0, 1]) ∩ C1[0; 1], 0 < x0 < 1

the E. Schmidt boundary eigenvalue problem

u′′ + λv = 0, v′′ + λu = 0, u(0) = 0, u(x0) = u(1), v(1) = 0, v(x0) = v(0)
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is considered. The adjoint problem is stated. The determinant of the boundary

conditions is calculated

∆ =
(
sinhµ− sinhµx0

)[
sinµ− sinµ(1− x0)

]
+

+
(
sinµ− sinµx0

)[
sinhµ− sinhµ(1− x0)

]
,

λ = µ2.

Analysis of the system ∆ = 0, ∆′
µ = 0 shows that Jordan elements are ab-

sent. The eigenfunctions for direct and adjoint problems are determined.

The computational experiment is made again for symmetric particular case

x0 = 0, 5, where ∆ = −8 sin
µ

2
[
sinhµ− sinh

µ

2
][

2 cos
µ

2
− 1

] ⇒ µ1 = 2πn or

µ2 = ±2π

3
+ 4πs; n, s = 0, 1, 2, . . .; µ > 0. For µ1 the eigenfunctions are

absent, for µ2 sinµ = sin µx0 = ±
√

3
2
6= 0 and for the direct problem

u(x) = ±2 sin(µx± π

6
) + (sinh

µ

2
)−1 sinh(µx− µ

2
),

v(x) = ±2 sin(µx± π

6
)− (sinh

µ

2
)−1 sinh(µx− µ

2
),

for the adjoint one

u(x) = v(x) =





sinµx, 0 ≤ x ≤ 1
2
,

sinµ(1− x),
1
2
≤ x ≤ 1.

The computational experiment is fulfilled for the smallest eigenvalue µ2
0, µ0 =

2π

3
, with approximation µ̃0 = 2, 0938 to within of the order 10−21.

One case x0 6= 0, 5 is considered, where the approximation µ0 = 2.0938 was

determined graphically. This is the unique example substantive of PPI-method

application, when we can’t indicate the exact solution.

5.◦ Model problems of electromagnetic oscillations in lossless resonators.

Let be given the closed domain V ⊂ R3 with piecewise smooth boundary

S = ∂V . The eigenvalue oscillations of lossless resonator are called solutions

of the boundary eigenvalue problems for the homogeneous Maxwell system

rotE = iωµH, rotH = −iωεE;

divE = 0, divH = 0;

[
n, E

]∣∣
S

= 0,
(
n, H

)∣∣
S

= 0 (25)

n is the unit outer normal to S, ε and µ are dielectric and magnetic perme-

abilities of the medium. (25) is the typical E. Schmidt eigenvalue problem, ω
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is the Schmidt’s eigenvalue parameter. In the article [31] the adjoint to (25)

system

rotE = iωεH, rotH = −iωµE;

divE = 0, divH = 0;

[
n, H

]∣∣
S

= 0,
(
n, E

)∣∣
S

= 0

is constructed and on the base of I.S. Arzânykh basic formulae of the field

theory for problems related to the Helmholtz operator [32, 33] and potential

theory the system of integral equations equivalent to eigenvalue problem (25)

is derived. For this the Fredholm property of the system (25) is proved.

In the monographs [34]-[38] and articles [39, 40] exact solutions of (25) for

rectangular, cylindrical and spherical resonators are found obtained by using

variables separation method and symmetry properties of the domain V . The

definite symmetries of the domain generates the development of PPI-methods

in conditions of group symmetry.

D. Solution of Algebraic Equations.

The method of replacing an algebraic equation by the characteristic equa-

tion of the corresponding Frobenius matrix, which, as known, is not rational,

makes possible to apply the pseudoperturbation construction to refine roots of

polynomials [41]. Although here we can not give the explicit formula for the E.

Schmidt operator, this approach leads to interesting relations and summation

formulae.

6. PSEUDOPERTURBITERATION METHOD

UNDER GROUP SYMMETRY CONDITIONS

Here we give only the general scheme of pseudoperturbiteration methods.

For the case of discrete group symmetry the eigenelements and generalized

Jordan chains for direct and adjoint eigenvalue problems (1) and considered

generalizations can be restored by the group action on relevant basis magni-

tudes in generating trajectories spaces. Analogously in the case of continuous

symmetry these magnitudes can be restored by the action of infinitesimal

operators of Lie algebra on the basis of magnitudes in generating trajecto-

ries subspace [42]. The simplest example is given by the rotation operator

s ∂
∂t − t ∂

∂s on the eigenspace N(B) = {s2, st, t2}, where the generating sub-
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spaces is formed by the basis elements s2 and t2. In the monograph [42]

another examples in capillary-gravity surface waves or phase transitions in

statistical crystal theory can be found. Such examples for critical imaginary

eigenvalues at Poincarè-Andronov-Hopf bifurcation are contained in [43].

Therefore in order to apply PPI-methods it is sufficient to know approxima-

tions to basic elements of generating trajectories subspaces. Reproducing the

other approximations by the group action in the case of discrete symmetry and

the relevant infinitesimal operators in the case of continuous symmetry, we can

obtain the complete approximate basis of eigenelements and generalized Jor-

dan chains corresponding to multiple eigenvalue. Further we can construct the

PP-operator having the relevant group symmetry with subsequent application

of one iterational process of n. 3.

However we can not indicate substantial examples for illustration of PPI-

method. The considered in [34, 35, 37, 40, 42, 43] examples of eigenvalue

problems are solved exactly. We hope to find such examples on the base of

the article [39].

Remark 3. Connections of PPI-methods with parameter continuation

methods are remained for now on the level of the article [3].
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Abstract The study of time series with the aim of trying to characterize the underlying

dynamic system (or data generating process) is a field of study of great interest

in chaos based communications, namely spread spectrum communications with

chaotic spreading code. In order to perform any kind of analysis upon a data

series first there should be correctly reconstructed the phase space with the

key parameters time delay and embedding dimension. In this paper several

methods to determine these parameters are presented and their applicability

in communications is discussed. Also there is taken into account the influence of

noise as the spread spectrum communication have the power spectra lower than

the spectra of noise. Also the modulation of informational symbols influence

the dynamics of the data, therefore the parameters of interest are much more

difficult to determine.

Keywords: time series analysis, chaos based communications.

2000 MSC: 34C20, 68P30.

1. INTRODUCTION

The concept of chaos is one of the most exciting and rapidly expanding

research topics of recent decades. Ordinarily, chaos is disorder or confusion. In

the scientific sense, chaos does involve some disarray, but there is much more

to it than that. The states of natural or technical systems typically change

in time, sometimes in a rather intricate manner. The study of such complex

dynamics is an important task in numerous scientific disciplines and their ap-

plications as well in communications. Usually the aim is to find mathematical

models which can be adapted to the real processes. In the last two decades

there were developed nonlinear methods for data analysis that are based on a

169
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metric or topological analysis of the phase space of the underlying dynamics

or an appropriate reconstruction of it. The subject of discussion in this paper

focuses on phase space reconstruction.

Because chaos is very sensitive to initial conditions and chaotic sequences

possess a noise-like wide-spectrum characteristic, yet they can be reproduced

there very suitable as spreading code in Direct Sequence Spread Spectrum

(CD3S) technique. Also, when using chaotic systems, there is no need to

assume the randomness, since when observed in a coarse-grained state-space

they do not behave randomly, but they do in a long run. Two chaotic tra-

jectories diverge quickly, therefore chaotic systems provide by their nature a

large sequence of uncorrelated sequences [13].

Due to several of such special features, including the important diffusion,

confusion and mixing (ergodicity) properties [2], chaos-based communication

systems can demonstrate some superiority over the conventional DSSS codes.

The proposed structure of a CD3S transmitter [3] :

Fig. 1. Structure of a DSSS transmitter

Direct-sequence spectra vary somewhat in spectral shape, depending on the

actual carrier and data modulation used. In fig. 1 is employed a binary phase

shift keyed (BPSK) signal, which is the most common modulation type used

in direct sequence systems. Afterward the spectra is spread along a much

larger bandwidth and upsampled in order to obtain a sampled signal with a

“continuous” dynamics.

In this paper the possibility to reconstruct the phase space of CD3S received

signal is investigated. In the next section the methods employed with examples
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for a classical dynamical system, Lorenz, are presented and, afterward, the

methods are applied to a modulated signal.

2. METHOD OF DELAYS

Systems of very different kinds, from very large to very small time-space

scales can be modeled mathematically by (deterministic) differential equations.

Let the possible states of a system be represented by points in a finite-

dimensional phase space, <m. The transition form a system state from t1 at

time t2 is a deterministic rule Tt2−t1 [11]. For continuous-time dynamics

with variables x (t) = [x1(t), x2(t), ..., xm(t)], there can be defined a set of m

ordinary differential equations

ẋ (t) =
∂x (t)

∂t
= G (x) (1)

where the vector field G (x) is always taken to be continuous in its variables

and also taken to be differentiable as often as needed. The family of transition

rules Tt, or its realization in the forms (1), are referred to as a dynamical

system. Formally, a dynamical system is given by x (t) in a m dimensional

space, which is called the phase space, for continuous time and a time evolution

law (1).

Usually the observation of a real world process does not allow all possible

state variables. Either not all state variables are known or not all of them can

be measured. Most often only one observation is available

u (t) = h (x (t)) (2)

where h (·) is the measurement function. Since the measurement results in

discrete time series, the observations will be referred to as u (k) = x (t0 + kT ),

T being the sampling rate of the measurement.

As stated before, trying to reconstruct the state space of a system from

information on scalar measurements u(k) = x(t0 +kT ) is equivalent to finding

a connection between the derivatives and the states variables, namely the

differential equations which produced the observations. This is named the

method of derivatives coordinates. Since this methods employs high order
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coordinates, the presence of noise can affect the reconstruction and therefore

this method is not very useful for experimental data, so the mostly approached

method is the method of delays (MOD) which is the point of the further

discussion.

This method was first introduced into dynamical systems theory indepen-

dently by Packard et al [8],and by David Ruelle and Takens [12] and it consists

in the fact there really is no need of derivatives to form the system coordinates

in which to capture the structure of orbits in phase space, but that there can

be used directly the lagged samples.

The more rigorous formulation of this theorem is given as: consider K

a smooth
(
C2

)
m-dimensional manifold that constitutes the original state

space of the dynamical system under investigation and let φt : K → K be

the corresponding flow. Suppose that one can measure some scalar quantity

u (t) = h (x (t)) that a given by the measurement function h : K → <, where

u (t) = φt (u (0)) . Then one may reconstruct a delay coordinates map:

F : K → <m

u → y(k) = [u(k), u(k + T ), u(k + 2T ), ..., u(k + (m− 1)J ] (3)

k = 1,MM = N − (m− 1)J

that maps a state u from the original state space K to a point y in the

reconstructed state space <m, where m is the embedding dimension, J gives

the time lag to be used [9], and N gives the number of measurements.

The MOD reconstructs the attractor dynamics by using delay coordinates to

form multiple state-space vectors, y (i). That is the reconstructed trajectory,

Y, is given by

Y = [y (1) y (2) . . .y (M)]T. (4)

If the time series represents a continuous flow with samples taken every

∆t seconds, then the delay time τ is the time period between successive of

each of the embedding space vector. τ is considered an integer multiple of the
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sampling period and it can be expressed as τ = J · T . Here there should be

stressed the difference between time delay τ and time lag J .

This is possible because in nonlinear systems the multiple dynamical vari-

ables interact with one another [1]. This was demonstrated numerically by

Packard et al [8] and was proved by Takens [12]. The method of delays is

the most widespread approach because it is the most straightforward and the

noise level is constant for each delay component. Still this methods has a

major drawback: the quality of reconstruction depends upon choosing the

appropriate embedding parameters, the dimension m and the time delay J .

2.1. ESTIMATING TIME DELAY

As suggested, when employing the MOD, the only parameter that affects

the quality of reconstruction is the embedding dimension. Also there should

be stressed that it assumes the availability of an infinite amount of noiseless

data. Instead, in real experiments, finite noisy data sets are used, therefore

proper care should be taken when choosing the time delay (lag).

In estimating the value of τ many methods were considered but none is

universal and when selecting it, two major problems should be considered:

redundancy and irrelevance, as called by Casdagli et al. in [5]. In order to

better exemplify the presented phenomena the Lorenz attractor in fig. 2 is

considered.
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Fig. 2. Reconstructed Lorenz attractor with different time delays. Noiseless data set.

σ = 10, R = 28, b = 8
3
, sampling period T = 0.01, number of samples N = 3500, (a) τ =

17T, (b) τ = T, (c) τ = 51T.
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The first one is related to the choice of τ as small as possible. In this case

the consecutive measurements of the reconstructed vectors will give nearly the

same results. Hence, the topological vectors constructed via the method of

delays, will be stretched along the main diagonal, or line of identity, in the m-

dimensional embedding space, leading to a resemblance for the reconstructed

attractor with dimension close to one and thus the analysis of the picture of

the attractor will be very difficult.

The second problem, irrelevance, appears with the choice of τ too large. In

this case the reconstructed vectors become totally uncorrelated and the ex-

traction of any information from this phase space picture becomes impossible,

therefore resulting a random distribution of points in the embedding space.

Considering all mentioned above, τ should make independent each compo-

nent in the reconstructed vector.

Ideally a method to estimate the delay should be computationally efficient,

work well with noisy data and lead to consistent, accurate estimate of key

descriptors of the original attractor.

Average displacement method. There are several criteria for the selec-

tion of the time delay τ , the main of them being the autocorrelation method.

The main disadvantage of this methods is that it gives reasonable time delay

only for two dimensional systems and in the literature are presented several

criteria that were proved to be very sensitive to the employed dynamical sys-

tem. Another popular method is the first local minimum of the delayed mutual

information. Like the autocorrelation method, this approach works well for

low dimensional dynamical systems and, in addition, it is sensitive to the

number of bins employed for the segmentation of coordinates. Therefore there

should be considered a method that offers different results for different num-

ber of dimensions. The investigated method, named average displacement,

was introduced by Rosenstein and his colleagues [10] and quantifies the ex-

pansion of the attractor from the main diagonal. It is intended to overcome

the drawbacks of autocorrelation.

For various embedding dimensions the Average Displacement Method (AD)

can be computed as a function of τ such that
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〈Sm (J)〉 =
1
M

M∑

i=1

‖Y τ
i − Yi‖, (5)

where the upper scripts denote the delay between successive embedding com-

ponents[10]. If they are used, the scalar time series (5) can be rewritten as

〈Sm (J)〉 =
1
M

M∑

i=1

√√√√
m−1∑

j=1

[xi+jJ − xi]
2. (6)

The average displacement is useful for quantifying the decrease in redun-

dancy error with increasing τ . As the time delay increases from zero the average

displacement increases accordingly until it reaches a plateau. When increasing

the value of m, the time until 〈Sm〉 reaches a plateau is shorter, therefore a

constant embedding window can be maintained.

The two dimensional phase portrait for the Lorenz time series with the time

delay generated by the average displacement method can be seen in fig.3.
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Fig. 3. Average displacement for Lorenz dynamical system and 2D attractor reconstruction

with the provided time delay. σ = 10, R = 28, b = 8
3
. Initial conditions x0 = 1

10
, y0 =

− 1
5
, z0 = 3

10
, sampling period T = 0.02, number of samples N = 3500. (b) m = 3, τ = 9T.

Based on empirical results, the authors suggested choosing time delay, ”as

the point where the slope first decreased to less than 40% of its initial value”

[10]. Still when the wave shapes reach a certain saturation there are some

waviness, and using the changing slope to determine the time delay may in-

troduce some errors.
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There can be seen an anomalous jump from J = 0 to J = 1, due to the fact

that when using a zero time delay the phase-space vector is aligned with the

line of identity.

Multiple correlation method. Multiple autocorrelation approach is de-

rived from autocorrelation and Average Displacement Method. Considering

(5), the square average displacement for a chaotic time series, {xi} in an m-

dimensional space can be written as

〈
S2

m (J)
〉

=
1
M

M∑

i=1

‖yτ
i − yi‖2, (7)

such that (6) becomes

〈
S2

m (J)
〉

=
1
M

M∑

i=1

m−1∑

j=1

[xi+jJ − xi]
2 . (8)

Before deriving a relationship between
〈
S2

m (J)
〉
and the autocorrelation, we

note that the expression for a finite data set for autocorrelation is given by

Rxx (J) ≈ 1
N − J

N−J∑

i=1

xi · xi+J . (9)

Extending the left-hand side of (8) and ignoring the errors caused by the

border data we obtain

〈
S2

m (J)
〉

=
1
M

M∑

i=1

m−1∑

j=1

[
x2

i+jJ − 2xi · xi+jJ + x2
i

]
= 2 (m− 1)E−2

m−1∑

j=1

Rxx (jJ) ,

(10)

where E = 1
M

∑M
i=1 x2

i = 1
M

∑M
i=1 x2

i+jJ , for 1 ≤ j ≤ m − 1 and Rm
xx (J) =

∑m−1
j=1 Rxx (jJ) .

As it was considered by the authors of [7], the multiple autocorrelation delay

can be described as: select the corresponding time as the time delay τ when

the value of Rm
xx (J) decreased to the 1/e−1 times of its initial value.

Moreover, when replacing the autocorrelation method with the non bias

multiple autocorrelation we have
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Cm
xx (J) =

1
M

M∑

i=1

m−1∑

j=1

(xi − x) (xi+jJ − x) = Rm
xx (J)− (m− 1) (x)2 . (11)

In fig. 4 the results for x variable of Lorenz system perturbed with noise

are illustrated.
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Fig. 4. Multiple autocorrelation for Lorenz dynamical system. σ = 10, R = 28, b = 8
3
.

Initial conditions x0 = 1
10

, y0 = − 1
5
, z0 = 3

10
, sampling period T = 0.02, number of samples

N = 3500.

This algorithm can be regarded as an extension of the autocorrelation ap-

proach in the high order dimension.

2.2. ESTIMATING EMBEDDING DIMENSION

Mańé and Takens theorem guarantees that the reconstructed dynamics,

if properly embedded, is equivalent to the dynamics of the true, underlying

system in the sense that dynamical invariants, such as generalized dimensions

and the Lyapunov spectrum, are identical.

There were different methods proposed for determining the minimum em-

bedding dimension, but the most commonly used is the geometrical approach,
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false nearest neighbors (FNN). The idea of this method is quite intuitive.

Suppose that the minimal embedding dimension for a given time series {xi}
is m0. Suppose that one embeds the time series in an m-dimensional space

with m < m0 . Due to this projection the topological structure is no longer

preserved. Points are projected into neighborhoods of other points to which

they would not belong in higher dimensions. These points are called false

neighbors. If now the dynamics is applied, these false neighbors are not typi-

cally mapped into the image of the neighborhood, but somewhere else, so that

the average ”diameter” becomes quite large.

The idea of the algorithm false nearest neighbors is the following: since

each point yi from the reconstructed vector as in (2) has a nearest neighbor

yj with the nearness in the sense of some distance function (in the simulations

the Euclidean distance is used), then

Rm (i)2 = [
(
xi − xn(i,m)

)2 +
(
xi+J − xn(i,m)+J

)2 + . . .

+
(
xi+(m−1)J − xn(i,m)+(m−1)J

)2], (12)

where Rm (i) is rather small when there is a large amount of data and can be

approximated by 1/N
1
m , where N represents the number of samples.

In the dimension m+1 the nearest neighbor distance is changed due to the

(m + 1)st coordinates xi+mJ and xn(i,m)+mJ and Rm+1 can be computed as

R2
m+1 (i) = R2

m (i) +
[
xi+mJ − xn(i,m)+mJ

]2
. (13)

If Rm+1 (i, j) is too large, there can be presumed that this happens because

the near neighborliness of the two points being compared is due to the pro-

jection from some higher dimensional attractor down to dimension m. Some

threshold is required to decide when neighbors are false. Then, if

∣∣xi+mJ − xn(i,m)+mJ

∣∣
Rm (i)

> RT , (14)

the nearest neighbor at time point j are declared false. In practice for values

of RT in the range 10 ≤ RT ≤ 50 the number of false neighbors identified by

this criterion is constant.
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For the Lorenz attractor, the embedding dimension, where the percentage

of false neighbors drops to zeros, is 3, while the sufficient condition from the

embedding Takens theorem is 5.
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Fig. 5. Percentage of false nearest neighbors as a function of embedding dimension for

clean Lorenz data. σ = 10, R = 28, b = 8
3
. Initial conditions x0 = 1

10
, y0 = − 1

5
, z0 = 3

10
,

sampling period T = 0.02, time lag J = 9T , number of samples N = 3500.

The so called flaw of this method is that it involves the time lag, and

without a proper time delay J , the embedding dimension can not be estimated

accurately.

2.3. EMBEDDING WINDOW

The embedding window is defined as the length of the interval spanned

by the first and last delay coordinate

τw = τ · (m− 1) . (15)

The parameter is thoroughly discussed in [6] and it is shown to be more use-

ful, since it determines the amount of information passed form the time series

to the embedding vectors, than the dependent parameters: m the embedding

dimension and τ time delay.

There are several methods employed in order to establish the time window

and the most of them are related to the saturation of the correlation dimension.

As shown in [4, 6] the determination of minimal necessary embedding di-

mension is strongly dependent upon the choice of the time delay. As one

expects the embedding dimension decreases when increasing the time delay,

as the delayed coordinates are more and more independent. As a consequence,
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a wise solution would be to apply the false nearest neighbor method, but con-

sidering proper time delays for each dimension. Therefore, the time delay

should be established for each d = 2, 3, .... with one of the prior learned ap-

proaches: average displacement, multiple autocorrelation or multiple non-bias

autocorrelation.

3. EXPERIMENTAL RESULTS

A particularly interesting candidate for discrete time chaotic sequences

generators is the family of Chebyshev polynomials, whose chaoticity can be

verified easily and many other properties of which are accessible to a rigor-

ous mathematical analysis. The independent binary sequences generated by

a chaotic Chebyshev map were shown to be not significantly different from

random binary sequences. For this reason, a kth-order Chebyshev map is em-

ployed in the following discussion for masking the information. This map is

defined by
xk+1 = F (xk) = Tp (xk) ,

T0 = 1,

T1 = x,

Tp+1 (x) = 2xTp (x)− Tp (x) ,

(16)

p being the order of the polynomial.

Consider a data signal

D = [1,−1, 1, 1,−1, 1, 1, 1,−1, 1, 1,−1,−1, 1, 1, 1, 1, 1,−1,−1,−1, 1, 1] . (17)

After the spreading process, a raised cosine shaping filter with the roll off

factor α = 0.3, that introduces a delay of 3 samples, is applied. Considering

the sampling frequency Fe = 5Fc, after this shaping the signal will have a

more smooth dynamics suitable to methods that require a continuous time

systems (smooth dynamics). This is equivalent to interpolating with a rate

R = 5. These algorithms can be applied to the data as they offer a quite good

estimation for the time lag when discussing continuous data. However, when

considering discrete chaotic time series, they cannot process it accurately,

because the sampling spacing of the discrete time series is too large, therefore

the maps behave like random series.
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The delay introduced by the filter was discarded.

Trying to reconstruct the phase space of the signal the following results for

the time delay were obtained

For the estimation of the embedding dimension we did not consider the

whole data set as both implemented methods require a great computational

cost; instead an amount of N = 1500 was considered, and the segment of data

was chosen randomly. Taking into account the time lags estimated before and

the previous remarks, the minimum embedding dimension was determined to

be m = 3.

From the previous work we saw that trying to reconstruct the phase space

in the presence of noise can be troubling especially in the case of a low signal

to noise ratio which is the case in the most situations that deal with CD3S.

Modulation, as proved before, makes even more difficult. Anyway, knowing

that the expected signal should be low dimensional, one could guide oneself

when choosing the appropriate m. Also there should be kept in mind that

a too high embedding dimension can cause spurious correlation. Again for a

low Signal to Noise Ratio (SNR) the dimension will be inflated. Therefore a

compromise should be made.
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The table above presents the minimum embedding dimension estimated by

False Nearest Neighbor method for noisy CD3S spread with spreading sequence

2nd order Chebyshev polynomial

From the previous tables one can draw the conclusion that the Average

Displacement Method yields the most reliable results when estimating the

time delay, even in noisy environment for all investigated systems. We allege

that as until a SNR = 0 dB these two methods are quite robust to noise

(white Gaussian noise). Still there cannot be designated one method superior

to another, because in order to draw such a conclusion one should investigate

more replications of systems of interest with different data length.

As far as the embedding dimension is concerned, the results coincide with

expectations, meaning that as the signal to noise ratio decreases the embedding

dimension increases. Also both methods show dependence upon the choice of

time lag, and only in case of the an appropriate J the embedding dimension

will be as expected.

4. CONCLUSIONS

In this paper several methods for reconstructing the phase space of a dy-

namical system from the measurements of one variable were presented. Even

though these methods were largely used in other search domains as finances

(critical regime in financial indices) and medical engineering (cardiology, neu-

rology etc.), these methods find their applicability in spread spectrum com-

munications, were the modulation alters the natural dynamics of data. The
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presence of noise was considered too. There can be seen that the results con-

veyed are different from noiseless data: the time delay decreases as the data

becomes more and more uncorrelated and the embedding dimension increases

as the noise tends to fill itself the phase space.
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Abstract A small macroeconomic model [1] was adapted for Republic of Moldova and

estimated using annual data. Three goods model with one domestically pro-

duced good consumed both at home and abroad and one imported good are

examined. The aggregate demand, the aggregate supply, the money market

and the government sector are considered. The consumption is the sum of real

rate interest, disposable income, lagged consumption term and lagged dispos-

able income term. Consumer disposable income is defined as GDP plus the

earnings on net assets held abroad, minus interest paid on domestic debt and

taxes. Investment is a linear function of the real interest rate, real output and

the beginning-of-period capital stock. Export is a function of the real exchange

rate, level of real output abroad, and a lagged export term. Real import is the

function of the real exchange rate and real domestic output, a lagged import

and a lagged reserve-import ratio.

Keywords: macroeconomic models.

2000 MSC: 91B60, 91B64.

A small macroeconomic model based on familiar theoretical considerations

[1] was adapted to the national economy reality for Republic of Moldova and

estimated using annual data. The goal of the researches consists in the estima-

tion of a set of macroeconomic indicators supposed as a behavioral variable and

in solving the obtained system of nonlinear equations and conduct some sim-

ulations. For these purposes, the macroeconomic model with widely-accepted

developing-country specifications for the key behavioral relationships [1-2] is

used .

Three goods model with one domestically produced good consumed both at

home and abroad and one imported good is considered. The model is divided

185
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into aggregate demand, aggregate supply, the money market, foreign sector

and the government sector.

Aggregate demand. Real aggregate demand for the internal output is

considered to be equal to the sum of private consumption, investment, public

consumption and net export

Yt = Cpt + Invt + Cgt + Xt − etP
∗
t

Pt
. (1)

The variables from equation (1) are defined as follows: Yt is the real GDP ;

Cpt are real expenditures on private consumption; Invt are real gross domestic

investments; Cgt is the real governmental consumption for domestic goods;

Xt denotes real exports; et is the nominal exchange rate (the price of foreign

currency in comparison with national currency); Zt is real imports, measured

in the units of the foreign goods; P ∗
t is the import price in foreign currency;

Pt is the price of internal output in national currency.

Private consumption, one of the demand components, is specified as behav-

ioral equation in the following matter

lnCt = α0 + α1rt−1 + α2lnCt−1 + α3Y
d
t + ε1, (2)

where rt is real internal interest rate, Y d
t is real disposable income and αi are

the coefficients that must be estimated.

Consumers disposable income is supposed to be GDP minus internal taxes

Y d
t = Yt − Tt, (3)

where Tt are the real taxes (taxes incomes). On the other hand, the disposable

income and consumption expenditures are correlated with the net modifica-

tions in the consumers’ wealth through the budget restrictions to the private

sector

Y d
t = Cpt + Invt + {(Mt −Mt−1) + et∆Fpt − (DCpt −DCpt−1)}/Pt, (4)

where Mt denotes the money supply and ∆Fpt are changes in foreign private

assets, measured in foreign currency. So the disposable income is allocated in

consumption, investments and net changes in financial assets.
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Investments, other demand component, are represented as behavioral func-

tion depending of the real output and one period lag investments

lnInvt = k0 + k1lnYt + k2Invt−1 + ε2. (5)

The following demand component export is assumed to be a behavioral

function of the real world output level (Y ∗) and of the one period lag export

term, both variables have positive coefficients,

lnXt = τ0 + τ1lnY ∗
t + τ2Xt−1 + ε3. (6)

At last, real imports are positively depending on the domestic real output.

The term of one period lag import is included in estimated equation in order

to obtain partial adjustment behavior. Moreover, because disposability of the

foreign exchange often presents a restriction for states in transition, one period

lag of reserves is frequently included in the regression for imports behavioral

function. So, the imports equation may be written as

lnZt = δ0 + δ1ln
YtPt

P ∗
t et

+ δ2ln
Rezt−1

P ∗
t−1Zt−1

+ δ3lnZt−1 + ε4. (7)

Aggregate supply represents the GDP and is considered to be a function of

Cobb-Douglas type depending on two production factors - labor and capital

Yt = θ0K
θ1
t Lθ2

t , (8)

where Kt and Lt are the stocks of aggregate capital and labor, and θi, i = 0, 1, 2

are the coefficients which must be estimated. Since aggregate capital stock

data possess some developing countries, estimation of supply implies a serious

problem. Thus, in order to obtain aggregate capital stock data, similar to

[1], the following procedure will be applied. The solution of the differential

equation Kt = (1 − ρ)Kt−1 + Invt, where ρ is the depreciation rate, may be

written as

lnKt ≈ ln2 +
1
2
ln

t−1∑

i=0

(1− ρ)iInvt−1 +
t

2
ln(1− ρ) +

1
2
K0, (9)

where K0 is the initial capital stock. So,

lnYt = lnθ0 + θ1lnKt + θ2lnLt = θ‘
0 + θ1K

‘
t + θ2lnLt, (10)
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where θ‘
0 = ln θ0 + θ1

2 K0,

K ‘
t = ln 2 +

1
2

ln
t−1∑

i=0

(1− ρ)iInvi−1 +
t

2
ln(1− ρ). (11)

Establishing constant returns to the scale (θ1 + θ2 = 1), dividing (9) by lnLt

we obtain

ln(
Yt

Lt
) = θ‘

0 + θ1(K ‘
t − lnLt). (12)

Finally the specifications lagged variable ln( Yt−1

Lt−1
) and a time trend t were

introduced as additional variables. So, empirical production function takes

the form

ln(
Yt

Lt
) = θ‘

0 + θ1(K ‘
t − lnLt) + g · t + θ3ln(

Yt−1

L t−1
). (13)

In the assumption of the complete wage-price flexibility equation (13) rep-

resents the aggregate supply function of the economy.

Money market (Mt) in economy consists of reserves (Rezt), internal credits

(DCt) and other components (Otht)

Mt = etRezt + DCt + Otht. (14)

Reserves are endogenously determined by the balance of payments, while in-

ternal credits accorded to private sector (DCpt), and to public sector (DCgt)

are determined by the government policy:

DCt = DCpt + DCgt. (15)

Money demand is usually supposed to be positively correlated with the income

level, while negatively related to nominal interest rate with the introduction

of partial adjustment mechanism for obtaining lagged reactions

ln
Mt

Pt
= β0 + β1lnYt + β2it + β3lnYt−1 + β4ln

Mt−1

Pt−1
+ ε6. (16)

Foreign sector. Balance of payment identity is

et∆Rt = CAt − et(∆Fgt + ∆Fpt)−∆Otht, (17)

where

CAt = PtXt − etP
∗
t Zt + i∗t et(Fpt−1 + Fgt−1 + Rt−1), (18)
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the authorities may obtain the accepted level of private capital flows, ∆Fpt

conditioned by current account CAt and public capital flows ∆Fgt.

Real interest rate is given by the equation

rt = it − EtPt+1 − Pt

Pt
, (19)

meaning that the real interest rate is the nominal rate minus expected inflation

rate, where EtPt+1 is the expectation in year t of the t + 1 year price.

Public sector. Dynamic specification of the model is completed with the

description of the non-financial public sector behavior. The public sector bor-

rows from external markets (∆Fgt), as well as from the internal banking sector

(∆DCgt). Its revenues consist of tax receipts and interest on foreign asset.

Expenditures (Cgt) consist of purchases of domestic goods for consumption

purposes and interest payments on domestic debt. Combining these elements,

the governmental budget restriction may be written as

et∆Fgt −∆DCgt = Pt(Tt − Cgt) + i∗t etFgt−1 − itDCgt−1. (20)

Model equations estimation

Further the estimations of some model equations will be presented.

Private consumption

The equations were estimated with T.S.L.S., using as instruments exogenous

variables and lagged values of exogenous and endogenous variables

Cpt = exp(−4.1197− 0.5955 ∗ rt−1 + 2.1792 ∗ lnY dt− 0.6904 ∗ lnCpt−1)

σ (0.86) (0.13) (0.35) 0.28)

t (-4.79) (-4.48) (6.18) (-2.49)

R2 = 0.99; F = 112.22; DW = 2.21.

All coefficients have the anticipated signs, conforming well to theory and

estimations available in the literature. The coefficient of rt−1 is negative, show-

ing an inverse dependence between private consumption and one lag term real

interest rate. The short term semi elasticity is −0.59. Real interest rate in-

fluences consumption in the long-run with the elasticity of −0.35. Private

consumption positively depends on disposable income, with a short-run elas-

ticity of 2.18 and long-run elasticity of 1.29. The coefficient of the lagged con-

sumption is -0.69, negative, the response to the change in the lagged interest
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rate and in the disposable income is not prolonged over time. All coefficients

are significant and the variables connection is very strong. The values of the

t-Student test point out the lack of multi collinearity. The h-Durbin test is

equal to −0.41 > −1.96, thus there is no residuals autocorrelation.

Exports

Xt = exp(−1.0639 + 0.1707 ∗ lnY ∗ + 0.5993 ∗ lnXt−1 − 0.1892 ∗DUM)

σ (1.35) (0.06) (0.12) (0.04)

t (-0.79) (3.05) (5.20) (-5.12)

R2 = 0.96; F = 41.21; DW = 2.07.

The DUMMY variable takes value 1 in years 1998 and 2000. The estimated

equation has all the coefficients significant and with anticipated signs. The

export positively depends on the world GDP , with the short-run elasticity

of 0.17. The coefficient of the lagged export is equal to 0.59, thus the effect

of relative prices and world GDP modification will not be prolonged over

time. All coefficients are significant for an α = 0.01, the variables are strongly

correlated. The test h-Durbin has the value 0.013 < 1.96 the hypothesis of

residuals autocorrelation is rejected.

Imports

Zt = exp(1.1775 + 0.5791 ∗ ln YtPt
P ∗t et

+ 0.0726 ∗ lnRezt−1

P ∗t−1
+ 0.2661 ∗ lnZt−1)

σ (0.43) (0.07) (0.06) (0.01)

t (2.76) (8.10) (4.42) (9.12)
R2 = 0.99; F = 147.89; DW = 2.23.

The import positively depends on real domestic GDP measured in foreign

currency (USD), with a short-run elasticity of 0.58 and that of the long-run of

0.79. We may say that the GDP impact on the import is not significant. The

reserve-import ratio influences the import positively and significantly, with

an elasticity of 0.07 in the short-run and 0.09 in the long-run. The lagged

import coefficient is 0.27, this caused the reduced effects of the variables on

the import in the long-run. All the coefficients are significant for α = 0.01,

the variables are correlated very strong, confirmed by a big F -statistic value.

The test h-Durbin = −0.33 < −1.96; there is no residuals autocorrelation.
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One scenario of macroeconomic development for Republic of Moldova

( years 2005-2010)

This scenario is based on the forecasting calculations taking into account

the following assumptions:

Increasing of the world economy growth indexes.

Maintaining of the slow dollar depreciation and euro appreciation on the

world markets.

Macroeconomic stability oriented state policy.

Improvement of the enterprisers management.

Relatively favorable climate conditions.

In the forecast the following values for exogenous and policy variables were

selected:

World GDP will increase annually with the average modification, calcu-

lated for years 1999-2005.

World price values are extrapolated using O.S.L.S..

Domestic nominal interest rate is extrapolated using average growth in-

dex and will represent 17%; 15%; 14%;12% and 11% in 2006-2010.

Domestic currency exchange rate at the end of year 2010 is supposed to

be 12 lei for 1 USA dollar, thus for years 2006-2009 it will register the

following values 13.13; 12.85; 12.57 and 12.28 lei for 1 USA dollar.

Governmental consumption is constant, equal to the year 2005 level:

1406.12 mil.lei in constant prices.

Public credits increase with 3% per year.

Private credits increase with 10% per year.

Other monetary components were extrapolated using average modifica-

tion for years 1995-2005.
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The main goal of the forecast effectuated on the basis of the examined model

consists in obtaining of the macroeconomic dynamics starting with specified

exogenous variables and giving policy variables that assures model solution.
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Abstract The informational aspect in game theory is manifested by: the devise of pos-

session of information about strategy’s choice, the payoff functions, the order

of moves, and optimal principles of players; the using methods of possessed

information in the strategy’s choice by players. The player’s possession of sup-

plementary information about unfolding of the game can influence appreciably

the player’s payoffs.
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An important element for the players is the possession of information about

the behaviour of his opponents. Thus for the same sets of strategies and the

same payoff functions it is possible to obtain different results, if the players

have supplementary information. So the information for the players about the

strategy choice by the others players have a significant role for the unfolding

of the game.

Consider the two-matrix game in the normal form Γ = 〈N, X1, X2, A,B〉 ,
where , A = {aij} , B = {bij} , i = 1, m, j = 1, n (A and B are the payoff

matrices for the first and the second player respectively. Each player can

choose one of his strategies and his purpose is to maximize his payoff. The

player can choose his strategy independently of his opponent and the player

does not know the chosen strategy of his opponent.

According to [1] we define the Nash equilibrium.

193
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Definition 1. The pair (i∗, j∗) , i∗ ∈ X1, j
∗ ∈ X2 is called the Nash

equilibrium (NE) for the game Γ, if the relations

{
ai∗j∗ > aij∗ , ∀i ∈ X1,

bi∗j∗ > ai∗j ,∀j ∈ X2,
(1)

hold. Notation: (i∗, j∗) ∈ NE (Γ) .

There are two-matrix games for which the set of the Nash equilibria is

empty: NE (Γ) = ∅ (solutions do not exist in pure strategies).

For every two-matrix game we can construct some informational extended

games. If one of the players knows the strategy chosen by the other, we

consider that it is one form of the informational extended two-matrix game

for the initial game. Even if the initial two-matrix game has no solutions in

pure strategies, for the informational extended games at least one solution in

pure strategies always exists (Nash equilibria). The proof of this assertion can

be found in [2], [3]. In the case of informational extended games the player

which knows the chosen strategy of his opponent has one advantage and he

will obtain one of his greater payoff.

According to [1], let us define two forms of informational extended games

1Γ and 2Γ. We consider that for the game 1Γ the first player knows the chosen

strategy of the second player, and for the game 2Γ the second player knows

the chosen strategy of the first player.

If one of the players knows the chosen strategy of the other, then the set of

the strategies for this player can be represented by a set of mappings defined

on the set of strategies of his opponent.

Definition 2. (The game 1Γ according to [1]) The informational ex-

tended two-matrix game 1Γ can be defined in the normal form by: 1Γ =
〈
N, X1, X2, A, B

〉
, where N = {1, 2} , X1 = {ϕ1 : X2 −→ X1} , A = {aij} ,

B =
{
bij

}
, i = 1,mn, j = 1, n.

For the game 1Γ we have X1 = {1, 2, . . . , mn} , X2 = {1, 2, . . . , n} ,
∣∣X1

∣∣ =

mn, the matrices A and B have dimension [mn × n] and they are formed from

elements of initial matrices A and B respectively.

Choosing one element from each of the rows from the matrix A we will build

one column in the matrix A. The columns from the matrix B are built in the
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same manner, choosing one element from each of the rows from the matrix B.

Thus, the matrices A and B have the dimension [mn × n] .

Definition 3. (The game 2Γ according to [1]) The informational ex-

tended two-matrix game 2Γ can be defined in the normal form by: 2Γ =〈
N, X1, X2, Ã, B̃

〉
, where X2 = {ϕ2 : X1 −→ X2} ,

∣∣X2

∣∣ = nm, Ã = {ãij} ,

B̃ =
{

b̃ij

}
, i = 1,m, j = 1, nm.

For the game 2Γ we have X1 = {1, 2, . . . , m} , X2 = {1, 2, . . . , nm} , the

matrices Ã and B̃ have dimension [m× nm] and they are formed from elements

of initial matrices A and B respectively.

The extended matrices Ã and B̃ will be built in a similar way as in the case

of the game 1Γ. That is each of rows in the matrices Ã (or in the matrix B̃,

respectively) will be built choosing one element from each of the columns from

the matrix A (or B, respectively).

The following algorithm can be used for the determination of Nash equilibria

in the informational extended two-matrix games 1Γ and 2Γ.

Algorithm.

For the game 1Γ, we determine the maximum element in each column from

the matrix A, i. e. aijj = max
i
{a1j , a2j , . . . , amj} , for ∀j = 1, n.

For each element aijj , j = 1, n thus obtained, we determine the correspond-

ing elements with the same indices from the matrix B : bijj , j = 1, n.

For each of these pairs aijj , bijj ,
(
j = 1, n

)
we determine if these values can

be the payoffs for players for some Nash equilibria.

Thus if ∀k ∈ X2\ {j} ∃bik : bik 6 bijj , then the pair aijj , bijj can be the

payoffs for players for some Nash equilibria in the game 1Γ; consider this pair

ai∗j∗ , bi∗j∗ .

It is possible that for the pair ai∗j∗ , bi∗j∗ there are several Nash equilibria.

If we wish to determine how many Nash equilibria there are in the game 1Γ

for the pair ai∗j∗ , bi∗j∗ we determine the number of elements which are in each

column k ∈ X2\ {j} from the matrix B for which bik 6 bi∗j∗ . Denote by nj ,

j = 1, n the number of elements bij from the column j for which bij 6 bi∗j∗ .

For j∗ we have n(j∗) = 1.
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Then the number of Nash equilibria for which the players have the payoff

ai∗j∗ and bi∗j∗ , respectively, can be determined by
Nj∗ = n1 · n2 · . . . · n(j∗−1) · 1 · n(j∗+1) · . . . nn. (2)

The number of all Nash equilibria in the game 1Γ can be determined by:

N =
∑
j

Nj .

If the pair of elements aijj , bijj can be the payoffs of the players for some

Nash equilibrium in the informational extended game 1Γ, then j will be the

strategy for the second player. And because X1 6= X1, we have to deter-

mine the strategy for the first player, for which the elements ai∗j∗ , bi∗j∗ will

correspond to one Nash equilibrium.

In this way we determine the elements bi11, bi22, . . . , bijj , . . . , binn, for which

bikk 6 bijj , ∀k ∈ X2\ {j}.
Then using the indices of the rows of these elements, we can determine the

strategy for the first player by

i′ = (i1 − 1)mn−1 +(i2 − 1)mn−2 + . . .+(ij − 1)mn−j + . . .+(in − 1)m0 +1.

(3)

So, the pair i′, j is the Nash equilibrium for the informational extended

game 1Γ : (i′, j) ∈ NE (1Γ) .

Similarly, for the game 2Γ , we can determine the strategy for the second

player by

j′ = (j1 − 1)nm−1 +(j2 − 1) nm−2 + . . .+(ji − 1)nm−i + . . .+(jm − 1) n0 +1,

(4)

where the indices ji

(
i = 1,m

)
are determined by the indices of columns of

the elements biji = max
j
{bi1, bi2, . . . , bin} , ∀i = 1,m.

Theorem 1. Assume that for the initial game Γ the next conditions hold:

1) for each column j ∈ X2 there exists a single maximum element in the

matrix A : ai∗j = max
i∈X1

aij and the corresponding element from the matrix B is

the minimum element from the matrix bi∗j = min
i∈X1,j∈X2

bij;

2) there exists a single column j∗ ∈ X2 in the matrix A so that for the

maximum element from this column max
i∈X1

aij∗ = ai′j∗ the corresponding element

from the matrix B is greater than the minimum element from this matrix:

bi′j∗ > min
i∈X1,j∈X2

bij;
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3) for each column from the matrix B the other elements are greater than

bi′j∗;

Then the informational extended game 1Γ has a single Nash equilibrium,

so |NE (1Γ)| = 1.

Theorem 2. Assume that for the initial game Γ the next conditions hold:

1) for each row i ∈ X1 there exists a single maximum element in the

matrix B : bij∗ = max
j∈X2

bij and the corresponding element from the matrix A is

the minimum element from the matrix aij∗ = min
i∈X1,j∈X2

aij;

2) there exists a single row i∗ ∈ X1 in the matrix B so that for the maximum

element from this row max
j∈X2

bi∗j = bi∗j′ the corresponding element from the

matrix A is greater than the minimum element from the matrix A : ai∗j′ >

min
i∈X1,j∈X2

aij;

3) for each row from the matrix A the other elements are greater than ai∗j′;

Then the informational extended game 2Γ has a single Nash equilibrium,

so |NE (2Γ)| = 1.

Proof. We prove the theorem for the informational extended game 1Γ.

Consider that all conditions hold.

For the proof we use the algorithm for the determination of Nash equilibria

and the relation (formula) for the number of Nash equilibria in the informa-

tional extended game.

According to this algorithm, in the informational extended game 1Γ Nash

equilibria will exist for the elements ai∗j = max
i∈X1

aij , j ∈ X2, if for the corres-

ponding element bi∗j in each column from the matrix B there are elements

less than bi∗j .

There are two cases:

1) the element ai∗j is from column j∗ (according to the second condition

from the theorem);

2) the element ai∗j is not from the column j∗.

Consider the first case. So for j′ ∈ X2, j′ 6= j∗ we consider the ele-

ment ai∗j′ = max
i∈X1

aij′ . Then from first condition of theorem it follows that

bi∗j′ = min
i∈X1,j∈X2

bij = min
i∈X1

bij′ , so min
i∈X1

bij∗ > min
i∈X1,j∈X2

bij . Then in the rela-

tion (formula) for the number of Nash equilibria in the informational extended

game 1Γ we have the component with index j∗ equal to zero. Thus for the
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pair of elements ai∗j′ and bi∗j′ we have the number of Nash equilibria in the

game 1Γ : Nj′ = 1 · 1 · . . . · 0 · . . . · 1 = 0. So for all pairs of elements for which

the element ai∗j is not from the column j∗ Nash equilibria do not exist in the

informational extended game 1Γ.

Consider now the second case. For the column j′ ∈ X2, j′ = j∗ we consider

the element ai∗j′ = max
i∈X1

aij∗ = ai∗j∗ and the corresponding element bi∗j∗ =

min
i∈X1

bij∗ > min
i∈X1,j∈X2

bij (according to the second condition from the theorem).

Then for each column j ∈ X2 in the matrix B a single minimum element

exists, so n1 = . . . = nj∗ = . . . = nn = 1 and Nj∗ = 1 · 1 · . . . · 1 · . . . · 1 = 1.

Thus for all pairs of elements
(
ai∗j′ , bi∗j′

)
we have a single Nash equilibrium:

∑
j∈X2

Nj = 1 therefore |NE (1Γ)| = 1. The theorem is proved.

Remark 1. From the conditions of this theorem it follows:

1) for the game 1Γ there is a single minimum element in each column

in the matrix B;

2) for the game 2Γ there is a single minimum element in each row in

the matrix A.

We can do some specifications for the third condition from this theorem.

Remark 2. For the informational extended game 1Γ the column j∗ in the

matrix B can contain some elements bi′j∗ less than bi∗j∗ , and greater than

min
i∈X1,j∈X2

bij , only if ai′j∗ 6= max
i∈X1

aij∗ .

For the informational extended game 2Γ the row i∗ in the matrix A

can contain some elements ai∗j′ less than ai∗j∗ , and greater than min
i∈X1,j∈X2

bij ,

only if bi∗j′ 6= max
j∈X2

bi∗j .

Example 1. Consider the initial game Γ with the matrices

A =




0 4 2 3

5 0 3 2

3 3 6 0

1 2 1 7




; B =




4 0 2 2

0 5 3 3

3 3 0 6

2 2 5 1




.

For the initial game Γ, Nash equilibria do not exist.

For the elements of these matrices all conditions of theorem hold and for

each of the informational extended games 1Γ and 2Γ there exists a single Nash

equilibrium.
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Consider firstly the informational extended game 1Γ. For this game the

matrices have the dimension [256× 4] .

We determine the maximum elements from each column in the matrix A :

a21 = 5, a12 = 4, a33 = 6, a44 = 7.

For each of these elements we examine the pairs of elements from the ma-

trices A and B. Thus for the pairs of elements (a21, b21) = (5, 0) , (a12, b12) =

(4, 0) , (a33, b33) = (6, 0) Nash equilibria do not exist in the informational

extended game 1Γ.

For the pair of elements (a44, b44) = (7, 1) in the extended matrix Ã there

exists a row formed by elements (a21, a12, a33, a44) = (5, 4, 6, 7) while the ex-

tended matrix B̃ will contain the corresponding row formed by the correspond-

ing elements (0, 0, 0, 1) ; in the extended matrices these rows will have the index

i∗ = 76. For the determination of this number we use the relation (3). For the

determination of Nash equilibrium we determine the maximum element from

the row i∗ in the extended matrix B̃. Thus the single Nash equilibrium in the

informational extended game 1Γ is (i∗, j∗) = (76, 4) , and the payoffs for the

players are the corresponding elements (a44, b44) = (7, 1) .

Consider now the informational extended game 2Γ. For this game the ma-

trices have the dimension [4× 256] .

The maximum elements in each row in the matrix B are: b11 = 4, b22 = 5,

b34 = 6, b43 = 5.

Thus for the pairs of elements (a11, b11) = (0, 4) , (a22, b22) = (0, 5) , (a34, b34) =

(0, 6) Nash equilibria do not exist in the informational extended game 2Γ.

For the pair of elements (a43, b43) = (1, 5) in the extended matrix B there

exists a column formed by the elements (b11, b22, b34, b43) = (4, 5, 6, 5) and

the corresponding column in the extended matrix A will be formed by the

corresponding elements (0, 0, 0, 1) ; in the extended matrices these columns

will have the index j∗ = 31 (using the relation (4)). Further we determine the

maximum elements in the column j∗ from the extended matrix A. So the single

Nash equilibrium in the informational extended game 2Γ is (i∗, j∗) = (4, 31)

and the payoffs for the players are the corresponding elements (a43, b43) =

(1, 5) .¤
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Example 2. We examine a game for which Nash equilibria do not exist

and the conditions of theorem hold only for the informational extend game 2Γ,

A =




0 4 6

5 0 6

5 2 3


 B =




7 2 1

1 9 1

1 4 6


 .

For the informational extended game 2Γ there is a single Nash equilibrium

which will be determined in the columns from the extended matrices formed

by the elements (b11, b22, b33) = (7, 9, 6) and (a11, a22, a33) = (0, 0, 3) ; and the

payoffs for the players are the elements (a33, b33) = (3, 6) respectively.

For the game 1Γ there will exist four Nash equilibria, because in the matrix

A in each of the first and the third columns there are two maximum elements.

So in the extended matrix Ã will be four rows formed by the maximum ele-

ments from the columns of the matrix A : (5, 4, 6) and in the matrix B̃ there

will exist four rows formed by the corresponding elements (1, 2, 1) . Thus the

Nash equilibria will be determined by the elements (a12, b12) = (4, 2) , because

b12 = 2 is the maximum element in the row (1, 2, 1) .

Example 3. Consider a game in which Nash equilibria do not exist and

for which all conditions of theorem hold for both informational extended games

1Γ and 2Γ, so for each of these informational extended games exists a single

Nash equilibrium

A =




1 4 2

5 0 3

0 3 6


 B =




4 2 5

0 5 3

3 1 0


 .

For informational extended game 1Γ the Nash equilibrium will be deter-

mined by the pair of elements (a12, b12) = (4, 2) ; and for the game 2Γ the Nash

equilibrium will be determined by the pair of elements (a13, b13) = (2, 5) .
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Abstract In spaces with perturbated metric the following functional integral equation

u(x) = h(x, u(0)) +

x1∫

0

· · ·
xm∫

0

K(x, s, u(θ1s, · · · , θms))ds, (1)

where

x, s ∈ D =

m∏
i=1

[0, bi], m(D) ≤ 1, θi ∈ (0, 1), (∀)i = 1, m

is studied.

Keywords: fixed point, weakly Picard operators.
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1. INTRODUCTION

Let (X, d) be a metric space and A : X → X an operator. We shall use the

following notations

FA := {x ∈ X | A(x) = x} the fixed points set of A;

I(A) := {Y ∈ P (X) | A(Y ) ⊂ Y } the family of the nonempty invariant sub-

sets of A;

An+1 = A ◦An, A0 = 1X , A1 = A,n ∈ N.

Definition 1.1. [4] An operator A is an weakly Picard operator (WPO) if the

sequence

(An(x))n∈N

converges for all x ∈ X, and the limit (which depends on x) is a fixed point of

A.

203
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Definition 1.2. [4] If the operator A is WPO and FA = {x∗} then A is called

a Picard operator.

Definition 1.3. [4] If A is an WPO, then we define the operator

A∞ : X → X, A∞(x) = lim
n→∞An(x).

We remark that A∞(X) = FA.

Definition 1.4. [4] Let be A an WPO and c > 0. The operator A is called a

c-WPO if

d(x,A∞(x)) ≤ c · d(x,A(x)).

We have the following characterization of the WPOs

Theorem 1.1. [4] Let (X, d) be a metric space and A : X → X an operator.

The operator A is an WPO (c-WPO) if and only if there exists a partition of

X,

X =
⋃

λ∈Λ

Xλ

such that

(a) Xλ ∈ I(A),

(b) A | Xλ : Xλ → Xλ is a Picard (c-Picard) operator, for all λ ∈ Λ.

2. MAIN RESULTS

Let (X, d) be a complete metric space. We denote by P the set of functions

g : R+ → R+ which are strictly increasing, continuous and surjective. By Φ

we denote the set of functions introduced by

Definition 2.1. We say that the function ϕ : R+ → R+ belongs to the Φ class

if the following conditions are met:

(1) ϕ is increasing;

(2) ϕ(t) < t, for all t ∈ R+;

(3) ϕ is right continuous.
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Example 2.1. The function ϕ : R+ → R+, ϕ(t) = at, a < 1 belongs to the

set Φ.

Example 2.2. The function g : R+ → R+, g(t) = t2, belongs to the set P .

Proposition 2.1. [3] Let f : X → X be an operator and ϕ ∈ Φ, g ∈ P such

that:

(i) g(d(f(x), f(y))) ≤ ϕ(g(d(x, y))), for all x, y ∈ X.

Then f has a unique fixed point, which is the limit of successively approxima-

tions sequence.

Proposition 2.2. We suppose that:

(i) h ∈ C(D × Rn) and K ∈ C(D ×D × Rn);

(ii) h(0, α) = α, (∀)α ∈ Rn;

(iii) there exists g ∈ P , ϕ ∈ Φ such that

g(‖K(x, s, u1)−K(x, s, u2)‖Rn) ≤ ϕ(g(‖u1 − u2‖Rn)),

for all x, s ∈ D and u1, u2 ∈ Rn.

In these conditions the equation(1) has in C(D,R) an infinity of solutions.

Proof: Consider the operator

A : (C(D,Rn), | · |) → (C(D,Rn), | · |),

A(u)(x) := h(x, u(0)) +

x1∫

0

· · ·
xm∫

0

K(x, s, u(θ1s, · · · , θms))ds.

Here |u| = max
x∈D

|u(x)|.
Let λ ∈ Rn and Xλ = {u ∈ C(D,Rn) | u(0) = λ}. Then

C(D,Rn) =
⋃

λ∈Rn

Xλ.

is a partition of C(D,Rn) and Xλ ∈ I(A), for all λ ∈ Rn.

For all u, v ∈ Xλ, we have

g(‖A(u)(x)−A(v)(x)‖Rn) ≤
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g(

x1∫

0

· · ·
xm∫

0

g−1(ϕ(g(‖K(x, s, u(θ1s, · · · , θms)−K(x, s, v(θ1s, · · · , θms))‖)))))ds

≤ g(m(D)g−1ϕ(g(|u− v|))) ≤ ϕ(g(|u− v|))

Then, via Proposition 2.1, A | Xλ is a Picard, while A is an weakly Picard

operator.
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Abstract Systems of linear equations, with uncertainty on the parameters, play a major

role in various problems in economics and finance. Fuzzy system of linear

equations has been discussed in [1] using LU decomposition when the matrix

A in Ax = b is a crisp matrix. Also the Adomian decomposition method

and iterative methods have been studied in [2, 6] for fuzzy system of linear

equations. In this paper we study such a system with fuzzy coefficients, i.e.

the matrix A is a fuzzy matrix. We find two fuzzy matrices, the lower triangular

L and the upper triangular U such that A = LU and give a procedure to solve

the fuzzy system of linear equations.

Keywords: fuzzy matrix, fuzzy linear system, decomposition.

2000 MSC: 15A33.

1. INTRODUCTION

In this paper we intend to find a new solution for x in the matrix equation

Ax = b, (1)

where A is a fuzzy square matrix and x and b are fuzzy vectors. Buckly and Qu

[4] argued that the classical solution, based on extension principle and regular

fuzzy arithmetic, should rejected since it too often fails to exist. They defined

six other solutions and showed that five of them are identical. Basically, in

their work the solutions of all systems of linear crisp equations formed by the

α-levels are calculated. In [8] another method for solving system of linear

fuzzy equations based on using parametric functions in which the variables

are given by the fuzzy coefficients of the system, was proposed.

207
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2. NOTATIONS AND BASIC DEFINITIONS

First we recall some definitions concerning fuzzy numbers. We denote by

E1 the set of all fuzzy numbers.

Definition 2.1 A fuzzy subset u of the real line R with membership function

u(t) : R→ [0, 1] is called a fuzzy number if:

(a) u is normal, i.e., there exist an element t0 such that u(t0) = 1;

(b) u is fuzzy convex, i.e., u(λt1 + (1 − λ)t2) ≥ min{u(t1), u(t2)}, ∀t1, t2 ∈
R, ∀λ ∈ [0, 1];

(c) u(t) is upper semicontinuous;

(d) supp u is bounded, where supp u =cl ({t ∈ R : u(t) > 0}), and cl is the

closure operator.

Definition 2.2 We represent an arbitrary fuzzy number by an ordered pair

of functions [x](α) = [x1(α), x2(α)], 0 ≤ α ≤ 1, which satisfy the following

requirements [6]:

(a) x1(α) is a bounded left continuous nondecreasing function over [0, 1];

(b) x2(α) is a bounded left continuous nonincreasing function over [0, 1];

(c) x1(α) ≤ x2(α), 0 ≤ α ≤ 1.

For arbitrary [x]α = [x1(α), x2(α)] and [y]α = [y1(α), y2(α)] and k > 0 we

define addition [x⊕ y](α) and scalar multiplication by k as

[x⊕ y]α = [x](α) + [y](α) = [x1(α) + y1(α), x2(α) + y2(α)],

and

[kx]α =





[kx1(α), kx2(α)], k ≥ 0

[kx2(α), kx1(α)], k < 0

respectively, for every α ∈ [0, 1]. We denote by −x = (−1)x ∈ E1 the sym-

metric of E1. The product x ¯ y of two fuzzy numbers x and y, based on

Zadeh’s extension principle, is defined by

(x¯ y)2(α) = max{x1(α)y1(α), x1(α)y2(α), x2(α)y1(α), x2(α)y2(α)},

(x¯ y)1(α) = min{x1(α)y1(α), x1(α)y2(α), x2(α)y1(α), x2(α)y2(α)}.

Definition 2.3 A fuzzy number x ∈ E1 is said to be positive if x1(1) ≥0,

strictly positive if x1(1) > 0, negative if x2(1) ≤ 0 and strictly negative if
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x2(1) < 0. We say that x and y have the same sign if they are either both

positive or both negative [3].

Definition 2.4 A matrix A = [aij ] is called a fuzzy matrix, if each element

of A is a fuzzy number. A is positive (negative) and denoted by A > 0 (A <

0) if each element of A is positive (negative). Similarly, nonnegative and

nonpositive fuzzy matrices can be defined [5].

The product of fuzzy numbers defined based on Zadeh’s extension princi-

ple is not very practical from the computational point of view but the cross

product is a computational method.

Now we study summary from the theoretical properties of the cross product

of fuzzy numbers, for more details see [3]. Firstly we begin with a theorem

which was obtained by using the stacking theorem [7].

Definition 2.5The binary operation ⊗ on E1 that will be introduced by The-

orem 2.1 and Corollary 2.1 is called the cross product of fuzzy numbers.

Theorem 2.1. If x and y are positive fuzzy numbers, then w = x⊗ y, defined

by [w]α = [w1(α), w2(α)], where




w1(α) = x1(α)y1(1) + x1(1)y1(α)− x1(1)y1(1),

w2(α) = x2(α)y2(1) + x2(1)y2(α)− x2(1)y2(1),
(2)

for every α ∈ [0, 1] , is a positive fuzzy number.

Corollary 2.1. Let x and y be two fuzzy numbers.

(a) If x is positive and y is negative then x⊗ y = −(x⊗ (−y)) is a negative

fuzzy number.

(b) If x is negative and y is positive then x⊗ y = −((−x)⊗ y) is a negative

fuzzy number.

(c) If x and y are negative then x ⊗ y = (−x) ⊗ (−y) is a positive fuzzy

number.

Remark 2.1. The below formulas of calculus can be easily proved (α ∈ [0, 1]):




(x⊗ y)1(α) = x2(α)y1(1) + x2(1)y1(α)− x2(1)y1(1),

(x⊗ y)2(α) = x1(α)y2(1) + x1(1)y2(α)− x1(1)y2(1),
(3)
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if x is positive and y is negative,




(x⊗ y)1(α) = x1(α)y2(1) + x1(1)y2(α)− x1(1)y2(1),

(x⊗ y)2(α) = x2(α)y1(1) + x2(1)y1(α)− x2(1)y1(1),
(4)

if x is negative and y is positive. In the last possibility, if x and y are

negative, then




(x⊗ y)1(α) = x2(α)y2(1) + x2(1)y2(α)− x2(1)y2(1),

(x⊗ y)2(α) = x1(α)y1(1) + x1(1)y1(α)− x1(1)y1(1).
(5)

Remark 2.2. The cross product extends the scalar multiplication of fuzzy

numbers. Indeed, if one of operands is the real number k identified with its

characteristic function, then k1(α) = k2(α),∀α ∈ [0, 1] and using the above

formulas of calculus we get the result.

3. NEW METHOD FOR FINDING THE

SOLUTION OF A FUZZY SYSTEM OF

LINEAR EQUATIONS

In the previous section we have analyzed the properties and main features

of the cross product for multiplying fuzzy numbers. In this section we are

going to show some ideas about the use of this operation to solve fuzzy system

of linear equations of the form (1).

We consider that the fuzzy coefficients and the elements of fuzzy right-hand

side vector are all triangular fuzzy numbers. To find our new solution, first

we find two fuzzy matrices L and U such that A = L ⊗ U and L is lower

triangular with diagonals lii = 1 and U is an upper triangular fuzzy matrix.

Consider A = [aij ], L = [lij ] and U = [uij ] be three fuzzy matrices such that

[aij ]α = [a1
ij(α), a2

ij(α)], [lii]α = [1, 1], 1 ≤ i ≤ n, 1 ≤ j ≤ n.

For α = 1 we have

u1i(1) = a1i(1) , li1(1) =
ai1(1)
u11(1)

, i = 1, . . . , n , (6)

and
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uri(1) = ari(1)−
r−1∑

k=1

lrk(1)uki(1), lir(1) =
air(1)−∑r−1

k=1 lik(1)ukr(1)
urr(1)

, (7)

for r = 2, 3, . . . , n and i = r, r + 1, . . . , n. In case α ∈ [0, 1) we obtain





1⊗ [u1
1j(α), u2

1j(α)] = [a1
1j(α), a2

1j(α)], j = 1, 2, . . . , n

[l1i1(α), l2i1(α)]⊗ [u1
11(α), u2

11(α)] = [a1
i1(α), a2

i1(α)], i = 1, 2, . . . , n

and





[u1
ri(α), u2

ri(α)]⊕∑r−1
k=1[l

1
rk(α), l2rk(α)]⊗ [u1

ki(α), u2
ki(α)] = [a1

ri(α), a2
ri(α)],

[l1ir(α), l2ir(α)]⊗ [u1
rr(α), u2

rr(α)]⊕∑r−1
k=1[l

1
ik(α), l2ik(α)]⊗ [u1

kr(α), u2
kr(α)] = [a1

ir(α), a2
ir(α)],

r = 2, 3, . . . , n; i = r, r + 1, . . . , n.

Now suppose the elements of matrices L and U are positive, therefore ac-

cording to (2) we get

u1
1j(α) = a1

1j(α), u2
1j(α) = a2

1j(α), j = 1, . . . , n (8)

l1i1(α) =
a1

i1(α)− l1i1(1)u1
11(α) + l1i1(1)u1

11(1)
u1

11(1)
, (9)

l2i1(α) =
a2

i1(α)− l2i1(1)u2
11(α) + l2i1(1)u2

11(1)
u2

11(1)
,

for i = 1, . . . , n and





u1
rj(α) = a1

rj(α)−∑r−1
k=1(l

1
rk(α)u1

kj(1) + l1rk(1)u1
kj(α)− l1rk(1)u1

kj(1)),

u2
rj(α) = a2

rj(α)−∑r−1
k=1(l

2
rk(α)u2

kj(1) + l2rk(1)u2
kj(α)− l2rk(1)u2

kj(1)),

j = r, r + 1, . . . , n, r = 2, 3, . . . , n ,

(10)

also
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l1ir(α) =
a1

ir(α)−∑r−1
k=1 ψ − l1ir(1)u1

rr(α) + l1ir(1)u1
rr(1)

u1
rr(1)

, (11)

l2ir(α) =
a2

ir(α)−∑r−1
k=1 ω − l2ir(1)u2

rr(α) + l2ir(1)u2
rr(1)

u2
rr(1)

,

where j = r, r+1, . . . , n, r = 2, 3, . . . , n, ψ = l(1)ik(α)u(1)kr(1)+l(1)ik(1)u(1)kr(α)−
l(1)ik(1)u(1)kr(1) and ω = l2ik(α)u2

kr(1) + l2ik(1)u2
kr(α)− l2ik(1)u2

kr(1).

Now we solve the system Ly = b, and after finding y we solve the system

Ux = y to find the solution x for the fuzzy system Ax = b.

4. AN EXAMPLE

Example 4.1. Consider the 3 × 3 fuzzy system of linear equations Ax = b

and let A be a fuzzy matrix and b be a fuzzy vector in the α-cut representation

as follows

b =




[1 + α, 3− α]

[α, 2− α]

[−3,−2− α]




, A =




[5 + α, 10− 4α] [3 + 2α, 7− 2α] [1 + 2α, 4− α]

[4 + 8α, 32− 20α] [2 + 12α, 29− 15α] [8α, 18− 10α]

[14 + 10α, 58− 34α] [2 + 30α, 62− 30α] [1 + 19α, 44− 24α]




.

For α = 1 we have




6 5 3

12 14 8

24 32 20




=




1 0 0

l21 1 0

l31 l32 1



×




u11 u12 u13

0 u22 u23

0 0 u33




,

where uij and lij are uij(1) and lij(1) respectively. In view of relations (6) and

(7) we have

L(1) =




1 0 0

2 1 0

4 3 1




, U(1) =




6 5 3

0 4 2

0 0 2




.
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Therefore, according to the sign of elements of matrixes L and U , also

relations (8-11) for α ∈ [0, 1), we obtain L and U as follows

L =




1 0 0

[1 + α, 4− 2α] 1 0

[3 + α, 7− 3α] [1 + 2α, 4− α] 1




,

U =




[5 + α, 10− 4α] [3 + 2α, 7− 2α] [1 + 2α, 4− α]

0 [1 + 3α, 5− α] [1 + α, 4− 2α]

0 0 [1 + α, 5− 3α]




.

Now we solve the system Ly = b, considering the cross product in each

needed multiplication



1 0 0

[1 + α, 4− 2α] 1 0

[3 + α, 7− 3α] [1 + 2α, 4− α] 1




.




[y1
1, y

2
1]

[y1
2, y

2
2]

[y1
3, y

2
3]




=




[1 + α, 3− α]

[α, 2− α]

[−3,−2− α]




.

After finding y we solve in the same way the system Ux = y to find the

solution x for the fuzzy system Ax = b.




[5 + α, 10− 4α] [3 + 2α, 7− 2α] [1 + 2α, 4− α]

0 [1 + 3α, 5− α] [1 + α, 4− 2α]

0 0 [1 + α, 5− 3α]




.




[x1
1, x

2
1]

[x1
2, x

2
2]

[x1
3, x

2
3]




=




[y1
1, y

2
1]

[y1
2, y

2
2]

[y1
3, y

2
3]




.

5. CONCLUSION

In this paper we studied fuzzy linear system of the form Ax = b with A

square matrix of fuzzy coefficients and b fuzzy number vector. We introduced

two fuzzy matrices, the lower triangular L and the upper triangular U such

that A = LU and solved the fuzzy system of linear equations Ly = b and

Ux = y respectively.
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Abstract The paper draws attention and briefly focuses on ship hulls stern flows in the

light of two original ideas (concepts) in ship hydrodynamics, belonging to the

author: 1. a new stern hydrodynamic concept (NSHC), with radial crenelated-

corrugated sections (Tănăsescu’s stern shape); 2. using of an inverse piezo-

electric effect [(electric current→high-frequency power generator→piezoelectric

driver made of certain ceramic material, which induces an elliptical vibratory

movement (high frequency over 20 kHz), into the elastic side plates (15 mm

thickness) in the streamlines direction (of the external flowing water)], able to

reduce the total forward resistance.

Keywords: ship hydrodynamics.

2000 MSC: 76D55.

Introduction. A naval architect, a ship owner, or a simple passenger, in

looking over the stern of a ship and the turbulent tossing above the propeller

race, instinctively realizes that most of this upheaval is an wasted effort. The

irregular nature of the currents which flow into the propeller disc imposes to

this propulsion device to take such a complex water flow and make so much

out of it in the way of useful thrust, inducing the idea that the turmoil surging

out of the propeller disc can be converted into useful power that increases the

ship velocity. To this aim it is necessary a profound knowledge of the basic

phenomena and fundamental principles governing the motion of water and the

causes for the particular behavior of a ship and its propulsion devices.

Theoretical aspects. In real conditions, a propeller is fitted behind the

ships (models) hull stern, working in a non-uniform water stream, which has

been disturbed by the ship hull during its forward motion. The ship moving

hull carries with it a volume of surrounding water forming a region, known

215
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under the name of boundary layer, across which there is a steep change in

velocity, the propeller being placed behind the ship hull stern, in the ship body

trail. As a consequence, the velocity (even considering its average value) of

water particles relative to the propeller disk is no longer (neither in magnitude

nor in direction) equal to the velocity of advance of the propeller relative to

still water. This trail, where there is a difference between the ship speed

and the speed of the water particles relative to the ship is also termed wake.

The wake is a zone poorly investigated theoretically (analytically), due to

very complex, aleatory flow character within it. In ship propeller theory, a

distinctive importance is given only to the incipient part of the trail (wake),

located immediately in the front of the propeller disk plane. The movement in

this zone is called wake movement or simply wake. The wake movement can be

investigated either in the presence or in the absence of the propeller, bearing

the name of the effective wake or the nominal wake, respectively. However,

the wake movement of interest is only that from the plane where the propeller

follows to be situated. The flow average velocity from that plane is termed

wake speed VW , and, in general, it is smaller than the ship speed VS , relative

to the infinite upstream water. If the water is moving in the same direction

as the ship, the wake is said to be positive. Then

Wake = VS − VW .

In order to non-dimensionalize this relation, we can use as characteristic speed

either VW or VS , leading to two wake factors

-Froude wake factor= wF = (Vs − VW )/VW ;

-Taylor wake factor= w = (Vs − VW )/VS .

Besides, this general effect of the ship hull, there exist local perturbations due

to the shaft, shaft bossings or shaft brackets and other appendages. These

effects combined lead to the so-called relative rotative efficiency (RRE), defined

by

RRE = ηR = efficiency of propeller behind the ship hull/ efficiency of

propeller in open water (at speed VW ).
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Always, but especially in present circumstances, for a better functioning

it is necessary a propeller cavitation reducing, overall propulsive efficiency

and stability improving. As already mentioned, the dynamics of a cavitating

propeller depends on the system environment in which it is operating, the

flow field within a propeller mounting behind a ship hull is very different from

that one in an open water test or in a section of a cavitation tunnel. Thus,

a propeller that is very efficient in open water can not be suited for a certain

kind of stern shape architecture. For this reason, the wake distribution in the

propeller disk plane represents a key element for designing a ship hull stern

form. A uniform wake distribution from an immediately upstream propeller

parallel plane disk can diminish the propeller cavitation (having as an indirect

consequence on the noise and vibration level induced on board and in the

hull stern structure, lowering) and increases the propulsive efficiency (and so,

obtaining the minimum energy consumption). Therefore, to obtain a good

nominal wake distribution is an important objective of naval architects. In

addition, the global - directional hydrodynamic stability improving by using

a special kind of stern having more appropriate architecture, can not be but

favorable.

The state of the art in the field. The present-day tendency in mar-

itime transportation industry is represented by designing and building of big-

ger, faster, more energy-efficient and stable ships but simultaneously having

stricter noise and vibration levels for stern hull structure. A modern ships hull

lines are designed to minimize the forward resistance, to reduce the propeller

cavitation, to improve the propulsion performance and to increase the global

hydrodynamic stability. Since the apparition of the first ships, the naval archi-

tects tried to improve the existing hull forms. As a general recently accepted

opinion, the ships of the future will be designed and built only on the basis

of some new devised concepts. It is well known that the stern flow problem is

very complex. However, the ship hull stern flows have received much atten-

tion these last years, in particular with respect to their modeling and design

principles. The most recently known industrial achievements focused on flow

improvement in the stern region, which consist in symmetrically flattening of

the stern lateral surfaces towards the central plane. This concept has resulted
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in a huge amount of inconveniences almost in all practical applications to real

ships (unsuitable placing of equipments, lack of necessary spaces for inspec-

tions, repairs etc.). For a long time, the authors thought how to redesign

the two systems - hydroframe system and propulsion system - very important

(critical) for a ship, so that the hydroframe may meet the propulsion and the

propulsion may meet the hydroframe in an optimal way.

Scientific research objectives: - total forward resistance reduction, propul-

sive efficiency increasing;

- propeller cavitation reduction (for level of noise and vibration induced on

board and in the stern structure decreasing);

- development of a numerical parameterized model;

- design sensitivity analysis of fields generated;

- optimizations;

- original concepts and ideas validation;

- new methodologies establishing.

Project description, results obtained, future prospects. Having

in view the presented ideas, within the contract no. 208, CEEX, I have pro-

posed (intuitively, based on experience), a new stern hydrodynamic concept

of streamline tube type, (having quasi-cylindrical increasing sections), which

starts from front propeller disk and stretches until hull cylindrical region (fig.

1). In devising this new design concept, the author referred (as a supplemen-

tary basic background) to two existing theories:

- the streamline tube theory (the water particles axial velocities distribution

at entrance in the propeller disk can be configured favorably - homogenized

- by comprising the radial crenelated - corrugated stern sections in a stream

tube that also comprises the propeller disk);

- the Bernoulli effect (increasing of water particles axial velocities in the

regions within which the water pressure is decreased).

Taking into account the streamline tube theory and the Bernoulli effect,

we can estimate that the 3D spectrum of flow generated around and outside

a classical stern hull having practiced transversal crenellated-corrugated stern

sections can be substantially improved by an architectural optimization in the
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direction of axial velocities from a propulsion propeller immediate front plane

uniformization (fig.2).

Fig. 1. The new stern hydrodynamic concept.

The directions of the crenelated-corrugated sections teeth crests and troughs

longitudinal curved lines, will be those of the stern natural streamlines (which

can be established experimentally in a flow visualization test) for vortices turn-

ing up avoiding and for a minimum forward resistance obtaining.

Fig. 2. Comparison between experimental wake obtained for the model with initial stern

shape design (left) and for the model with modified stern shape according to our design

(right).

Finally, the most important, until now, proved result, is the reducing of pro-

peller cavitation (working in the simulated nominal wake of the hull using the

new stern hydrodynamic concept with radial crenellated - corrugated sections,

Tănăsescu’s stern shape), practically to zero (fig.3).

Unfortunately, this cavitation decreasing (lack of cavitation) is associated

with a total forward resistance (of the ship) increasing (approximately 4-5%)
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Fig. 3. Simulated nominal wake testing, in 850x850 mm section of the cavitation tunnel

at 25 rps rotative speed (it can be remarked lack of cavitation).

due to initiation and movement of some multiple increased vortices (fig. 4),

resulted from the separation (although a low one - fig. 5) of the boundary

layer (destruction of an important part of fluid mechanical energy, pressure

decreasing downwards the ship stern body etc).

Fig. 4. Vortex initiation and separation - FLUENT 6.3. (left - the model with initial stern

shape design - simple vortex; right - the model with modified stern shape according to our

new concept design - multiple vortices).

Therefore, it would be necessary a much more reduction or even complete

separation and multiple vortices phenomena (within the turbulent boundary

layer) avoiding. In this respect I thought that I should try to use the inverse

piezoelectric effect (electric current→ high-frequency generator→ piezoelectric

driver made of certain ceramic material - fig. 6), which induces an elliptical



Design sensitivity analysis and ship stern hydrodynamic flow field improvement 221

Fig. 5. Limit streamlines on stern surface - FLUENT 6.3. (left -the model with initial

stern shape design; right - the model with modified stern shape according to our new concept

design).

vibratory movement (high frequency over 20 kHz), into the elastic side plates

(15 mm thickness) in the streamlines direction (of the external flowing water).

Fig. 6. Principle scheme of an ultrasonic vibrator.

Piezoelectricity is the ability of crystals and certain ceramic materials to

generate a voltage in response to an applied mechanical stress. Piezoelectric

effect was discovered by Pierre and Jacques Curie in 1880.

The basic principle would be the following: certain piezoelectric ceramic

materials can be used to convert electrical energy into mechanical energy in

the form of vibrations of an elastic body (ship hull stern plates), whose surface

points perform an linear elliptic motion (in the streamlines direction of the

external flowing water), with an ultrasonic frequency over 20 kHz.
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Fig. 7. Boundary-layer flow regions.

Water particles (from within the ship hull stern turbulent boundary layer -

fig. 7), are pressed against vibrating steel plates reducing the interface (hull

- water), skin friction drag. It is hoped that such a combination of devices

can reduce ship forward resistance due to hull skin-water friction reduction by

controlling the inside turbulent boundary layer flow characteristics.

In addition, as a continuation and a completion of the researches accom-

plished in this CEEX contract, author considers of interest the realization

of:

- a parameterized geometrical model streamline tube type, (including the

effects of new stern design having quasi-cylindrical increasing radial crenelated-

corrugated sections on inside propeller flow);

- a design sensitivity analysis of the new stern fields generated.

In these cases different geometries (as necessary form, width and depth,

along hull distances, for flow separation avoiding), should be studied theoret-

ically, numerically and experimentally.

Design sensitivity analysis consists in determining derivatives of a system

response with respect to its design parameters xi. In the context of design

optimization (of the new hydrodynamic stern concept proposed), the response

is expressed in terms of objective and constraint functions and, accordingly,

the overall aim of design sensitivity analysis is to find the gradients of these

functions. However, since any such problem function depends explicitly on

the dependent variables Φ of the considered problem, sensitivity formulations

in essence aim at the calculation of the derivatives δΦ/δxi. In other words,

the changes in the flowfield Φ following from a given change in design must



Design sensitivity analysis and ship stern hydrodynamic flow field improvement 223

be predicted. After the determination of these flowfield sensitivities, it is a

matter of a straightforward calculus to compute the design sensitivities of any

problem function

∇f =
df

dxi
=

∂f

∂xi
+

∂f

∂γ

[
∂γ

∂xi

]

︸ ︷︷ ︸
grid sensitivity

+
∂f

∂φ

[
∂φ

∂xi

]

︸ ︷︷ ︸
flow sensitivity

,

i = 1, ..., ndv, where: dv are the design variables;

f(xi) - problem function (typically identical to objective and constraints func-

tion);

xi - design parameters;

γ(xi) - geometrical quantities;

Φ(xi) - vector containing unknown flow variables (velocity, static pressure, pos-

sibly turbulence modeling quantities), determined by the governing equations.

Obviously, both geometry and flow are implicitly controlled by the design pa-

rameters through hull stern surface parametrization, mesh generation and flow

analysis.

Interdisciplinary research. The main disciplines involved into the

present project are: mathematical physics (partial differential and integral

equations); applied physics; technical physics; materials physics; modeling

and simulation; hydraulics and fluid mechanics; naval hydrodynamics.
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1. INTRODUCTION

Interactive decisions situations, which involve both sequential decisions and

simultaneous decisions made by independent and interdependent players with

one or more objectives, can be modelled by means of strategic games (Stackel-

berg game [21, 3], Nash game [4], Pareto-Nash game [1, 7, 2, 5], Pareto-Nash-

Stackelberg game). At every stage (level) of the Nash-Stackelberg game a Nash

game is played. The stage profiles (joint decisions) are executed sequentially

throughout the hierarchy as a Stackelberg game. At every stage of the multi-

objective Pareto-Nash-Stackelberg game a multiobjective Pareto-Nash game is

played. Stage profiles are executed sequentially throughout the hierarchy. Via

notion of best response mapping graph we define unsafe and safe Stackelberg

equilibria for Stackelberg games, pseudo and multi-stage Nash-Stackelberg

equilibria for Nash-Stackelberg games, and Pareto-Nash-Stackelberg equilib-

ria for multiobjective Pareto-Nash-Stackelberg games.
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The carried out investigation continues and extends the Nash game research

via Nash equilibrium as an element of the best response mapping graphs in-

tersection [6, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20].

Consider the noncooperative strategic form game

Γ = 〈N, {Xp}p∈N , {fp(x)}p∈N 〉,

where

• N = {1, 2, ..., n} is a set of players,

• Xp ⊆ Rkp is a set of strategies of player p ∈ N ,

• kp < +∞, p ∈ N ,

• and fp(x) is a pth player cost function defined on the Cartesian product

X = ×
p∈N

Xp.

Elements x = (x1, x2, ..., xn) ∈ X are named profiles of the game.

Suppose that the players make their moves hierarchically:

first player chooses his strategy x1 ∈ X1 and communicates it to the

second player,

the second player chooses his strategy x2 ∈ X2 and communicates x1, x2

to the third player,

...

nth player selects his strategy xn ∈ Xn after observing the moves x1, ..., xn−1

of the preceding players.

On the resulting profile x = (x1, ..., xn) every player computes the value of his

cost function.

When player p ∈ N moves, players 1, 2, ..., p− 1 are leaders or predecessors

of player p and players p + 1, ..., n are followers or successors of the player p.

Players have all the information about the predecessors choices and doesn’t

have information about the choices of the successors, but the pth player (p < n)

has all the information about the all strategy sets and the cost functions of
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the players p, p + 1, ..., n. Without loss of generality suppose that all players

minimize the values of their cost functions.

By backward induction, every player n, n− 1, ..., 2 computes his best move

mapping and the first player computes the set of his best moves:

Bn(x1, ..., xn−1) = Arg min

yn∈Xn

fn (x1, ..., xn−1, yn) ,

Bn−1(x1, ..., xn−2) = Arg min

yn−1, yn: (x1,...,xn−2, yn−1, yn)∈Grn

fn−1 (x1, ..., xn−2, yn−1, yn) ,

· · ·
B2(x1) = Arg min

y2,..., yn: (x1,y2,..., yn)∈Gr3

f2 (x1, y2, ..., yn) ,

X̂ = Arg min

(y1,...,yn)∈Gr2

f1 (y1, ..., yn)

where

Grn = {x ∈ X : x1 ∈ X1, ..., xn−1 ∈ Xn−1, xn ∈ Bn(x1, ..., xn−1)} ,

Grn−1 = {x ∈ Grn : x1 ∈ X1, ..., xn−2 ∈ Xn−2, (xn−1, xn) ∈ Bn−1(x1, ..., xn−2)} ,

· · ·
Gr2 = {x ∈ Gr3 : x1 ∈ X1, (x2, ..., xn) ∈ B2(x1)} .

Evidently, Gr2 ⊆ Gr3 ⊆ · · · ⊆ Grn and form a family of nested sets.

Definition. Any profile x̂ ∈ X̂ of the game is called an unsafe (optimistic,

strong) Stackelberg equilibrium.

This definition is equivalent to the respective [3] definition. For n = 2 the

unsafe Stackelberg equilibrium notion and original Stackelberg equilibrium

[21] notion are equivalent.
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2. UNSAFE STACKELBERG EQUILIBRIUM.

EXISTENCE AND PROPERTIES

Theorem 2.1. For every finite hierarchical game the set X̂ of unsafe Stack-

elberg equilibria is non empty.

The proof is evident.

Corollary. The unsafe Stackelberg equilibrium notion and the Nash equi-

librium notion are not equivalent.

For the proof it is sufficient to mention (in the Theorem 1 context) that the

Nash equilibrium does not exist for every pure strategy finite game.

Example 1. Consider a three-player 2× 2× 2 game with the cost matrices

a1∗∗ =

[
5 2

1 3

]
, a2∗∗ =

[
1 3

3 −1

]
,

b1∗∗ =

[
5 7

4 6

]
, b2∗∗ =

[
3 4

8 5

]
,

c1∗∗ =

[
2 10

7 3

]
, c2∗∗ =

[
8 6

4 5

]
.

The first player moves the first, the second player moves the second and the

third player moves the last.

First of all we must determine the graph Gr3 of the third player. The graph

elements are emphasized by boxes

c1∗∗ =

[
2 10

7 3

]
, c2∗∗ =

[
8 6

4 5

]
.

The second player graph Gr2 is determined on the base of the Gr3. Its

elements are emphasized by two frames boxes

b1∗∗ =


 5 7

4 6


 , b2∗∗ =


 3 4

8 5


 ,

Last, the set of the unsafe Stackelberg equilibria is determined on Gr2
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a1∗∗ =


 5 2

1 3


 , a2∗∗ =


 1 3

3 −1


 .

The game consists of one unsafe Stackelberg equilibrium (2, 1, 2) with the

players’ cost functions values (3, 4, 6). Remark, the profile (2, 1, 2) is not a

Nash equilibrium. Moreover, the corresponding three matrix game does not

have pure strategies Nash equilibria. ¤
In Example 1 the player best move mappings are mono-valued and the real-

ization of the unique unsafe Stackelberg equilibrium is natural. The situation

is more complicated when the mappings are multi-valued. The realization of

the unsafe Stackelberg equilibrium is problematic. The modification of Exam-

ple 1 illustrates this fact.

Example 1 (continuation). We modify only the elements a211, b211 and

c211 of the cost matrices in Example 1

a1∗∗ =

[
5 2

1 3

]
, a2∗∗ =

[
+∞ 3

3 −1

]
,

b1∗∗ =

[
5 7

4 6

]
, b2∗∗ =

[
4 4

8 5

]
,

c1∗∗ =

[
2 10

7 3

]
, c2∗∗ =

[
6 6

4 5

]
.

The elements of the Gr3 are emphasized by boxes

c1∗∗ =

[
2 10

7 3

]
, c2∗∗ =

[
6 6

4 5

]
.

Elements of the Gr2 are emphasized by two frames boxes

b1∗∗ =


 5 7

4 6


 , b2∗∗ =


 4 4

8 5


 ,

Last, the set of the unsafe Stackelberg equilibria is determined on Gr2

a1∗∗ =


 5 2

1 3


 , a2∗∗ =


 +∞ 3

3 −1


 .
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The game consists of the same unique unsafe Stackelberg equilibrium (2, 1, 2)

with the players’ cost functions values (3, 4, 6). Unfortunately, the realization

of this equilibrium is problematic because for the third player the first strategy

(the profile (2, 1, 1)) give the same value for the cost function as the second

strategy (the profile (2, 1, 2)). If, at the last stage, the third player will choose

the first strategy, then at the profile (2, 1, 1) the values of the cost functions

are (+∞, 4, 6). It’s a disaster result for the first player. ¤

Theorem 2.2. If every strategy set Xp ⊂ Rkp , p = 1, n is compact and every

cost function fp(x1, ..., xp, ..., xn), p = 1, n is continuous by (xp, ..., xn) on Xp×
· · · ×Xn for every fixed x1 ∈ X1, ..., xp−1 ∈ Xp−1, then the unsafe Stackelberg

equilibria set X̂ is non empty.

The proof follows from the well known Calculus’ Weierstrass theorem.

Theorem 2.3. If every strategy set Xp ⊆ Rkp , p = 1, n is convex and ev-

ery cost function fp(x1, ..., xp, ..., xn), p = 1, n is strict convex by (xp, ..., xn)

on Xp × · · · × Xn for every fixed x1 ∈ X1, ..., xp−1 ∈ Xp−1, then the game

has a unique unsafe Stackelberg equilibrium with the “guaranteed” realization

property.

“Guaranteed” realization means that the unsafe Stackelberg equilibrium is

strictly preferred for the all players. The proof follows from the properties of

the strict convex functions.

Remark that the strict convex requirements in the theorem 3 may be sub-

stituted by unimodal or other requirements that guaranteed the mono-valued

characteristics of the involved best-move mappings.

3. SAFE STACKELBERG EQUILIBRIUM

In order to exclude the case illustrated in the continuation of Example 1 the

notion of the safe Stackelberg equilibrium is introduced, which is equivalent

with respective notion in [3].



Solution principles for simultaneous and sequential games mixture 231

By backward induction, every player 2, ..., n computes his best move map-

ping and the first player computes the set of his best moves:

Bn(x1, ..., xn−1) = Arg min

yn∈Xn

fn (x1, ..., xn−1, yn) ,

B̃n−1(x1, ..., xn−2) = Arg min
yn−1

max
yn

(x1,...,xn−2,yn−1,yn)∈Grn

fn−1 (x1, ..., xn−2, yn−1, yn) ,

B̃n−2(x1, ..., xn−3) = Arg min
yn−2

max
yn−1,yn

(x1,...,xn−3,yn−2,...,yn)∈G̃rn−1

fn−1 (x1, ..., xn−3, yn−2, ..., yn) ,

· · ·
B̃2(x1) = Arg min

y2

max
y3,...,yn

(x1,y2,...,yn)∈G̃r3

f2 (x1, y2, ..., yn) ,

X̃ = Arg min
y1

max
y2,...,yn

(y1,...,yn)∈G̃r2

f1 (y1, ..., yn)

where

Grn = {x ∈ X : x1 ∈ X1, ..., xn−1 ∈ Xn−1, xn ∈ Bn(x1, ..., xn−1)} ,

G̃rn−1 =
{

x ∈ Grn : x1 ∈ X1, ..., xn−2 ∈ Xn−2, (xn−1, xn) ∈ B̃n−1(x1, ..., xn−2)
}

,

· · ·
G̃r2 =

{
x ∈ Gr3 : x1 ∈ X1, (x2, ..., xn) ∈ B̃2(x1)

}
.

Obviously, G̃r2 ⊆ G̃r3 ⊆ · · · ⊆ G̃rn−1 ⊆ Grn, too.

Definition. The profile x̃ ∈ X̃ of the game is named a safe (pessimistic,

weak) Stackelberg equilibrium.

In general, the unsafe Stackelberg equilibria set is not equivalent to a safe

Stackelberg equilibria set, i.e. X̂ 6= X̃. Remark that in Example 1 modified

game the profile (1, 1, 1) (with the costs (5, 5, 2)) is a safe Stackelberg equilib-

rium. The security’s “payment” for the first player is “supported” also by the

second player because the value of his cost function increases, too.

In addition, for n = 2 the safe Stackelberg equilibrium is not always an

unsafe Stackelberg equilibrium.
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Theorems 1−3 analogs for safe Stackelberg equilibrium may be formulated

and proved. In the conditions of Theorem 3 the unsafe and safe Stackelberg

equilibria are identical.

4. PSEUDO-EQUILIBRIUM.

NASH-STACKELBERG EQUILIBRIUM

Consider the noncooperative strategic form game

Γ = 〈N, {X l
p}l∈S,p∈Nl

, {f l
p(x)}l∈S,p∈Nl

〉,

where

• S = {1, 2, ..., s} is a set of stages,

• Nl = {1, 2, ..., nl} is a set of players at stage (level) l ∈ S,

• X l
p ⊆ Rkl

p is a set of strategies of player p ∈ Nl at stage l ∈ S,

• s < +∞, nl < +∞, l ∈ S,

• and f l
p(x) is a lth stage pth player cost function defined on the Cartesian

product X = ×
p∈Nl,l∈S

X l
p.

Elements x = (x1
1, x

1
2, ..., x

1
n1

, x2
1, x

2
2, ..., x

2
n2

, ..., xs
1, x

s
2, ..., x

s
ns

) ∈ X are named

profiles of the game.

Suppose that the players make their moves hierarchically:

at the first stage players 1, 2, ..., n1 selects their strategies x1
1 ∈ X1

1 ,

x1
2 ∈ X1

2 , ..., x1
n1
∈ X1

n1
simultaneously and communicate it to the second

stage players 1, 2, ..., n2,

the second stage players 1, 2, ..., n2 select simultaneously their strategies

x2
1 ∈ X2

1 , x2
2 ∈ X2

2 , ..., x2
n2
∈ X2

n2
and communicate the result to the third

stage players,

...

the sth stage players 1, 2, ..., ns select simultaneously their strategies

xs
1 ∈ Xs

1 , xs
2 ∈ Xs

2 , ..., xs
ns
∈ Xs

ns
at the last.
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On the resulting profile x = (x1
1, x

1
2, ..., x

1
n1

, x2
1, x

2
2, ..., x

2
n2

, ..., xs
1, x

s
2, ..., x

s
ns

) ev-

ery player computes the value of his cost function.

Suppose that the lth stage pth player has all information about all

strategy sets and the cost functions of players of stages l, l + 1, ..., s.

Without loss of generality suppose that all players minimize the values

of their cost functions.

Definition. The profile x̂ ∈ X of the game is a pseudo-equilibrium if for

every l ∈ S there exist yl+1 ∈ X l+1, ..., yn ∈ Xn such that

f l
p(x̂

1, ..., x̂l−1, xl
p‖x̂l

−p , yl+1, ..., yn) ≥ f l
p(x̂

1, ..., x̂l, yl+1, ..., yn), ∀xl
p ∈ X l

p, ∀p ∈ Nl,

where x̂l−p = (x̂l
1, ..., x̂

l
p−1, x̂

l
p+1, ..., x̂

l
nl

).

According to the definition, players 1, 2, ..., nl, l = 1, 2, ..., s−1, s select their

pseudo-equilibrium strategies:

B1
p(χ1

−p) = Arg min

x1
p∈X1

p

f1
p

(
x1

p‖χ1
−p

)
, p ∈ N1,

(x̂1, x2, ..., xs) ∈ PE1 =
⋂

p∈N1

Gr1
p,

B2
p(x̂1, χ2

−p) = Arg min

x2
p∈X2

p

f2
p

(
x̂1, x2

p‖χ2
−p

)
, p ∈ N2,

(x̂1, x̂2, x3, ..., xs) ∈ PE2 =
⋂

p∈N2

Gr2
p,

· · ·
Bs

p(x̂
1, x̂2, ..., x̂s−1, χs

−p) = Arg min

xs
p∈Xs

p

fs
p

(
x̂1, ..., x̂s−1, xs

p‖χs
−p

)
, p ∈ Ns,

(x̂1, x̂2, ..., x̂s) ∈ PEs =
⋂

p∈Ns

Grs
p,

where

Gr1
p =

{
(x1, ..., xs) : x1

p ∈ B1
p(χ1−p)

}
, p ∈ N1,

Gr2
p =

{
(x̂1, x2, ..., xs) : x2

p ∈ B2
p(x̂1, χ2−p)

}
, p ∈ N2,

· · ·
Grs

p =
{
(x̂1, ..., x̂s−1, xs) : xs

p ∈ Bs
p(x̂

1, ..., x̂s−1, χs−p)
}

, p ∈ Ns,

χl−p = (xl−p, x
l+1, ..., xs) ∈ X l−p ×X l+1 × · · · ×Xs,

X l−p = X l
1 × ...×X l

p−1 ×X l
p+1 × ...×X l

nl
.



234 Valeriu Ungureanu

Surely, the set of all pseudo-equilibria is PE = PEs.

Example 2. Consider a four-player 2× 2× 2× 2 two-stage game with the

cost matrices:

a∗∗11 =

[
5 8

6 4

]
, a∗∗12 =

[
6 4

5 9

]
, a∗∗21 =

[
3 2

1 1

]
, a∗∗22 =

[
2 3

3 2

]
,

b∗∗11 =

[
4 7

6 8

]
, b∗∗12 =

[
3 7

6 4

]
, b∗∗21 =

[
7 3

5 3

]
, b∗∗22 =

[
8 3

1 9

]
,

c∗∗11 =

[
5 2

4 5

]
, c∗∗12 =

[
−1 3

3 2

]
, c∗∗21 =

[
1 2

4 3

]
, c∗∗22 =

[
3 5

4 −2

]
,

d∗∗11 =

[
6 2

1 3

]
, d∗∗12 =

[
−2 3

3 1

]
, d∗∗21 =

[
7 2

1 3

]
, d∗∗22 =

[
6 3

3 −1

]
.

The first and the second players move at the first stage, the third and the

fourth players move at the second stage.

Elements of Gr1
1 and Gr1

2 are emphasized in matrices by bold fonts.

Obviously, PE1 consists of two elements: (1, 1, 1, 1) and (2, 2, 2, 1).

Suppose, the first and the second players choose the strategies 1 and 1.

At the second stage, the third and the fourth players have to play a matrix

games with matrices

c11∗∗ =

[
5 −1

1 3

]
, d11∗∗ =

[
6 −2

7 6

]
.

PE2 contains a profile (1, 1, 1, 2). Thus, the profile (1, 1, 1, 2) with costs

(6, 3,−1,−2) is a two-stage pseudo-equilibrium.

Suppose, the first and the second players choose the strategies 2 and 2.

Then, at the second stage, the third and the fourth players have to play a

matrix game with matrices

c22∗∗ =

[
5 2

3 −2

]
, d22∗∗ =

[
3 1

3 −1

]
.

The set PE2 contains profile (2, 2, 2, 2). Thus, the profile (2, 2, 2, 2) with costs

(2, 9,−2,−1) is a two-stage pseudo-equilibrium.
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Obviously, both pseudo-equilibria (1, 1, 1, 2) and (2, 2, 2, 2) aren’t Nash equi-

librium. ¤
The pseudo-equilibrium definition does not used the information that at

the following stage the stage players will choose the strategy accordingly the

pseudo-equilibrium statement. As the result, the profiles do not safe the re-

quired statement at all stages.

For excluding this inconvenient, it’s reasonable to choose strategies by back-

ward induction procedure and thus we obtain a new equilibrium notion.

By stage backward induction, players 1, 2, ..., nl, l = s, s − 1, ..., 2, 1 select

their equilibrium strategies

Bs
p(x

1, ..., xs−1, xs
−p) = Arg min

ys
p∈Xs

p

fs
p

(
x1, ..., xs−1, ys

p‖xs
−p

)
, p ∈ Ns,

NSEs =
⋂

p∈Ns

Grs
p,

Bs−1
p (x1, ..., xs−2, xs−1

−p ) =

= Arg min

ys−1
p , ys:

(x1,...,xs−2, ys−1
p ‖xs−1

−p , ys)∈NSEs

fs−1
p

(
x1, ..., xs−2, ys−1

p ‖xs−1
−p , ys

)
, p ∈ Ns−1,

NSEs−1 =
⋂

p∈Ns−1

Grs−1
p ,

Bs−2
p (x1, ..., xs−2, xs−3

−p ) =

= Arg min

ys−2
p , ys−1, ys:

(x1,...,xs−3, ys−2
p ‖xs−2

−p , ys−1, ys)∈NSEs−1

f s−2
p

(
x1, ..., xs−3, ys−2

p ‖xs−2
−p , ys−1, ys

)
,

p ∈ Ns−2,

NSEs−2 =
⋂

p∈Ns−2

Grs−2
p ,

· · ·
B1

p(x1
−p) = Arg min

y1
p, y2,...,ys:(y1

p‖x1
−p, y2,...,ys)∈NSE2

f1
p

(
y1

p‖x1
−p, y2, ..., ys

)
, p ∈ N1,

NSE1 =
⋂

p∈N1

Gr1
p,
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where

Grs
p =





x ∈ X :

xl ∈ X l, l = 1, s− 1,

xs−p ∈ Xs−p,

xs
p ∈ Bs

p(x
1, ..., xs−1, xs−p)





, p ∈ Ns,

Grs−1
p =





x ∈ NSEs :

xl ∈ X l, l = 1, s− 2,

xs−1
−p ∈ Xs−1

−p ,

xs−1
p ∈ Bs−1

p (x1, ..., xs−2, xs−1
−p )





, p ∈ Ns−1,

· · ·

Gr1
p =

{
x ∈ NSE2 :

x1−p ∈ X1−p,

x1
p ∈ B1

p(x1−p)

}
, p ∈ N1.

Of course, NSE1 ⊆ NSE2 ⊆ · · · ⊆ NSEs.

Definition. Every element of the NSE1 is called a Nash-Stackelberg equi-

librium.

The set of all Nash-Stackeberg equilibria NSE1 is denoted by NSE also.

If s = 1 and n1 > 1, then every Nash-Stackelberg equilibrium is the Nash

equilibrium. If s > 1 and n1 = n2 = ... = ns = 1, then every equilibrium

is an unsafe Stackelberg equilibrium. Thus, the Nash-Stackelberg equilibrium

notion generalizes the both Stackelberg and Nash equilibria notions.

Example 2 (the first continuation). For the NSE illustration consider

the same four-player 2 × 2 × 2 × 2 two-stage game with the cost matrices as

in the example 2. It’s opportune to represent the cost matrices as follows

a11∗∗ =

[
5 6

3 2

]
, a12∗∗ =

[
8 4

2 3

]
, a21∗∗ =

[
6 5

1 3

]
, a22∗∗ =

[
4 9

1 2

]
,

b11∗∗ =

[
4 3

7 8

]
, b12∗∗ =

[
7 7

3 3

]
, b21∗∗ =

[
6 6

5 1

]
, b22∗∗ =

[
8 4

3 9

]
,

c11∗∗ =

[
5 −1

1 3

]
, c12∗∗ =

[
2 3

2 5

]
, c21∗∗ =

[
4 3

4 4

]
, c22∗∗ =

[
5 2

3 −2

]
,

d11∗∗ =

[
6 −2

7 6

]
, d12∗∗ =

[
2 3

2 3

]
, d21∗∗ =

[
1 3

1 3

]
, d22∗∗ =

[
3 1

3 −1

]
.

Elements of Gr2
3, Gr2

4 are emphasized in matrices by bold fonts.



Solution principles for simultaneous and sequential games mixture 237

NSE2 consists of profiles: (1, 1, 1, 2), (1, 2, 1, 1), (1, 2, 2, 1), (2, 1, 2, 1), (2, 2, 1, 2),

(2, 2, 2, 2).

At the first stage, the first and the second players have to play a specific

matrix game with incomplete matrices

a11∗∗ =

[
· 6

· ·

]
, a12∗∗ =

[
8 ·
2 ·

]
, a21∗∗ =

[
· ·
1 ·

]
, a22∗∗ =

[
· 9

· 2

]
,

b11∗∗ =

[
· 3

· ·

]
, b12∗∗ =

[
7 ·
3 ·

]
, b21∗∗ =

[
· ·
5 ·

]
, b22∗∗ =

[
· 4

· 9

]
,

Elements of Gr1
1, Gr1

2 are emphasized in matrices by bold fonts.

NSE1 consists only from one profile (1, 2, 2, 1) with the costs (2, 3, 2, 2).

Obviously, PE = PE2 6= NSE = NSE1.

As can be seen, if the first and the second players choose their strategies 1

and 2 at the first stage, then the third and the fourth players can move also

1 and 2 at the second stage, because the profile (1, 2, 1, 2) will have for them

the same costs 2 and 2. Unfortunately, for the first and the second players the

cost will be 8 and 7, respectively. For the first and second players the profile

(1, 2, 1, 2) is worse than (1, 2, 2, 1).

Thus, as in Stackelberg game, it’s necessary and reasonable to introduce a

notion of safe Nash-Stackelberg equilibrium. ¤
By stage backward induction, players 1, 2, ..., nl, l = s, s − 1, ..., 2, 1 select

their equilibrium strategies

Bs
p(x

1, ..., xs−1, xs
−p) = Arg min

ys
p∈Xs

p

fs
p

(
x1, ..., xs−1, ys

p‖xs
−p

)
, p ∈ Ns,

SNSEs = NSEs =
⋂

p∈Ns

Grs
p,

B̃s−1
p (x1, ..., xs−2, xs−1

−p ) =

= Arg min
ys−1

p

max
ys

(x1,...,xs−2, ys−1
p ‖xs−1

−p , ys)∈SNSEs

fs−1
p

(
x1, ..., xs−2, ys−1

p ‖xs−1
−p , ys

)
, p ∈ Ns−1,

SNSEs−1 =
⋂

p∈Ns−1

G̃rs−1
p ,



238 Valeriu Ungureanu

B̃s−2
p (x1, ..., xs−2, xs−3

−p ) =

= Arg min
ys−2

p

max
ys−1, ys

(x1,...,xs−3, ys−2
p ‖xs−2

−p , ys−1, ys)∈NSEs−1

f s−2
p

(
x1, ..., xs−3, ys−2

p ‖xs−2
−p , ys−1, ys

)
,

p ∈ Ns−2, SNSEs−2 =
⋂

p∈Ns−2

G̃rs−2
p ,

· · ·
B̃1

p(x1
−p) = Arg min

y1
p

max
y2,...,ys

(y1
p‖x1

−p, y2,...,ys)∈NSE2

f1
p

(
y1

p‖x1
−p, y2, ..., ys

)
, p ∈ N1,

SNSE1 =
⋂

p∈N1

G̃r1
p,

where

Grs
p =





x ∈ X :

xl ∈ X l, l = 1, s− 1,

xs−p ∈ Xs−p,

xs
p ∈ Bs

p(x
1, ..., xs−1, xs−p)





, p ∈ Ns,

G̃rs−1
p =





x ∈ NSEs :

xl ∈ X l, l = 1, s− 2,

xs−1
−p ∈ Xs−1

−p ,

xs−1
p ∈ B̃s−1

p (x1, ..., xs−2, xs−1
−p )





, p ∈ Ns−1,

· · ·

G̃r1
p =

{
x ∈ NSE2 :

x1−p ∈ X1−p,

x1
p ∈ B̃1

p(x1−p)

}
, p ∈ N1.

Surely, SNSE1 ⊆ SNSE2 ⊆ · · · ⊆ SNSEs.

Definition. Elements of SNSE1 are called safe Nash-Stackelberg equilib-

ria.

The set of all safe Nash-Stackeberg equilibria SNSE1 is denoted by SNSE

also.

Example 2 (the second continuation). Remark, that at the second

stage SNSE2 = NSE2.

At the first stage, the first and the second players have to play a specific

matrix game with the same incomplete matrices
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a11∗∗ =

[
· 6

· ·

]
, a12∗∗ =

[
8 ·
2 ·

]
, a21∗∗ =

[
· ·
1 ·

]
, a22∗∗ =

[
· 9

· 2

]
,

b11∗∗ =

[
· 3

· ·

]
, b12∗∗ =

[
7 ·
3 ·

]
, b21∗∗ =

[
· ·
5 ·

]
, b22∗∗ =

[
· 4

· 9

]
,

The elements of G̃r1
1, G̃r1

2 are emphasized in matrices by bold fonts. (In

every 2 × 2 matrix the maximal element is selected. After that, the first

player with the fixed strategy of the second player, chooses the matrix with

the minimal among the maximal selected elements. In the same manner, the

second player constructs his graph. The graphs intersection consists of a single

element.)

SNSE1 consists only of one profile (2, 1, 2, 1) with costs (1, 5, 4, 1).

Consequently, for the considered game there are two PE (1, 1, 1, 2) and

(2, 2, 2, 2) with costs (6, 3,−1,−2) and (2, 9,−2,−1), respectively, one NSE

(1, 2, 2, 1) with costs (2, 3, 2, 2) and one SNSE (2, 1, 2, 1) with costs (1, 5, 4, 1).

None of these profiles are better for all players. The problem of the equilibrium

principle selection is opened. ¤

5. MULTI-OBJECTIVE PSEUDO-EQUILIBRIUM.

PARETO-NASH-STACKELBERG

EQUILIBRIUM

Consider the multiobjective strategic form game

Γ = 〈N, {X l
p}l∈S,p∈Nl

, {f l
p(x)}l∈S,p∈Nl

〉,

with vector cost functions {f l
p(x)}l∈S,p∈Nl

.

In the same manner as for the Nash-Stackelberg game the equilibrium prin-

ciples can be introduced. An essential difference in corresponding definitions

is the strong requirement that every minimization or maximization operator

must be interpreted as Pareto maximization or minimization operator. Ev-

idently, the Pareto optimal response mapping and the graph of the Pareto

optimal response mapping are considered for every player. An intersection of
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the graphs of Pareto optimal response mappings is considered in every defini-

tion as the stage profile.

6. CONCLUSIONS

The examined processes of decision making are very often phenomena of real

life. Their mathematical moddeling as Pareto-Nash-Stackelberg games gives

an powerful tool for investigation, analysis and solving hierarchical decision

problems. Nevertheless, the problem of equilibrium principle choosing in real

situations is a task for both a decision maker and a game theorist.

It is interesting to mention that the proposed models based on graphs of

players optimal response mappings, give us the recurrent relations, similarly

as that used traditionally on dynamic programming. It is obvious that a

concrete n stage dynamic problem solving may be considered, for example,

as an n players Stackelberg game, such that at every stage the same player

moves, using the same objective function.
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Complutense, Madrid, Spain, Abstract Book, 81.

[17] Ungureanu, V., Nash equilibrium conditions for strategic form games, 6th Interna-

tional Congress on Industrial and Applied Mathematics, ETH and University of Zürich,
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Abstract In this work the solutions of gas dynamic equations are constructed by the

parametric method, their classification is carried out, and the applications are

showed for solutions of specific physical problems. In particular, the solutions

of simple and dual waves are derived. The solutions, describing gas flows with

local supersonic zones in Laval nozzles, are constructed too.
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1. METHOD DESCRIPTION

Consider a system of partial differential equations

Fk(x1, ..., xm, u1, ..., un, u1x1 , ..., unx1 , ..., u1xm , ..., unxm) = 0, k = 1÷ n, (1)

where uk(x1, ..., xm) are functions of m variables x1,x2,...,xm. After passing to

new variables ξ1, ξ2, ..., ξm, which are functions of the variables x1,x2,...,xm,

the solution of system (1) is found in the following form

uk = Uk(ξ1, ξ2, ..., ξm), k = 1÷ n; xl = Xl(ξ1, ξ2, ..., ξm), l = 1÷m. (2)

The partial derivatives ∂uk
∂xl

are found by the formulas

∂uk

∂xl
=

m∑

j=1

∂Uk

∂ξj

∂ξj

∂xl
,

∂ξj

∂xl
=

∆jl

∆
, ∆ =

∣∣∣∣∣∣∣∣∣

∂X1
∂ξ1

. . . ∂X1
∂ξm

. . . . . .
∂Xm
∂ξ1

. . . ∂Xm
∂ξm

∣∣∣∣∣∣∣∣∣
6= 0. (3)

In (3) ∆jl is a determinant derived from the determinant ∆ by replacement

of the jth column by a column with zero elements except the element with

243
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number l which is equal one. Then system (1) is rearranged in the form

Fk(ξ1, ..., ξm, X1, ..., Xm, X1ξ1
, ...Xmξm

, U1, ..., Un, U1ξ1
, ...Unξm

) = 0. (4)

In this system Uk(k = 1 ÷ n), Xl(l = 1 ÷ m) are functions of variables

ξ1, ξ2, ..., ξm. The solution of the given system of equations can be found in

polynomial form

Uk =
αk∑
i=0

uki(ξ1, ..., ξs−1, ξs+1, ...ξm)ξi
s, k = 1÷ n, s = 1÷m,

Xl =
γl∑

j=0
xlj(ξ1, ..., ξs−1, ξs+1, ...ξm)ξj

s, l = 1÷m, s = 1÷m,
(5)

where αk, γl ∈ N (N is the set of natural numbers). Particularly, the prob-

lem is the determination of parameters αk, γl ∈ N , for which the system of

differential equations for uki(ξ1, ...ξm−1), xlj(ξ1, ...ξm−1) is determined or un-

derdetermined.

Consider the particular case, when the required functions depend on the

coordinates x, y and the time t

Fk(x, y, t, u1, ..., un, u1x, ..., unx, u1y, ..., uny, u1t, ..., unt) = 0, k = 1÷ n. (6)

In this case the solution of the system is

uk = uk(ξ, η, t), k = 1÷ n, x = x(ξ, η, t), y = y(ξ, η, t). (7)

The formulae of conversion to new variables are

ukx =
ukξyη − ukηyξ

∆ , uky =
ukηxξ − ukξxη

∆ ,

ukt = ukt +
ukξ(ytxη − yηxt) + ukη(yξxt − ytxξ)

∆ ,
(8)

where ∆ = xξyη − xηyξ 6= 0. The system (6) is rearranged in the form

Fk(ξ, η, x, y, t, xξ, xη, xt, yξ, yη, yt, u1, ..., un, u1ξ, ..., unt) = 0. (9)

In this system x, y, uk(k = 1÷n) are functions of variables ξ,η,t. The solution

of system (9) can be found in polynomial form

uk =
αk∑

i=0

uki(ξ, t)ηi, x =
γ∑

k=0

xk(ξ, t)ηk, y =
ω∑

k=0

yk(ξ, t)ηk, (10)

where αk,γ,ω ∈ N . For some types of equations (for example, for quasi-linear

equations of first order, in which coefficients are the polynomials relative to
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dependent and independent variables) the relations for parameters αk,γ,ω∈ N

are obtained. These relations allow us to get all values of parameters αk,γ,ω∈
N , for which the differential equation system in xk(ξ, t), yk(ξ, t), uki(ξ, t) is

determined or underdetermined, that is s ≥ r, s = r + j , where s is the

number of unknown functions dependent on ξ, t; r is the number of equations;

j is a degree of sub-definite. If rk is the maximum degree of variable η (when

we substitute (10) in the equation Fk = 0(k = 1÷n)), parameters s and r are

r =
n∑

k=1

rk + n, s = γ + ω +
n∑

k=1

αk + n + 2. (11)

The program has been developed, by means of which we can determine the

allowed values of parameters αk, γ, ω ∈ N . Having substituted (10) in (9), we

put in set all maximum degrees of variables η for each k-th equation of system

(9)

(J1,1, J2,1, ..., Ji1,1, ..., J1,k, J2,k, ..., Jik,k, ..., J1,n, ..., Jin,n),

where ik the number of various degrees η in the k-th equation, k = 1 ÷
n. Each of values J1,1, J2,1, ..., Ji1,1, ..., J1,k, J2,k, ..., Jik,k, ..., J1,n, ..., Jin,n is a

linear combination of parameters αk, γ, ω. Then the following system is

formed and solved




I1 − J1,1 = x1,1,

...................,

I1 − Ji1,1 = xi1,1,

...................,

In − J1,n = x1,n,

...................,

In − Jin,n = xin,n,
n∑

k=1

αk + γ + ω + 2 + n =
n∑

k=1

Ik + j,

(12)

where Ik = max(J1,k, ..., Jik,k) is the maximum degree of η in the k-th equa-

tion; xik,k ∈ N are some natural numbers; j is a degree of sub-definite.

There exist d =
n∏

k=1

ik variants of expression choice Ik.

In this program we formed n matrices (S1, S2, ..., Sn). Each row of the k-th

matrix consists of the coefficients αk, γ, ω in degrees of variable η k-th equation
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(for example, Sk = (J1,k, ..., Jik,k)T ). The row number k-th matrix is ik.

There is realized a search cycle of maximum Ik degrees, and there are chosen

parameters αk, γ, ω for each set {Ik}k=1÷n. From αk, γ, ω ∈ N,xik,k ∈ N

and the system (12), the parameters αk, γ, ω are bounded. At every step of

search the matrix (A) is formed, elements of which are coefficients of αk, γ, ω

in equations of system (12)

A[m1, q] = S1[l1, q]− S1[m1, q],m1 = 1÷ i1,

........................................................

A[mn, q] = Sn[ln, q]− Sn[mn, q],mn = 1÷ in,

A[
n∑

k=1

ik, q] = 1− S1[l1, q]− S2[l2, q]− ...− Sn[ln, q],

(13)

where q = 1 ÷ (n + 2); the set (l1, l2, ..., ln) determines the numbers of rows

in matrices S1, S2, ..., Sn, corresponding to maximum degrees (I1, I2, ..., In).

Values xik,k are put in vector b form

b[i] =
n+2∑

k=1

A[i, k]ϕk, ϕk ∈ {αk, γ, ω}, i = 1÷
(

1 +
n∑

k=1

ik

)
.

The last element of vector b is

b

[
1 +

n∑

k=1

ik

]
= b

[
1 +

n∑

k=1

ik

]
+ n + 2.

Then, for γ + ω > 0 and b[i] ∈ N, ∨i, the given values of αk, γ, ω, are

admissible.

2. APPLICATION OF METHOD TO GAS

DYNAMIC EQUATIONS

The system of gas dynamics for an ideal gas in case of adiabatic process is




ρ(ut + uux + vuy + wuz) = −px,

ρ(vt + uvx + vvy + wvz) = −py,

ρ(wt + uwx + vwy + wwz) = −pz,

ρt + (ρu)x + (ρv)y + (ρw)z = 0,(
p
ρχ

)
t
+ u

(
p
ρχ

)
x

+ v
(

p
ρχ

)
y

+ w
(

p
ρχ

)
z

= 0,

(14)

where u(t, x, y, z), v(t, x, y, z), w(t, x, y, z) are projections of the velocity vec-

tor, ρ(t, x, y, z) is the density, p(t, x, y, z) is the pressure, χ = cp
cν

= const, cν ,
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cp are thermal coefficients at constant volume and constant pressure, respec-

tively. The first three equations of system (14) are Euler equations of motion,

the fourth equation is the continuity equation, the fifth equation is the energy

equation.

For plane flows we have ∂
∂z

= 0, w = 0. Suppose that the flow is isentropic:
p
ρχ = c = const, p = cρχ, c = p0

ρχ
0
, where p0, ρ0 are some constant values of

pressure and density. For these flows we get





ut + uux + vuy = −cχρχ−2ρx,

vt + uvx + vvy = −cχρχ−2ρy,

ρt + ρ(ux + vy) + uρx + vρy = 0.

(15)

This is the system of equations of plane isentropic motion of gas for functions

u, v, ρ.

Example1. Consider the system





ut + uux + vuy = −ζwx,

vt + uvx + vvy = −ζwy,

w(ux + vy) + µ(wt + uwx + vwy) = 0.

(16)

The system (16) is obtained from (15), when in (15) we consider w(t, x, y) =

ρχ−1, ζ = cχ
χ− 1, µ = 1

χ− 1. Putting the new variables ξ, η, t, the system

(16) becomes





ut(xξyη − xηyξ) + uξ(xηyt − yηxt) + uη(yξxt − ytxξ)+

u(uξyη − uηyξ) + v(uηxξ − uξxη) + ζ(wξyη − wηyξ) = 0,

vt(xξyη − xηyξ) + vξ(xηyt − yηxt) + vη(yξxt − ytxξ)+

u(vξyη − vηyξ) + v(vηxξ − vξxη) + ζ(wηxξ − wξxη) = 0,

w(uξyη − uηyξ + vηxξ − vξxη) + µ(wt(xξyη − xηyξ) + wξ(xηyt−
yηxt) + wη(yξxt − ytxξ) + u(wξyη − wηyξ) + v(wηxξ − wξxη)) = 0.

(17)

The solution of (17) is found in the form

u =
α∑

k=0

uk(ξ, t)ηk, v =
β∑

k=0

vk(ξ, t)ηk, w =
θ∑

k=0

wk(ξ, t)ηk,

x =
γ∑

k=0

xk(ξ, t)ηk, y =
ω∑

k=0

yk(ξ, t)ηk.

(18)



248 Petr A. Velmisov, Julia A. Kazakova

Here α, β, θ, γ, ω are natural numbers. Substituting expressions (18) in (17),

we obtain the following maximum degrees of variable η




J1 = α + γ + ω − 1, J2 = 2α + ω − 1, J3 = β + α + γ − 1,

J4 = θ + ω − 1, J5 = β + γ + ω − 1, J6 = α + β + ω − 1,

J7 = 2β + γ − 1, J8 = θ + γ − 1, J9 = α + ω + θ − 1,

J10 = β + γ + θ − 1, J11 = θ + γ + ω − 1.

(19)

Parameters J1, J2, J3, J4 correspond to the first equation of system (17),

J5, J6, J7, J8 correspond to the second equation of system (17), J9, J10, J11

correspond to the third equation of system (17). The number of coefficients

in (18) is equal r = α + β + θ + γ + ω + 5 , and the number of equa-

tions in system (17) is determined by relation: s = I1 + I2 + I3 + 3, where

I1 = max(J1, J2, J3, J4), I2 = max(J5, J6, J7, J8), I3 = max(J9, J10, J11). The

maximum values I1, I2, I3 can be selected in 48 manners.

We use the program described above for the determination of variables

α, β, θ, γ, ω ∈ N , for which the system of equations is determined or underde-

termined. The results of classification are written in the following summary

Table
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Table 1. Acceptable values for system (16)

Num. α β θ γ ω j Num. α β θ γ ω j

1 0 0 0 0 1 3 30 1 1 0 0 1 0

2 0 0 0 0 2 1 31 1 1 1 0 1 0

3 0 1 0 0 1 3 32 1 1 2 0 1 0

4 0 1 0 0 2 1 33 1 2 0 0 1 0

5 0 2 0 0 2 1 34 1 2 1 0 1 0

6 1 0 0 1 0 3 35 1 2 2 0 1 0

7 1 0 0 1 1 1 36 2 0 0 1 0 0

8 1 0 1 1 1 1 37 2 0 1 1 0 0

9 1 1 0 1 1 1 38 2 1 0 1 0 0

10 1 1 1 1 1 1 39 2 1 1 1 0 0

11 1 1 2 1 1 1 40 2 1 2 1 0 0

12 2 0 0 2 0 1 41 0 1 0 1 0 0

13 0 0 0 1 0 3 42 0 1 1 1 0 0

14 0 0 0 2 0 1 43 0 1 2 1 0 0

15 0 1 0 1 1 1 44 0 2 0 0 1 0

16 0 1 1 1 1 1 45 0 2 1 0 1 0

17 1 0 0 2 0 1 46 1 1 0 1 0 0

18 0 0 0 1 1 1 47 1 1 1 1 0 0

19 0 0 1 1 1 1 48 1 1 2 1 0 0

20 1 0 1 1 0 2 49 0 0 1 0 1 2

21 1 0 2 1 0 1 50 0 0 1 0 2 0

22 1 0 2 1 1 0 51 0 1 1 0 1 2

23 2 0 1 2 0 0 52 0 1 1 0 2 0

24 0 0 1 1 0 2 53 0 1 2 0 1 1

25 0 0 1 2 0 0 54 0 2 1 0 2 0

26 1 0 1 2 0 0 55 0 1 2 1 1 0

27 1 0 0 0 1 0 56 0 0 2 0 1 0

28 1 0 1 0 1 0 57 0 0 2 1 0 0

29 1 0 2 0 1 0
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Example2. Let us consider the motion of an ideal liquid governed by the

following system of equations




ρ(ut + uux + vuy) = −px,

ρ(vt + uvx + vvy) = −py,

ρt + ρxu + ρyv + ρ(ux + vy) = 0,

ρ(pt + upx + vpy)− χp(ρt + uρx + vρy) = 0.

(20)

The system (20) is obtained from system (14) when flows are considered plane(
∂
∂z

, w = 0
)

and entropy is not constant.

Putting the new variables ξ, η, t in system (20), we get the following system

of equations





ρ(ut(xξyη − xηyξ) + uξ(xηyt − yηxt) + uη(yξxt − ytxξ)+

u(uξyη − uηyξ) + v(uηxξ − uξxη)) = pηyξ − pξyη,

ρ(vt(xξyη − xηyξ) + vξ(xηyt − yηxt) + vη(yξxt − ytxξ)+

u(vξyη − vηyξ) + v(vηxξ − vξxη)) = pξxη − pηxξ,

ρt(xξyη − xηyξ) + ρξ(xηyt − xtyη) + ρη(xtyξ − xξyt)+

u(ρξyη − ρηyξ) + v(xξρη − xηρξ) + ρ(uξyη−
uηyξ + xξvη − xηvξ) = 0,

ρ(pt(xξyη − xηyξ) + pξ(xηyt − xtyη) + pη(xtyξ − xξyt)+

u(pξyη − pηyξ) + v(xξpη − xηpξ))− χp(ρt(xξyη − xηyξ)+

ρξ(xηyt − xtyη) + ρη(xtyξ − xξyt) + u(ρξyη − ρηyξ)+

v(xξρη − xηρξ)) = 0.

(21)

The solution of system (21) is found in form

x(ξ, η, t) =
γ∑

k=0

xk(ξ, t)ηk, y(ξ, η, t) =
ω∑

k=0

yk(ξ, t)ηk,

u(ξ, η, t) =
α∑

k=0

uk(ξ, t)ηk, v(ξ, η, t) =
β∑

k=0

vk(ξ, t)ηk,

p(ξ, η, t) =
θ∑

k=0

pk(ξ, t)ηk, ρ(ξ, η, t) =
λ∑

k=0

ρk(ξ, t)ηk.

(22)

Having substituted (22) in system (21), we find the degrees of polynomials,

occurring in each equation. The first equation contains polynomials of degrees

J1 = γ+ω+α+λ−1, J2 = ω+2α+λ−1, J3 = λ+γ+α+β−1, J4 = ω+θ−1.
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The second equation contains polynomials of degrees

J5 = γ+ω+β+λ−1, J6 = ω+α+β+λ−1, J7 = λ+γ+2β−1, J8 = γ+θ−1.

The third equation contains polynomials of degrees

J9 = γ + ω + λ− 1, J10 = ω + α + λ− 1, J11 = λ + γ + β − 1.

The forth equation contains polynomials of degrees

J12 = γ + ω + θ + λ− 1, J13 = ω + α + θ + λ− 1, J14 = λ + γ + β + θ − 1.

Let us use the maximum degrees of polynomials, occurring in equations

I1 = max(J1, J2, J3, J4), I2 = max(J5, J6, J7, J8),

I3 = max(J9, J10, J11), I4 = max(J12, J13, J14).

The number of unknown functions is s = γ +ω+α+β +θ+λ+6, the number

of equations is r = I1 + I2 + I3 + I4 + 4, a degree of sub-definite in j = s− 1.

Below we give the table of acceptable values of parameters γ, ω, α, β, θ, λ,

obtained as a result of calculations by means of the program described above

(Table2).
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Table2. Acceptable values for system (20)

Num. γ ω α β θ λ j Num. γ ω α β θ λ j

1 0 1 0 0 0 0 3 19 1 0 1 0 0 0 3

2 0 1 0 0 0 1 0 20 1 0 1 0 0 1 0

3 0 1 0 0 1 0 2 21 1 0 1 0 1 0 2

4 0 1 0 0 1 1 0 22 1 0 1 0 1 1 0

5 0 1 0 0 2 0 0 23 1 0 1 0 2 0 1

6 0 1 0 1 0 0 3 24 1 1 0 0 0 0 0

7 0 1 0 1 0 1 0 25 1 1 0 0 1 0 0

8 0 1 0 1 1 0 2 26 1 1 0 1 0 0 0

9 0 1 0 1 1 1 0 27 1 1 0 1 1 0 0

10 0 1 0 1 2 0 1 28 1 1 1 0 0 0 0

11 0 2 0 0 0 0 0 29 1 1 1 0 1 0 0

12 0 2 0 1 0 0 0 30 1 1 1 1 0 0 0

13 0 2 0 2 0 0 0 31 1 1 1 1 1 0 0

14 1 0 0 0 0 0 3 32 1 1 1 1 2 0 0

15 1 0 0 0 0 1 0 33 2 0 0 0 0 0 0

16 1 0 0 0 1 0 2 34 2 0 1 0 0 0 0

17 1 0 0 0 1 1 0 35 2 0 2 0 0 0 0

18 1 0 0 0 2 0 0

As an example we consider the particular case: λ = α = 1, γ = β = ω =

θ = 0 , degree of sub-definite j = 3. Then the solution is





x = x0(ξ, t) + x1(ξ, t)η, y = y(ξ, t),

u = u0(ξ, t) + u1(ξ, t)η, v = v(ξ, t),

p = p(ξ, t), ρ = ρ(ξ, t),

from which we get

{
u = u0(y, t) + u1(y, t)x, v = v(y, t),

p = p(y, t), ρ = ρ(y, t).
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Substituting in (20), grouping summands at degrees of x and equating total

coefficients to 0, we get system (consider that ρ 6= 0)




u1t + u2
1 + vu1y = 0, u0t + u0u1 + vu0y = 0,

ρ(vt + vvy) = −py, ρt + ρyv + ρ(u1 + vy) = 0,

ρ(pt + vpy)− χ(ρt + vρy) = 0.

(23)

Let us notice that the solution of system (23) can be found in form

u0 = u0(δ), u1 = u1(δ), v = v(δ), ρ = ρ(δ), p = p(δ),

where δ = y + ct, c is an arbitrary constant. Then we get the system of five

ordinary differential equations for five functions, dependent on δ.

Notation1. Similarly we obtained full classifications of solutions in form

(10) for the following systems.

1. Suppose that the fluid is incompressible (ρ = const). Then in (14) the

energy equation is canceled. Then for plane flows we have system of equations

ut + uux + vuy = −1
ρpx, vt + uvx + vvy = −1

ρpy, ux + vy = 0. (24)

2. Suppose that there is χ = 2 in system (15), then we obtain

{
ut + uux + vuy = −2cρx, vt + uvx + vvy = −2cρy,

ρt + uρx + ρux + vρy + ρvy = 0.
(25)

3. Suppose that there is χ = 1 and z = lnρ in system (15), then we get

system of equations
{

ut + uux + vuy = −czx, vt + uvx + vvy = −czy,

zt + uzx + vzy + ux + vy = 0.
(26)

4. Non-stationary transonic flows of gas are described in the first approxi-

mation by the asymptotic system of equations

{
ut + uux − vy = 0, uy − vx = 0. (27)

5. For stationary transonic flows of gas we consider the system

{
uux − vy = 0, uy − vx = 0. (28)
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Notation 2. Two-parameter method can be used to obtain the exact

linearization of equation systems. For example, in the parametric form, the

system (28) is [8]
{

u(uξyη − uηyξ)− (vηxξ − vξxη) = 0,

uηxξ − uξxη − (vξyη − vηyξ) = 0.
(29)

Substituting u = ξ, v = η in system (29), we get
{

ξyη − xξ = 0,

−xη + yξ = 0,

that is in a plane (u, v) = (ξ, η) the nonlinear system (28) becomes a linear

system in the functions x(u, v), y(u, v). Let us notice, that system (28) is a

particular case of the quasi-linear system
{

f1(u, v)ux + f2(u, v)uy + f3(u, v)vx + f4(u, v)vy = 0,

g1(u, v)ux + g2(u, v)uy + g3(u, v)vx + g4(u, v)vy = 0,

which becomes linear after passing to the variables ξ, η and choosing u = ξ,

v = η {
f1(ξ, η)yη − f2(ξ, η)xη − f3(ξ, η)yξ + f4(ξ, η)xξ = 0,

g1(ξ, η)yη − g2(ξ, η)xη − g3(ξ, η)yξ + g4(ξ, η)xξ = 0.

Notation 3. Parametric method is useful for construction of solutions such

as “simple waves”.

As an example consider the solution of system (16) in the form of a simple

wave {
u = u(ξ), v = v(ξ), w = w(ξ),

x = x0(ξ) + x1(ξ)y + x2(ξ)t, y = η.

Substituting it in (17), then assuming that u(ξ) = ξ and, considering that

w(ξ) 6= const, we get




x1 = −v′(ξ),

x2(ξ) = ξ + v(ξ)v′(ξ)− ζw′(ξ),

w(ξ)(1 + (v′(ξ))2)− µζ(w′(ξ))2.

Two functions w(ξ) and v(ξ) are found from one equation, therefore any of

these functions is arbitrary. The function x0(ξ) is arbitrary too. Thus, the

solution is obtained, and it depends on two arbitrary functions.
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Let us find the solution in form of a simple wave for system (28)

u = ξ, v = v(ξ), y = η, x = x0(ξ) + x1(ξ)η.

Substituting this solution in (29), we get the system
{

ξ + v′(ξ)x1(ξ) = 0,

−x1(ξ)− v′(ξ) = 0,

from which we obtain {
v(ξ) = ±2

3ξ
3
2 + c,

x1(ξ) = ∓ξ
1
2 .

(30)

Then we get the following solution of (29)

u = ξ, v = ±2
3
ξ

3
2 + c, y = η, x = x0(ξ)∓ ξ

1
2 y, (31)

where x0(ξ) is an arbitrary function.

Consider parametric solutions of equations of transonic gas flows and their

application.

The unsteady transonic flows of an ideal gas in the asymptotic approxima-

tion are described by system of equations

2uτ + uux − vy − wz = 0, uy = vx, uz = wx, vz = wy. (32)

Here u, v, w are projections of velocity vector on the axes of a rectangular co-

ordinate system x, y, z ; τ is the time. For velocity potential we have equation

2ϕxτ + ϕxϕxx − ϕyy − ϕzz = 0. (33)

For plane flows the equation (33) is

2ϕxτ + ϕxϕxx − ϕyy = 0,

and for axisymmetric flows it reads

2ϕxτ + ϕxϕxx − ϕyy −
1
y
ϕy = 0.

By differentiating the equation (33) by x, we get an equation for u = ϕx.

Some solutions of system (32) and equation (33) have been considered in [1-

4]. The solution of equation (33), describing flow in Laval nozzles with local
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Fig. 1. The integral curves. a) for λ1, λ2 different but of the same sign; b) for λ1, λ2 of

opposite signs

supersonic zones [5-7] (here and further on we consider a nozzle with two

transversely-spaced planes of symmetry), is

u = U(ξ, τ) + a1(τ)y2 + a2(τ)z2, x = m(τ)ξ + n(τ) + c1(τ)y2 + c2(τ)z2. (34)

The equations for U(ξ, τ) are easily written. The primary purpose is to

study the local supersonic zones (LSZ) during time. Therefore we consider

just plane and axisymmetric flows. Generalization of results, obtained below,

on a three-dimensional case (34) is an easy task.

System (32) admits the following solution

u = τn−1u∗(x∗, y∗, t) + 2λ′(τ), v = τ
3
2
(n−1)v∗(x∗, y∗, t) + 4λ′′(τ)

ω + 1 y,

x∗ = x− λ(τ)
τn , y∗ = yτ−

1
2
(n+1), t = ln(τ).

(35)

The solutions of u∗, v∗ are found in the form (34)

u∗ = mU(ξ, t) + 2c(2c− 1)y2∗, x∗ = mξ + cy2∗,

v∗ = 2cm[2(2c− 1)ξ − U(ξ, t)]y∗ + 8c(c− 1)(2c− 1)
ω + 3 y3∗.

(36)

Here m, c, n are arbitrary constants, λ(τ) is an arbitrary function, ω = 0 for

plane flows and ω = 1 for axisymmetric flows. For function U(ξ, t) we get the

equation

2Ut + (U − 2nξ)Uξ + 2[n− 1 + (ω + 1)c]U − 4c(2c− 1)(ω + 1)ξ = 0. (37)

First consider self-similar solutions (that is Ut = 0 ). Then U satisfies an

ordinary differential equation, which contains two arbitrary parameters c and
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n. In this case the behavior of integral curves depends on values of quantities

λ1, λ2

λ1,2 = q1,2−2n, q1,2 = 1− (ω+1)c∓ [1− (ω+1)c(6−8c)+(ω+1)2c2]
1
2 . (38)

If λ1, λ2 are different but have the same sign, at the origin of coordinates

of plane (U, ξ) we have a critical point, namely a node, (fig.1, a), if λ1, λ2

have opposite signs we have a saddle (fig.1, b); if λ1 = λ2 6= 0 , we have

a degenerate node; if one of quantities λk (or both) is equal to zero, the

solution on plane (U, ξ) is shown by parallel lines. Notice that curves U =

U(ξ, t) give distribution of velocity (pressure) u = u(x, t) on axis y = 0. The

solutions, shown by straight lines through a critical point (dotted straight lines

correspond to them), is

U = q1ξ, U = q2ξ. (39)

In the plane case (ω = 0) q1 = 2(1− 2c), q2 = 2c.

In the case of a node the curves concern in a critical point of a straight line

U = q1ξ, if |λ1| < |λ2|, and a straight line U = q2ξ, if |λ1| > |λ2|. In case of

when λ1 6= λ2, the solution of the equation (37) is written in form

(U − q1ξ)−λ1(U − q2ξ)−λ2 = A = const, (40)

or in parameter form

U =
q2

q2 − q1
η + q1Bηχ, ξ =

1
q2 − q1

η + Bηχ, χ =
λ1

λ2
. (41)

For λ1 = λ2 = λ0 (q1 = q2 = q) the solution is easily written as

U =
q

λ0
η · ln(η) + η(1 + qB), ξ =

1
λ0

η · ln(η) + Bη. (42)

In formulae (40)-(42) A and B are arbitrary constants. The equation of

sonic line for (36) in parametric form y = y(ξ, τ), x = x(ξ, τ) at c 6= 1
2 , c 6= 0

is

y2 =
mτ (n+1)

2c(1− 2c)
U(ξ, t)− τ2λ′(τ)

c(2c− 1)
, x = mξτn +

c

τ
y2 + λ(τ). (43)

In case of c = 0 or c = 1
2 a sonic line is ξ = ξ0(τ). In what follows we

consider a plane case ω = 0 (in axisymmetric case the analysis is carried out
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similarly) and suppose that λ′(τ) = 0 . Then for (36) the equation of sonic

line is

y2 = mτ (n+1)

2c(1− 2c)

[
c

3c− 1η + 2(1− 2c)Bηχ
]

= mτ (n+1)

2c(1− 2c)U(η),

x = mτn +
[

1− c
2(3c− 1)(1− 2c)η + 2Bηλ

]
, χ = 1− 2c− n

c− n .
(44)

Consider m = 1 > 0 (at m < 0 the reasoning is carried out similarly). From

the first formula (44) it is obvious, that the sonic line can be constructed for

0 < c < 1
2 , when U > 0, and for c < 0 or c > 1

2 , when U < 0. Analyzing

the behavior of integral curves on fig.1 and considering the first formula (36),

we conclude that the curves AA and C1OC2, represented on fig.1,b for c < 0

or c > 1
2 , can describe the flows with LSZ in Laval nozzle. The formulae

(44) show us how LSZ changes in time. Since in transonic approximation the

equations of nuzzle walls (they are easily constructed in parametric form) is

y = y0 + εf(x, τ),
∂f

∂x
= v(y0, x, τ), y0 = const, ε << 1, (45)

we see from (44), that for n > −1 LSZ, borrowing a part of nozzle throat at

the initial moment, during the time disappear, and the flow becomes subsonic

everywhere, that is the solutions for n > −1 describe flows with disappearing

LSZ. As an example, on fig.2,a the qualitative picture of this flow is shown

(for n = 2, c = −3, B > 0). On the contrary, for n < −1, the development of

LSZ is observed (the example is on fig.2,b, n = −3
2, c = 4, B < 0). Similarly,

from the second formula (44) it is obvious that for n > 0, LSZ expands, for

n < 0 it is narrowed as time is increased.

a) Flows with disappearing LSZ b) Flows with no disappearing LSZ

Fig. 2. The development of LSZ.

Let us notice, that in all formulae it is possible to replace τ by (τ + τ0),

0 ≤ τ < ∞, τ0 > 0. For λ′(τ) = 0, according to (44), flows with LSZ, closing



Some classes of solutions of gas dynamic equations 259

on nozzle axis for τ → ∞ for n < −1 take place. If λ′(τ) 6= 0, at the same

values of c
(
c < 0, c > 1

2

)
LSZ is closed on the nozzle axis for τ = τ1, and

then the supersonic zone occupies the whole segment of an axis (or with the

increase of time there is a return process). Such LSZ are easy to construct

under formulae (43),(44). Let us notice that solutions, which are given by

curves, having closed parts U > 0 on axis y = 0, can describe flows with

LSZ about profile (fig.3). The solutions, having such parts, are given, for

example, by curves BOB (fig.1, a), and also by curves AA,C1OC2 (fig.1, b),

for λ′(τ) > 0.

Fig. 3. The flow about profile

However, from the first formula (44) it follows that for such flows 0 <

c < 1
2. But for such values c for the flows this type the solution is faulty

(zones of ambiguity and zones of non-existence of solution). In fig. 3 we

show the qualitative picture of flow about profile for c = 1
4, n = 5

8, B > 0,

y0 = 3.35. The integral curve BB1C on fig.1,a corresponds to this solution

(ξC ≤ ξK , U ′(ξK) = ∞). Flow behind ξ = ξC can not be constructed in a class

of solutions (36). Apparently, this solution can be continued behind ξ = ξC ,

using more general than (36), (40) solution, admissible for system (32), in the

following form

u∗ = U0(ξ) + U2(ξ)y2
∗, x∗ = X0(ξ) + X2(ξ)y2

∗, v∗ = V1(ξ)y∗ + V3(ξ)y3
∗. (46)

Consider now the solution (36) in the general case U = U(ξ, t) . For equation

(37), using (41), the first two integrals are easily obtained. Then the general

solution for λ1 6= λ2 is written in form

F

[
(U − q1ξ)−λ1(U − q2ξ)λ2 , (U − q1ξ)exp

(
−1

2
λ2t

)]
= 0. (47)

Here F is an arbitrary function of two arguments. Having written the solu-

tion (47) in form solved relative to the second argument, we get the solution
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in the form t = t(U, ξ) . Let us notice, that in the function t(U, ξ) the equation

(37) is linear. In parametric form the solution (47) is written in the form (41),

where B is an arbitrary function of variable η · exp
(
−1

2λ2t
)
.

If λ1 = λ2 = λ0(q1 = q2 = q), the general solution of equation (37) is

F

[
ln(U − qξ)− λ0ξ

U − qξ
, (U − qξ)exp

(
−1

2
λ0t

)]
= 0. (48)

In parametric form the solution is given by formulae (42), where

B
(
η · exp

(
−λ0t

2

))
is an arbitrary function.
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Abstract The work deals with setting a correspondence between the main directions,

main curvatures and theorema egregium of a surface with imaginary units, coef-

ficients and discriminants of quadratic form, Beltrami equations system. Their

applications in describing birth and uptake operators of bosons and fermions

are investigated. In transonic gas dynamics it is established the connection

between the Mach number and the imaginary units. Pseudoquaternions’ ma-

trix representation is investigated. New representation of Beltrami equations

system solutions enable us to show that the Riemann theorem on mappings

is valid on hyperbolical planes. The issue on the Poincaré’s problem solution

variant is studied too.
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1. INTRODUCTION

The traditional representation of complex numbers is not adequate for the

following reasons:

1) according to the Lagrange theorem, the direct sum of a quadratic func-

tional in one-dimensional spaces reads |z|2 = x2−y2 instead of |z|2 = x2+y2.

Consequently, there is at least one representation of complex numbers satisfy-

ing the Lagrange theorem [1];

2) the ellipticity of a point is connected with the theorema egregium, main

surface curvatures. In the representation z = x + iy, x, y are the projec-

tions of z on the corresponding coordinate axis. The imaginary unit i is

261
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connected with the theorema egregium, demonstrated further. An essential

question arises: if the complex numbers represent the points of the surface

of elliptic type, then what kind of numbers express the points of the surfaces

of hyperbolic and parabolic types? Thus, an essential problem arises of de-

ducing these numbers from equations system of elliptic type, i.e. from the

Cauchy-Riemann and Beltrami equations system.

In order to do this, one must represent these equations in the operator form

[2]. Factorization of the quadratic form is an example of the necessity of these

numbers. These circumstances make us research the new representation of

these numbers. Besides, in the following it is demonstrated that by means

of these numbers the commutation relations for the birth and uptake opera-

tors of bosons can be deduced. In this respect, a fragment from the article

of Dirac ”Quantum electrodynamics” [3] is illuminating. ”We discovered the

mathematical description of electromagnetic field in the terms of decreasing

and increasing of field components’ excitation level by one quant. These op-

erators might also be described as emission and uptake operators of a boson.

All η are the birth operators which increase the excitation level by a unit,

and all η represent the uptake operators which decrease the excitation level

by a unit: η, η are the birth and uptake operators correspondingly. There

are a pair of variables ηa and ηa for all boson states. Commutation relations

for them include the following: 1) variables, corresponding to different boson

states commute each other, i.e. commute all birth operators

ηaηb − ηbηa = 0, (1)

and all uptake operators

ηaηb − ηbηa = 0; (2)

2) the expression ηaηb− ηbηa converts to zero when a and b are different

and equal to zero when a is equal to b

ηaηb − ηbηa = δab, (3)

where δab – Kronecker’s symbol.
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If we deal with the electromagnetic field or any boson ensemble, we need the

variables η and η for the description of quantum mechanical system which

satisfy the abovestated commutation relations.

It is also possible to introduce the operators η and η for fermions which

describe birth and uptake of the fermions as it was with bosons. Now any

separate operator η and η correspond to the fermion state. Consequently,

the operators η and η satisfy commutation relations which are different from

the bosons’ commutation relations

ηaηb + ηbηa = 0, (4)

ηaηb + ηbηa = 0, (5)

ηaηb + ηbηa = δab. (6)

The equations (4)–(6) are the same to (1)–(3) correspondingly, only the

sign minus is replaced with the sign plus. I consider it to be a very amazing

mathematical fact. It is not certain what is hidden behind in fact, because we

deal with two completely different physical situations. The equations (1)–(3)

belong to particles, any number of which may be of any state. The equations

(4)–(6) belong to the particles two of which can never be of the same state.

Physically these two situations strongly differ, however, despite it, there is a

close parallel between the equations corresponding to them”.

2. BELTRAMI EQUATIONS

The following lemma is famous from algebra [1]: any commutative algebra

with dividing possesses dimensionality of no more than 2. Thus, this lemma

is one of the main reasons for the inapplicability of commutation relations

in quantum mechanics while algebra with dividing is used. Consequently,

the birth and uptake of bosons take place in a two-dimensional space, while

fermions in a space of higher dimension.

If on the two-dimensional Riemann manifold V2 the element of arc length

is defined as

ds2 = γdx2 − 2βdxdy + ady2, αγ − β2 = 1, (7)
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where x, y are curvilinear coordinates and γ, β, α are functions of variables,

then there are the functions u = u(x, y), v = v(x, y) which map any neigh-

borhood of the point onto the domain of the Euclidean plane in such a way

that

γdx2 − 2βdxdy + αdy2 = σ(u, v)(du2 + dv2),

where σ(u, v) = ∂(x,y)
∂(u,v) > 0 is the Jacobian mapping. In this case, the func-

tions satisfy Beltrami equations system taking into consideration the surface

curvature

ux = βvx + γvy, −uy = αvx + γvy, αγ − β2 = 1.

Further we consider smooth surfaces of more general form with the quadratic

form (7) but without the ellipticity condition αγ − β2 = 1. Consequently,

the quadratic form of the surface (7) is indefinite.

Remind the Euler theorem. In each point of smooth surface there exist two

perpendicular tangents l1, l2 in the direction of which a normal surface cur-

vature assumes its maximal and minimal values k1, k2. If l is an arbitrary

tangent forming the angle θ with the line l1, then the normal curvature in the

direction of l is kn = k1 cos2 θ + k2 sin2 θ.

Let K = k1k2 be the theorem egregium of the surface. Let’s consider the

Beltrami first order partial differential equations system of mixed type on the

surface [4]

βux + γuy = −(k1k2)vx = −Kvx, βvx + γvy = uy. (8)

This system is equivalent to the following system of operator equations



β γ

−β2−K
γ −β







ux +
√−Kvx

uy +
√−Kvy


 =

√
−K




ux +
√−Kvx

uy +
√−Kvy


 . (9)

Let us introduce the following imaginary units
−→
ie ,
−→
ih and

−→
ip .

i) Obviously, αγ − β2 = K = −|K|i2e, where
−→
ie (i2e = −1) is the elliptic

imaginary unit, where ie 6=
√−1 if K > 0, i.e. if the surface is of elliptic

type;
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ii) αγ − β2 = K = −Ki2h, where
−→
ih , (i2h = 1) is the hyperbolic imaginary

unit, where ih = ±1 if K < 0, i.e. if the surface is of hyperbolic type;

iii) αγ − β2 = K = −Ki2p where
−→
ip , (i2p = 0) is the hyperbolic imaginary

unit, where ip 6= 0 if K = 0, i.e. if the surface is of parabolic type.

Generalizing the Lavrentev characteristic method for the mixed Beltrami

equations system (equations system on smooth surfaces) we obtain

γ = k1 cos2 θ + k2 sin2 θ, β = (k1 − k2) cos θ sin θ, α = k1 sin2 θθ + k2 cos2 θ,

whence αγ − β2 = k1k2 = K.

This allows one to make a geometrical interpretation of the coefficients of

the system (7) and directions of coordinate axes (x, y). Thus, it is easy to

establish the dependence of k1, k2 and θ on the coefficients of the system (8)

tan θ =
2β

γ − α
, k1,2 =

γ + α±
√

(γ − α)2 + 4β2

2
. (10)

As the main curvatures as well as the theorem egregium of the surface are

geometric objects, they do not depend on the introduced by us coordinates.

Let us introduce the hyperbolic system of coordinates. Supposing

γ = k1 cosh2 ϑ+k2 sinh2 ϑ, β = (k1+k2) cosh ϑ sinhϑ, α = k1 sinh2 ϑ+k2 cosh2 ϑ,

(11)

we shall receive αγ − β2 = k1k2. The expressions of k1, k2 and ϑ in terms of

α, β, γ read

tanh 2ϑ =
2β

α + γ
, k1,2 =

γ − α±
√

(γ + α)2 − 4β2

2
. (12)

Consequently the Beltrami equations system of elliptical type arises when

we reduce first quadratic form of the surface to the canonical form while the

mixed Beltrami equations system arises when the equation of Dupin’s indica-

trixes are reduced to the canonical form.

The analogue of the Euler’s formula, valid for hyperbolic trigonometric func-

tions reads eihϑ = coshϑ + ih sinhϑ. All famous interrelations of hyperbolical

trigonometry can be studied by using this formula. Thus, we obtain the result
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Theorem. Riemannian metrics of a surface which satisfies the mixed Bel-

trami equations system defines main directions and main curvatures of the

surface uniquely.

Thus, the homeomorphism of Beltrami equations system forms a network of

curves on the surface, i.e. the system of two families of curves, called surface

curvature lines, each of which covers the surface pieces completely.

3. APPLICATION TO GAS DYNAMICS

Let us apply of the representations (2) and (10).

Let u − iev = qeiϑ be the complex potential of a flow. The equation of

transonic gas dynamics reads




θx = −µ2

q sin θ cos θqx + 1
q (1− µ2 sin2 θ)qy ≡ βqx + γqy,

θy = 1
q (1− µ2 cos2 θ)qx − µ2

q sin θ cos θqy ≡ αqx + βqy,
(13)

where µ is the Mach number. Obviously, αγ − β2 = 1−µ2

q2 . Putting in (10)

the coefficients from (13) we obtain: i) θ, which act in (13), are similar; ii)

α + γ = 1
q (2− µ2), α− γ = µ2

q cos 2θ; iii) k1 = 1
q , k2 = 1−µ2

q ;

iiii) k1k2 = 1−µ2

q2 = K, whence it is clear that:

i) if the flow is subsonic, i.e. µ < 1, then K > 0 therefore the stream

surface is of elliptical type;

ii) if the flow is transonic, i.e. µ = 1, then K = 0 therefore the stream

surface is of parabolic type;

iii) if the flow is supersonic, i.e. µ > 1, then K < 0, therefore the stream

surface is of hyperbolical type.

It is essential that mixed Beltrami equations system allows us to compute

uniquely: i) values of main curvatures; ii) theorema egregium; iii) to define

uniquely main directions of the surface flow in terms of the characteristics of

the complex potential flow.
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4. PSEUDOQUATERNIONS MATRIX

REPRESENTATION

The following matrices will be put in correspondence to the quaternions




~ie →




β γ

−β2+1
γ −β


 = Ae,

~je → ie




β γ

−β2−1
γ −β


 = Be,

~ke → ie




1 0

−2β
γ −1


 = Ce,

(14)

The following matrices will be put in correspondence to the pseudoquater-

nions





~ik → ie




β γ

β2+1
γ −β


 = Ah,

~jk → ih




β γ

−β2−1
γ −β


 = Bh,

~kh → ieih




1 0

−2β
γ −1


 = Ch,

(15)

Direct computations lead to the following properties of the matrices (14)

A2
e = −E, B2

e = −E, C2
e = −E, AeBe + BeAe = 0,

BeCe + CeBe = 0, CeAe + AeCe = 0.

Correspondingly, we have

~ie~ie = ~ie
2

= −1, ~je
~je = ~je

2
= 1, ~ke

~ke = ~ke
2

= −1,

~ie~je + ~je
~ie = 0, ~je

~ke + ~je
~ke = 0, ~ke

~ie + ~ie ~ke = 0.

The commutation properties of the matrices are defined exactly (15)

A2
h = E, B2

h = E, C2
h = E, AhBh −BhAh = 0,
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BhCh − ChBh = 0, ChAh −AhCh = 0.

Correspondingly, we have

~ih~ih = ~ih
2

= 1, ~jh
~jh = ~jh

2
= 1, ~kh

~kh = ~kh
2

= 1,

~ih ~jh − ~jh
~ih = 0, ~jh

~kh − ~jh
~kh = 0, ~kh

~ih − ~ih ~kh = 0. (16)

Now we introduce the operators conjugate to the mentioned operators as

the operators corresponding to the conjugate Beltrami equations system.

Āe = −Ae, B̄e = −Be, C̄e = −Ce, Āh = −Ah, B̄h = −Bh, C̄h = −Ch.

Obviously, all operators with the index e satisfy (4), (5) and are considered as

the birth and uptake operators of fermions, while all operators with the index

h satisfy the relations (1), (2) and are considered as the birth and uptake

operators of bosons. At the same time, these operators are the permutation

operators of fermions and bosons respectively. Therefore, the relations (3) and

(6) are replaced by squaring the operators with the indexes e, h.

5. THE POINCARÉ PROBLEM AND THE

RIEMANN THEOREM

These results allow us to solve the Poincaré problem (conjecture) by using

the Seifert fibration [6]. The domain D serves as the fibration base on the

manifold, while all bounded domains which are the images of D through

quasi-conformal mappings corresponding to the elliptical type of Beltrami

equations system serve as the fibration space. Jacobians (consequently, theo-

rema egregium of M) of these mappings define the fibration layers. The group

of the conformal mappings serve as the structural group of layer transforma-

tions. Torus-torus in the fibration of Seifert arise as a sequence of the action of

the operator B, while the Klein full bottle is the sequence of the action of the

operator A. Torus-torus and the Klein full bottle arise because the elements of

the considered by us operators-matrices are functions, namely the coefficients

of the Beltrami equations system defined in D. The direct product S1 × D

where S1 is the one-dimensional sphere, serves as the trivial puff torus while

the puff Klein bottle is the direct sum in the representation of the Beltrami
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equations system [4]

w = u + iev + ih(p− ieq) = W+ ⊕W−, (17)

which is covered twice by the trivial torus-torus. With the renormalization of

(17) one can obtain the direct sum for the representation of the puff torus-

torus w = u + ihp + ie(v + ihq), which is finite-to-one covered by the trivial

torus-torus.

By the Dupin theorem [7], the surfaces of triple orthogonal system are

always pairwise intersected by the curvature lines. The curvature lines are

considered as integral curves of the equations

dx = 0, dy = 0, γdx− βdy = 0.

Then, u = M(γdx − βdy), v = Ndy, dϕ = Ndx, where M = M(y) is the

integration multiplier [8] of the forms ψ1 = γdx− βdy, ψ2 = dy, ψ3 = dx.

Then, M2
[
(ψ1)2 + (ψ2)2 + (ψ3)2

]
= du2 + dv2 + dψ2, that is, the conformal

mapping by the Gauss in a three-dimensional Euclidean space. Consequently,

two arbitrary surfaces which possess the representation (17) must have com-

mon curvature lines. The following surface family serves as the mentioned

triple of surface families

ω1 = Xie +Y jh +Ziejh, ω2 = Xih +Y ieih +Zie, ω3 = Xieih +Y ie +Zih.

Obviously, ω2
1 + ω2

2 + ω2
3 = X2 + Y 2 + Z2 and X = X(x, y), Y =

Y (x, y), Z = Z(x, y), where (x, y) ∈ D.

From (2) - (11) and (17) on may conclude that the substitution of the imagi-

nary unit ie by the unit ih in the Beltrami equations system gives us the system

of a hyperbolic type. Here, the bounded domains D and ∆, between which

the mappings corresponding to the Beltrami equations system of elliptic type

are considered as the geometrical objects in affine spaces, remain unchanged.

In the same way, it can be proved the Riemann theorem on mappings for the

hyperbolic Beltrami equations system.
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Abstract The constant of ion exchange (IE) equilibrium and the total exchange capacity

of an ionit are important characteristics of ion exchange process [1-3].

For their determination the (IE) equations, which correspond to one or

another of their adsorption isotherm, are used. Knowing these values one

describes the ion exchange equilibrium in double or triple ions system, i.e. cal-

culates the equilibrium relation of ions quantity in solid to this one in solution.

The most widely used equation of (IE) isotherm was obtained by P. Nikolsky

X
1/z1
1

X
1/z2
2

= k1,2 · a
1/z1
1

a
1/z2
2

, (1)

where

X1,2 – the quantity of absorbed ions;

z1,2 – the charge of the same ions;

k1,2 – the exchange ions constant of these;

a1,2 – the activities of ions in equilibrium solution.

In this work the (IE) equilibrium of ions of Ca and Fe on the cation-exchange

U – 2.8 and C 100 in H – form has been studied.

Keywords: mathematical models for chemical reactions.

2000 MSC: 80A50 .

At the ionit introduction into the solution at some time the equilibrium

settles that characterizes by the certain distribution of cations between the

cationit and the solution.

271
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The quantitative dependence of the exchange degree on the ions concentra-

tion in the solution is expressed by the law of acting masses.

For the exchange of bivalent Ca and Fe in the solution (Me2+) to univalent

hydrogen ions (H+) of the cationit we can write

Me2+ + 2HR ↔ MeR2 + 2H+, (2)

where Me2+ and H+ are exchanging ions; R is the insoluble anionic matrix of

the cationit.

Then the thermodynamic constant of equilibrium of this equation is

kT =
C2

H+ · CMeR2

CMe2+ · C2
HR

· f2
H+ · fMeR2

fMe2+ · f2
HR

, (3)

where C+
H , C2+

Me are the concentrations of ions in the solution; CMeR , CHR

are the concentrations of these ions in the cationit; fi are the coefficients of

activity of corresponding ions in the cationit and in the solution.

The main difficulty when using equation (3) is the determination of the

activity coefficients in the ionit phase. Often in order to solve this problem it

is assumed the ionit phase as an ideal solid solution of exchanging ions and

that ions activities are proportional to their concentration in the ionit phase.

In this case the activity coefficients in equation (3) is omitted.

On the other hand, the relation of average activity coefficients of ions in the

solution, if their concentrations are not so high (¡ 0,01 N), is close to 1. Then,

under these hypotheses, equation (3) is

kC =
C2

H+ · CMeR2

CMe2+ · C2
HR

. (4)

Thus, at the exchange of ions equal to their charge at rather low concen-

trations of initial salts the value of concentration constant (IE) kC is close to

the value of thermodynamic constant (kT ).

In general, in order to determine experimentally the equilibrium constant

(IE) one must know equilibrium concentrations of ions both in ionit phase and

in solution that is difficult to do sometimes. If the cationit in H form is used,

such a calculation becomes possible.
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Consider from this point of view the equation (4). In this equation denote

the full exchange capacity by Xm (in mg-equiv) for the corresponding mass of

the ionit (m), the initial quantity of ions in the solution by Co (in mg–equiv);

the quantity of exchanging ions (Me2+ →2H+) by X (in mg-equiv).

Then the equilibrium concentrations of ions Me2+ and H+ in the ionit phase

and in the solution (according to equation (2)) is equal to

C2+
Me = Co − X

2 ; CHR = Xm – X; CMeR2 = X
2 ; C+

H = X.

Substituting these values into equation (4) we obtain the expression for con-

stant kC

kC =
X2·X2

(Co−X
2 )·(Xm−X)2

, (5)

whence

(Xm −X)2 =
X3

kC · (2C0 −X)
, (6)

or

Xm −X =
X · √X√

kC · (2C0 −X)
. (7)

By dividing both parts of equation (7) by Xm·X we obtain

1
X − 1

Xm
= 1

Xm
√

kc

√
X

2Co−X (8)

and, finally,

1
X = 1

Xm + 1
Xm

√
kc

√
X

2Co−X . (9)

This is an equation of isotherm of ion exchange. If the initial concentrations of

ions in the solution (Co) are known and when determining experimentally the

quantity of exchanging ions (Me2+), that is equal to the quantity of evolving

hydrogen ions (X), we can calculate the total exchangeable capacity of ionit

(Xm) and the (IE) equilibrium constant (kc).

Equation (9) represents an equation with two independent variables: Xm -

the total exchangeable capacity of ionit, kc- equilibrium constant of (IE). As
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Fig. 1. Isotherms of adsorption of Ca (3, 4) and Fe (1, 2) on cationits KU-2*8H (1, 4) and

C100H (2, 3). Weight of ionit - 0,25 g, volume of solution - 200 ml, time of contact of ionit

with solution - 24 h.

any equation, it requires the determination of two parameters – X and C0.

Parameter X can be obtained from data of experimental adsorption isotherm

of Me2+ (fig. 1), and C0 - the quantity of Me2+ ions in initial solution is

assigned in advance.

In order to verify the applicability of equation (9) at the description of (IE)

equilibrium in the triple ion system Ca, Fe, H we studied the dependencies of

quantities of ions of bivalent metals Ca and Fe adsorbed by the ionits KU-2·8H

– Ca and C 100H – Fe on their equilibrium concentration in the solution. The

experiments were carried out in static conditions. The procedure of preparing

of alcohol –aqueous solutions of Ca and Fe and the carrying out of experiments,

and the calculation of values of ions adsorption are described in [4]. The

maximal concentration of Ca and Fe in mixture was about 200mg/l, and the

minimal one – 10 mg/l for each ion.

Fig. 1 shows the obtained experimental data.
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Apparently the entire experimental points well coincide with the straight

line, that testifies that the studied process of ion exchange of H ions from

cationits with Ca and Fe ions is satisfactory described by the given equation.

Table 1 is under consideration.

Table 1 Total exchangeable capacity (Xm, mg/g) of the ionits.

Xm, mg/g

Ionits KU 2*8H C100H

\
Ions

Theoretic Experimen-

tal

Deviation,

%

Theoretic Experimen-

tal

Deviation,

%

Ca2+ 53,2 58,6 9,2 35,0 35,8 2,2

Fe2+ 21,5 22,9 6,3 16,1 14,5 9,3

In Table 1 the values of total exchange capacity Xm of cationits against Ca

and Fe ions, calculated according to equation (9) and determined experimen-

tally are shown. As can be seen the difference between values Xm calculated

theoretically and those obtained experimentally does not exceed 10% what

means that the proposed equation can be used for the determination of the

total exchangeable capacity of ionits.

So, knowing the constants Xm and kC one can calculate the value of ad-

sorption of Me2+ions by the ionit KU-2*8H and C100H at any of their concen-

trations in the initial solution and find the distribution of these ions in ionit

phase and in the solution.
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