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Abstract Halley’s method is a famous iteration method for solving nonlinear equations

F (X) = 0. Some Kantorovich-like theorems have been given, including exten-

sions for general spaces. Quasi-Halley methods were proposed too. This paper

uses the generalized inverse approach in order to obtain a robust generalized

Halley method.
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1. INTRODUCTION

A famous iteration was presented by Halley [11] in 1694. A large number

of papers have been written in time and some interesting extensions were

proposed, not only for scalar case but also for multivariate case, for nonlinear

systems of equations, even for operator equations in Banach spaces. If f is a

function f : R → R and x∗ is a root of f , that is f(x∗) = 0, a common approach

for obtaining x∗ is to use the Newton iteration (also called the tangent method):

xk+1 = xk − f(xk)
f ′(xk)

, (1)

for k = 0, 1, ..., generating a sequence of iterations which converges to x∗ under

some condition. It was shown that the order of convergence for the Newton

method is 2.

The Halley’s method has a cubic order of convergence. It is known also

as the method of tangent hyperbolas. The Halley clasic iteration is given by

[6, 15, 19, 20]

xk+1 = xk − f(xk)/f ′(xk)

1− 1
2

f(xk)f ′′(xk)
f ′(xk)2

, k = 0, 1, ... (2)
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In this paper we consider the case of nonlinear systems of equations and we

extend the Halley method in order to use generalized inverse of the Jacobian

matrix. The next section is dedicated to the general basic iterative relation.

Algorithmic aspects will be discussed in the third section. The concluding

section provides remarks and future possible developments.

2. THE GENERALIZED HALLEY METHOD

Let F : Rn → Rn generate a system of n equations in n unknowns

F (x) = 0, (3)

where F is sufficiently smooth and the Jacobian F ′(x∗) is nonsingular if x∗ is

a solution of the system. Consider the Halley class of iterations for solving (1)

xk+1 = xk −
{

I +
1
2
LF (xk) [I − αLF (xk)]

−1

}
(F ′(xk))−1F (xk), k = 0, 1, 2, ...,

(4)

where LF (x) = (F ′(x))−1F ′′(x)(F ′(x))−1F (x) is the degree of logarithmic

convexity [12], and α is a real parameter.

For α = 0, the classical Chebyshev’ s method is obtained

xk+1 = xk −
{

I +
1
2
L(xk)

}
F ′(xk)−1F (x). (5)

When α = 1
2 , we obtain the classical Halley’s method. For real-valued func-

tion, the iteration is written as in (2). For α = 1 is obtained the super-Halley

method. It is easy to note that the Newton method is obtained for α → −∞.

For real valued functions, it was shown that any iterative process given by

the expression

xk+1 = xk −H(LF (xk))(F ′(xk))−1F (xk), (6)

where H is such that H(0) = 1, H ′(0) = 1/2, and |H ′′(0)| < ∞, generates a

third order convergence method [9, 19]. An interesting case appears when H

is a sum of operators as in the equation

H(L) = I +
1
2
L +

∞∑

i=2

AiL
i, (7)
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where I is the identity operator, L is the degree of convexity for some function,

and Ai(i = 2, ..., ) are real constants.

Algorithmic aspects for increasing the confidence in numerical computing

of the solution of a system of equations will be detailed in the next section

using the two-step iteration model.

3. ALGORITHMIC ASPECTS

In order to implement the computer iteration (2), let us rewrite the equa-

tion in the following way (where x0 is given as a point belonging to a small

neighborhood of x∗):

1. solve for uk: F ′(xk)uk = −F (xk);

2. solve for vk: (F ′(xk) + αF ′′(xk)uk)vk = −1
2F ′′(xk)ukuk;

3. compute xk+1 = xk + uk + vk.

In order to have a robust algorithm, without significantly decreasing of the

convergence speed, we propose to use Penrose generalized inverse of matrices.

If A is a general real matrix the pseudoinverse A† of A is defined as the

unique matrix satisfying all of the following conditions [5, 16]:

1 AA†A = A;

2 A†AA† = A†;

3 (AA†)T = AA†;

4 (A†A)T = A†A.

. The new iterative process can be described by:

1 compute uk = −(F ′(xk))†F (xk);

2 compute vk = −1
2(F ′(xk) + αF ′′(xk)uk)†F ′′(xk)ukuk;

3 compute xk+1 = xk + uk + vk, for k = 0, 1, ....

Such an approach is motivated by the requirement to increase the method

reliability while maintaining a degree of convergence greater than 2, even less

than 3, when the matrix under inversion did not have a good behaviour. The
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convergence of the method is guaranteed by theoretical results based on the

fact that (2) is an approximation to the Newton equation

F ′(xk + uk)vk = −F (xk + uk), (8)

since

F (xk + uk) ≈ F (xk) + F ′(xk)uk +
1
2
F ′′(xk)ukuk =

1
2
F ′′(xk)ukuk,

and

F ′(xk + uk) ≈ F ′(xk) + αF ′′(xk)uk.

From the computational point of view we need second-derivative-free iterations

as in the study [14]. In our case n ≥ 1, and finite difference approximations for

the Hessian are required. There are some choices when computing derivatives.

The first one consists of establishing a small step h > 0 and making differences

related to xk and xk ± h. The second one can use x0 as fixed reference point

for doing derivatives just like in the univariate case (f(xk)− f(x0))/(xk−x0).

In this case a simplified version like in [2] is used. However, a multipoint

approach can be used based on the scheme (f ′(xk) − f ′(xk−1))/(xk − xk−1)

written for the univariate function f .

Computing generalized inverse is not a difficult task. Some powerful algo-

rithms were already proposed [4, 7, 10, 13, 18] and implementation techniques

based on different numerical schemes are available.

The complexity of the generalized Halley method is larger than for the

classical iteration, but it is motivated by reliability increasing and robustness

of the procedures to be implemented in programming languages.

4. CONCLUSIONS

The Halley’s method continues to be an important subject of investiga-

tion. In our study we extend the standard iteration in order to obtain robust

algorithms based on pseudoinverse computing. There are some options for

obtaining second-derivative-free iterations, and it is possible to think about

an updating scheme for the Jacobian matrix as in the case of Broyden type

methods [1].
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Abstract Potential flows of incompressible heavy capillary floating fluid in 3-dimensional

layer of infinite depth with free upper surface are determined. Asymptotics of

periodical regimes in spatial layer with free upper boundary close to hori-

zontal plane z=0 bifurcating from the basic flow with constant velocity V in

Ox-direction are computed. Their stability is investigated. Methods of group-

invariant bifurcation theory and group analysis of differential equations are

used. Special attention is paid to cases of high-dimensional (n ≥ 4) degenera-

tion of the linearized operator.
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1. FORMULATION OF THE PROBLEM

Potential flows of incompressible heavy capillary floating fluid in a spatial

layer of infinite depth with free upper boundary are considered. The formu-

lation of these problems goes back to the works of A. I. Nekrasov [1], [2], T.

Levi-Civita [3] and D. Struik [4]. In the articles [5] - [10] spatial problems for

the layers of finite depth were investigated. In [6] - [8] group stratification,

while in [9],[10] – group analysis methods [11] in bifurcation theory problems

7



8 Artyom N. Andronov, Luiza R. Kim-Tyan, Boris V. Loginov

[12], developed in [13]-[15], used in a number of surface waves and physics of

phase transitions problems [9], [10], [13]-[15], were applied.

Periodical with periods 2π
a = a1 and 2π

b = b1 potential flows of a heavy

capillary floating deep fluid in spatial layer with free upper boundary close

to horizontal plane z = 0 are bifurcating from the basic flow with constant

velocity V in Ox-direction are considered. Velocity potential has the form

ϕ(x, y, z) = V x + Φ(x, y, z). In dimensionless variables this problem is de-

scribed by the system of differential equations

∆Φ = 0,−∞ < z < f(x, y); (1)

∂Φ
∂z

− ∂f

∂x
= (∇f,∇xyΦ) =

∂Φ
∂x

∂f

∂x
+

∂Φ
∂y

∂f

∂y
, z = f(x, y); (2)

∂Φ
∂x

+
1
2
|∇Φ|2+F 2f+

k√
1 + |∇f |2

[
F 2 + (−∇f · ∇xy +

∂

∂z
)(

∂Φ
∂x

+
1
2
|∇Φ2|)

]
−

−γF 2div(
∇f√

1 + |∇f |2
) = const, z = f(x, y), (3)

with decreasing conditions of the function Φ and its first derivatives at the

infinity. The equality (2) is a kinematic interfacial condition, while (3) de-

scribes the force balance (the Bernoulli integral), F 2 = gL
V 2 (the Froud num-

ber), γ = σ
ρgL2 (the Bond number), k = ρ0

ρL .

The system (1)–(3) is invariant to the group of the 2-dimensional shifts

Lβg(x, y) = g(x + β1, y + β2) and the reflections

S1 : x → −x,Φ(x, y, z) → −Φ(−x, y, z), f(x, y) → f(−x, y),

S2 : y → −y, Φ(x, y, z) → Φ(x,−y, z), f(x, y) → f(x,−y)

2. CONSTRUCTION OF BRANCHING SYSTEMS

The linearized system can be obtained by straightening the free upper

boundary - by performing the change of variables ζ = z − f(x, y), Φ(x, y, ζ +

f(x, y)) = u(x, y, ζ) and setting F 2 = F 2
0 + ε

∆u = 2uxζfx + 2uyζfy + uζ(fxx + fyy)− uζζ(f2
x + f2

y ) = w(0)(u, f), (4)

−∞ < ζ < 0;

uζ − fx = uxfx + uyfy − uζ(f2
x + f2

y ) = w(1)(u, f), ζ = 0; (5)
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ux + kuxζ + F 2
0 f − γF 2

0 ∆f = uζfx − εf + γε∆f − 1
2(u2

x + u2
y + u2

ζ)+

+uxuζfx + uyuζfy − γ(F 2
0 + ε)

[
3
2(f2

xfxx + f2
y fyy) + 1

2(f2
xfyy + f2

y fxx)+

+2fxfyfxy] + 1
2k(F 2

0 + ε)
(
f2

x + f2
y

)
+ k [−fyuxy − fx(uxx + uζζ)+

+uxuxζ + uyuyζ + uζuζζ + 3
2f2

xuxζ + 1
2f2

y uxζ+

+uζ(fxfxx + fyfxy − 2uxζfx − 2uyζfy)− uxy(fxuy + fyux)−
−uζζ(uxfx + uyfy)− fxuxuxx − fyuyuyy + fxfyuyζ ] = w(2)(u, f, ε), ζ = 0;

(6)

k < γF 2
0 , (the ellipticity condition of the Bernoulli integral (6)), (7)

where w(j), j = 0, 1, 2 are small nonlinearities. The system (4)–(6) can be

written as the nonlinear functional equation

BX = R(X, ε), R(0, ε) ≡ 0, Rx(0, 0) = 0,

where X = {u, f} is the bifurcation point problem with Fredholm [16] op-

erator B = Bmn : C2+α(Π0 × (−∞, 0]) + C2+α(Π0) → Cα(Π0 × (−∞, 0]) +

Cα(Π0) + Cα(Π0), 0 < α < 1, Π0 being the periodicity rectangle in (x, y)

plane. Expanding the function f(x, y) in the Fourier series
∑
m,n

(amn cosmax cosnby+bmn cosmax sinnby+cmn sinmax cosnby+dmn sinmax sinnby),

in the homogeneous equation BX = 0 we find

u(x, y, ζ) =
∑
m,n

maesmnζ

smn
(cmn cosmax cosnby + dmn cosmax sinnby−

−amn sinmax cosnby − bmn sinmax sinnby) , s2
mn = m2a2 + n2b2, F 2

mn = F 2
0 .

Then the equation (6) gives the dispersion relation (DR)

(k +
1

smn
)m2a2 = F 2

0 (1 + γs2
mn), s2

mn = m2a2 + n2b2, F 2
mn = F 2

0 (8)

(m,n are positive integers, n may be equal zero), which is satisfied for some

pairs (mj , nj), j = 1, 2, . . . , κ, such that the elements of the basis of the zero-

subspace N(B) of the linearized operator B have the form

ϕ̂1j = {−v1j(ζ) sin mjax cosnjby, v2j cosmjax cosnjby},
ϕ̂2j = {−v1j(ζ) sin mjax sinnjby, v2j cosmjax sinnjby},
ϕ̂3j = {v1j(ζ) cos mjax cosnjby, v2j sinmjax cosnjby},
ϕ̂4j = {v1j(ζ) cos mjax sinnjby, v2j sinmjax sinnjby},
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where v1j(ζ) =
mja

√
ab

πsmjnj

esmjnj ζ , v2j =

√
ab

π
.

Passing to the complex basis the branching equation (BEq) t̂(η, ε) in real

variables turns to the BEq in complex variables [8] ξ1,2 = η1 ± iη2, ξ3,4 =

η3 ± iη4

tj(ξ, ε) = (C−1t̂)j(Cξ, ε), j = 1, 4. (9)

Correspondingly

ϕ = C ′φ̂, C =
1
2




−i i −i i

1 1 −1 −1

1 1 1 1

i −i −i i




, C−1 =
1
2




i 1 1 i

−i 1 1 i

i −1 1 i

−i −1 1 −i




;

ϕ1j =
1
2
{v1j(ζ),−iv2j}ei(mjax+njby) = ϕl1j

=
1
2
{v1j(ζ),−iv2j}ei〈l1j ,q〉,

ϕ3j =
1
2
{v1j(ζ),−iv2j}ei(mjax−njby) = ϕl3j

=
1
2
{v1j(ζ),−iv2j}ei〈l3j ,q〉,

ϕ2j = ϕl2j
=

1
2
{v1j(ζ), iv2j}e−i〈l1j ,q〉, ϕ4j = ϕl4j

=
1
2
{v1j(ζ), iv2j}e−i〈l3j ,q〉,

q = (x, y), v1j(ζ) =
mja

√
ab

πsj
esjζ , v2j =

√
ab

π
, l2j = −l1j , l4j = −l3j .

The symmetry of the homogeneous system (4)–(6) operator is proved by stan-

dard methods [17]. The same methods, applied to the nonhomogeneous system

(4)–(6), result in its solvability conditions, which are used at the construction

of BEq

−
∫

Π0×(−∞,0]

w(0)urjdxdydζ+
∫

Π0

w(1)

[
urj(x, y, 0) + k

∂frj

∂x

]
dxdy+

∫

Π0

w(2)frjdxdy = 0,

r = 1, 4, j = 1 . . . κ. In the accepted numeration of basis elements of the

subspace N and corresponding vertices of the rectangle Π̃0 in reciprocal lat-

tice group action G̃1 in variables ξ of the j-th periodical lattice is expressed

by the permutations ξkj
: p1 = (1j , 2j)(3j , 4j), p2 = (1j , 3j)(2j , 4j), p3 =

(1j , 4j)(2j , 3j), while the BEq group symmetry in complex basis, by the equal-

ities

(pkt)r(ξ, ε) = tr(pkξ, ε), k = 1, 2, 3. (10)
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Actually, the transformations of vector basis elements ϕj = {uj , fj} in N(B)

at the group action G̃1 are determined by the formulae

p1ϕj = {p1uj ,−p1fj}, p2ϕj = {p2uj , p2fj}, p3ϕj = {p3uj ,−p3fj},

where p1g(x, y) = g(−x,−y), p2g(x, y) = g(x,−y), p3g(x, y) = g(−x, y). BEq

also inherits the symmetry of (4)–(6) with respect to the operation J of com-

plex conjugacy. The symmetry with respect to the 2-parameter shifts group

is inherited by the BEq as invariance with respect to the 2-parameter rotation

group Ag(β)
∼= SO(2)× SO(2)

ei(lr,β)tr(ξ, ε) = tr(. . . , ξ1j
ei(l1j

,β), . . . , ξ4j
ei(l4j

,β), . . . ; ε), r = 1, n.

Basis system of infinitesimal operators (∂ξk = ∂/∂ξk, j is the number of

symmetry lattice) corresponds to the group Ag(β)

X1 =
∑

j

mja[−ξ1j
∂ξ1j

+ ξ2j
∂ξ2j

− ξ3j
∂ξ3j

+ ξ4j
∂ξ4j

− t1j∂t1j+ (11)

+t2j∂t2j − t3j∂t3j + t4j∂t4j ],

X2 =
∑

j

njb[−ξ1j
∂ξ1j

+ ξ2j
∂ξ2j

+ ξ3j
∂ξ3j

− ξ4j
∂ξ4j

− t1j∂t1j + t2j∂t2j+

+t3j∂t3j − t4j∂t4j ],

The general rank r∗(M) of the matrix M = [Ξs
ν , T

s
ν ] of coefficients X1 and

X2 is equal to 2, if nj 6= 0 for at least one j, and is equal to 1, if nj ≡ 0.

The complete system of functionally independent invariants, determined by

the equations XsI(ξ, t), s = 1, 2, contains n invariants of the form Ik(ξ, t) =
tk
ξk

, k = 1, n, and n
2 invariants of the form In+k(ξ) = ξ2k−1ξ2k, k = 1, n

2 . The

remaining 2n − r∗(M) − n − n
2 = n

2 − r∗(M) = ν0 invariants are selected in

the form of an invariant monomial of the least possible degrees of ξ. From the

form of the matrix M it follows that T = {ξ, t|t − t(ξ) = 0} is a nonsingular

invariant manifold of group action in the subspace Ξ2n of vectors (ξ, t) and

can be represented in the form Φσ(I1, . . . , I2n−r∗) = 0, σ = 1, . . . , n. Since

r∗(Ξ, T ) = r∗(Ξ), the solvability condition r
[

∂Ik
∂tj

]
= n of system with respect
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to variables t is fulfilled, and we obtain the general form of BEq, expressed

by the degrees of invariants In+σ(ξ), 1 ≤ σ ≤ σ0 = n− r∗(M). In the general

case of the analytical BEq of dimension n > 4, it is necessary to use addi-

tional invariants with the following factorization between the used monomial

invariants.

3. FOUR-DIMENSIONAL N(B)

In this case n = dimN(B) = 4 and the branching system has form

ts(ξ, ε) ≡ a
(s)
0 (ε)ξs +

∑
q

a(s)
q (ε)ξs(ξ1ξ2)

q1(ξ3ξ4)
q2 = 0, s = 1, 4,

where the relations between the coefficients and the equations are determined

by (10). The equalities (10) allow us to express BEqs by the first one

t1(ξ, ε) ≡ Aξ1ε + Bξ2
1ξ2 + Cξ1ξ3ξ4 + · · · = 0,

A = t
(1)
e1;1, B = t

(1)
2e1+e2;0, C = t

(1)
e1+e2+e3

, e1 = (1, 0, 0, 0), . . . , e4 = (0, 0, 0, 1),

tk(ξ, ε) ≡ pk−1t1(ξ, ε) = 0, k = 2, 3, 4,

t
(1)
α;k = −

∫

Π0×(−∞,0]

w(0)u2dxdydζ+
∫

Π0

w(1)

[
u2(x, y, 0) + k

∂f2

∂x

]
dxdy+

∫

Π0

w(2)f2dxdy.

Sequentially, we find

u2e1;0 =
ima2b[((k2 + 6γ)smn − 5k)smne2smnζ − 2(2γs2

mn − 3ksmn − 1)esmnζ ]
8π2(2γs2

mn − 3ksmn − 1)
e2i(max+nby),

f2e1;0 =
absmn[(k2 + 2γ)s2

mn + ksmn + 2]
8π2(2γs2

mn − 3ksmn − 1)
e2i(max+nby),

ue1+e2;0 = const, fe1+e2;0 = const; ue3+e4;0 = const, fe3+e4;0 = const; ue1+e4;0 = 0,

fe1+e4;0 =
(

an2b3(1 + γs2
mn)/smn − kab(m2a2 − n2b2)(4γs2

mn − ksmn + 3)/2
2π2smn(1 + 4γn2b2)(ksmn + 1)

)
e2inby;

ue1+e3;0 =
ima2b

4π2smn

[
ksmn(ksmn(m2a2 − n2b2)− 5m2a2 − 2γ(s2

mn + 4m2a2n2b2))
(ksmn + 1)(1 + 4γm2a2)ma− 2smn(1 + 2kma)(1 + γs2

mn)
e2maζ+

+
2(3γs2

mn(m2a2 − 2n2b2)− 2n2b2(1− 2γn2b2))− 3n2b2

(ksmn + 1)(1 + 4γm2a2)ma− 2smn(1 + 2kma)(1 + γs2
mn)

e2maζ − 2smnesmnζ

]
e2imax;
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fe1+e3;0 =
ma2b

4π2smn

[
ksmn(ksmn(m2a2 − n2b2) + m2a2 − 3n2b2 − 2γs2

mn)
(ksmn + 1)(1 + 4γm2a2)ma− 2smn(1 + 2kma)(1 + γs2

mn)
+

+
2(2masmn −m2a2 − 2n2b2)(1 + γs2

mn))
(ksmn + 1)(1 + 4γm2a2)ma− 2smn(1 + 2kma)(1 + γs2

mn)

]
e2imax.

Then the non-zero coefficients of the BEq have form

A = −(1 + γs2
mn) < 0,

B =
m2a3bsmn

4π2

[
ksmn(−6γs2

mn + 17) + 3
(2γs2

mn − 3ksmn − 1)
+

k

2
(−m2a2 − 3n2b2 +

4m2a2n2b2

s2
mn

)+

−ks2
mn(ksmn + 1)((k2 + 2γ)s2

mn + ksmn + 2)
(1 + γs2

mn)(2γs2
mn − 3ksmn − 1)

+
3s2

mnγ(ksmn + 1)
2(1 + γs2

mn)
− 1

]
,

C =
m2a3b

2π2

[
(3m2a2 − n2b2)ma

s2
mn(2ma + smn)

U1 +
m3a3

s3
mn

U2 − 4m2a2

smn
+

2n2b2

smn
+

2n2b2

s3
mn

U3+

+k(−m2a2

smn
U1 +

m3a3

s2
mn

U2 −m2a2 + n2b2 +
2n2b2

s2
mn

U3)− 2k(ksmn + 1)
s2
mn(1 + γs2

mn)
(m3a3U2−

−n2b2U3) +
γ(ksmn + 1)

2smn(1 + γs2
mn)

(3m4a4 + 3n4b4 − 2m2a2n2b2) +
8m3a3U1

s2
mn

−
k

2
(−23m2a2 + 5n2b2 − 4m2a2n2b2

s2
mn

+
2(m4a4 − n4b4)

s2
mn

+ 4maU1 +
12m2a2U1

smn
−

−4maU2 +
2m3a3U2

s2
mn

− 4n2b2U3

s2
mn

)
]

,

where U1, U2, U3 are defined by the formulae

ue1+e3;0 =
ima2b

2π2smn
[U1e

2maζ−smnesmnζ ]e2imax, fe1+e3;0 =
ma2b

2π2smn
U2e

2imax,

fe1+e4;0 =
ab

2π2smn
U3e

2inby.

The symmetry of the problem with respect to Lβ allows us to make a

reduction of the BEq t̂(η, ε) = 0, supposing η2 = η4 = 0. Then the main part

of the reduced system takes the form

Aη1ε + Bη3
1 + Cη1η

2
3 = 0, Aη3ε + Cη2

1η3 + Bη3
3 = 0.

Thus, the following theorem is true.

Theorem 3.1. The problem (1)-(3) in the neighborhood of the bifurcation

point F 2
0 = F 2

mn, which is the four-dimensional eigenvalue, determined by (8),

has up to the transformation y → −y two two-parametric families of periodical
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solutions

{Φ(1), f (1)} =
[
−A

B
(F 2 − F 2

mn)
]1
2

{
ma

√
ab

πsmn
esmnζ cos[ma(x + β1) + nb(y + β2)],

√
ab

π
sin[ma(x + β1) + nb(y + β2)]

}
+ O

(∣∣F 2 − F 2
mn

∣∣) ,

sign(F 2 − F 2
mn) = signB, γs2

mn 6=
1
2
, ζ = z − f (1)(x, y);

(12)

{Φ(2), f (2)} =

{
2ma

√
ab

πsmn
esmnζ cos[ma(x + β1)] cos[nb(y + β2)],

2
√

ab

π
sin[ma(x + β1)] cos[nb(y + β2)]

}[
− A

B + C
(F 2 − F 2

mn)
]1
2+

+O
(∣∣F 2 − F 2

mn

∣∣) , sign(F 2 − F 2
mn) = sign(B + C), ζ = z − f (2)(x, y).

(13)

4. FOUR-DIMENSIONAL N(B). TWO

DEGENERATED PERIODICITY LATTICES

First of all, we shall prove the possibility of the existence of physical pa-

rameters under which there is a solution with symmetry of two degenerated

lattices. Let the DR be fulfilled for two pairs (m1, 0) and (m2, 0)

(km1a + 1)m1a = F 2
0 (1 + γm2

1a
2),

(km2a + 1)m2a = F 2
0 (1 + γm2

2a
2).

Dividing the first equation by the second one, we get the expression for k

k =
(1 + γm2

1a
2)(1 + γm2

2a
2)

m2
2a

2 −m2
1a

2

[
m1a

1 + γm2
1a

2
− m2a

1 + γm2
2a

2

]
.

Suppose m2 > m1 and f(x) =
x

1 + γx2
, where x = ma. Then f ′ =

1− γx2

(1 + γx2)2
and f ′ < 0 for γx2 > 1, the existence condition for the two degenerated

periodicity lattices symmetry.

The one-parameter rotation-reflection group in the space of vectors ξ =

(ξ1, ξ2, ξ3, ξ4) with the diagonal matrix A(β) = diag{eim1aβ, e−im1aβ , eim2aβ ,

e−im2aβ} corresponds to shifts group with respect to x.
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Here (m1, 0) and (m2, 0) satisfy the dispersion relation (8). The basis in-

finitesimal operator (∂ξk
I = ∂I/∂ξk)

X =
{

X̂(ξ), X̂(t)
}

, X̂(ξ) = m1a
(−ξ1∂ξ1

I + ξ2∂ξ2
I
)
+m2a

(−ξ3∂ξ3
I + ξ4∂ξ4

I
)

corresponds to the group A(β).

The differential equation XI(ξ, t) = 0 determines the complete system of

seven functionally independent invariants

Is(ξ, t) =
ts
ξs

, s = 1, 4, I5(ξ) = ξ1ξ2, I6(ξ) = ξ3ξ4, I7(ξ) = ξ
N/m1

1 ξ
N/m2

4 ,

where N is the least common multiple (L.C.M.) of numbers m1 and m2.

By the L.V. Ovsyannikov theorem [11] we obtain the general form of BEq.

We suppose BEq to be analytical or sufficiently smooth, therefore while using

the constructed complete system of functionally independent invariants some

of the monomial terms may be absent. It is necessary to use the additional

invariant I8 = ξ
N/m1

2 ξ
N/m2

3 . Then there occur repetitious summands and

it is necessary to make a factorization between the invariants I7(ξ)I8(ξ) =

I
N/m1

5 (ξ)IN/m2

6 (ξ). This factorization is denoted by the symbol [...]out. Thus,

BEq takes the form

tk(ξ, ε) ≡

≡ a
(k)
0 (ε)ξk+

∑
q

ak
q (ξ)(ξ1ξ2)

q1(ξ3ξ4)
q2

[
ξk

(
ξ
N/m1

1 ξ
N/m2

4

)q3
(
ξ
N/m1

2 ξ
N/m2

3

)q4
]out

= 0,

k = 1, 4 where the symbol [...]out means that the factors in brackets in the

form ξ2k−1ξ2k must be omitted.

Particularly, for the coprime numbers m1 č m2 the main part of the BEq

takes the form

Aξ1ε + Bξm2−1
2 ξm1

3 + · · · = 0, Aξ2ε + Bξm2−1
1 ξm1

4 + · · · = 0,

Cξ3ε + Dξm2
1 ξm1−1

4 + · · · = 0, Cξ4ε + Dξm2
2 ξm1−1

3 + · · · = 0.
(14)
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5. SIX-DIMENSIONAL DEGENERATION OF

LINEARIZED OPERATOR

The existence of three degeneration periodicity lattices (n1 = n2 = n3 = 0)

is impossible. Actually, let m1 < m2 < m3 and amk = sk. Then

(1 + γs2
2)

s1

s2
2 − s2

1

− (1 + γs2
1)

s2

s2
2 − s2

1

=

= (1 + γs2
3)

s1

s2
3 − s2

1

− (1 + γs2
1)

s3

s2
3 − s2

1

=

= (1 + γs2
3)

s2

s2
3 − s2

2

− (1 + γs2
2)

s3

s2
3 − s2

2

.

Using these relations, we obtain γ =
s3 − s2

s2
1(s2 − s3)

= − 1
s2
1

< 0, whereas γ

must be positive. The regular hexagonal periodicity is also impossible. Ac-

tually [9], here γ =
s2m

2
1(ks1 + 1)− s1m

2
2(ks2 + 1)

s3
1m

2
2(ks2 + 1)− s3

2m
2
1(ks1 + 1)

, then for s1 = s2 it will

be negative (γ = − 1
s2

). We can write two sequential rotations by an angle

of π/3 in the form m1ax + m1a
√

3y ⇒ −m1ax +
√

3m1ay ⇒ −m1a(
1
2
x +

√
3

2
y) +

√
3m1a(−

√
3

2
+

1
2
y) = −2m1ax, such that the assumption s2

1 =

m2
1a

2 + 3m2
1a

2 = 4m2
1a

2 = s2
2 is impossible.

The existence of irregular hexagonal periodicity and also two 4-dimensional

periodicity lattices (the next point) can be proved as in [9] (using the DR

continuous dependence with respect to k).

For dimN(B) = 6 one of the periodicity rectangles degenerates to the

segment. The basis {ϕi}6
1 of the zero-subspace is numerated by the vectors

l(mi, ni) = mil
(1) + nil

(2) of the reciprocal lattice

ϕk = ϕlk(m,n)(l
(1) = ae1, l

(2) = be2), l1 = l1(m1, n1) = m1l1 + n1l2,

l3 = m1l1 − n1l2, l5 = l5(m2, 0) = m2l1, l2j = −l2j−1.

At this numeration of basis elements and corresponding vertices (±m1,±n1)

č (±m2, 0) of rectangles Π01 č Π02 in the reciprocal lattice the group action G̃1

of rectangle symmetry is expressed by the permutation of indices of variables

ξk, and the group invariance relative to G̃1 is expressed by the equalities of

the type (10). These equalities together with invariance with respect to the
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operation J of complex conjugation allow us to express the equations of the

system in terms of the first and the fifth ones.

In order to construct these equations we use the invariance of the BEq with

respect to the 2-dim. shifts group ei(lk,β)tk(ξ, ε) = tk(ξ1e
i(l1,β), . . . , ξ6e

i(l6,β), ε).

Then the coefficient t
(k)
α;j at ξα in the k-th equation may be not equal zero, if

the equality lk = α1l1 + · · ·+ α6l6, |α| = r is fulfilled.

We consider the case of the six-dimensional branching, when the interaction

of lattices occurs at the first step, so there are relations: l1 = l4 + l5, l3 =

l2 + l5, l5 = l1 + l3, l2 = l3 + l6, l4 = l1 + l6, l6 = l2 + l4,m2 = 2m1.

In order to determine the invariants, depending on ξ, we write the system

(∂ξk
I = ∂I/∂ξk)

X̂1(ξ)I ≡ m1a
[−ξ1∂ξ1

I + ξ2∂ξ2
I − ξ3∂ξ3

I + ξ4∂ξ4
I
]
+m2a

[−ξ5∂ξ5
I + ξ6∂ξ6

I
]

= 0

X̂2(ξ)I ≡ n1b
[−ξ1∂ξ1

I + ξ2∂ξ2
I + ξ3∂ξ3

I − ξ4∂ξ4
I
]

= 0

Besides the invariants I7 = ξ1ξ2, I8 = ξ3ξ4, I9 = ξ5ξ6, it is necessary to use

the additional ones I10 = (ξ1ξ3)N/2m1ξ
N/m2

6 , I11 = (ξ2ξ4)N/2m1ξ
N/m2

5 , where

N = LCM(2m1,m2). In this case the functionally independent ones are

I7, I8, I9, I10. There is one relationship I10(ξ)I11(ξ) = (I7(ξ)I8(ξ))N/2m1I
N/m2

9 (ξ).

Then the first and fifth equations have form

t1(ξ, ε) ≡ a
(1)
0 (ε)ξ1 +

∑

q,k

a
(1)
q;k(ε)(ξ1ξ2)

q1(ξ3ξ4)
q2(ξ5ξ6)

q3 [Iq4
10I

q5
11ξ1]

out = 0,

t5(ξ, ε) ≡ a
(2)
0 (ε)ξ5 +

∑

q,k

a
(2)
q;k(ε)(ξ1ξ2)

q1(ξ3ξ4)
q2(ξ5ξ6)

q3 [Iq4
10I

q5
11ξ5]

out = 0.

The main part of BEq has form

{
Aξ1ε + iBξ4ξ5 = 0, Aξ3ε + iBξ2ξ5 = 0, Cξ5ε + iDξ1ξ3 = 0,

Aξ2ε− iBξ3ξ6 = 0, Aξ4ε− iBξ1ξ6 = 0, Cξ6ε− iDξ2ξ4 = 0,
(15)

where A = a1
01, C = a2

01, iB = a
(1;1)
0;1 , iD = a

(2;1)
0;1 , A, B,C, D are real. Transi-

tion to real basis in BEq is fulfilled by the formula

t̂(η, ε) ≡ (C1t)(C−1
1 η, ε) = 0,
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η = C1ξ =
1
2




−i i −i i 0 0

1 1 −1 −1 0 0

1 1 1 1 0 0

i −i −i i 0 0

0 0 0 0 −i i

0 0 0 0 1 1




ξ, C−1
1 =

1
2




−i 1 1 −i 0 0

−i 1 1 1 0 0

i −1 1 i 0 0

−i −1 1 −i 0 0

0 0 0 0 2i 2

0 0 0 0 −2i 2




.

The real basis ϕ̂j = (ûj , f̂j) in N(B) has form

ϕ̂1 = {−v1(ζ) sinm1ax cosn1by, v2 cosm1ax cosn1by},
ϕ̂2 = {−v1(ζ) sinm1ax sinn1by, v2 cosm1ax sinn1by},
ϕ̂3 = {v1(ζ) cosm1ax cosn1by, v2 sinm1ax cosn1by},
ϕ̂4 = {v1(ζ) cosm1ax sinn1by, v2 sinm1ax sinn1by},
ϕ̂5 = {−v1(ζ) sinm2ax, v2 cosm2ax}, ϕ̂6 = {v1(ζ) cos m2ax, v2 sinm2ax},

where v1(ζ) =
m2a

√
ab

πsm2,0
esm2ζ , v2 =

√
ab

π
. The main part of the BEq in real

variables takes the form

Aη1ε + B(η1η5 + η3η6) = 0, Aη2ε + B(η2η5 + η4η6) = 0,

Aη3ε + B(η1η6 − η3η5) = 0, Aη4ε + B(η2η6 − η4η5) = 0,

Cη5ε +
1
4
D(−η2

1 − η2
2 + η2

3 + η2
4) = 0, Cη6ε +

1
2
D(−η1η3 − η2η4) = 0.

(16)

Making a reduction of the BEq, supposing η2 = 0 = η3, we obtain the branch-

ing system

η1(Aε + Bη5) = 0, Bη4η6 = 0, Bη1η6 = 0,

η4(Aε−Bη5) = 0, Cη5ε +
1
4
D(−η2

1 + η2
4) = 0, Cη6ε = 0,

(17)

that has 4 solutions

η(ε) = (±2

√
−AC

BD
ε, 0, 0, 0,−A

B
ε, 0) + o(ε),

η(ε) = (0, 0, 0,±2

√
−AC

BD
ε,

A

B
ε, 0) + o(ε).

(18)

The combinations of shifts with respect to coordinate x on
π

2m1a
,

π

m1a

and with respect to coordinate y on
π

2n1b
,

π

n1b
generate the transformations
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{η1 → η4, η4 → η1, η5 → −η5}, {η1 → −η1, η5 → η5}, {η4 → −η4, η5 → η5},
such that it remains only one solution

(
2

√
−AC

BD
ε, 0, 0, 0,−A

B
ε, 0

)
.

Taking into account the signs of A and C and the existence of values m1,

n1, m2 = 2m1, satisfying signBD < 0, we obtain the theorem.

Theorem 5.1. The problem (1)-(3) in the case of two interacting periodicity

lattices in the neighborhood of the bifurcation point F 2
0 = F 2

m1n1
= F 2

m20 with

six-dimensional degeneration of the linearized operator has one two-parametric

family of periodical solutions {Φ(1), f (1)} =

= 2
[
−AC

BD

]1
2 (F 2−F 2

0 )

{
−m1a

√
ab

πsm1n1

esm1n1ζ sin[m1a(x + β1)] cos[n1b(y + β2)] ,

√
ab

π
cos[m1a(x + β1)] cos[n1b(y + β2)]

}
−

{
−m2a

√
ab

πsm20
esm20ζ sin[m2a(x + β1)],

√
ab

π
cos[m2a(x + β1)]

}
A

B
(F 2 − F 2

0 ) + o(
∣∣F 2 − F 2

0

∣∣),

ζ = z − f (1)(x, y), signBD < 0.

6. EIGHT-DIMENSIONAL DEGENERATION OF

LINEARIZED OPERATOR. TWO

PERIODICITY LATTICES

In addition to the proof of such degeneration, mentioned in the previous

point, we shall prove this fact for the case of the double rectangle symmetry.

Let consider two DRs

(k +
1
s1

)m2
1a

2 = F 2
0 (1 + γs2

1),

(k +
1

2s1
)4m2

1a
2 = F 2

0 (1 + 4γs2
1).

We can get the equation 2γs2
1 − 3ks1 − 1 = 0 implying (s1 > 0) s1 =

3k +
√

9k2 + 8γ

4γ
, which is the condition of fulfillment.

In the system XsI(ξ, t) = 0, s = 1, 2, where X1, X2 are the infinites-

imal operators of the Lie algebra we have n = 8, r = 2, σ0 = 6, ν0 = 2.

This system determines 8 invariants in the form Ik(ξ, t) = tk
ξk

, k = 1, 8,
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four invariants in the form I8+k = ξ2k−1ξ2k, k = 1, 4 and two invariants

I13(ξ) = (ξ1ξ3)N1/m1(ξ6ξ8)N1/m2 , I14(ξ) = (ξ1ξ4)N2/n1(ξ6ξ7)N2/n2 , where N1 is

the LCM of the numbers m1 and m2 and N2 is the LCM of the numbers n1 and

n2. Using the additional invariants I15(ξ) = (ξ2ξ4)N1/m1(ξ5ξ7)N1/m2 , I16(ξ) =

(ξ2ξ3)N2/n1(ξ5ξ8)N2/n2 we write the general form of the BEq

tk(ξ, ε) ≡ (19)

≡ ak
0(ε)ξk +

∑
q

a(k)
q (ε)(ξ1ξ2)

q1 . . . (ξ7ξ8)
q4

[
ξk((ξ1ξ3)

N1/m1(ξ6ξ8)
N1/m2)q5×

×((ξ1ξ4)
N2/n1(ξ6ξ7)

N2/n2)q6((ξ2ξ4)
N1/m1(ξ5ξ7)

N1/m2)q7

((ξ2ξ3)
N2/n1(ξ5ξ8)

N2/n2)q8

]out
= 0, k = 1, 8,

I13(ξ)I15(ξ) = I
N1/m1

9 (ξ)IN1/m1

10 (ξ)IN1/m2

11 (ξ)IN1/m2

12 (ξ),

I14(ξ)I16(ξ) = I
N2/n1

9 (ξ)IN2/n1

10 (ξ)IN2/n2

11 (ξ)IN2/n2

12 (ξ).

The symmetry group of the rectangle is expressed by the permutations of

indices of variables ξk

p1 = (12)(34)(56)(78), p2 = (13)(24)(57)(68), p3 = (14)(23)(58)(67),

and the corresponding group symmetry of the BEq, by the equalities of the

type (10)

These relations allow us to express all the equations through the first and

the fifth ones and yield the coefficients symmetry of BEq

t1(ξ, ε) = Aξ1ε + Bξ2
1ξ2 + Cξ1ξ3ξ4 + Dξ1ξ5ξ6 + Eξ1ξ7ξ8 = 0,

t5(ξ, ε) = Fξ5ε + Gξ2
5ξ6 + Hξ5ξ7ξ8 + Kξ1ξ2ξ5 + Lξ3ξ4ξ5 = 0.

Passing to the real basis in N(B), making a reduction of the relevant BEq

(η2 = η3 = 0), we get the solutions.

7. EIGHT-DIMENSIONAL DEGENERATION OF

LINEARIZED OPERATOR. THREE

PERIODICITY LATTICES

In order to determine the invariants of ξ for three lattices (m1, n1), (m2, 0)

and (m3, 0) we write the system of differential equations
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X̂1(ξ)I ≡ m1a
[−ξ1∂ξ1

I + ξ2∂ξ2
I − ξ3∂ξ3

I + ξ4∂ξ4
I
]
+ m2a

[−ξ5∂ξ5
I + ξ6∂ξ6

I
]
+

+m3a
[−ξ7∂ξ7

I + ξ8∂ξ8
I
]

= 0,

X̂2(ξ)I ≡ n1b
[−ξ1∂ξ1

I + ξ2∂ξ2
I + ξ3∂ξ3

I − ξ4∂ξ4
I
]

= 0.

(20)

This system determines eight invariants of the form
tk
ξk

, four invariants of

the form I9 = ξ1ξ2, I10 = ξ3ξ4, I11 = ξ5ξ6, I12 = ξ7ξ8 and, besides that, two

invariants, which can be chosen from following six

I13(ξ) = (ξ1ξ3)N1/2m1ξ
N1/m2

6 , I14(ξ) = (ξ1ξ3)N2/2m1ξ
N2/m3

8 , I15(ξ) = ξ
N3/m2

5 ξ
N3/m3

8 ,

I16(ξ) = (ξ2ξ4)N1/2m1ξ
N1/m2

5 , I17(ξ) = (ξ2ξ4)N2/2m1ξ
N2/m3

7 , I18(ξ) = ξ
N3/m2

6 ξ
N3/m3

7 ,

where N1 is LCM(2m1, m2), N2 is LCM(2m1,m3) and N3 is LCM(m2,m3).

Making a relationship

I
LCM(N1,N2)

N1
13 I

LCM(N1,N2)
N3

15 I
LCM(N1,N2)

N2
17 = (I9I10)

LCM(N1,N2)
2m1 I

LCM(N1,N2)
m2

11 I
LCM(N1,N2)

m3
12 ,

(21)

we obtain the BEq

tk(ξ, ε) ≡ a
(k)
0 ξk +

∑
q

a
(k)
q (ε)(ξ1ξ2)q1 . . . (ξ7ξ8)q4 [ ξk

(
(ξ1ξ3)N1/2m1(ξ6)N1/m2

)q5 ·

· ((ξ2ξ4)N2/2m1(ξ7)N2/m3
)q6 (

(ξ1ξ3)N3/m2(ξ6)N3/m3
)q7 ]out = 0, k = 1, . . . , 8.

The symmetry with respect to the discrete group allows one to express the

equation of the branching system in terms of the first, the fifth and the seventh

ones, and, thus, it determines the connections between the BEq coefficients

a
(k)
q (ε).

Suppose that the interaction of the periodicity lattices occurs at the first

step, i.e.

l1 = l4 + l5, l2 = l3 + l6, l3 = l2 + l5, l4 = l1 + l6, l7 = 2l5, l8 = 2l6. (22)

The existence of such a situation can be proved by using the DR for the lattices

(m1, n1), (2m1, 0), (4m1, 0). Passing to the real basis in N(B) by means of

the formulae of the type (9), making the reduction of the relevant BEq, we
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obtain the following system

Aη1ε + Bη1η5 = 0, Bη4η6 = 0, Bη1η6 = 0, Aη4ε−Bη4η5 = 0,

Cη5ε +
D

2
(η2

4 − η2
1) + E(η5η7 + η6η8) = 0, Cη6ε + E(η5η8 − η6η7) = 0,

Fη7ε + G(η2
6 − η2

5) = 0, Fη8ε + 2Gη5η6 = 0,

which has five solutions, but only three of them are essential.

Theorem 7.1. The problem (1)-(3) in the neighborhood of the bifurcation

point F 2
0 = F 2

m1n1
= F 2

m20 = F 2
m30 with eight-dimensional zero-subspace sat-

isfying (22) up to a transformation y → −y has one one-parametric and two

two-parametric families of solutions

{Φ(1), f (1)} =

{
m1a

√
ab

πs1
es1ζ cos[m1a(x + β1)] sin[n1b(y + β2)] ,

√
ab

π
sin[m1a(x + β1)] sin[n1b(y + β2)]

} [
2A

BD
(−C − EA2G

FB2
)
] 1

2

(F 2 − F 2
0 )

+
A

B
(F 2 − F 2

0 )

{
−m2a

√
ab

πs2
es2ζ sin[m2a(x + β1)],

√
ab

π
cos[m2a(x + β1)]

}
+

+
GA2

FB2
(F 2−F 2

0 )

{
−m3a

√
ab

πs3
es3ζ sin[m3a(x + β1)],

√
ab

π
cos[m3a(x + β1)]

}
+o(

∣∣F 2 − F 2
0

∣∣),

ζ = z − f (1)(x, y),

{Φ(3), f (3)} =

{
m2a

√
ab

πs2
es2ζ(− sin[m2a(x + β1)] + cos[m2a(x + β1)]) ,

√
ab

π
(cos[m2a(x + β1)] + sin[m2a(x + β1)])

}[
− CF

2EG

] 1
2

(F 2 − F 2
0 )+

+
C

E
(F 2 − F 2

0 )

{
m3a

√
ab

πs3
es3ζ cos[m3a(x + β1)],

√
ab

π
sin[m3a(x + β1)]

}
+

+o(
∣∣F 2 − F 2

0

∣∣), ζ = z − f (3)(x, y),

{Φ(4), f (4)} =

=
[
−CF

EG

] 1
2

(F 2−F 2
0 )

{
m2a

√
ab

πs2
es2ζ cos[m2a(x + β1)] ,

√
ab

π
sin[m2a(x + β1)]

}
+
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+
C

E
(F 2 − F 2

0 )

{
m3a

√
ab

πs3
es3ζ sin[m3a(x + β1)],

√
ab

π
cos[m3a(x + β1)]

}
+

+o(
∣∣F 2 − F 2

0

∣∣), ζ = z − f (4)(x, y).

8. STABILITY OF SOLUTIONS IN THE

CAPILLARY-GRAVITY WAVES PROBLEMS

A. Floating fluid

Consider now the 4-dimensional branching. The stability of the branching

solutions (1)-(3) is determined by the stability of stationary solutions of the

equation dη
dt = t(η, ε), where t(η, ε) is the left-hand side of the branching

system, ε = F 2 − F 2
mn. The stability of these ones is determined by the signs

of the eigenvalues of the Jacobian matrix J =
[

∂ti
∂ηj

]
for these solutions. The

action of the operator Lβ1β2
on the arbitrary element N(Bmn) is equivalent

to the transformation of its coordinates by means of the matrix Ag (here

f1(β1, β2) = cosmaβ1 cosnbβ2, f2(β1, β2) = cosmaβ1 sinnbβ2, f3(β1, β2) =

sinmaβ1 cosnbβ2, f4(β1, β2) = sinmaβ1 sinnbβ2)

Ag =
π√
ab




f1(β1, β2) f2(β1, β2) f3(β1, β2) f4(β1, β2)

−f2(β1, β2) f1(β1, β2) −f4(β1, β2) f3(β1, β2)

−f3(β1, β2) −f4(β1, β2) f1(β1, β2) f2(β1, β2)

f4(β1, β2) −f3(β1, β2) −f2(β1, β2) f1(β1, β2)




.

By using the matrix Ag, the family of solutions is determined as

η̃ = Agη̃0(ε) =

=
π√
ab

(f1(β1, β2),−f2(β1, β2),−f3(β1, β2), f4(β1, β2))
T

(
−A

B
ε

)1/2

+o(|ε|1/2),

η̃0(ε) =




1

0

0

0




(
−A

B
ε

)1/2

+ o(|ε|1/2),

where η̃0(ε) is the solution of the reduced BEq (β1 = β2 = 0)
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tη(η̃0(ε), ε) [Λiη̃0(ε)] = 0, i = 1, 2, (23)

where Λi are the infinitesimal operators of the Lie algebra in Ξ4
ϕ

tη(η̃0(ε), ε) =




Aε− 3Aε 0 0 0

0 0 0 0

0 0 0 0

0 0 0 Aε− CA
B ε




, (24)

Λ1η̃0(ε) =
∂Aβ

∂β1

|β1=β2=0 · η̃0(ε) =




0

0

−v2m1a

0




(
−A

B
ε

)1/2

,

Λ2η̃0(ε) =
∂Aβ

∂β2

|β1=β2=0 · η̃0(ε) =




0

−v2m1a

0

0




(
−A

B
ε

)1/2

.

The relations (23) are fulfilled and the stability of the bifurcating solutions

Aβ η̃0(ε) is determined by the signs of the main terms with respect to ε of

the eigenvalues of the Jacobian matrix J for this solution, which have form

(B̃ = B + C, C̃ = 3B − C)

ν1,2 = 0, ν3 = −2Aε, ν4 =
2Aε

B̃ + C̃
(C̃ − B̃). (25)

Theorem 8.1. In order for the family of solutions (12) be stable it is necessary

and sufficient that the condition

signε = signB = sign(B̃ + C̃) = −1

be fulfilled

{
B̃ + C̃ < 0

C̃ − B̃ > 0
<=> 0 <

|C̃|
|B̃| < 1. (26)

Consider the second group of solutions. The main parts of the eigenvalues

of the Jacobian matrix J for these solutions are determined from
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(Aε− (3B + C)Aε

B + C
− ν2)

[(
Aε− 2ABε

B + C
− ν

)2

−
(

ADε

B + C

)2
]

= 0, (27)

ν1,2 = − 2ABε

B + C
, ν3 = − 2Aε

B + C
(C −B), ν4 = 0.

Theorem 8.2. In order for the family of solutions (13) be stable it is necessary

and sufficient that the condition

signε = sign(B + C) = signB̃ = −1

be fulfilled,

0 <
|B̃|
|C̃| < 1. (28)

Remark 1. When the inequality (26) (resp. (28)) is satisfied, the family of

solutions (12) ((13)) will be stable with respect to perturbations of the same

periodicity lattices class. The instability with respect to perturbations of the

same periodicity class means the instability in general.

Giving the values to parameters n, b, q = ma
nb , we determine |C̃|

|B̃| . Our results

for the first group of solutions are presented in Table 1 (for k=0.8), where the

solutions (12) are stable, while the solutions (13) are unstable:

Table 1.

n b q |C̃|/|B̃| n b q |C̃|/|B̃|

1,000 1,000 1,3000 0,850813039 1,000 1,000 1,4500 0,178466137

1,000 1,000 1,3500 0,635714027 1,000 1,000 0,5000 0,131115256

1,000 1,000 1,4000 0,419410516 1,000 1,000 0,5500 0,622709000

The results for the second group of solutions are contained in Table 2, where

the solutions (13) are stable, while the solutions (12) are unstable:
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Table 2.

n b q |B̃|/|C̃| n b q |B̃|/|C̃|

1,000 1,000 0,8000 0,040375771 2,000 2,000 0,4000 0,122130193

1,000 1,000 0,9000 0,157498907 3,000 3,000 0,1000 0,62698459

1,000 1,000 1,0000 0,301714049 3,000 3,000 0,2000 0,620169486

2,000 2,000 0,1000 0,292847947 3,000 3,000 0,3000 0,538527089

2,000 2,000 0,2000 0,344675422 3,000 3,000 0,4000 0,381837849

2,000 2,000 0,3000 0,272661090 3,000 3,000 0,5000 0,098692584

B. Fluid without flotation (k=0)

Consider the case when k is equal to zero. Our results for the first group of

solutions are shown in Table 3, where the solutions (12) are stable, while the

solutions (13) are unstable

Table 3.

n b q |C̃|/|B̃|

2,000 2,000 0,1000 0,595643406

2,000 2,000 0,2000 0,761614822

2,000 2,000 0,3000 0,792834919

2,000 2,000 0,4000 0,765693784

2,000 2,000 0,5000 0,586082036

and for the second one, in Table 4, where the solutions (13) are stable, while

the solutions (12) are unstable
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Table 4.

n b q |B̃|/|C̃| n b q |B̃|/|C̃|

1,000 1,000 0,6000 0,054693147 2,000 1,000 0,2000 0,077310085

1,000 1,000 0,7000 0,115291056 2,000 1,000 0,3000 0,190900611

1,000 1,000 0,8000 0,170005725 2,000 1,000 0,4000 0,227631315

1,000 1,000 0,9000 0,214241214 2,000 1,000 0,5000 0,156749153

1,000 1,000 1,0000 0,244240961 2,000 1,000 0,6000 0,000648038

Remark 2. For the sake of brevity all tables are shortened.
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ON CH-QUASIGROUPS OF FINITE SPECIAL
RANK
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Abstract CH-quasigroups of finite special rank are characterized by means of various

non-medial (or medial) subquasigroups and by means of various non-Abelian

(or Abelian) subgroups of their multiplication group.

Keywords: quasigroups, subquasigroups.

2000 MSC: 20N99.

1. INTRODUCTION

By analogy with the group theory [1], the special rank of a quasigroup

Q is called the least positive number rQ with the following property: any

finitely generated subquasigroup of the quasigroup Q can be generated by rQ

elements; if there are not such numbers, then we suppose that rQ = ∞.

The theory of commutative Moufang loops (CML’s) is one of the deepest

and subtlest areas of the present-day theory of quasigroups and loops. It is

certainly one of the most interesting areas, mainly because of its many con-

nections with other topics, in particular, with CH-quasigroups [2]-[4]. Such

quasigroups are investigated in this paper by means of CML. Concretely, the

various equivalent finiteness conditions of special rank of CML and their mul-

tiplication groups from [5] are transferred on CH-quasigroups.

Let (Q, ·) be a non-empty set Q provided with a binary operation (x, y)

→ x · y. One says that (Q, ·) is a TS-quasigroup if any equality of the form

x · y = z remains true under all permutations of x, y, z (equivalently xy = yx

and x·xy = y). A quasigroup is said to be medial if xu·xy = xv·uy holds. (Q, ·)
is a CH-quasigroup iff (Q, ·) is a TS-quasigroup such that xy · xz = xx · yz

holds. The last condition is equivalent with the following condition: every

29
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subquasigroup generated by three elements is medial. For a loop, the identity

xy · xz = xx · yz characterizes the CML [2]-[4].

Given four elements x1, x2, x3, k of any quasigroup (Q, ·) the mediator of

x1, x2, x3 with respect to k is the element a of Q uniquely determined by

the equality x1x2 · kx3 = x1a · x2x3. We denote a = [x1, x2, x3]k. We

say that the mediators of weight i with respect to k are the mediators of

the form [x1, x2, . . . , x2i+1]k defined inductively by α1 = [x1, x2, x3]k and

αi+1 = [αi, x2i+2, x2i+3]k. A quasigroup Q is called medially nilpotent of

class n if it satisfies the identity [x1, x2, . . . , x2n+1]y = y, but does not satisfy

the identity [x1, x2, . . . , x2n−1]y = y.

The multiplication group D of a CH-quasigroup (Q, ·) is the group generated

by all translations L(x), where L(x)y = xy, x ∈ Q.

Theorem. For an arbitrary non-medial CH-quasigroup Q with the multi-

plication group D and its subgroup D0, consisting of products of even number

of translations L(x), x ∈ Q, the following statements are equivalent:

1) Q has a finite special rank;

2) if Q contains a medially nilpotent subquasigroup of class n, then all its

subquasigroups of this type have a finite special rank;

3) at least one maximal medial subquasigroup of Q has a finite special rank;

4) non-normal medial subquasigroups of Q have a finite special rank;

5) normal subquasigroups of Q have a finite special rank;

6) D (respect. D0) has a finite special rank;

7) all normal subgroups of D (respect. D0) have a finite special rank;

8) all non-normal Abelian subgroups of D (respect. D0) have a finite special

rank;

9) at least one maximal Abelian subgroup of D (respect. D0) has a finite

special rank;

10) if D (respect. D0) contains a nilpotent subgroup of class n, then all its

subgroups of this type of D have a finite special rank;

11) if D (respect. D0) contains a solvable subgroup of class s, then all its

subgroups of this type of D have a finite special rank.
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Abstract Buckling of a thin flexible elongated plate subject to supersonic flow of a gas

along Ox-axis and compressed or extended by external boundary stresses at

the edges x = 0 and x = 1 is governed by a boundary value problem for a non-

linear ordinary integro-differential equation with two bifurcational (spectral)

parameters: one is the external stress and the other is the Mach number. For

two types of boundary conditions w′′(0) = 0, w′′′(0) = 0, w(1) = 0, w′(1) = 0

and w(0) = 0, w′(0) = 0, w′′(1) = 0, w′′′(1) = 0 the Green functions for the

linearized problems are constructed. The technical difficulties are overcome by

means of the bifurcation curves representation through the roots of the relevant

characteristic equations [1], [2].

Keywords: aeroelasticity; buckling of an elongated plate; supersonic gas flow; compress-

ing or extending external stresses; linearized problem with two-spectral parameters; Green

functions construction.

2000 MSC: 74F20; 34B27; 34C23.

1. INTRODUCTION

The problem on a thin flexible elongated plate (strip-plate) buckling in a

supersonic gas flow which is compressed or extended by external boundary

stresses along the Ox-axis is investigated (fig.1). In the articles [1], [2] six

types of boundary conditions are considered. From them, here we take

B. the left edge is free, the right one is rigidly fixed, w′′(0) = 0, w′′′(0) = 0,

w(1) = 0, w′(1) = 0
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B′. the right edge is free, the left one is rigidly fixed, w(0) = 0, w′(0) = 0,

w′′(1) = 0, w′′′(1) = 0

In dimensionless variables this problem is described by the equation

χ2 d2

dx2

(
w′′

(1 + w′2)3/2

)
−T

d2w

dx2
= kK

(
dw

dx
,M, κ

)
+θw′′

∫ 1

0

[
(1+w′2)1/2−1

]
dx,

(1)

where K(w′x,M, κ) =
[
1− (1 + κ−1

2 Mw′x)
2κ

κ−1
]

for one-sided flow and

K(w′x,M, κ) =
[
(1 − κ−1

2 Mw′x)
2κ

κ−1 − (1 + κ−1
2 Mw′x)

2κ
κ−1

]
for two-sided flow

of the supersonic gas flow along the Ox- axis. Here w = w(x) is the plate

deflection, 0 < x < 1 ; x = x1
d , 0 ≤ x1 ≤ d, −∞ < y1 < ∞ are rectangular

coordinates; χ2 = h2

12(1−µ2)d2 , T = qd
Eh and k = p0d

Eh ; d is the width of the plate,

h is its thickness; E is the Young module; µ is the Poisson coefficient; q < 0

(q > 0) is the compressing (extending) stress; M is the Mach number, p0 is the

pressure and κ is the polytropic exponent; the integral term takes into account

the complementary force in the middle surface of the buckled plate, θ = 1
1−µ2 .

Equation (1) contains this integral, not included in the equation in [1]. In

the books [3], [4] and in the article [5] the problem of the rectangular plate

divergence is investigated, not subject to the compression/extension stresses.

In order to compute the buckled forms in the neighborhoods of parameter

critical values, bifurcation theory methods [6] are applied and the terminology

and notations are taken from this monograph.

The linearized equation (1) has the form

χ2w
(4)
x4 − Tw

(2)
x2 + σw(1)

x = 0, σ = 1(2)kκM (2)

and, together with the boundary conditions B or B’, represents a two-parametric

spectral problem, i.e. a spectral two-point boundary value problem. Here the

factor 1(2) in the parameter σ corresponds to one-sided (two-sided) supersonic

gas flow around the strip-plate. At the investigation of these two-point bound-

ary value problems the following possibilities arise: 1) 4T 3 − 27σ2χ2 > 0, 2)

4T 3− 27σ2χ2 = 0 , 3) 4T 3− 27σ2χ2 < 0, where σ ≥ 0, T < 0 is the compress-

ing stress, T > 0 is the extension stress , T = 0 corresponds to flow around

only.
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Fig. 1. The problem of strip-plate buckling.

In the first case T is necessarily greater than 0. The characteristic equation

f0(λ) = χ2λ4 − Tλ2 + σλ = 0 (3)

has one negative root −α and two positive roots β2 > β1 > 0 (α = β1 + β2).

Again T is greater than 0 for 4T 3 − 27σ2χ2 = 0 and (3) has two equal roots

β1 = β2 = β > 0 and one negative root −α. It will be useful to indicate here

some relations between roots β2 > β1 and parameters σ and T

σ

T
< β1, β2 <

3σ

2T
, β2 = β1 +

1

2χβ
1/2
1

[√
Tβ1 + 3T − 3χβ

3/2
1

]
,

which follow from the known Viète formulae.

In the third case, which is possible at both extension (T > 0) and compres-

sion (T < 0) of the plate, the roots of (3) are γ± δi(γ, δ > 0) and −α < 0(α =

2γ). Here for the buckling investigation it is convenient to introduce the fol-

lowing notation δ = γu, u =
√

3− T
γ2χ2 , σ = 2γχ2(γ2 + δ2) = 2γ3χ2(1 + u2).

It is not difficult to see that the values

0 < u <
√

3 ⇒ 2γ3χ2 ≤ σ < 8γ3χ2 (4)

correspond to the plate extension, and the values

u >
√

3 ⇒ σ > 8γ3χ2 (5)
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respond to the plate compression.

The value u =
√

3 implies T = 0, i.e. the extension/compression absence.

The value u = 0 corresponds to 4T 3 − 27σ2χ2 = 0.

Note that in the investigation of algebraic equation (3) with two parameters

T and σ Sturm method for roots separation was used.

The aim of this article is to construct Green functions for the equation (2)

with the boundary conditions B and B′ by using the methods from the mono-

graph [6]. Remark that in [7] the Green functions for aeroelasticity problems

were not constructed.

The obtained results are supported by grant RFBR-Romanian Academy No.

07-01-91680-RA a.

2. GREEN FUNCTIONS FOR THE BOUNDARY

CONDITIONS B

2.1 First consider the case d = 4T 3 − 27σ2χ2 > 0 ⇒ T > 0. Here we use

the boundary conditions to provide the equation [1], [2]

∆B = 0, (6)

with

∆B = e−(β1+β2)β1β2(β2−β1)+(β1+β2)β2(β1+2β2)e
β1−β1(β1+β2)(2β1+β2)e

β2 ,

which determines possible bifurcation points.

Computational experiment shows [1], [2] that, due to exponential decreasing

of the third summand, this equation implicitly defines the unique curve in the

region β2 > β1 only if β1 < β0 ≈ 1, 336358362.

The conditions of the continuity of the Green function together with deriva-

tives up to the second order

G(x, ξ) =

{
C1e

−αx + C2e
β1x + C3e

β2x + C4, 0 ≤ x < ξ, α = β1 + β2

D1e
−αx + D2e

β2x + D3e
β2x + D4, ξ < x ≤ 1

(7)

at the point x = ξ with the jump − 1
χ2 of the third derivative give the linear

system with the determinant β1β2(β
2
2 − β2

1)(β1 + 2β2)(2β1 + β2) 6= 0, from
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which it follows

D1 = C1 − e(β1+β2)ξ

χ2(β1 + β2)(β1 + 2β2)(2β1 + β2)
,

D2 = C2 − e−β1ξ

χ2β1(β2 − β1)(2β1 + β2)
,

D3 = C3 +
e−β2ξ

χ2β2(β2 − β1)(β1 + 2β2)
,

D4 = C4 +
1

χ2β1β2(β1 + β2)
.

Since apart from equation (1), the Green function (7) must satisfy also the

boundary condition B, the functions Ck(ξ), Dk(ξ), k = 1, 4 can be determined

from the conditions B. Consequently Ck(ξ), k = 1, 4 are the solutions of the

system





α2C1 + β2
1C2 + β2

2C3 = 0,

−α3C1 + β3
1C2 + β3

2C3 = 0,

e−αC1 + eβ1C2 + eβ2C3 + C4 = F1(ξ),

−αe−αC1 + β1e
β1C2 + β2e

β2C3 = F2(ξ),

(8)

where

F1(ξ) =
1

χ2β1β2(β
2
2 − β2

1)(2β1 + β2)(β1 + 2β2)

[
β1β2(β2 − β1)e

−(β1+β2)(1−ξ) +

+β2(β1 + β2)(β1 + 2β2)e
β1(1−ξ) − β1(β1 + β2)(2β1 + β2)e

β2(1−ξ) −
−(β2 − β1)(2β1 + β2)(β1 + 2β2)

]
,

F2(ξ) = − e−(β1+β2)(1−ξ)

ξ2(2β1 + β2)(β1 + 2β2)
+

eβ1(1−ξ)

χ2(β2 − β1)(2β1 + β2)
− eβ2(1−ξ)

χ2(β2 − β1)(β1 + 2β2)
,

whence

C1 =
β1β2

χ2(β1 + β2)(β1 + 2β2)(2β1 + β2)∆B
[(β2 − β1)e

−(β1+β2)(1−ξ) −

−(β1 + 2β2)e
β1(1−ξ) + (2β1 + β2)e

β2(1−ξ)],
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C2 = − (β1 + β2)β2

χ2β1(β2 − β1)(2β1 + β2)∆B
[(β2 − β1)e

−(β1+β2)(1−ξ) −

−(β1 + 2β2)e
β1(1−ξ) + (2β1 + β2)e

β2(1−ξ)],

C3 =
(β1 + β2)β1

χ2β2(β2 −−β1)(β1 + 2β2)∆B
[(β2 − β1)e

−(β1+β2)(1−ξ) −

−(β1 + 2β2)e
β1(1−ξ) + (2β1 + β2)e

β2(1−ξ)],

C4 =
1

χ2β1β2(β1 + β2)∆B
[(β1 + β2)(β

2
2e
−β2 − β2

1e
−β1)e(β1+β2)ξ +

+(β1 + β2)
2eβ1+β2(β2e

−β2ξ − β1e
−β1ξ) +

+β1β2(β2e
−β2−β1ξ − β1e

−β1−β2ξ)−∆B].

Then from (3) it follows

D1 =
1

χ2(β1 + β2)(2β1 + β2)(β1 + 2β2)∆B
{β1β2(2β1 + β2)e

β2(1−ξ) −

−β1β2(β1 + 2β2)e
β1(1−ξ) +

+(β1 + β2)e
(β1+β2)ξ[β1(2β1 + β2)e

β2 − β2(β1 + 2β2)e
β1 ]},

D2 = − 1
χ2β1(β2 − β1)(2β1 + β2)∆B

{β2(β1 + β2)(β2 − β1)e
−(β1+β2)(1−ξ) +

+β1β2(β2 − β1)e
−(β1+β2)−β1ξ + β2(β1 + β2)(2β1 + β2)e

β2(1−ξ) −
−β1(β1 + β2)(2β1 + β2)e

β2−β1ξ)},
D3 =

1
χ2β2(β2 − β1)(β1 + 2β2)∆B

{β1(β1 + β2)(β2 − β1)e
−(β1+β2)(1−ξ) −

−β1(β1 + β2)(β1 + 2β2)e
β1(1−ξ) + β1β2(β2 − β1)e

−β1−β2(1+ξ) +

+β2(β1 + β2)(β1 + 2β2)e
β1−β2ξ)},

D4 =
1

χ2β1β2(β1 + β2)∆B
{(β1 + β2)(β

2
2e
−β2 − β2

1e
−β1)e(β1+β2)ξ +

+(β1 + β2)
2(β2e

−β2ξ − β1e
−β1ξ)eβ1+β2 +

+β1β2(β2e
−β2−β1ξ − β1e

−β1−β2ξ)}.

2.2 If d = 4T 3 − 27σ2χ2 = 0 ⇒ T > 0, the boundary conditions B give the

equation [1], [2]

∆B = e−3β + 8− 6β = 0, (9)

which determines only one bifurcation point β ≈ 1, 336358362, which, natu-

rally, coincides with the critical value β0 of the previous case.

The conditions of the continuity of the derivatives up to the second order

together with the jump − 1
χ2 of the third derivative at the point ξ for the Green



Green function construction for divergence problems in aeroelasticity 39

function

G(x, ξ) =

{
C1e

−2βx + C2e
βx + C3xeβx + C4, 0 ≤ x < ξ,

D1e
−2βx + D2e

βx + D3xeβx + D4, ξ < x ≤ 1

give the linear system with the determinant 18β5 6= 0. This system leads to

formulae D1 = C1 − e2βξ

18β3χ2 , D2 = C2 − 2e−βξ

18β3χ2 (4 + 3βχ), D3 = C3 + 6βe−βξ

18β3χ2 ,

D4 = C4 + 9
18β3χ2 , which, together with the boundary conditions B for the

Green function, allow us to determine Ci(ξ), i = 1, 4, namely

C1 = − F2(ξ)
2βeβ∆B

, C2 =
28F2(ξ)
2βeβ∆B

, C3 = −12F2(ξ)
2eβ∆B

,

C4 =
β3eβ

2β5eβ∆B

[
2β2F1(ξ)∆B + βF2(ξ)(e−3β − 28 + 12β)

]
=

= F1(ξ) +
1

2β∆B
(e−3β + 28− 12β)F2(ξ),

where

F1 = 1
18β3χ2

{
e−2β(1−ξ) + 2[4− 3β(1− ξ)]eβ(1−ξ) − 9

}
,

F2(ξ) = −2β
18β3χ2

{
e−2β(1−ξ) + [3β(1− ξ)− 1]eβ(1−ξ)

}
,

i.e.

C4 = 9
18χ2β3∆B

{
2(2− β)e−2β(1−ξ) + 4(1− βξ)eβ(1−ξ) + [1− β(1− ξ)]e−β(2+ξ) −∆B

}
.

Consequently

D1 =
1

18β3χ2eβ∆B

{
eβ(1−ξ)[−1 + 3β(1− ξ)] + 2(−4 + 3β)eβ(2ξ+1)

}
,

D2 = − 1
18β3χ2eβ∆B

{
28e−2β(1−ξ) − 36eβ(1−ξ)(1− βξ)(1 + β)− 2e−β(2+ξ)(4 + 3βξ)

}
,

D3 =
6β

18β3χ2eβ∆B

{
2e−2β(1−ξ) + e−β(2+ξ) + 6(1− βξ)eβ(1−ξ)

}
,

D4 =
9

18β3χ2∆B

{
2(2− β)e−2β(1−ξ) + 4(1− βξ)eβ(1−ξ) + [1− β(1− ξ)]e−β(2+ξ)

}
.

Remark 2.1. The passage to limit β2 = β1 + a, a → 0 in case 2.1 gives the

result of 2.2, that confirms the computations validity.

2.3 If d = 4T 3 − 27σ2χ2 < 0, the boundary conditions determinant takes the

form

∆B = 2(n2 − 3) sin δ + 8u cos δ + u(1 + u2)e−3γ = 0, δ = γu, α = 2γ.
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The continuity and jump conditions for the Green function

G(x, ξ) =

{
C1e

−αx + C2e
γx cos δx + C3e

γx sin δx + C4, 0 ≤ x < ξ

D1e
−αx + D2e

γx cos δx + D3e
γx sin δx + D4, ξ < x ≤ 1

give

D1 = C1 − e2γξ

2χ2γ3(9 + u2)
, D2 = C2 − e−γξ[(3− u2) sin δξ + 4u cos δξ]

χ2γ3u(1 + u2)(9 + u2)
,

D3 = C3 − e−γξ[(u2 − 3) cos δξ + 4u sin δξ]
χ2γ3u(1 + u2)(9 + u2)

, D4 = C4 +
1

2χ2γ3(1 + u2)
,

and the relevant system is of the form




−8C1 + (1− 3u2)C2 + u(3− u2)C3 = 0

4C1 + (1− u2)C2 + 2uC3 = 0

e−2γC1 + (eγ cos δ)C2 + (eγ sin δ)C3 + C4 = F2(x)

−2e−2γC1 + (cos δ − u sin δ)eγC2 + (sin δ + u cos δ)eγC3 = F1(x)

F1(ξ) =
1

χ2γ3u(9 + u2)
{− ue−2γ(1−ξ) + eγ(1−ξ)[u cos δ(1− ξ)− 3 sin δ(1− ξ)]

}
,

F2(ξ) =
1

2χ2γ3u(1 + u2)(9 + u2)
{
u(1 + u2)e−2γ(1−ξ) + 2eγ(1−ξ)[(u2 − 3) sin δ(1− ξ) +

+4u cos δ(1− ξ)]− u(9 + u2)
}
,

whence

C1(ξ) =
1 + u2

2χ2γ3(9 + u2)∆B

{
ue−3γ+2γξ − e−γξ[u cos δ(1− ξ)− 3 sin δ(1− ξ)]

}
,

C2(ξ) =
2(u2 − 7)

χ2γ3(1 + u2)(9 + u2)∆B

{
ue−3γ+2γξ − e−γξ[u cos δ(1− ξ)− 3 sin δ(1− ξ)]

}
,

C3(ξ) = − 2(5u2 − 3)
χ2γ3(1 + u2)(9 + u2)∆B

{
ue−3γ+2γξ − e−γξ[u cos δ(1− ξ)− 3 sin δ(1− ξ)]

}
,

C4(ξ) =
1

2χ2γ3(1 + u2)∆B

{− u(1 + u2)e−3γ + (1 + u2)e−γ(2+ξ)[u cos δ(1− ξ)−

− sin δ(1− ξ)] + 2e−2γ(1−ξ)[2u cos δ − (1− u2) sin δ]−
−2[4u cos δ + (u2 − 3) sin δ] + 4eγ(1−ξ)(u cos δξ − sin δξ)

}
,
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implying the following formulae for Di(ξ), i = 1, 4,

D1(ξ) =
−1

2χ2γ3(9 + u2)∆B

{
(1 + u2)e−γξ[u cos δ(1− ξ)− 3 sin δ(1− ξ)] +

+2e2γξ[4u cos δ + (u2 − 3) sin δ]
}
,

D2(ξ) =
e−γξ

χ2γ3u(1 + u2)(9 + u2)∆B

{
2u(u2 − 7)[ue−3γ(1−ξ) −

−u cos δ(1− ξ) + 3 sin δ(1− ξ)] +

+[(u2 − 3) sin δξ − 4u cos δξ)][u(1 + u2)e−3γ + 8u cos δ + 2(u2 − 3) sin δ]
}
,

D3(ξ) =
e−γξ

χ2γ3u(1 + u2)(9 + u2)∆B

{− 2u(5u2 − 3)[ue−3γ(1−ξ) −
−u cos δ(1− ξ) + 3 sin δ(1− ξ)]−
−[(u2 − 3) cos δξ + 4u sin δξ][u(1 + u2)e−3γ + 8u cos δ + 2(u2 − 3) sin δ]

}
,

D4(ξ) =
1

2χ2γ3(1 + u2)∆B

{
(1 + u2)e−γ(2+ξ)[u cos δ(1− ξ)− sin δ(1− ξ)] +

+2e−2γ(1−ξ)[2u cos δ − (1− u2) sin δ] + 4eγ(1−ξ)(u cos δξ − sin δξ)
}
.

Remark 2.2. The passage to the limit u → 0 gives the result of 2.2, that

confirms the validity of computations of 2.2.

3. GREEN FUNCTIONS FOR THE BOUNDARY

CONDITIONS B′

For this case we give the final result without any details of computations.

3.1. If d = 4T 3 − 27σ2χ2 > 0 ⇒ T > 0, the conditions of continuity of the

Green function together with derivatives up to the second order imply

G(x, ξ) =

{
C1e

−αx + C2e
β1x + C3e

β2x + C4, 0 ≤ x < ξ

D1e
−αx + D2e

β2x + D3e
β2x + D4, ξ < x ≤ 1

at the point x = ξ, while the conditions of the jump − 1
χ2 of the third derivative

give the linear system, where

∆B′ = β1β2(β2−β1)e
β1+β2+(β1+β2)

[
β2(β1 + 2β2)e

−β1 − β1(2β1 + β2)e
−β2

]
,
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yielding

C1(ξ) =
1

χ2(β1 + β2)(β1 + 2β2)(2β1 + β2)∆B′

{
(β1 + β2)

[
β2(β1 + 2β2)e

−β1+(β1+β2)ξ −

−β1(2β1 + β2)e
−β2+(β1+β2)ξ

]
+

+β1β2

[
(β1 + 2β2)e

β2+β1(1−ξ) − (2β1 + β2)e
β1+β2(1−ξ)

]}
,

C2(ξ) =
1

χ2β1(β2 − β1)(2β1 + β2)∆B′

{
β2(β2 − β1)

[
(β1 + β2)e

−β1+(β1+β2)ξ +

+β1e
β2+β1(1−ξ)

]
+ (β1 + β2)(2β1 + β2)

[
β2e

−β1−β2ξ − β1e
−β2−β1ξ

]}
,

C3(ξ) =
1

χ2β2(β2 − β1)(β1 + 2β2)∆B′

{
(β1 + β2)(β1 + 2β2)

[
β1e

−β2−β1ξ − β2e
−β1−β2ξ

]−

−β1(β2 − β1)
[
(β1 + β2)e

−β2+(β1+β2)ξ + β2e
β1+β2(1−ξ)

]}
,

C4(ξ) = − 1
χ2β1β2(β

2
2 − β2

1)(β1 + 2β2)(2β1 + β2)∆B′

{
(β2

2 − β2
1)

[
β1β2

(
β2

2e
−β1−

−β2
1e
−β2 + (β1 + β2)(β2e

−β1 − β1e
−β2)

)
+

+(β1 + β2)(β
3
2e
−β1 − β3

1e
−β2)

]
e(β1+β2)ξ +

+β1β
2
2(β1 + 2β2)(β

2
2 + 2β1β2 − β2

1)e
β2+β1(1−ξ) +

+β2
1β2(2β1 + β2)(β

2
1 + 2β1β2 − β2

2)e
β1+β2(1−ξ) −

−(β1 + β2)[β
4
2(2β1 + β2)e

β2(2−ξ) + β4
1(β1 + 2β2)e

β1(2−ξ)] +

+(β1 + β2)(β
2
2 − β2

1)(2β1 + β2)(β1 + 2β2)[β2e
−β1−β2ξ − β1e

−β2−β1ξ]
}
,

and

D1(ξ) =
β1β2

χ2(β1 + β2)(2β1 + β2)(β1 + 2β2)∆B′

{
(β1 + 2β2)e

β2+β1(1−ξ) −

−(2β1 + β2)e
β1+β2(1−ξ) − (β2 − β1)e

(β1+β2)(1−ξ)
}
,

D2(ξ) =
β2(β1 + β2)

χ2β1(β2 − β1)(2β1 + β2)∆B′

{
(β2 − β1)e

−β1+(β1+β2)ξ +

+(2β1 + β2)e
−β1−β2ξ − (β1 + 2β2)e

−β1(1+ξ)
}
,

D3(ξ) =
β1(β1 + β2)

χ2β2(β2 − β1)(β1 + 2β2)∆B′

{
(β1 + 2β2)e

−β2−β1ξ −

−(2β1 + β2)e
−β2(1+ξ) − (β2 − β1)e

−β2+(β1+β2)ξ
}
,
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D4(ξ) =
1

χ2β1β2(β
2
2 − β2

1)(β1 + 2β2)(2β1 + β2)∆B′

{− [
β1β2

(
β2

2e
−β1 − β2

1e
−β2+

+(β1 + β2)(β2e
−β1 − β1e

−β2)
)

+ (β1 + β2)(β
3
2e
−β1 − β3

1e
−β2)

]
(β2

2 − β2
1)e

(β1+β2)ξ −
−β1β

2
2(β1 + 2β2)(β

2
2 + 2β1β2 − β2

1)e
β2+β1(1−ξ) −

−β2
1β2(2β1 + β2)(β

2
1 + 2β1β2 − β2

2)e
β1+β2(1−ξ) +

+(β1 + β2)[β
4
2(2β1 + β2)e

β2(2−ξ) + β4
1(β1 + 2β2)e

β1(2−ξ)]−
−(β1 + β2)(β

2
2 − β2

1)(2β1 + β2)(β1 + 2β2)[β2e
−β1−β2ξ − β1e

−β2−β1ξ] +

+(β2 − β1)(β1 + 2β2)(2β1 + β2)
[
β1β2(β2 − β1)e

β1+β2 +

+β2(β1 + β2)(β1 + 2β2)e
−β1 − β1(β1 + β2)(2β1 + β2)e

−β2
]}

.

3.2. If d = 4T 3 − 27σ2χ2 = 0, the boundary conditions B′ give the equality

∆B′ = 1 + (8 + 6β)e−3β > 0

while the divergence is absent [2].

3.3. If d = 4T 3 − 27σ2χ2 < 0, the boundary conditions B′ give the equality

[2]

∆B′ = 2(3− u2) sin γu + 8u cos γu + u(1 + u2)e3γ =

= ue3γ
[(

2(3− u2)
sin u

u
+ 8 cos γu

)
e−3γ + (1 + u2)

]
,

whence its positivity for small u. For the large u and γ the third summand

grows faster than two first ones. Consequently ∆B′ > 0 and the divergence is

absent again.
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Abstract A problem, which presents a simple limit point, is approximated by finite

element method (FEM) and by finite volume method (FVM). In order to ob-

tain the branch of solutions, an arc-length-continuation method and Newton’s

method are used. Numerical results obtained by two computer programs, based

on FEM and FVM, are presented.
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1. INTRODUCTION

Let Ω = (0, 1) × (0, 1) and consider the following problem in (λ, u) ∈ R ×
H1

0 (Ω)

− 4u = λeu in Ω ,

u = 0 on ∂Ω ,
(1)

where λ is the parameter.

In order to solve problem (1), Glowinski [6] proposed the algorithm pre-

sented in the sequel, based on arc-length-continuation methods, for the prob-

lem in (λ, u) ∈ R×H1
0 (Ω)

− 4u = λT (u) in Ω ,

u = 0 on ∂Ω ,
(2)

which generalizes (1). Ω ⊂ RN is a bounded domain with smooth boundary

∂Ω and T is a nonlinear operator from H1
0 (Ω) to H−1(Ω).

Glowinski [6] followed H. B. Keller [10], [11] in order to use arc-length-

continuation methods to solve nonlinear problems and so to associate to (2)

45
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the continuation equation
∫

Ω

|∇∂u

∂s
|2dΩ + (

dλ

ds
)2 = 1 , (3)

where s is the curvilinear abscissa.

In order to solve (2), the extended system formed by (2) and (3), parametrized

by s, was considered. Let 4s be an arc-length step and un ∼= u(n4s). The

following algorithm was formulated ([6]): take λ0 = 0, u0 = 0 and suppose

that dλ(0)
ds , ∂u(0)

∂s are given; for n ≥ 0, assuming that λn−1, un−1, λn, un are

known, (λn+1, un+1) ∈ R×H1
0 (Ω) is obtained from

−4un+1 = λn+1T (un+1) in Ω ,

un+1 = 0 on ∂Ω ,
(4)

and
∫

Ω

∇(u1 − u0) · ∇(
∂u(0)

∂s
)dΩ + (λ1 − λ0)

dλ(0)
ds

= 4s if n = 0 ,

∫

Ω

∇(un+1 − un) · ∇(
un − un−1

4s
)dΩ + (λn+1 − λn)(

λn+j − λn+j−1

4s
) =

= 4s with j = 0 or 1, if n ≥ 1 .

(5)

From (2), it follows

− 4∂u(0)
∂s

=
dλ(0)

ds
T (0) in Ω ,

∂u(0)
∂s

= 0 on ∂Ω ,

(6)

while dλ(0)
ds , ∂u(0)

∂s are deduced from

(
dλ(0)

ds
)2(1 +

∫

Ω

|∇û|2dΩ) = 1 , (7)

∂u(0)
∂s

=
dλ(0)

ds
û , (8)

where û ∈ H1
0 (Ω) is the solution of

− 4û = T (0) in Ω ,

û = 0 on ∂Ω .
(9)
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For (1), T (v) = ev, v ∈ H1
0 (Ω), and T (0) = 1.

Glowinski [6] approximated (1) by using the FEM, taking a triangulation

Th of Ω by 512 triangles and considering the approximation of u by uh, uh ∈
V 1

h , where

V i
h = {vh ∈ C0(Ω̄), vh|∂Ω = 0 and vh|K ∈ Pi(K), ∀K ∈ Th}, i = 1, 2 , (10)

and Pi(K) is the space of polynomials in x and y of degree less than or equal

to i defined on K. Such a triangle K is defined by the nodal points A1, A3,

A5 in fig. 1 and a basis functions of the space P1(K) is defined by these three

nodal points.

For λ > 0, Glowinski [6] solved, the obtained approximate equations cor-

responding to (4), (5) by the Polak-Ribière version of the conjugate gradient

method. He took 4s = 0.1 and j = 0 and obtained the computed simple limit

point (turning point) at λ = 6.8591 . . .. Glowinski also quoted H.B.Keller

[10], [11] who used Newton’s and quasi-Newton’s methods in order to solve

nonlinear problems by arc-length-continuation methods.

2. NEWTON’S METHOD FOR (4), (5)

Let us consider the weak formulation of (1) as the problem in (λ, u) ∈ R×V ,

V = H1
0 (Ω) ∩ C0(Ω̄),

∫

Ω

∇u · ∇v dΩ = λ

∫

Ω

euv dΩ , ∀ v ∈ H1
0 (Ω) . (11)

For λ ≤ 0, problem (11) possesses a unique solution u. If λ = 0, then

u = 0. There exists a positive number λ̃ such that for λ > λ̃, problem (11)

has no solution. For 0 ≤ λ < λ̃, problem (11) possesses a positive minimal

solution u(λ), (λ, u(λ)) is a regular point of (11) and the mapping λ → u(λ)

is increasing in the following sense: if λ1 < λ2 then u(λ1) < u(λ2) in Ω.

For λ = λ̃, there exists a unique ũ ∈ V such that (λ̃, ũ) is solution of (11).

(λ̃, ũ) is a nondegenerate simple limit point (a turning point) of problem (11)

([1]). Other theoretical results from [1] lead to the conclusion that there

exists λ̃1, 0 < λ̃1 < λ̃, such that for λ̃1 < λ < λ̃, each of the two solutions

(λ, u′) and (λ, u′′) of problem (11) are regular. Under the conditions from [1],
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which relates the exact problem (11) to an approximate problem of (11), (λ̃, ũ)

is approximated by a nondegenerate simple limit point of the approximate

problem.

In (5), let us denote u∗ = u0, λ∗ = λ0, u∗∗ = ∂u(0)
∂s , λ∗∗ = dλ(0)

ds if n = 0 and

u∗ = un, λ∗ = λn, u∗∗ = un−un−1

4s , λ∗∗ = λn−λn−1

4s if n ≥ 1. We take j = 0.

We propose to construct the branch of solution, for λ ≥ 0, for an approx-

imate problem corresponding to problem (1), using an algorithm based on

the above algorithm for (4), (5) and on Newton’s method. We obtain the

approximate problem in two ways: by FEM and by FVM.

In order to apply Newton’s method, it is necessary to know if the solutions

obtained by (4), (5) are regular. It remains to verify that the kernel of the

differential of the function from (4), (5), with respect of (λ̃, ũ), is {0}, that is

the following equation in (µ,w) ∈ R× V has only the solution (µ,w) = (0, 0)
∫

Ω

∇w · ∇v dΩ− λ̃

∫

Ω

eũwv dΩ− µ

∫

Ω

eũv dΩ = 0 , ∀ v ∈ H1
0 (Ω) ,

∫

Ω

∇w · ∇u∗∗ dΩ + µλ∗∗ = 0 ,

(12)

For the first equation from (12), there exists a solution (0, w̃) 6= (0, 0), w̃ > 0

in Ω ([1]). In addition, all solutions of this equation are of the form (0, αw̃),

α ∈ R. For (µ,w) = (0, w̃), (12) becomes
∫

Ω

∇w̃ · ∇v dΩ− λ̃

∫

Ω

eũw̃v dΩ = 0 , ∀ v ∈ H1
0 (Ω) ,

∫

Ω

∇w̃ · ∇u∗∗ dΩ = 0 .

(13)

If w̃ is a solution of (13), it follows that
∫
Ω

eũw̃u∗∗ dΩ = 0. This is not possible

since eũw̃u∗∗ > 0 or eũw̃u∗∗ < 0 in Ω (u∗∗ > 0 or u∗∗ < 0 in Ω) so the kernel

of the differential of the function from (4), (5), with respect of (λ̃, ũ), is {0}
and we can apply Newton’s method.

We now formulate the algorithm which we will use to construct the branch

of solution for an approximate problem corresponding to problem (1):

1. solve (9) (with T (0) = 1) to obtain û ∈ H1
0 (Ω) ;

2. obtain dλ(0)
ds from (7) and ∂u(0)

∂s from (8) ;
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3. let λ0 = 0, u0 = 0 ; for n ≥ 0, taking λn, un as initial iteration, the

following algorithm based on the Newton’s method calculates λn+1, un+1 :

obtain (λm+1, um+1) ∈ R× V using

∫

Ω

∇um+1 · ∇v dΩ−
∫

Ω

λmeum
um+1v dΩ− λm+1

∫

Ω

eum
v dΩ

= −
∫

Ω

λmeum
umv dΩ , ∀ v ∈ H1

0 (Ω) ,

∫

Ω

∇um+1 · ∇u∗∗ dΩ + λm+1λ∗∗ =
∫

Ω

∇u∗ · ∇u∗∗ dΩ + λ∗λ∗∗ +4s .

(14)

4. the algorithm is stopped after an imposed number of iterations for n.

3. THE APPROXIMATE PROBLEM OBTAINED

BY FEM

We formulate an approximate problem corresponding to (14) using the finite

element method (FEM). Let us consider a triangulation Th of Ω = (0, 1)×(0, 1)

by N triangles K. We approximate the component u of the solution of (14)

by uh ∈ V 2
h . The elements K ∈ Th, for the definition of V 2

h , are triangles with

six nodal points: the three vertices and the three mid-points of sides. Such

a triangle K is defined by the nodal points A1, A3, A5 in fig. 1 and a nodal

point i is Ai, i = 1, . . . , 6.

A certain fixed numeration of these nodal points, with i ∈ JK = {1, 2, 3, 4, 5, 6},
represents the local numeration for the nodes of K. A certain fixed numer-

ation of all the nodal points of Ω, with j ∈ J = {1, . . . , M}, represents the

global numeration for the nodes of Ω. The two numerations are related by a

matrix L whose elements are elements j ∈ J (from the global numeration) as

function of the elements K ∈ Th (by the number of the element K in a certain

fixed numeration with elements from the set {1, . . . , N}) and of the elements

i ∈ JK (from the local numeration), that is j = L(K, i).

Denote by ψi, i ∈ JK , the basis functions of the space P2(K) corresponding

to the nodal points i in the local numeration of K. The functions ψi define a
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Fig. 1. Triangulation.

basis functions φj , j ∈ J , of V 2
h . Let us represent uh ∈ V 2

h by

uh(x, y) =
M∑

j=1

ujφj(x, y) , (15)

where uj are the values of uh(x, y) at the nodes j. Taking u = uh, uh given

by (15), and v = φj , j ∈ J , in (14), we obtain the discrete variant of problem

(14) as the following problem in (λ, u1, . . ., uM ) ∈ RM+1, written suitable for

the assembly process,

∑

K∈ Th

{
∑

i∈ JK , j=L(K,i)

um+1
j

∫

K

∇ψi · ∇ψ` dK

−
∑

i∈ JK , j=L(K,i)

um+1
j

∫

K

λmeum
ψi ψ` dK − λm+1

∫

K

eum
ψ` dK }

= −
∑

K∈ Th

∫

K

λmeum
um ψ` dK ,

(16)
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Fig. 2. uh, in x = y = 0.5, as function of λ.

∑

K∈ Th

∑

i∈ JK , j=L(K,i)

um+1
j

∫

K

∇ψi · ∇u∗∗ dK + λm+1λ∗∗

=
∑

K∈ Th

∫

K

∇u∗ · ∇u∗∗ dK + λ∗λ∗∗ +4s ,

um+1
j = 0 for nodal points j on ∂Ω ,

(17)

for all ` ∈ JK , for all K ∈ Th.

The algorithm of Section 2 for problem (16)-(17) was transcribed in a com-

puter program. We took 4s = 0.1 and considered two cases:

1. 98 elements, 225 nodes; it was obtained λ̃computed = 6.8101870809;

2. 72 elements, 169 nodes; it was obtained λ̃computed = 6.8105122120,

where λ̃computed is maximum of λn obtained by numerical calculation.

In fig. 2, we present uh, in x = y = 0.5, as function of λ. In fig. 3, we present

‖uh‖ as function of λ. Here and in Section 4, ‖uh‖ ∼= ‖u‖ = (
∫
Ω

|∇u|2dΩ)1/2.

Our results agree with the computed solution uh, in x = y = 0.5, as function

of λ, obtained by Glowinski [6] for the case presented at the end of Section 1.
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Fig. 3. ‖uh‖ as function of λ.

4. THE APPROXIMATE PROBLEM OBTAINED

BY FVM

In the sequel, we will retain the weak formulation of (1) without partial

integration in the term
∫
Ω

4u v dΩ. Then (14) becomes the following problem

in (λm+1, um+1) ∈ R× (H2(Ω) ∩ C0(Ω̄))
∫

Ω

4um+1 v dΩ +
∫

Ω

λmeum
um+1 v dΩ + λm+1

∫

Ω

eum
v dΩ

=
∫

Ω

λmeum
um v dΩ , ∀ v ∈ L2(Ω) ,

um+1 = 0 on ∂Ω ,
∫

Ω

∇um+1 · ∇u∗∗ dΩ + λm+1λ∗∗ =
∫

Ω

∇u∗ · ∇u∗∗ dΩ + λ∗λ∗∗ +4s .

(18)

We formulate an approximate problem corresponding to problem (18) using

the FVM.

For Ω = (0, 1) × (0, 1), let us consider a rectangular mesh defined by the

points of coordinates (xi, yj), where xi = i4x, yj = j4y, 0 ≤ i ≤ N1,



A numerical study by FEM and FVM of a problem which presents a simple limit point 53

(i−1,,j−1) (i,,j−1) (i+1,,j−1)

(i−1,,j) (i,,j) (i+1,,j)

(i−1,,j+1) (i,,j+1) (i+1,,j+1)

A

BC

D

x

y

Fig. 4. Rectangular mesh.

0 ≤ j ≤ N2, xN1 = 1.0, yN2 = 1.0 (fig. 4). Let us associate a subdomain Kij

to each nodal point (i, j) of coordinates (xi, yj). Kij is a rectangle ABCD (fig.

4), where the points A, B, C, D have coordinates of the type xi±0.54x, yj±
0.54y. Denote Th the triangulation formed by Kij and by Γij the boundary

of Kij .

Let us replace v in (18) by functions defined by vij : Ω̄ → R,

vij(x, y) = 0 if (x, y) /∈ K̄ij

vij(x, y) = 1 if (x, y) ∈ K̄ij .
(19)

The problem (18) becomes the following problem in (λm+1, um+1) ∈ R ×
(H2(Ω) ∩ C0(Ω̄))

∫

Kij

4um+1 dK +
∫

Kij

λmeum
um+1 dK + λm+1

∫

Kij

eum
dK

=
∫

Kij

λmeum
um dK , for all Kij ∈ Th ,

(20)
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∑

Kij∈ Th

∫

Kij

∇um+1 · ∇u∗∗ dK + λm+1λ∗∗

=
∑

Kij∈ Th

∫

Kij

∇u∗ · ∇u∗∗ dK + λ∗λ∗∗ +4s ,

um+1 = 0 on ∂Ω ,

Let H = (f, g) = (∂u
∂x , ∂u

∂y ), V = (u, 0) = u1x, W = (0, u) = u1y, V∗ =

(u∗, 0) = u∗1x, W∗ = (0, u∗) = u∗1y, V∗∗ = (u∗∗, 0) = u∗∗1x, W∗∗ =

(0, u∗∗) = u∗∗1y, where 1x, 1y are the unit vectors along the x , y directions.

Denote by n the unit outward normal to Γij .

Applying Gauss’s formula,
∫

Kij

∇ ·H dK =
∫

Γij

H ·n ds, considering that uij

is the average value of u over Kij and that uij is located at the nodal point

(i, j), we obtain a approximate variant of (20) as the following problem in (λ,

u0,0, . . ., uN1,N2) ∈ R1+(N1+1)(N2+1)

∫

Γij

Hm+1 · n ds + um+1
ij λm eum

ij area(Kij) + λm+1 eum
ij area(Kij)

= λm eum
ij um

ij area(Kij) , for all Kij ∈ Th

∑

Kij∈ Th

{∂u∗∗ij
∂x

∫

Γij

Vm+1 · n ds +
∂u∗∗ij
∂y

∫

Γij

Wm+1 · n ds}

+ λm+1λ∗∗ =
∑

Kij∈ Th

∇u∗ij · ∇u∗∗ij area(Kij) + λ∗λ∗∗ +4s ,

um+1
ij = 0 for nodal points (i, j) on ∂Ω ,

(21)

The terms in this equation are evaluated by the following relations

∫

Γij

H · nds =

= fAB(yB − yA)− gAB(xB − xA) + fBC(yC − yB)− gBC(xC − xB)

+ fCD(yD − yC)− gCD(xD − xC) + fDA(yA − yD)− gDA(xA − xD) ,

fAB =
1
2
(fA + fB), gAB =

1
2
(gA + gB), uAB =

1
2
(uA + uB), . . . .
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∫

Γij

V · nds =

= uAB(yB − yA) + uBC(yC − yB) + uCD(yD − yC) + uDA(yA − yD) ,

∫

Γij

W · nds =

= −uAB(xB − xA)− uBC(xC − xB)− uCD(xD − xC)− uDA(xA − xD) .

uA =
∑

I∈SA

uInI(xA, yA), uB =
∑

I∈SB

uInI(xB, yB),

uC =
∑

I∈SC

uInI(xC , yC), uD =
∑

I∈SD

uInI(xD, yD),

fA =
∂uA

∂x
=

∑

I∈SA

uI
∂nI(xA, yA)

∂x
,

gA =
∂uA

∂y
=

∑

I∈SA

uI
∂nI(xA, yA)

∂y
, . . . ,

SA = {(i, j − 1), (i + 1, j − 1), (i + 1, j), (i, j)},

SB = {(i, j), (i + 1, j), (i + 1, j + 1), (i, j + 1)},

SC = {(i− 1, j), (i, j), (i, j + 1), (i− 1, j + 1)},

SD = {(i− 1, j − 1), (i, j − 1), (i, j), (i− 1, j)}.

We used finite element interpolation on the rectangles of vertices (i, j) in

order to evaluate the value of u in points such as A, B, C, D. NI are the

shape functions on these rectangular finite elements. They are also used to

evaluate ‖uh‖, where uh has the value uij in (i, j).

∂u∗ij
∂x

=
1

area(Kij)

∫

Kij

∂u∗

∂x
dK =

1
area(Kij)

∫

Γij

V∗ · n ds ,

∂u∗ij
∂y

=
1

area(Kij)

∫

Kij

∂u∗

∂y
dK =

1
area(Kij)

∫

Γij

W∗ · n ds ,

and the same if we replace u∗ij by u∗∗ij .
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The algorithm of Section 2 and problem (21) was transcribed in a computer

program. We took 4s = 0.1 and considered two cases:

1. 81 elements, 81 nodes; it was obtained λ̃computed = 6.5301245953;

2. 64 elements, 64 nodes; it was obtained λ̃computed = 6.4448260233,

where λ̃computed is maximum of λn obtained by numerical calculation. In fig.

2, we present uh, in x = y = 0.5, as function of λ. In fig. 3, we present ‖uh‖
as function of λ.
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erator.

2000 MSC: 30C45.

1. INTRODUCTION AND DEFINITIONS

Let A denote the class of functions of the form f(z) = z +
∞∑

j=2
ajz

j , which

are analytic in the open unit disc U = {z : |z| < 1} and H(U) the space of

holomorphic functions in U . Let

An = {f ∈ H(U), f(z) = z + an+1z
n+1 + . . . , z ∈ U}

with A1 = A and

H[a, n] = {f ∈ H(U), f(z) = a + anzn + an+1z
n+1 + . . . , z ∈ U}

for a ∈ C and n ∈ N.

Let S denote the subclass of functions that are univalent in U .

By S∗ (α) we denote a subclass of A consisting of starlike univalent functions

of order α, 0 ≤ α < 1 which satisfies Re
(

zf ′(z)
f(z)

)
> α, z ∈ U.

Further, a function f belonging to S is said to be convex of order α in U , if

and only if Re
(

zf ′′(z)
f ′(z) + 1

)
> α, z ∈ U, for some α, 0 ≤ α < 1. We denote by
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K(α) the class of functions in S which are convex of order α in U and denote

by R(α) the class of functions in A which satisfy Re f ′(z) > α, z ∈ U.

It is well-known that K(α) ⊂ S∗(α) ⊂ S.

If f and g are analytic functions in U , we say that f is subordinate to g,

written f ≺ g, if there is a function w analytic in U , with w(0) = 0, |w(z)| < 1,

for all z ∈ U such that f(z) = g(w(z)) for all z ∈ U . If g is univalent, then

f ≺ g if and only if f(0) = g(0) and f(U) ⊆ g(U).

Let Dn be a generalized Sălăgean operator introduced by Al-Oboudi in [1],

Dn : A → A, n ∈ N, defined as

D0f (z) = f (z) ,

D1f (z) = (1− λ) f(z) + λzf ′(z) = Dλf(z), λ > 0

Dnf(z) = Dλ(Dn−1f(z)), z ∈ U.

We note that if f ∈ A, then

Dnf (z) = z +
∞∑

j=2
[1 + (j − 1)λ]n ajz

j , z ∈ U.

For λ = 1, we get the Sălăgean operator [5].

In order to prove our main theorem we need the following lemma.

Lemma 1.1. [4]. Let p be analytic in U with p(0) = 1 and suppose that

Re
(

1 +
zp′(z)
p(z)

)
>

3α− 1
2α

, z ∈ U.

Then Re p(z) > α for z ∈ U and 1/2 ≤ α < 1.

2. MAIN RESULTS

Definition 1. We say that a function f ∈ A is in the class BO(n, µ, α, λ),

n ∈ N, µ ≥ 0, λ ≥ 0, α ∈ [0, 1) if
∣∣∣∣∣
Dn+1

λ f (z)
z

(
z

Dn
λf(z)

)µ

− 1

∣∣∣∣∣ < 1− α, z ∈ U.

Remark. The family BO(n, µ, α, λ) is a new comprehensive class of ana-

lytic functions which includes various new classes of analytic univalent func-

tions as well as some very well-known ones. For example, BO(0, 1, α, 1)≡
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S∗ (α) , BO(1, 1, α, 1)≡K (α) and BO(0, 0, α, 1)≡R (α). Another interesting

subclasses are the special case BO(0, 2, α, 1)≡B (α) which has been intro-

duced in [3], the class BO(0, µ, α, 1) ≡ B(µ, α) introduced in [4] and the class

BO(n, µ, α, 1) introduced and studied in [2].

In this note we provide a sufficient condition for functions to be in the class

BO(n, µ, α, λ). Consequently, as a special case, we show that convex functions

of order 1/2 are also members of the above defined family.

Theorem 2.1. If for the function f ∈ A, n ∈ N, µ ≥ 0, λ > 0, 1/2 ≤ α < 1

we have
1
λ

Dn+2
λ f (z)

Dn+1
λ f (z)

− µ

λ

Dn+1
λ f (z)
Dn

λf (z)
+

µ− 1
λ

+ 1 ≺ 1 + βz, z ∈ U, (1)

where β = 3α−1
2α , then f ∈ BO(n, µ, α, λ).

Proof. Consider p(z) = Dn+1
λ f(z)

z

(
z

Dn
λf(z)

)µ

. Then p(z) is analytic in U with

p(0) = 1. A simple differentiation yields

zp′(z)
p(z)

=
1
λ

Dn+2
λ f (z)

Dn+1
λ f (z)

− µ

λ

Dn+1
λ f (z)
Dn

λf (z)
+

µ− 1
λ

.

Using (1) we get Re
(
1 + zp′(z)

p(z)

)
> 3α−1

2α . Thus, by Lemma 1.1, we deduce that

Re
{

Dn+1
λ f(z)

z

(
z

Dn
λf(z)

)µ
}

> α. Therefore, f ∈ BO(n, µ, α, λ), by Definition

1.

As consequences of the above theorem we have the following corollaries.

Corollary 1. If f ∈ A and Re
{

2zf ′′(z)+z2f ′′′(z)
f ′(z)+zf ′′(z) − zf ′′(z)

f ′(z)

}
> −1

2 , z ∈ U, then

f ∈ BO(1, 1, 1/2, 1), hence Re
{

1 + zf ′′(z)
f ′(z)

}
> 1

2 , z ∈ U. That is, f is convex

of order 1
2 .

Corollary 2. If f ∈ A and Re
{

1 + zf ′′(z)
f ′(z)

}
> 1

2 , z ∈ U then Re f ′(z) > 1
2 ,

z ∈ U. In other words, if the function f is convex of order 1
2 , then

f ∈ BO(0, 0, 1
2 , 1) ≡ R

(
1
2

)
.

Corollary 3. If f ∈ A and Re
{

f(z)+3zf ′(z)+z2f ′′(z)
f ′(z)+zf ′(z) − zf ′(z)

f ′(z)

}
> 1

2 , z ∈ U, then

Re
{

zf ′(z)
f(z)

}
> 0, z ∈ U. That is, f is a starlike function.

Corollary 4. If f ∈ A and Re
{−f(z)+5zf ′(z)+z2f ′′(z)

f(z)+zf(z)

}
> −1

2 , z ∈ U, then

Re
{

f(z)
z + f ′(z)− 2

}
> 2, z ∈ U.
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1. INTRODUCTION

In the legal information retrieval systems, the information is usually searched

by means of a full text search, every term in the texts of the documents can

function as a search key [4].

In the past few years, XML has been established as an effective mean for

information management, and has been widely exploited for complex data

representation[1]. We propose developing efficient techniques for comparing

XML-based legal documents to become essential in information retrieval (IR)

research, integrating IR semantic similarity assessment in an edit distance

algorithm, seeking to amend similarity judgments when comparing XML-based

legal documents. Our approach consists of an original edit distance operation

cost model, introducing semantic relatedness of XML element/attribute labels,

in traditional edit distance computations[1].

In recent years, W3C’s XML (eXtensible Mark-up Language) has been ac-

cepted as a major mean for efficient data management and exchange. The

use of XML ranges over information formatting and storage, database infor-

mation interchange, data filtering, as well as web services interaction. Due

to the ever-increasing web exploitation of XML, an efficient approach to com-
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pare XML-based legal documents becomes crucial in information retrieval [3].

Legal documents play an important role in all activities related to the legal do-

main. In particular they represent an efficient human communication mean to

transmit legal knowledge. Legislations are often complex and prone to change.

Organizations that base their daily work on a set of legal documents have to

deal with a massive amount of legal and numerous legal updates[7]. Legal

documents typically combine structured and unstructured information. The

structured information is increasingly tagged with markup languages such as

XML (Extensible Markup Language) [6] . A range of algorithms for compar-

ing semi-structured data, e.g. XML documents, have been proposed in the

literature. All of these approaches focus exclusively on the structure of doc-

uments, ignoring the semantics involved. However, in the legal information

retrieval systems, estimating semantic similarity between legal documents is

of key importance to improving search results[1].

Semantic similarity IR for legal information, incited us to expand existing

XML structural similarity so as to take into account semantic relatedness while

comparing XML documents [1].

2. BACKGROUND

2.1. LEGAL XML DATA MODEL

Legal documents typically combine structured and unstructured informa-

tion, the former, for instance, referring to common document architectures,

reference structures and metadata information the latter involving the nat-

ural language texts. The structured information is increasingly tagged with

markup languages such as XML [6].

XML documents represent a hierarchically structured information and can be

modeled as Ordered Labeled Trees (OLTs). Nodes in a traditional DOM (Doc-

ument Object Model) ordered labeled tree represent document elements and

are labeled with corresponding element tag names. Element attributes mark

the nodes of their containing elements [1].
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The Community Official Journal texts, which constitute our working base,

consist of many types of texts grouped in two main categories: legislation,

information and notices. In this paper, we focus on regulations, directives,

decisions and recommendations regardless of their category [5]. Legislative

documents have a hierarchical structure in which elements with detailed con-

tent are nested in larger elements[1]. In [4] we can find recommendations and

legislative techniques for structuring the document.

Community acts are generally drafted according to a standard structure

(fig. 1):

Fig. 1. Basic structure of legislative acts

1. the “Title” comprises all the information in the heading of the act which

serves to identify it. It may be followed by certain technical data (reference to

the authentic language version, relevance for the EEA, serial number) which

are inserted, where appropriate, between the title proper and the preamble

[4];

2. “preamble” means everything between the title and the enacting terms of

the act, namely the citations, the recitals and the solemn forms which precede

and follow them [4]. Citations: at the beginning of the preamble, they indicate

the legal basis of the act, the proposals, recommendations, initiatives, drafts...

that must be obtained, and certain opinions and other non-mandatory pro-



64 Sorina Cornoiu

cedural steps. Citations are generally introduced by the dedicated expression

’Having regard to” or ”Acting in accordance with” [5]. Recitals: are the parts

of the act containing the statement of reasons for the act; they are placed

between the citations and the enacting terms. Recitals are introduced by the

word “Whereas : ” and continue with numbered points comprising one or

more complete sentences [5];

3. the “enacting terms” are the legislative part of the act. They are composed

of articles, which may be grouped in titles, chapters and sections, and may be

accompanied by annexes [5].

4. annex: “where necessary annex” and is spread out until the end of docu-

ment. In case where many annexes are necessary, each annex has a heading

like the one cited above and is numbered [5].

2.2. XML STRUCTURAL SIMILARITY

An XML document can be modeled as an ordered labeled tree, each node

in the tree corresponding to an element in the document and is labeled with

the element tag name. Let us consider the following XML documents (fig. 2).

Fig. 2. Example of XML documents

<act>

   < element> 

      <article> 

          <title></tile> 

          <paragraph></paragraph> 

       </article> 

     </element> 

</act>

Tree A 

<document> 

   <element> 

      <article> 

           <section></section> 

       </article> 

     </element> 

</document> 

Tree B 

<legal_document> 

   <element> 

      <article> 

           <chapter></chapter> 

       </article> 

     </element> 

</legal_document> 

Tree C 

Using traditional edit distance computations, the same structural similar-

ity value is obtained when document A is compared to documents B and C.

However, despite having similar structural characteristics, one can obviously
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recognize that sample document A shares more semantic characteristics with

document B than with C. For example, in fig. 2 pairs act-document and

paragraph-section, from documents A and B, are semantically similar while

paragraph-chapter, from documents A and C, are semantically different [3].

For this reason we integrate semantic similarity assessment in a structured

XML similarity approach, in order to provide an improved XML similarity

measure for comparing heterogeneous XML documents [1].

In order to determine structural similarities between hierarchically struc-

tured data, particularly XML documents, we can use various methods : Tree

Edit Distance (TED) Similarity, Tag Similarity, Fourier Transform Similarity

Metric.

Several authors have provided algorithms for computing the optimal edit

distance between two trees. In general, the edit distance measures the min-

imum number of node insertions, deletions, and updates required to convert

one tree into another [2]

TED(Di, Dj) =
editDist(Di, Dj)
max(|Ni|, |Nj |) , (1)

where : Ni is the set of nodes in the tree representation of document Di and

Nj is the set of nodes in the tree representation of document Dj . Chawathe

restricts insertion and deletion operations to leaf nodes, and changes to trees

using three basic tree edit operations : insertion of leaf nodes - Ins(x, i, p,

λ(x)) , deletion of leaf nodes - Del(x, p) , update internal/leaf nodes - Upd(x,

y) [3] . By associating costs with each edit operation, Chawathe defines the

cost of an edit script (sequence of edit operations) to be the sum of the costs

of its component operations [1]. Similarity measures based on edit (or metric)

distance are generally computed as [3]

sim(A,B) =
1

1 + dist(A,B)
. (2)

We can to find the cheapest sequence of edit operations that can transform

one tree into another.
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Chawathe employed the ld-pair representation of a tree node. It is defined

as the pair (l, d) where: l and d are the node label and depth in the tree

[3], respectively. We use p.l and p.d to refer to the label and the depth of an

ld-pair p respectively. For example, we have the following representation for

the tree A :

A=((act,0),(enact,1),(article,2),(title,3),(paragraph,3))

We can assign identical costs to insertion and deletion operations (CostIns

= CostDel = 1), as well as to update operations only when the newly assigned

label is different from the node current label (CostUpd(a ,b) = 1 when a.l 6=
b.l, otherwise, when the labels are the same, CostUpd = 0, underlining that

no changes are to be made to the label of node a).

Applying Chawathe’s approach we obtain

Edit script= Upd (A[1],B[1]) , Upd (A[4],B[4]) , Del (A[5],A[3])

Dist(A,B)=Dist(A,C)=3.

Using (2) , we obtain : Sim(A, B) = Sim(A, C) = 0.25.

The corresponding edit distance computations are shown in Table 1. The

minimum-cost ES contribution to the edit distance computation process is

emphasized in bold format.

Table 1 Computing minimum edit distance for XML trees A and B

0 B[1]/(document,0) B[2]/(element,1) B[3]/(article,2) B[4]/(section,3)

0 0 1 2 3 4

A[1](act,0) 1 1 2 3 4

A[2](element,1) 2 2 1 2 3

A[3](article,2) 3 3 2 1 2

A[4](title,3) 4 4 3 2 2

A[5](paragraph,3) 5 5 4 3 3

Intuitive cost models do not affect the correctness of Chawathe’s structural

similarity algorithm. However, they fail to capture the semantics of XML doc-
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uments. we propose to complement the structure-based similarity algorithm,

with a cost model integrating semantic assessment (semantic similarity) in the

comparison process [1].

So far we spoke about how we can enhance existing XML comparison ap-

proaches in order to take into consideration both structural and semantic

characteristics of XML documents.

3. INTEGRATED SEMANTIC AND STRUCTURE

BASED SIMILARITY

In order to take into account semantic meaning while comparing XML doc-

uments, we propose to complement Chawathe’s edit distance algorithm with

the following semantic cost model (SCM)

CostOp(x, y) = CostSemOp(x, y)× CostDepthOp(x) ∈ [0, 1] (3)

where Op designates an insertion, deletion or update operation, CostSemOp(x,

y) is the label semantic similarity cost and represents the operation costs

according to the semantic of concerned nodes, CostDepthOp(x) represents the

node depth.

In our case, using (3) we have

CostOp(A,B)= CostSemOp(A,B) × CostDepthOp(A)

3.1. LABEL SEMANTIC SIMILARITY COST

The label semantic similarity cost CostSemOp(x, y) represents the operation

costs according to the semantic of the concerned nodes

CostSemOp(x, y) = 1− SimSemOp(x.l, y.l) (4)

where SimSemOp(x.l, y.l) represents the label semantic similarity that use Lin’s

semantic similarity measure.

For calculate Lin’s measure WordNet-based semantic similarity. The Word-

Net (WordNet Search - 3.0) is a lexical database that provides a combination

between the traditional lexicographical information and modern computing.

WordNet contains more than 118000 different word forms and more than

90000 different word senses and include synonymy (same-name) , antonymy
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(opposite-name), hyponymy (sub-name), hypernymy (super-name), meronymy

(part-name) and holonymy (whole-name) relations. The lexical database Word-

Net is particularly suited for similarity measures, since it organizes nouns and

verbs into hierarchies of “is-a” relations. Using the CPAN(Comprehensive Perl

Archive Network) module, we are able to measure the semantic similarities be-

tween words by use of algorithms. There will be used the Lin’s algorithm that

is based on the information content of the least common subsumer (LCS) of

concepts A and B. Information content is a measure of the specificity of a

concept, and the LCS of concepts A and B is the most specific concept that

is an ancestor of both A and B. The Lin measure augments the information

content of the LCS with the sum of the information content of concepts A and

B themselves. The Lin measure scales the information content of the LCS by

this sum [8].

Following Lin, the semantic similarity between two words (expressions) can

be computed as

SimSem(w1, w2) = SimSem(c1, c2) =
2logp(c0)

logp(c1) + logp(c2)
(5)

where:

- c1 and c2 are concepts, in a knowledge base of hierarchical structure (tax-

onomy), subsuming words w1 and w2 respectively;

- c0 is the most specific common ancestor of concepts c1 and c2;

- p(c) denotes the occurrence probability of words corresponding to concept

c. It can be computed as the relative frequency: p(c) = freq(c) / N, freq(c) =

Σcount(w) and N: total number of words in the corpus.

We can have the following three situations:

update : CostSemUpd(x, y) = 1− SimSem(x.l, y.l) (6)

where x is an node from an XML document and x.l is the node label x, y is

an node from an XML document and y.l is the node label y.

When labels are identical, the semantic similarity is of maximum value,

SimSem(x.l, y.l) = 1, yielding CostUpd(x, y) = 0 (no changes to be made).

When labels are completely different, the semantic similarity is of minimum
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value, SimSem(x.l, y.l) = 0, which brings us to CostUpd(x, y) = 1 [3];

insert : CostSemIns(x, i, p, λ(x)) = 1− SimSem(λ(x), p.l) (7)

delete : CostSemDel(x, p) = 1− SimSem(x.l, p.l). (8)

In order to insert deletion operation, when labels are identical or completely

different, insertion/deletion costs would be equal to 0 or 1 [3].

3.2. NODE DEPTH COST

Information becomes increasingly specific as one descends in the XML tree

hierarchy. For example, consider the XML sample tree A in fig. 2. Editing

node A[1] (A[1].l = act) by changing its label to ”book”, would semantically

affect tree A a lot more than deleting node A[4] (A[4].l = title), changing

A’s whole semantic context. Therefore, it would be relevant to vary opera-

tion costs following node depths, assuming that operations near the root node

have higher impact than operations further down the hierarchy. The following

formula, adapted from, could be used for that matter [1]

CostDepthOp(x) =
1

1 + x.d
∈ [0, 1] (9)

where Op is an insert, delete or update operation, x.d is the depth of node

considered for insertion, deletion or updating.

Editing the root node of a document tree involves CostDepthOp(root) = 1.

3.3. SEMANTIC COST MODEL(SCM)

In order to enrich formula (2) with semantic meaning, we propose the fol-

lowing cost model [1]

CostOp(x, y) = CostSemOp × CostDepth(x) (10)

where Op designates an insertion, updating or deletion operation. In this case

we have

sim(A,B) =
1

1 + distSCM(A,B)
. (11)
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First we must obtain word semantic similarities, computed by following

Lin’s measure (Table 2).

Table 2 Word semantic similarities, computed by following Lin’s measure.

Word pairs SimLin Wordpairs SimLin

act document 0.8391 article chapter 0.3693

act legal−document 0.8746 title paragraph 0.5029

act element 0.1067 title section 06028

act article 0.3768 title chapter 0.5642

act title 0.5758 title document 0.6637

act paragraph 0.5229 title legal−document 0.6444

act section 0.6316 paragraph document 0.5944

act chapter 0.5895 paragraph section 0.5451

element document 0.1252 paragraph legal−document 0.5789

element legal−document 0.1211 paragraph chapter 0.5134

element article 0.1017 chapter legal−document 0.6616

element section 0.1123 chapter document 0.682

element chapter 0.1043 section legal−document 0.7152

element title 0.1017 document legal−document 0.9637

element paragraph 0.0918 document section 0.7391

article legal−document 0.4218 document article 0.4344

article title 0.3611 article section 0.3945

article paragraph 0.3292

The results attained by applying the semantic cost model to compare sample

XML documents A, B and C are shown in Tables 3 and 4.
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For example, DistSCM(A[1],B[1])= (1-SimLin(A[1], B[1])) = 1-0.8391=0.1609.

Table 3 Computing minimum edit distance for XML trees A and B; distSCM(A,B)=0.1014.

B[1]/(document,0) B[2]/(element,1) B[3]/(article,2) B[4]/(section,3)

A[1](act,0) 0.1609 0.8933 0.6232 0.3684

A[2](element,1) 0.4374 0.1609 04491 0.4438

A[3](article,2) 0.1885 0.2994 0.1609 0.2018

A[4](title,3) 0.0840 0.2245 0.1597 0.0993

A[5](paragraph,3) 0.1014 0.2270 0.1677 0.1137

Table 4 Computing minimum edit distance for XML trees A and C; distSCM(A,C)=0.1254.

C[1]/(legal document,0) C[2]/(element,1) C[3]/(article,2) C[4]/(chapter,3)

A[1](act,0) 0.1254 0.8933 0.6232 0.4105

A[2](element,1) 0.4374 0.1254 04491 0.4438

A[3](article,2) 0.1927 0.2994 0.1254 0.2102

A[4](title,3) 0.0889 0.2245 0.1597 0.1089

A[5](paragraph,3) 0.1052 0.2270 0.1677 0.1216

By using (11), we obtain: Sim SCM(A,B) = 1/(1+0.1014)= 0.907 and

Sim SCM(A,C) = 1/(1+0.1254 )= 0.888.

Considering semantic relatedness, in the comparison process, reflects the

fact that sample documents A and B are more similar than A and C

(SimSCM(A, B) > SimSCM(A,C)), in spite of sharing identical structural

similarities [3]. In order to compare XML legal documents we use a structure-

based (edit distance) similarity algorithm, which seems to capture semantic

meaning effectively.
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4. CONCLUSION

The database community has proposed several languages for quering XML,

such as XML-QL, XQuery, XQL. These language are based on exact matching

and do not support ranked queries. For this reason we propose using semantic

cost model which takes in consideration both structural and semantic charac-

teristics of XML legal documents.

References

[1] J. Tekli, R. Chbeir, K. Yétongnon, A hybrid approach for XML similarity, 33rd Inter-

national Conference on Current Trends in Theory and Practice of Computer Science

(SOFSEM)pringer Verlag Incs, Harrachov, Czech Republic, January 2007, 783-795.

[2] D. Buttler, A short survey of document structure similarity algorithms, The 5th Inter-

national Conference on Internet Computing, Las Vegas, NV, United States, June 21,

2004.

[3] J. Tekli, R. Chbeir, K. Yétongnon, Semantic and Structure Based XML Similarity-

AnIntegratedApproach, 13th International Conference on Management of Data (CO-

MAD’06), Delhi, India, December 2006.

[4] Joint practical guide for the drafting of community legislation,

http://reterei.eu/rete/GPC en.pdf.

[5] F. Fady, R. Rousselot, DARES: Documents annotation and recombining system-

Application to the European law, Artificial Intelligence and Law, Springer, 15,(2)(2007),

83-102.

[6] M.F. Moens, Retrieval of legal documents: combining structured and unstructured in-

formation, Proceedings ELPUB2005 Conference on Electronic Publishing, Kath. Univ.

Leuven, June 2005.

[7] O. Vasutiu, D. Jouve, Y. Amghar, J.M. Pinon, XML based legal document drafting

information system, Standards for Legislative XML Workshop, Amsterdam, December

15, 2007.

[8] T. Pedersen, J. Michelizzi , Wordnet: Similarity - measuring the relatedness of concepts,

Proceedings of the Nineteenth National Conference on Artificial Intelligence (AAAI-

04), 2004.



APPROXIMATE LIMIT CYCLES FOR
THE RAYLEIGH MODEL

ROMAI J., 4, 2(2008), 73–80

Adelina Georgescu, Petre Băzăvan, Mihaela Sterpu
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1. THE RAYLEIGH MODEL

By the Rayleigh model we mean the Cauchy problem

x(0) = x0,
.
x (0) = y0, (1)

for the (generalized) Rayleigh equation

ε
..
x +

1
3

.
x

3 − .
x +ax = g sinωt (2)

where x : R → R, x = x (t) , is the unknown (state) function, t is the time,

ε, a, g and ω are positive parameters and the dot over quantities stands for

the differentiation with respect to time. The generalized Rayleigh equation

without forcing (g = 0) reads

ẍ +
1
3
ẋ3 − ẋ + x = 0. (3)

For ε = a = 1, the equation (3) becomes the equation introduced by

Rayleigh in 1883 to study the oscillations of the violin chords. The dynam-
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ics generated by it is closed to the dynamics generated by the Van der Pol

equation

ẍ + (x2 − 1)ẋ + x = 0. (4)

Indeed, by differentiating the original Rayleigh equation with respect to time

and by using the notation ẋ = y, we obtain just the Van der Pol equation.

In its form (2) the Rayleigh equation was introduced in 1979 by Diener in

order to study the duck (French canard) phenomenon [6], [7]. Subsequently, it

was found that, for certain values of the parameters, the dynamics generated

by (2) can be very complicated, presenting cascades of bifurcations and chaotic

regions. In addition, the model (1), (2), as well as the van der Pol model, was

applied to electronics and physiology in a series of papers, e.g. [1], [2], [5],

[8], [11], [12], [13], [15], [16], [17]. Especially it was investigated numerically

and theoretically the existence and uniqueness of limit cycles corresponding

to periodic oscillations, the attractors the most important for applications.

In this paper, by using asymptotic methods, [9], [10], we extended the

studies from [15], [16] concerning the construction of approximate limit cycles

for the Rayleigh model with or without forcing. We neglected the higher

harmonics as suggested in [14].

The equation (2) was transformed into the following system of two nonau-

tonomous ordinary differential equations (ODEs)




ẋ = y,

ẏ = −a
εx + 1

ε

(
y − 1

3y3
)

+ g
ε sinωt,

(5)

or to the following system of three autonomous ODEs in R3





ẋ = y,

ẏ = −a
εx + 1

ε

(
y − 1

3y3
)

+ g
ε · sin z,

ż = ω.

(6)

First we used the first order asymptotic approximation of (5) as g → 0 to

derive the so-called averaged system associated with (5)




.
x= y,
.
y= 1

ε

(−ax + y − 1
3y3

)
,

(7)
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which coincides with the system (5) without forcing.

With system (7) a two-dimensional dynamical system is associated while

the dynamics generated by (5) or (6) is three-dimensional.

In [16], it is proved that the system (7) without forcing possesses a limit

cycle passing through the point
(
0,−√3

)
. In Section 2 we derive an asymptotic

approximation of the limit cycle of (5) and in Section 3 we give comparative

graphical representations of the exact or approximate limit cycle.

2. APPROXIMATE LIMIT CYCLE

The unique limit cycle of (7) passing through
(
0,−√3

)
represents an ap-

proximate limit cycle for (5). Another approximation corresponds to limit

cycles of the form





x (t) = γ(t) + α(t) cosωt + β(t) sinωt,

y(t) = γ̇(t) + [α̇(t) + ωβ(t)] cosωt +
[
β̇(t)− ωα(t)

]
sinωt.

(8)

Introducing (8) into (5), neglecting the higher harmonics (e.g. cos2 ωt =
cos 2ωt+1

2 ∼ 1
2) and the derivatives α̈ and β̈ and using the notation γ̇ = δ,

we obtain




.
γ= δ,

εδ̇ + 1
3δ3 + δ

[
1
2A− 1

]
+ aγ = 0,

εω(2β̇ − ωα) + (α̇ + ωβ)
[

1
4A + (γ̇2 − 1)

]
+ aα = 0,

−εω(2α̇ + ωβ) + (β̇ − ωα)
[

1
4A + (γ̇2 − 1)

]
+ aβ − g = 0,

(9)

where A = (α̇ + ωβ)2 + (β̇ − ωα)2.

The equilibria of (9) correspond to periodic solutions of period 2π
ω of (5),

hence to the limit cycles of the associated dynamical system. These equilibria

satisfy the algebraic system




δ = 0,

γ = 0,
(
a− εω2

)
α + ω

[
1
4ω2

(
α2 + β2

)− 1
]
β = 0,

−ω
[

1
4ω2

(
α2 + β2

)− 1
]
α +

(
a− εω2

)
β = g,

(10)
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which has the solution (α, β, γ, δ) = (α, β, 0, 0). Since γ = 0, γ̇ = 0, (8)

becomes 



x (t) = α cosωt + β sinωt,

y (t) = βω cosωt− αω sinωt,
(11)

where, with the notation r2 = α2+β2, from (10) we deduced α = 1
∆ωg

(
1− ω2r2

4

)
,

β = 1
∆g

(
a− εω2

)
, ∆ =

(
a− εω2

)2 + ω2
[
1− 1

4ω2r2
]2 and r is a real solution

of equation

r2

[
(
a− εω2

)2 + ω2

(
1− 1

4
ω2r2

)2
]

= g2, (12)

or, equivalently,

r2∆ = g2. (13)

The equation (12) was deduced from (10)23+(10)24 = 0.

Case g = 0. In this case (12) implies

ω2r2 = 4, ω2ε = a (14)

i.e.

ω =
√

a

ε
, r = 2

√
ε

a
. (15)

From (11) we have

α = x (0) , β =
y (0)
ω

, (16)

and this relation holds also for the case g > 0. In addition, we have

x2 (0) +
y2 (0)
ω2

= r2. (17)

The simplest approximate form for the ellipse (11) corresponds to β = 0 and,

hence, α = r = 2
√

ε
a and it is





x (t) = 2
√

ε
a cos

√
a
ε t,

y (t) = −2 sin
√

a
ε t,

(18)

This is the only approximate limit cycle considered in [16]. It passes through

the point
(
2
√

a
ε , 0

)
. However, we do not know a priori if this point belongs

or not to the approximate limit cycle. In fact, the ellipse through
(
2
√

a
ε , 0

)
is

only one among the infinity of ellipses of the form



x (t) = x (0) cos
√

a
ε t + y(0)

ω sin
√

a
ε t,

y (t) = y (0) cos
√

a
ε t− ωx (0) sin

√
a
ε t,

(19)
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where x (0) and y (0) satisfy (17). From this set we must choose the approxi-

mate limit cycle.

The philosophy under our choice is: the approximate limit cycle from the

case g = 0 is that which is equal to the limit cycle from the case g > 0 as

g → 0.

Case g > 0. In order to deduce the limiting limit cycle (11) as g → 0 we

must derive asymptotic expansions for α, β, r, ω and ∆ as g → 0. The main

idea, suggested by (14), is

εω2 ∼ a + a0g + a1g
2 + ..., ω2r2− 4 ∼ 4r2

0g + 4r2
1g

2 + ..., as g → 0. (20)

The expansion (20)1 shows that ω = O(1) as g → 0 and (20)2 implies that

r = O(1) as g → 0 too. From (20) we have as g → 0

ω2 ∼ a
ε + a0

ε g + a1
ε g2 + ..., ω ∼

√
a
ε

(
1 + a0

2ag + ...
)
,

1
ω2 ∼

√
a
ε

(
1− a0

a g + ...
)
,

r2 ∼
(
4 + 4r2

0g + ...
)

ε
a

(
1− a0

a g + ...
)
∼ 4ε

a

[
1 + g

(
r2
0 − a0

a

)]
+ ...

∆ ∼ g2
[
a2

0 + 2a0a1g +
(

a
ε + a0

ε g
) (

r4
0 + 2r2

0r
2
1g

)]
+ ...

∼ g2
[
a2

0 + r4
0

a
ε + g

(
r4
0

a
ε + 2r2

0r
2
1

a
ε + 2a0a1

)]
+ ...

(21)

Introducing (20) into (12) and taking into account (21) it follows that, up to

terms of order g, we have 4
ω2

(
1 + r2

0g
)
∆ ∼ g2, i.e.

4
(
1 + r2

0g
) ε

a

(
1− a0

a
g
)

g2
[
a2

0 + r4
0

a

ε
+ g

(
r4
0

a

ε
+ 2r2

0r
2
1

a

ε
+ 2a0a1

)]
+ ... ∼ g2

or, equivalently,

4ε

a

(
a2

0 + r4
0

a

ε

)
+

4ε

a
g

[(
a2

0 + r4
0

a

ε

) (
r2
0 −

a0

a

)
+ r4

0

a

ε
+ 2r2

0r
2
1

a

ε
+ 2a0a1

]
+... ∼ 1.

(22)

After the matching, from (22) we obtain

4ε

a

(
a2

0 + r4
0

a

ε

)
= 1, (23)

(
a2

0 + r4
0

a

ε

)(
r2
0 −

a0

a

)
+ r4

0

a0

ε
+ 2r2

0r
2
1

a

ε
+ 2a0a1 = 0. (24)

On the other hand, taking into account (23), (24) and the above quoted ex-

pansions for α and β we have, up to terms in g, as g → 0,

α ∼ − 1
a2

0 + r4
0

a
ε

√
a

ε

(
1 +

a0

2a
g
) (

r2
0 + r2

1g
) [

1 + g
(
r2
0 −

a0

a

)]
(25)
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∼ −4
√

ε

a

[
r2
0 + g

(
r4
0 −

a0

2a
r2
0 + r2

1

)]
,

β ∼ − 1
a2

0 + r4
0

a
ε

(a0 + a1g)
[
1 + g

(
r2
0 −

a0

a

)]
(26)

∼ −4ε

a

[
a0 + g

(
a1 + a0r

2
0 −

a2
0

a

)]
.

Taking into account the initial conditions (16), then (25) and (26) yield

x(0) = −4
√

ε

a
r2
0 (27)

r4
0 − r2

0

a0

2a
+ r2

1 = 0, (28)

y (0)
ω

= −4ε

a
a0, (29)

a1 + a0r
2
0 −

a2
0

a
= 0. (30)

The unique solution of (23), (24), (28) and (30) reads

a2
0 =

a2

4 (aε + 1)
, a1 = 0, r2

0 =
1

2
√

aε + 1
, r2

1 = − 1
8 (aε + 1)

, (31)

Numerical computations revealed that the appropriate route for a0 is a0 =

− a
2
√

aε+1
. Then

α = − 2
√

ε/a√
aε + 1

, β = − 2ε√
aε + 1

, ω ∼
√

a

ε
−

√
a/ε

4
√

aε + 1
g (32)

and to the approximate limit cycle for g ¿ 1




x (t) = − 2
√

ε/a√
aε+1

cos
(√

a
ε −

g
√

a/ε

4
√

aε+1

)
t− 2ε√

aε+1
sin

(√
a
ε −

g
√

a/ε

4
√

aε+1

)
t,

y (t) = −
[

2
√

aε√
aε+1

+ g
√

aε
aε+1

]
cos

(√
a
ε −

g
√

a/ε

4
√

aε+1

)
t+

+
[

2√
aε+1

+ g
aε+1

]
sin

(√
a
ε −

g
√

a/ε

4
√

aε+1

)
t.

(33)

This ellipse passes through the point
(
− 2√

aε+1

√
ε
a ,− 2

√
aε√

aε+1
−

√
aε

aε+1g
)
. As g →

0 this ellipse tends to the ellipse




x (t) = − 2
√

ε/a√
aε+1

cos
√

a
ε t− 2ε√

aε+1
sin

√
a
ε t,

y (t) = − 2
√

aε√
aε+1

cos
√

a
ε t + 2√

aε+1
sin

√
a
ε t,

(34)
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Fig. 1. The approximate limit cycle of (5). Case g = 0 : (a) ε = 1, a = 4; (b) ε = 3,

a = 2; (c) ε = 3, a = 3. Case g > 0 : (d) ε = 3, a = 3, ω = 0.985, g = 0.2; (e) ε = 3, a = 3,

ω = 0.990, g = 0.1; (f) ε = 3, a = 3, ω = 0.992, g = 0.05.

which passes through the point

(x0, y0) =

(
− 2

√
ε/a√

aε + 1
,− 2

√
aε√

aε + 1

)
. (35)

As expected, the ellipse (34) is of the form (19), where the initial point is (35),

and it is the approximate limit cycle of (5) as g → 0.

3. NUMERICAL RESULTS

In fig. 1 we give comparative numerical results on the approximate limit

cycle of (5). In figs. 1a-c we represent the orbit through
(
0,−√3

)
of (7) (black

color) and the orbit (34). They show the good approximation realized.

In figs. 1d-e we give numerical results on the approximate limit cycle (33)

for various values of the parameters and g ¿ 1.

The numerical method used was that from [4], [3].
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Abstract The Taylor-Dean viscous fluid flow between two rotating cylinders is a com-

bination of a circular Couette flow and azimuthal Poiseuille flow. Its linear

stability was investigated analytically and numerically, among others, in the

case when the size of the gap between the two cylinders was taken into ac-

count [4], [21], [19]. When this parameter becomes important, the existence of

a large variety of patterns bifurcated from the Taylor-Dean flow depends on

the strata determined in the parameter space. The main interest in most of

these studies is for the critical instability conditions. In this paper, the eigen-

value problem governing the Lyapunov stability of the basic Taylor-Dean flow

against rotationally symmetric perturbations, previously investigated in [14]

by using isoperimetric inequalities, is studied along with some other examples

from [24], by means of spectral methods based on Legendre polynomials [12].

In each case the critical Taylor number at which the instability sets in is ob-

tained. All our numerical results agree with those existing in the literature.
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1. STATEMENT OF THE PROBLEM

The simplest example of a steady-circular flow of a viscous fluid between

two-rotating cylinders is the Taylor-Couette flow for which the laminar basic

state is the circular Couette flow. In the absence of viscosity, the first criterion

of stability was given by Rayleigh [23], i.e., a stratification of angular momen-

81
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tum about an axis is stable if and only if increases monotonically outward. For

the case of a viscous Couette flow, theoretical and experimental investigations

were performed for the first time by G.I. Taylor (1923) [26] for the case of a

small gap d (d = R2 − R1) between the rotating cylinders compared to the

mean radius ((R1 + R2)/2). The analytical expression of its criterion is given

in terms of the Taylor number, a dimensionless parameter that characterizes

the importance of the centrifugal forces due to rotation of fluid about vertical

axis, relative to viscous forces. In the case when the inner cylinder rotates

and the outer cylinders is stationary, he found [26] that the flow becomes un-

stable when the parameter Re(d/R1)1/2 exceeds the value of about 41, where

the spacing between the cylinders is small compared to the inner radius R1

and the disturbances were assumed axisymmetric. Here Re represents the

Reynolds number. Chandrasekhar [4] also investigated the eigenvalue prob-

lem arising in the Lyapunov stability study and obtained expressions for the

secular equations leading to the neutral manifolds that separate the stability

and instability domains.

Another motion of great interest from the engineering point of view is the

Taylor-Couette flow of a viscous fluid in a fully filled annulus of concentric

rotating cylinders. Applications from bearing lubrification and viscometry

need analytical and numerical results on this motion [1]. Practical applications

of the system from [1] exist in the textile industry or paper fabrication.

When a viscous fluid flows in a curved channel under a pressure gradient

acting round the cylinders a pumping velocity distribution occur. This type

of instability was first considered by Dean (1928)[7], also in the case of a

thin annulus compared to the mean radius. Further analytical and numerical

investigations of the resulting eigenvalue problems were given by DiPrima [10],

Reid [24], Hammerlin [16], to quote but a few of the first works.

In the following we present some results from previous works concerning the

Taylor-Dean system, pointing out in each case that the main interest was on

the influence of the various fields or of the physical parameters (the gap space

for instance) on the stability of the system or on the numerical evaluations of

the critical values of the Taylor number.
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For a viscous flow between two rotating cylinders in which the basic motion

is a combination of a circular Couette flow and an azimuthal Poisseuille flow

the system becomes a Taylor-Dean one. Experimental investigations of the

Taylor-Dean problem in the case of a small gap between the cylinders com-

pared to the mean radius were first conducted by Brewster and Nissan [2] and

then also theoretically and experimentally by Brewster, Grosberg and Nissan

in [3]. For the case when the outer cylinder is at rest the analytical inves-

tigation of the problem was performed by DiPrima [10] using Fourier series

expansions in order to obtain critical values of the Taylor number. In this

paper the theoretical analysis of this problem [10] is performed using spectral

methods based on Legendre and Chebyshev polynomials expansions and the

numerical results are compared to the ones from [10], proving to be similar.

Linear stability analysis were conducted for the arbitrary gap spacing case

also. At first, Chen and Chang [5] conducted a complete analysis for the onset

of secondary motion of Taylor-Dean flow in between two infinitely long rotat-

ing cylinders in the small gap approximation theory. In [6] Chen found, for

the arbitrary gap spacing case, that the most stable state correspond either

to the case when the instability is about to change from a nonaxisymmetric

mode into a symmetric mode, as the pumping velocity is increasing, or when

a nonaxisymmetric mode changes both its azimuthal wavelength and its di-

rection of travelling. The numerical evaluations of the two-point eigenvalue

problem was based on a shooting technique together with a unit-disturbance

method [6].

In [21] the linear and weakly nonlinear analysis of the Taylor-Dean system

which consists of the flow between two rotating cylinders in the horizontal po-

sition is presented. The numerical computations of the critical Taylor number,

wavenumbers and wave speeds for the primary transitions are given at first

for a finite gap system and then compared with results obtained in the small

gap approximation. The weakly nonlinear analysis of the transition towards

the spirals or the stationary rolls shows that this transition is always super-

critical if the Poisseuille-Couette flow is induced by a partial filling. When an

external pumping is present, however, a supercritical bifurcation for specific
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values of the rotation ratio is induced leading to the conclusion that these two

configurations are not always equivalent either for linear or nonlinear analysis.

In [22] the flow of a Bingham fluid between two rotating cylinders with a

pressure gradient in the tangential direction is considered. A nonlinear stabil-

ity analysis of the Taylor-Couette flow, along with a theoretical study of the

Taylor-Dean configuration, are performed. The critical parameters character-

izing the occurrence of the instability in the Taylor-Dean configuration for a

Bingham fluid were computed.

Hills and Bassom [18], [19] were concerned with a large wavenumber pertur-

bations in small-gap Taylor-Dean flow. They proved that a consistent solution

of the governing equations in the main body of the fluid can be constructed

by a WKB analysis which links the Taylor and Dean instabilities at exponen-

tially small orders. Although their studies concerned high wavenumbers, the

observed asymptotic behaviours could be use to interpret the neutral curves

behaviours obtained by Kachoyan [20].

In [8] a linear stability analysis of a viscous flow driven by a constant az-

imuthal pressure gradient between two horizontal radial temperature concen-

tric porous cylinders when a radial temperature gradient is given. The in-

fluence of the temperature field is pointed out for both outflow and inflow

cases.

A modified Taylor-Dean system is considered in [13]. The flow of a viscous

fluid take place between a inner cylinder, which is rotating about its fixed axis

and, in general, the outer cylinder is fixed and noncircular. The gap space

is assumed to be small compared to the radius of the inner cylinder. The

streamwise growth of a steady disturbance is calculated with a given method

that involves considering a steady-state small disturbance of the base flow.

Stability characteristic and critical values of the Taylor number are obtained.

It is proven that the more the gap width increases in the direction of the flux

of the basic flow the more unstable the flow becomes, and conversely when the

gap width correspondingly decreases.

The Taylor-Dean flow configurations when the annulus is only partially

filled have multiple engineering applications such as rotating drum filter, in

electrogalvanizing line in the steel making industry which uses a roller-type
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cell to plate zinc onto the surface of a steel strip. It has been shown that wall

curvature can have a significant effect on the performance of film cooling over

turbine blades [1].

2. SPECTRAL METHODS

The general Taylor-Dean stability problem leads to the following two-point

boundary value problem [10]
{

(D2 − a2)2U = F (x)V,

(D2 − a2)V = −a2TG(x)U
(1)

and the boundary conditions

U = DU = V = 0 at x = 0, 1, (2)

where D denote the differentiation with respect to the variable x, i.e. D =
d

dx
,

F (x) and G(x) are known continuous, indefinitely derivable functions, a is the

wavenumber and T is the Taylor number. The unknown functions U and V

stand for the amplitude of the perturbation fields of the radial and azimuthal

velocity, respectively. In (1)-(2) the vector (U, V ) represents the eigenvector

and T is the corresponding eigenvalue. The classical Taylor stability problem

is of the form (1) - (2) with g(x) = 1, f(x) = 1 − (1 − µ)x, µ < 1, µ =
Ω2

Ω1
with Ω1 and Ω2 the angular velocities of rotation about the axis of the inner

and the outer cylinders. In the general case, the basic mathematical problem

is: given F (x) and G(x), determine the smallest value of T for a > 0 such

that a solution of (1) - (2) exists. We are interested in the critical value of the

Taylor number T for positive values of the wavenumber at which instability

sets in.

The main reason for the use of spectral methods is their exponential ac-

curacy. Large classes of eigenvalue problems can be solved numerically using

spectral methods, where, typically, the various unknown fields are expanded

upon sets of orthogonal polynomials or functions. The convergence of such

methods is in most cases easy to assure and they are efficient, accurate and

fast. Our numerical study is performed using a weighted residual (Galerkin

type) spectral method.
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One of the most important characteristic of the Galerkin projection is that

the boundary conditions of the problem are treated implicitly by building

them into the base functions. In these conditions, the basis functions must

be chosen such that each of the functions satisfies the boundary conditions

which imply that they are satisfied by a linear combination of such functions

also in the case of the linear stability problems from hydrodynamic stability

characterized by linear and homogeneous boundary conditions.

Following [17], let us consider the complete orthogonal sets of functions

{φi}i=1,2,...,n ∈ L2(0, 1) : φi(x) =
∫ x

0
Qi(t)dt,

with φi, i = 1, 2, ..., n satisfying boundary conditions of the type φi(0) =

φi(1) = 0 and

{βi}i=1,2,...,n ∈ L2(0, 1) : βi(x) =
∫ x

0

∫ s

0
Qi(t)dtds,

with βi, i = 1, 2, ..., n satisfying boundary conditions of the type βi(0) =

βi(1) = β′i(0) = β′i(1) = 0.

we denoted by Q the classical Legendre polynomials defined on (−1, 1).

Let us write the unknown functions U and V as series of the form

U =
n∑

i=1

Uiβi(x), V =
n∑

i=1

Viφi(x). (3)

In this way, the functions U and V satisfy all boundary conditions imposed on

them since each of the expansion function satisfies automatically the boundary

conditions.

Replacing the expressions (3) in the system of ordinary differential equa-

tions that define the eigenvalue problem (1), we obtain the following algebraic

system in the expansion functions





n∑
i=1

Ui(D2 − a2)2βi −
n∑

i=1
ViF (x)φi = 0,

n∑
i=1

Vi(D2 − a2)φi + a2T
n∑

i=1
UiG(x)βi = 0.

(4)
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Following [17], we impose the condition that the equations in (4) be orthogonal

on the vector (βk, φk), k = 1, 2, ..., n. We get




n∑
i=1

[Ui

(
(D2 − a2)2βi, βk

)
− Vi(F ((x)φi, βk)] = 0,

n∑
i=1

[Vi

(
(D2 − a2)φi, φk

)
+ a2TUi(G(x)βi, φk)] = 0.

(5)

The secular equation, which yields the critical value of the Taylor number T

is obtained by imposing the condition that the determinant of the system (5)

vanish, i.e.
((D2 − a2)2βi, βk) (F (x)φi, βk)

a2T (G(x)βi, φk) ((D2 − a2)φi, φk)

= 0. (6)

The unknown vector field (U, V ) from (1) can also be expanded upon com-

plete sequences of functions in L2(0, 1) defined by using Chebyshev poly-

nomials that satisfy the boundary conditions of the problem. Keeping the

above notations, the functions φi, i = 1, 2, ..., N are defined, for instance,

by φi(x) = T ∗i (x) − T ∗i+2(x) and βi, i = 1, 2, ..., n by βi(n) = T ∗i (x) −
2(i + 2)
i + 3

T ∗i+2(x) +
i + 1
i + 3

T ∗i+4(x) [25] with T ∗i , i = 1, 2, ..., n, the shifted Cheby-

shev polynomials on (0, 1) defined in a similar manner as the shifted Legendre

polynomials. All the evaluations of the scalar products were based on the

orthogonality relation

∫ 1

0
T ∗n(z)T ∗m(x)w∗(z)dz =





π

2
cnδnm, if i = j,

0, if i 6= j,
(7)

with respect to the weight function w∗(x) =
1√

x(1− x))
.

Remark. We could also work with original Legendre or Chebyshev poly-

nomials by transforming the defined interval on (a, b) = (−1, 1). However, the

choice (a, b) = (0, 1) led us to simplified numerical evaluations.

3. A VARIATIONAL APPROACH

Since F (x), G(x) ∈ C∞ and V ∈ C2, from (1)1 we get that U ∈ C6, then

(1)2 implies that V ∈ C4 and, again from (1)1 it follows that U ∈ C8 and so

on such that U, V ∈ C∞. As they are defined on a compact set it follows that
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they are bounded hence U2, V 2 are Lebesgue integrable. The problem (1) -

(2) can also be written in the form

AX = TBX, X ∈ D(A− TB),

where X = (U, V )t, the expressions of the matricial differential operators

A and B are A =

(
(D2 − a2)2 0

0 D2 − a2

)
, B =

(
0 F (x)

−a2G(x) 0

)
and

D(A − TB), the domain of definition of the operator A − TB, is defined by

D(A− TB) = D(A) ∩D(B),

D(A) = {X ∈ C
∞×C

∞|U, V satisfy the boundary conditions (2)}, D(B) = C
∞

,

therefore D(A−TB) = D(A), with C
∞

= C∞((0, 1);R) the space of functions

f̃ : (0, 1) → R which, together with all their derivatives can be prolonged by

continuity on [0, 1].

Since C∞0 is dense in L2, the operators A and B may be extended to op-

erators in L2 densely defined on some Hilbert subspace H of L2 obtained by

the closure of D(A) in L2. It can be proved immediately that A = A∗ and

B∗ = Bt, A∗ and B∗ being the adjoint operators for A and B and that for

AX = TBX, X ∈ H (8)

its adjoint reads

AX∗ = TBtX∗, X∗ ∈ H. (9)

A necessary condition for the existence of the eigenvector X of (8) is

Q1(X,X∗) = ((A− TB)X,X∗) = 0, (10)

where X∗ is the eigenvector of (9).

The following variational principle for the linear nonselfadjoint operator

A− TB holds[9], [27]

(T,X) and (T ∗,X∗) are the eigenvalues and eigenvectors of problem (8) and (9)

respectively iff T = extQ where Q : H ×H → R is the functional

Q(X,X∗) =
(AX,X∗)
(BX,X∗)

and ext stands for the extremum value of Q.

(11)
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This reduces the calculation of the eigenvalues and eigenvectors of (8) and

(9) to the solution of the variational problem extQ in H ×H.

Due to the complicate form of Q it is preferable to transform the variational

problem without constraints (11) into the isoperimetric problem:

extremal (stationary) points of Q in H ×H are equal to the extremal (stationary)

points of the functional Q1 in H1 ×H1 = {(X,X∗)|(BX,X∗) = 1}.

If X = (U, V ) and X∗ = (U∗, V ∗) are represented by series, e.g. U =
n∑

i=1
Uiβi(x), V =

n∑
i=1

Viφi(x), U∗ =
n∑

i=1
U∗

i βi(x), V ∗ =
n∑

i=1
V ∗

i φi(x), then Q1 be-

comes a function of 4n variable U1, U2, ..., Un, V1, ..., Vn, U∗
1 , ..., U∗

n, V ∗
1 , ..., V ∗

n

such that in order for Q1 to achieve an extremum value it is necessary that

∂Q1

∂Ui
=

∂Q1

∂Vi
=

∂Q1

∂U∗
i

=
∂Q1

∂V ∗
i

= 0, i = 1, 2, ..., n. (12)

The evaluations can be simplified by halving the order of differentiation if

the expression of Q1 from (10) is integrated by parts and then taking into

account the boundary conditions on U , V , U∗, V ∗, i.e. U = DU = V = 0,

U∗ = DU∗ = V ∗ = 0 at x = 0 and x = 1. We get

Q1(X,X∗) =
∫ 1
0 {D2UD2U∗ + 2a2DUDU∗ + a4UU∗ − F (x)V U∗ −DV DV ∗−

−a2V V ∗ + a2TG(x)UV ∗}dx = 0.

(13)

Since Q1(X,X∗) is then equal to

Q1(U1, .., Un, V1, .., Vn, U∗
1 , ..., U∗

n, V ∗
1 , ..., V ∗

n ) =
n∑

i=1

n∑
j=1

UiU
∗
j ((D2βi, D

2βj)+

+2a2(Dβi, Dβj) + a4(βi, βj))− ViU
∗
j (F (x)φi, βj)− ViV

∗
j ((Dφi, Dφj)) + a2(φi, φj)+

+a2TUiV
∗
j (G(x)βi, φj) = 0

(14)

(12) will lead to the following relation detM · detM t = 0, where M is a sim-

plified form of the determinant in (6).
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4. NUMERICAL EVALUATIONS

Some particular examples of (1)-(2) are numerically treated using the spec-

tral method based on polynomials presented in Section 2.

Let be a viscous flow between two concentric cylinders due to a pressure

gradient acting round the cylinders. The z axis is the cylinders axis. In

the narrow gap approximation and if the principle of exchange of stabilities

holds, the stability of the basic flow to rotationally symmetric perturbations,

specially periodic in the z-direction is governed by the system [14], [24]
{

(D2 − a2)2u = a2T (4x− 4x2)v,

(D2 − a2)v = (1− 2x)u
(15)

and the boundary conditions

v = u = Du = 0 at x = 0, 1. (16)

In [14] Joseph’s method is applied in order to obtain bounds for the stability

problem (15)-(16).

Multiplying (15)2 by −a2T the system (15) is reduced to the general form

(1), i.e. {
(D2 − a2)2Ψ = (4x2 − 4x)v,

(D2 − a2)v = −a2T (1− 2x)Ψ.
(17)

Here, and in all the examples below, Ψ(x) =

(
u(x)

v(x)

)
is the vector perturbation

function and it represents the eigenfunction in the above eigenvalue problem.

Representing the unknown functions as in the above spectral method, the

secular equation is obtained allowing us to obtain numerical evaluations on the

critical Taylor number. These numerical results are presented in comparison

with the ones from [24] in Table 1.

In [10] DiPrima studied the stability of a viscous flow between rotating

cylinders when the inner cylinder is rotating (the Taylor problem) and at the

same time the fluid is being pumped round the annulus (the Dean problem),

with the possibility of pumping in the direction of rotation or opposed to it.

Introducing a pumping parameter Q = 3(1+a)
Vp

Vr
, with the quantities Vp and

Vr being the average velocities due to rotation and pumping, respectively, he
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obtained numerical values of the critical Taylor number for different wavenum-

bers for axisymmetric modes in a small-gap approximation, for various values

of the parameter Q.

The stability problem for this type of velocity distribution has the form [10]
{

(D2 − a2)2u = {(1− x)−Q(x2 − x)}v,

(D2 − a2)v = −Ta2{1 + Q(2x− 1)}u
(18)

with the boundary conditions (16). The eigenvalue problem (18) -(16) is solved

in [10] using a method from Chandrasekhar [4]. Our numerical evaluations,

based on shifted Legendre and Chebyshev polynomials, presented in Table 2,

are similar to those from [10].

In [15] the linear stability of the Taylor-Dean flow was investigated in the

case of a partially filled rotating confinement and subject to circumferential

drop pressure. The eigenvalue problem is defined by a nonselfadjoint matrix

differential operators with variable coefficients which lead to the application of

numerical methods (e.g. shooting method was used by Mutabazi, Normand,

Peerhossainti, Wesfried) rather than towards analytical approaches.

The flow of an incompressible viscous fluid between two coaxial horizontal

cylinders rotating in the same direction in the presence of a circumferential

pressure gradient is investigated [15]. More over, two cases are analyzed: one

case when both cylinders are rotating and another when only the inner cylinder

is rotating and the outer one is at rest. In the first one, the problem governing

the linear stability of the basic flow (U, V, W,P ) = (0, V (x), 0, P (x)), where

V (x) = 3(1 +µ)x2− 2(2 + µ)x+ 1, with respect to infinitesimal perturbations

of the form f(x, y) = f(y)eiσx, can be written in the classical form [15]
{

(D2 − a2)2u = V v,

(D2 − a2)v = −2a2TDV u, x ∈ [0, 1]
(19)

where D = d/dx, u ∈ C4([0, 1],R), v ∈ C2([0, 1],R), µ ∈ [0, 1], T > 0, a ∈ R+.

Here µ is the rotation velocities ratio.

For the case when the inner cylinder is rotating with the angular velocity

Ω1 and the other cylinder is at rest, the basic flow velocity distribution is a

quadratic polynomial

V0(x) = 2α(1− x) + 6(1− α)(x− x2) (20)
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where α is the dimensionless measure of the relative strength of the velocities

due to the rotation and the pressure gradient.

The eigenvalue problem has then the form [15]
{

(D2 − a2)2u = a2TV0v,

(D2 − a2)v = 0.5DV0u
(21)

with the boundary conditions (16).

The problem was investigated analytically and numerically in [15] using the

Chandrasekhar method. The azimuthal eigenfunction v(x) is expanded in a

Fourier sine series v(x) =
∞∑

n=1
vn sin(nπx) that satisfies all boundary conditions

on v. The radial eigenfunction u(x) is obtained by replacing v(x) in (21)1 and

solve the obtained ordinary differential equation. Then the functions u(x)

and v(x) are replaced in (21)2 and imposing the condition that the left-hand

side of the obtained equation to be orthogonal on sin(mπx), m = 1, 2, ...,

an algebraic infinite system of equations is obtained. Since the solution of

this system is nontrivial, the conditions that the determinant of the system to

vanish is imposed. The secular equation of the form F (T, a, α) = 0 is obtained.

The same method was also used in [20]. In [20] it is shown also that the values

of the wavenumber on some intervals lead to some discontinuities; in this case

the lowest stationary mode does not exists.It is clear that the method we used

lead to a simplification not only of the numerical computations but also on

the symbolic written.

The numerical results for all the presented cases are given in Tables 1-

4. In the following we give the notations used for the tables headings: TL-

corresponding to the numerical results obtained here using shifted Legendre

polynomials, TC-corresponding to the numerical results obtained here using

shifted Legendre polynomials, T[cited reference]-corresponding to the numerical

results obtained in the cited reference. The accuracy of the spectral methods

used here is proven also by the small number of terms in the expansion series,

n ≤ 6. Obviously, we performed numerical evaluations for a larger number of

terms, but the obtained improvements of the numerical evaluations did not

justified the much larger computational time.
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a TL TC T[24]

1 126320.1329 122194.722 117835.7058

2 41110.9207 40176.220 38786.6952

2.5 31570.5941 31045.954 30007.6002

3 27007.4955 26728.576 25869.0258

3.8 24449.0427 24480.515 23764.18005

3.9 24443.38079 24452.04647 23748.48592

4 25051.82227 24467.073 23774.64568

4.5 25550.4704 25120.706 23840.10808

5 26893.4293 26612.164 26005.6818

5.5 28976.0245 28849.428 28298.2050

6 31758.7613 31802.477 31375.1250

8 50185.97265 51218.709 51520.5000

Table 1 Numerical values of the critical Taylor number for various values of the

wavenumber for the model (15)-(16).
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Q a TL TC T[10]

−2 3.80 13576.5545 12098.7883 12594.1346

−0.5 3.17 4279.4433 4291.879 4182.021

0 3.12 3474.8687 3532.390395 3393.6866

0.5 3.13 2915.5634 2975.603180 2845.6975

3 3.14 1525.6674 1582.064085 1480.5318

10 3.45 472.0859 484.4711193 455.6961

21 3.70 154.8957 157.1818753 149.0145

Table 2 Numerical values of the critical Taylor number for various values of the

parameters Q and a for the model (18)-(16).
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Fig.1.: Neutral surface for the model (19)-(16).

The neutral surface separating the stability and instability domain is pre-

sented in Figure 1. It was obtained in MATLAB using a two dimensional
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µ a TL TC

0 2.5 9919.7149 11460.31073

0 2.7 9835.469 11532.63127

0 3 10045.964 12016.05962

0.2 3 10995.292 12409.86652

0.2 4 15979.639 16915.09562

0.4 2.7 10998.024 11539.55249

0.4 2.8 10984.887 11554.30105

0.4 3 11088.561 11707.50378

0.75 3 10504.836 9860.645306

0.75 3.5 10224.794 9790.854202

0.75 3.75 10301.214 9968.810226

1 3 10395.189 8801.452055

1 4 9403.829 8387.847645

1 4.15 9426.951 8480.124589

1 4.5 9606.823 8819.413100

Table 3 Numerical values of the critical Taylor number for various values of the

parameters µ and a for the model (19)-(16).
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α a T × 103
[20] T × 103

L T × 103
C

0.125 3.68 4.75 4.9569 5.05001

0.5 3.14 2.96 3.0513 3.17117

0.75 3.13 2.162 2.222 2.29017

1.5 3.24 1.205 1.233 1.20967

3 3.80 0.731 0.7542 0.62713

−3 5.7 2.553 6.358 2.41603

Table 4 Numerical values of the critical Taylor number for various values of the

parameters α and a for the model (21)-(16).

interpolation procedure. The graphical representation gives us the critical

Taylor number as a function of a and µ, T = T (a, µ). It can be noticed that

for fixed values of µ (a projection on this space) the neutral curve given by

T = T (a) has the classical well known form from [4].

5. CONCLUSIONS

In this paper we present a few models of Taylor-Dean system, the analytical

and numerical investigation performed on them. The practical importance of

these models was pointed out and the physical characteristics on each case are

emphasized. We were interested in the critical values of the Taylor number,

Tc (proportional to the inner cylinder rate) at which the system changes from

a spatially uniform state to a travelling wave state. We also completed some

of them with our analytical and numerical results. The evaluations were each

time compared to the existing ones and they proved to be similar.

We can conclude that an experimental, analytical and numerical study is

of great theoretical and practical interest due to the large variety of patterns

that this system exhibits.
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Abstract A mathematical model from biology describing the evolution of two species

being in a predator-pray relationship is analyzed. The model is a Cauchy

problem for a system consisting of two first order ordinary differential equa-

tions with quadratic nonlinearities and containing six real parameters. Two

parameters are the growth rates of the involved species, other two are the

carrying capacities of the species and the last two parameters represent the

action of one species on the other. The phase functions are assumed to be

positive and the only last two parameters are allowed to vary. Numerically it

is found that the only candidates for the Lyapunov asymptotically stable or

unstable sets governing the phase portrait are the equilibrium points, so that

their type was investigated by means of the spectrum of the matrix defining the

linearized equations around the equilibrium. In the case of nonhyperbolic equi-

libria the Lyapunov-Perron theorem upon the first approximation is no longer

valid. This is why in this paper the normal form method is applied to get a

nonhyperbolic Lyapunov asymptotically unstable nondegenerate saddle-node

mainly responsable for the phase plane. The corresponding global dynamic

bifurcation diagram is carried out numerically.
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1. INTRODUCTION

There are many instances in nature where one species of animal feeds on

another species of animal, which in turn feeds on other things. The first
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species is called the predator and the second is called the prey. In a predator-

prey situation the growth rate of one population is decreased and the other

increased. There are more s.o.d.e.s which represent the predator-prey model.

We study here only one of them [3], i.e.

{
ẋ = r1x(1− x/K1 − p12y/K1),

ẏ = r2y(1− y/K2 + p21x/K2),
(1)

where x, y represent the two species (x is the prey and y is the predator),

r1 < 0, r2 > 0 - the growth rates of these species, K1,K2 -the carrying

capacity of every species, p12 > 0 - the effect of species y on the growth of

species x and p21 > 0 - the the effect of species x on the growth of species

y. In this study we consider r1, r2,K1 and K2 as fixed, hence in (1) only two

parameters, p12 and p21, occur.

Due to physical reasons, the phase space must be the first quadrant (without

axes of coordinates). However, for theoretical reasons we consider these half-

axes too.

2. THE EQUILIBRIUM POINTS

The system (1) has the following equilibria: O(0, 0), E1(K1, 0), E2(0,K2),

E3

(
K1 −K2p12

1 + p12p21
,
K2 + K1p21

1 + p12p21

)
. From biological viewpoint, this last equilib-

rium point must be in the first quadrant, i.e.
K1 −K2p12

1 + p12p21
> 0 and

K2 + K1p21

1 + p12p21
>

0. It follows that K1 −K2p12 > 0, i.e. p12 < K1/K2.

By the Lyapunov-Perron linearization principle, the Lyapunov asymptotic

stability of a hyperbolic equilibrium point, say (x∗, y∗), depends on the eigen-

values of the matrix of the system linearized around the point [2]. More

exactly, the attractivity of (x∗, y∗) corresponds to the eigenvalues of the ma-

trix
(

r1 (1− 2x/K1 − p12y/K1) −r1p12x/K1

r2p21y/K2 r2 (1− 2y/K2 + p21x/K2)

)∣∣∣∣∣
(x∗,y∗)

. (2)

In the following we analyze the nature of the equilibrium points and their

attractivity for all possible values of the parameters p12 and p21. Since in our

case the Lyapunov stability (instability) implies attractivity (repulsivity) and,
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conversely, for the sake of simplicity in the sequel we refer only to attractivity

and repulsivity.

p12 < K1/K2. In this case there exist four equilibria; the equilibrium O

is a repulsive node, because the eigenvalues of the matrix (2) are λ1 = r1 >

0, λ2 = r2 > 0. For the equilibrium point E1 the eigenvalues of the matrix

(2) are λ1 = −r1 < 0, λ2 = r2(1 + p21K1/K2) > 0, therefore E1 is a saddle.

Similarly, for the equilibrium point E2 the eigenvalues of the matrix (2) are

λ1 = −r2 < 0, λ2 = r1(1− p12K2/K1) > 0, hence E2 is a saddle, too.

For the fourth equilibrium point, E3, the eigenvalues of the matrix (2) are

the roots of the characteristic equation λ2 − tr A λ + detA = 0, where

A =
1

1 + p12p21

(
r1 (p12K2 −K1) /K1 r1p12 (p12K2 −K1) /K1

r2p21 (p21K1 + K2) /K2 −r2 (p21K1 + K2) /K2

)
. (3)

We have

detA = − r1r2

K1K2
· (p12K2 −K1)(p21K1 + K2)

1 + p12p21
> 0, (4)

therefore λ1 şi λ2 have the same sign (if they are real), so, we have to study

the sign of trA, too. We have

trA =
1

1 + p12p21

[
r1(p12K2 −K1)

K1
− r2(p21K1 + K2)

K2

]
.

The curve H of the Hopf bifurcation values is the straight line defined by

trA = 0, i.e. by the equation p21 = K2/(r2K1)(r1K2p12/K1 − r1 − r2), which

for p12 < K1/K2 have p21 < 0, therefore this is not in the first quadrant. It

follows that for positive parameters p12, p21 there are no Hopf singularities.

For p12 < K1/K2 we have trA < 0. Since detA > 0, it follows that E3 is an

attractive node.

p12 = p21 = 0. The equilibria are: O(0, 0), E1(K1, 0), E2(0,K2), E3(K1,K2).

p12 = 0, p21 6= 0. The equilibria are: O(0, 0), E1(K1, 0), E2(0,K2) and

E3(K1,K1p21 + K2).

p12 6= 0, p21 = 0. The equilibria are: O(0, 0), E1(K1, 0), E2(0,K2) and

E3(K1 − p12K2,K2). In all these situations the equilibria have the same type

as in the case p12 < K1/K2.

p12 > K1/K2. In this case, from the biological viewpoint, there exist only

three equilibria, the fourth equilibrium point being in the second quadrant.
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The equilibrium O is an repulsive node (the eigenvalues of the matrix (2)

being λ1 = r1 > 0, λ2 = r2 > 0). The equilibrium point E1 is a saddle (the

eigenvalues of the matrix (2) are λ1 = −r1 > 0, λ2 = r2(1 + p21K1/K2) > 0);

E2 is an attractive node (the eigenvalues of the matrix (2) being λ1 = −r2 <

0, λ2 = r1(1−p12K2/K1) > 0). The fourth equilibrium point (which has only

a mathematical existence) is a saddle.

p12 = K1/K2. In this case (1) assumes the form

{
ẋ = r1x (1− x/K1 − y/K2) ,

ẏ = r2y (1− y/K2 − p21x/K2) .
(5)

The equilibria of the (5) are: O(0, 0) (repulsive node), E1(K1, 0) (saddle)

and E2(0,K2) (saddle-node, it is a double point appeared when E3 and E2

coalesce).

In the following we study the nature of the saddle-node using the normal

form method [1].

Proposition 2.1. The normal form of (5) at the point E2(0,K2) is

{
ṅ1 = r1 (p21/K2 + 1/K1) n2

1 + O(n3),

ṅ2 = −r2n2 + [p21(r1 − r2)/K2]n1n2 + O(n3),
(6)

therefore, E2 is a nondegenerated saddle-node equilibrium.

Proof. First, we translate the point E2 at the origin by means of the change

u1 = x, u2 = y −K2. Let u = (u1, u2)T . Then, in u, (5) reads

{
u̇1 = −(r1/K1)u2

1 − (r1/K2)u1u2,

u̇2 = r2p21u1 − r2u2 + (r2p21/K2)u1u2 − (r2/K2)u2
2.

(7)

The eigenvalues of the matrix defining the linear terms in (7) are λ1 = 0,

λ2 = −r2 and the corresponding eigenvectors read uλ1 = (1, p21)T and uλ2 =

(0, 1)T . Thus, with the change of coordinates

(
u1

u2

)
=

(
1 0

p21 1

)(
v1

v2

)
,

(7) achieves the form

{
v̇1 = −Bv2

1 − (r1/K2)v1v2,

v̇2 = −r2v2 + p21Bv2
1 − Cv1v2 − (r2/K2)v2

2,
(8)
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where B = r1 (p21/K2 + 1/K1) and C = p21(r2−r1)/K2, such that the matrix

defining the linear part is diagonal. In order to reduce the second order non-

resonant terms in (8) we determine the transformation v = n + h(n), where

v = (v1, v2)T and n = (n1, n2)T , suggested by the Table 1, found by applying

the normal form method.

m1 m2 Xm,1 Xm,2 Λm,1 Λm,2 hm,1 hm,2

2 0 −B p21B 0 r2 - p21B/r2

1 1 −r1/K2 −C −r2 0 r1/(r2K2) -

0 2 0 −r2/K2 −2r2 −r2 0 1/K2

Table 1.

Here Λm,1, Λm,2 are the eigenvalues of the associated Lie operator, while Xm

is the second order homogenous vector polynomial in (8).

We find the transformation
{

v1 = n1 + [r1/(r2K2)]n1n2,

v2 = n2 + (Bp21/r2)n2
1 + (1/K2)n2

2,

carrying (8) into (6). We have r1(p21/K2 +1/K1) 6= 0. By [1], the equilibrium

point E2 corresponding the dynamical system generated by a s.o.d.e. of the

form (6) is a nondegenerated saddle-node.

3. THE DYNAMIC BIFURCATION DIAGRAM

From Section 2 it follows that the strata of the parameter space are deter-

mined by the curves S = {(p12, p21)|p12 = K1/K2} and HR = {(p12, p21)|p21 =

K2/(r2K1)(r1K2p12/K1− r1 − r2).

Fig. 1. The parametric portrait.
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In fig. 1 the parametric portrait is represented. The regions 1 and 2 contain

the axes, too.

In fig. 2 the phase portraits corresponding to the strata from the parametric

portrait are presented. The coordinate axes represent the two species: x the

abscissa, and y the ordinate. The portraits from the zone 2 and the zone HR

are topological equivalent (in the zone 2 the point E3 is a saddle, while on the

curve HR it is a neutral saddle).

Fig. 2. The phase portraits for the strata from fig. 1.

Examining the phase portrait we conclude that for some values of the pa-

rameters p12 and p21 the two species go to a coexistence situation (zone 1).

However, for other values of the same parameter, in time, the prey population

x will be exterminated by the predator population y (zones S, 2 and HR).
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Abstract A perturbed parabolic non-autonomous abstract equation in a Banach space is

considered. The asymptotic stability of the zero solution of the non-perturbed

equation was studied in [5] and [6]. Here, in the hypotheses from [5] and by

assuming that the perturbation is of sufficient small norm, we establish the

Lyapunov stability and the asymptotic stability of the zero solution of the

perturbed equation. The result is applied to an abstract delay differential

equation.
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1. INTRODUCTION

In [5] and [6] the abstract parabolic non-autonomous equation

ẋ = Ax + R(t, x), (1)

in a Banach space (X, ‖ · ‖), is considered in the following hypotheses:

H1. A : D(A) ⊂ X → X is a closed linear operator, with D(A) dense in

X. It generates a strongly continuous semigroup on X, T (t), exponentially

decreasing, that is, there exist M > 0 and α > 0 such that ‖T (t)‖ ≤ Me−αt,

for any t ∈ R+;

H2. the nonlinear mapping R, defined on the Cartesian product of R+ with a

neighborhood of 0 in X, is continuous, R(t, 0) = 0 for all t ∈ R+ and there is

a β > 0 and a continuous function C : R+ 7→ (0,∞) such that for all t ∈ R+

105
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and x1, x2 in a neighborhood of 0 in X, the inequality

||R(t, x1)−R(t, x2)|| ≤ C(t)maxβ(||x1||, ||x2||)||x1 − x2|| (2)

holds.

In [5], in the hypothesis that C(·) is bounded, it is proved that the Cauchy

problem (1), x(0) = x0, has an unique generalized (mild) solution, provided

x0 is sufficiently small, solution that is exponentially decreasing to zero as

time tends to infinity, hence the local asymptotic stability of the zero (mild)

solution. If a Hölder condition in t is imposed to R(t, x), the mild solution

is proved to be the classical solution for eq. (1). It follows that the classical

solution x(t) = 0 is locally asymptotical stable.

We consider a perturbed form of equation [5], that is

ẋ = Ax + Bx + R(t, x), t ∈ R, (3)

with the initial condition (for some fixed s ∈ R)

x(s) = a. (4)

H3. B : X 7→ X is a bounded linear operator with the property that

L :=
M

α
‖B‖L(X,X) < 1. (5)

For problem (3), (4) we assume t ∈ R. The operator A satisfies hypothesis

H1, while R satisfies the hypothesis H2’, obtained by H2 by replacing R+ by

R. We assume also that

H4. there is a C > 0 such that C(t) ≤ C for every t ∈ R.

Obviously x(t) = 0 is a solution of equation (3). We study its stability (in

the sense made precise below).

2. DEFINITIONS

With the non-autonomous equation (3) we associate the integral equation

x(t) = T (t− s)a +
∫ t

s
T (t− θ)Bx(θ)dθ +

∫ t

s
T (t− θ)R(θ, x(θ))dθ. (6)

Let s′ be a real number with s′ > s.
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Definition 1. We say that a function x(.; s, a) : [s, s′) 7→ X is an A-mild

solution of problem (3), (4) on [s, s′) if it is a solution of (6), for any t ∈ [s, s′).

Obviously, a classical solution of (3), (4) on [s, s′) (i.e. a C1 function from

[s, s′) to D(A) satisfying (3), (4)), is also a solution of (6), hence an A-mild

solution of the above problem.

For our non-autonomous problem, we adopt the following definition of the

Lyapunov stability.

Definition 2 [4]. A classical (resp. A-mild) solution x(.; s0, a0) of problem

(3), (4) is called stable if for every ε > 0 and every s > s0 there is a δ = δ(ε, s)

such that for every y ∈ X with ‖y − x(s; s0, a0)‖ ≤ δ, the classical (resp. A-

mild) solution x(·, s, y) exists, is defined on [s,∞), and

‖x(t; s0, a0)− x(t; s, y)‖ < ε

for every t ≥ s.

For the asymptotic stability we take the following definition.

Definition 3. A classical (resp. A-mild) solution x(.; s0, a0) of problem

(3), (4) is called asymptotically stable if it is stable and, for every s > s0,

there is a δ = δ(s) > 0 such that for y ∈ X with ‖y − x(s; s0, a0)‖ < δ, the

classical (resp. A-mild) solution x(·; s, y) exists, is defined on [s, ∞), and

‖x(t; s0, a0)− x(t; s, y)‖ → 0

as t →∞.

3. STABILITY OF THE ZERO SOLUTION OF

THE PERTURBED PROBLEM

The proof of the stability of the zero solution of problem (3), (4) follows the

main lines of the similar proof for the non-perturbed problem, given in [5].

We consider Cb = Cb([0,∞), X) - the space of continuous bounded functions

from [0,∞) to X, endowed with the supremum norm ‖x‖0 = supt≥0 ‖x(t)‖.
We define the operators D, E, Fs as follows:

D : X 7→ Cb
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associating with a ∈ X the function D(a) given by D(a)(τ) = T (τ)a, τ ≥ 0;

E : Cb 7→ Cb

given by E(x)(τ) =
∫ τ
0 T (τ − θ)Bx(θ)dθ; and, for every s ∈ R,

Fs : Cb 7→ Cb,

defined by Fs(x)(τ) =
∫ τ
0 T (τ − θ)R(s + θ, x(θ))dθ.

The fact that the operators D and Fs take values in the space Cb is a

consequence of Lemmas 1 and 2 from [5]. There, the space of functions used is

Cα = {x : [0,∞) 7→ X; supt≥0 ‖x(t)‖eαt < ∞}, but the results are immediately

translated to our case. More than that, the following inequalities

‖D‖L(X,Cb) ≤ M, (7)

‖Fsx‖0 ≤ K‖x‖β+1
0 , (∀)x ∈ Cb, (8)

‖Fs(x)− Fs(y)‖0 ≤ Kmax{‖x‖β
0 , ‖y‖β

0}‖x− y‖0, (∀)x, y ∈ Cb, (9)

with K = MC/α, can be proved as the similar ones in [5].

The hypotheses on B imply, for a x ∈ Cb,

‖E(x)(τ)‖ ≤
∫ τ

0
‖T (τ − θ)Bx(θ)dθ‖

≤
∫ τ

0
Me−α(τ−θ)‖Bx(θ)‖dθ

≤ M

α
‖B‖L(X,X)‖x‖0 = L‖x‖0,

and, by taking the supremum for τ ∈ [0,∞), we obtain

‖E(x)‖0 ≤ L‖x‖0. (10)

The same method leads us to

‖E(x1)− E(x2)‖0 ≤ L‖x1 − x2‖0, (∀)x1, x2 ∈ Cb. (11)

In the integral equation (6), (where t > s), let us set t − s = τ , and make

the change of variables θ − s = θ′ in the two integrals of the equation. We

obtain

x(s+τ) = T (τ)a+
∫ τ

0
T (τ−θ′)Bx(s+θ′)dθ′+

∫ τ

0
T (τ−θ′)R(s+θ′, x(s+θ′))dθ′.

(12)
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For every continuous function x : R 7→ X and every s ∈ R, we define the

function x|s : [0,∞) 7→ X, by x|s(θ) = x(s+θ), such that the previous integral

equation may be written as

x|s = Da + E(x|s) + Fs(x|s). (13)

Since x|s belongs to Cb, equation (13) is equivalent to the fixed point problem

φ = Φ(a, φ), (14)

where Φ(·, ·) : X × Cb 7→ Cb is given by Φ(a, φ) = Da + E(φ) + Fs(φ).

Theorem 1. Let r1 < [(1 − L)/K]1/β . If ‖a‖ < r1
M (1 − L − Krβ

1 ), the

mapping Φ(a, ·) is an uniform contraction from B(0, r1) ⊂ Cb to itself.

Proof. For any a ∈ X and any φ1, φ2 ∈ B(0, r) ⊂ Cb, we have

‖Φ(a, φ1)− Φ(a, φ2)‖0 ≤ [L + Krβ]‖φ1 − φ2‖0.

We choose a positive real number r1 satisfying the condition L + Krβ
1 < 1 ⇔

r1 < [(1 − L)/K]1/β and find that, for ‖φ‖0 ≤ r1, Φ(a, φ) is an uniform

contraction with respect to a. If ‖a‖ ≤ r0, ‖φ‖0 < r1, then

‖Φ(a, φ)‖0 ≤ Mr0 + (L + Krβ
1 )r1.

By imposing this last quantity to be less than r1, we find the restriction

r0 <
r1

M
(1− L−Krβ

1 ).

The assertion of the theorem is proved.2

Proposition 1. For every s ∈ R and every ‖a‖ small enough, there is an

unique A-mild solution of problem (3), (4).

Proof. Consider ‖a‖ < r0, with r0 defined in the proof of Theorem 1.

Then, Theorem 1 and The Uniform Contraction Principle imply the existence

of an unique fixed point φ∗(a) ∈ B(0, r1) ⊂ Cb of the mapping Φ(a, ·). We

define the function x : [s,∞) 7→ X, x(t; s, a) = φ∗(a)(t− s), t ≥ s. This is the

solution of problem (6), that is, the A-mild solution of problem (3), (4).2

Proposition 2. The A- mild solution x(t) = 0, t ∈ R, of equation (3) is

stable.

Proof. The solution x(t) = 0 is both A-mild and classical and it can be

regarded as x(·; s0, 0), for any s0 ∈ R.
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For a given s ∈ R and an ε > 0, we take δ < min{ε, [(1 − L)/K]1/β} and

δ1 = min{δ, δ(1−L−Kδβ)/M}. Now, by Theorem 1, for ‖a‖ < δ1 the A-mild

solution x(t; s, a) exists for t ≥ s, is unique, and ‖x(t; s, a)‖ < ε, for every

t ≥ s.2

4. ASYMPTOTIC STABILITY OF THE ZERO

SOLUTION OF THE PERTURBED EQUATION

Proposition 3. The A- mild solution x(·; s, 0) = 0 of equation (3) is

asymptotically stable.

Proof. We take some s ∈ R. Let ε > 0 be given such that Kεβ < 1−L
3 . We

take δ1 as in the proof of Proposition 2 and a with ‖a‖ < δ1. By Proposition

1, there is an unique A- mild solution x(·; s, a). Below we denote it by x(·).
In eq. (12) we take the norm (of X) and successively obtain

‖x(s+τ)‖ ≤ ‖T (τ)a‖+‖
∫ τ

0
T (τ−θ′)Bx(s+θ′)dθ′‖+‖

∫ τ

0
T (τ−θ′)R(s+θ′, x(s+θ′))dθ′‖

≤ Me−ατ‖a‖+ L‖x|s‖0 + K‖x|s‖β+1
0 .

From the proof of Proposition 2 it follows that ‖x|s‖0 < ε, and thus

‖x(s + τ)‖ ≤ Me−ατ‖a‖+ Lε + Kεβ+1.

We choose τ1 such that Me−ατ1 < 1−L
3 . Then, for τ ≥ τ1,

‖x(s + τ)‖ ≤ 2
1− L

3
ε + Lε = (

2
3

+
L

3
)ε

Hence, for τ ≥ τ1 we have

‖x(s + τ)‖ ≤ q ε, q =
2
3

+
L

3
< 1,

that is ‖x|s+τ1‖0 ≤ q ε. Now, returning to the integral equation (12), we obtain

as above,

‖x(s + τ1 + τ)‖ ≤ Me−ατ‖x(s + τ1)‖+ L‖x|s+τ1‖0 + K‖x|s+τ1‖β+1
0

and

‖x(s + τ1 + τ)‖ ≤ q2ε

for τ > τ1. That is ‖x|s+2τ1‖0 ≤ q2ε.
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By induction we obtain that for t > s + nτ1 the inequality ‖x(t)‖ ≤ qnε

holds, implying that ‖x(t; s, xs)‖ → 0, as t →∞, and, by Definition 3, the A-

mild null solution is asymptotically stable.2

5. A HÖLDER TYPE CONDITION ON R; THE

EXISTENCE OF THE CLASSICAL SOLUTION

OF THE PERTURBED PROBLEM

In the spirit of [5], we impose to the nonlinear operator R a new hypothesis

H5. There is a δ ∈ [0, 1) such that for any t ∈ R, h ∈ R the inequality

‖R(t + h, x)−R(t, x)‖ ≤ C‖x‖hδ

holds.

By using the properties of operator E, with minor modifications due to the

use of the space Cb instead of Cα and to the presence of the perturbing term,

by the same reasonings as in [5], the following result may be proved.

Theorem 2. If the hypotheses H1, H2’, H3-H5 are assumed, then the A-

mild solution x(.; s, a) is also a classical solution of problem (3), (4).

It follows, from the above results, that the classical zero solution is asymp-

totically stable too.

Remark. If in equation (3) we take R(t, x) = 0 we obtain a linear au-

tonomous equation ẋ = Ax + Bx, to which we attach the initial condition

x(0) = a. By following the lines of the reasoning for the general nonlinear

equation, (with the simplifications due to the fact that this new equation is

autonomous), we obtain that the above equation has, for every a ∈ X, an

unique classical solution. Hence we can define the semigroup of operators

{S(t)}t≥0 by S(t)a = x(t; a) where x(t, a) is the solution of the above prob-

lem. Moreover, we obtain that S(t)a → 0 as t →∞. In [1], [2] a similar result

is proved for a Miyadera-type perturbation, that is an operator B that satisfies

∫ t

0
‖BT (s)x‖ds ≤ L‖x‖, 0 < L < 1.

Our hypotheses H1 and H3 imply the above inequality. In the above cited

works a class of semigroups larger than that described by Hypothesis H1 is
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considered. However, the mathematical tools used by us here are much more

elementary than those from [1], [2].

6. AN ABSTRACT EQUATION WITH DELAY

Let X be a Banach space and A, R two operators satisfying the hypotheses

H1, H2’, H4. For r > 0, consider the space of functions E = Lp([−r, 0], X)

endowed with the natural norm and the bounded linear operator

Φ : W 1,p([−r, 0], X) → X. Assume that the norm of this operator is small

enough, in a sense made precise later.

For x : R→ X, define the functions xt by xt(τ) = x(t + τ), τ ∈ [−r, 0].

Consider the problem

ẋ = Ax + Φxt + R(t, x), (15)

x(s) = a; xs = φ, φ ∈ E, (16)

and denote its solution by x(t; s, a, φ). Obviously, x(t) = 0, t ∈ R, is a solution

of eq. (15), corresponding to the initial conditions x(s) = 0, xs = 0. We

are interested in the stability of this solution. We regard the term Φxt as a

perturbing term for the equation (1), but, since the operator Φ is defined on

W 1,p([−r, 0], X) and takes values in X, we have to reformulate the problem in

order to have operators with definition domain and range in the same space.

We use the construction from [1].

We consider the Banach space Y = X × E, the linear operators

A =

(
A 0

0 d
ds

)
,

with definition domain D(A) =

{(
x

φ

)
∈ D(A)×W 1,p([−r, 0], X);φ(0) = x

}
,

Ψ =

(
0 Φ

0 0

)

defined on Y , and the nonlinear mapping

R(t, x, φ) =

(
R(t, x)

0

)
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defined for all t ∈ R, x in a neighborhood of 0 in X and all φ in E.

We also put u(t) =

(
x(t)

xt

)
, where x : R→ X, and consider the problem

u̇ = Au + Ψu + R(t, u), (17)

u(s) =

(
a

φ

)
. (18)

Following the method from [1], where an autonomous problem is considered,

it can be easily shown that the two problems are equivalent, in the following

sense:

i) given

(
a

φ

)
∈ D(A) and x : [s − r,∞) 7→ X a solution of (15), (16), the

map

t 7→
(

x(t)

xt

)

is a classical solution of problem (17), (18);

ii) conversely, given

(
a

φ

)
∈ D(A) and u : [s,∞) 7→ Y, u(t) =

(
z(t)

v(t)

)
a

classical solution of (17), (18), the function x : [s− r,∞) 7→ X,

x(t) =

{
z(t), t > s,

φ(t), t ∈ [s− r, s]

is a classical solution of (15), (16) and xt = v(t).

Thus, we may concentrate on problem (17), (18). In order to apply to it the

results from the previous sections, we need to know the semigroup of operators

generated by A. In [1] it is proved that A is the infinitesimal generator of the

semigroup of operators {T(t)}t≥0 on Y, such that

T(t) =

(
T (t) 0

Tt T̃ (t),

)
, (19)

where (Tta)(τ) =

{
T (t + τ)a, t + τ > 0,

0, t + τ < 0,
τ ∈ [−r, 0] and T̃ is the so-

called left-shift semigroup on Lp([−r, 0], X) defined [3] by

(T̃ (t)φ)(τ) =

{
φ(t + τ), t + τ ≤ 0,

0, t + τ > 0,
τ ∈ [−r, 0].
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For an element y of Y, y =

(
a

φ

)
, we have

‖T(t)y‖Y = ‖T (t)a‖X + ‖Tta + T̃ (t)φ‖E ≤ Me−αt‖a‖+ ‖Tta‖E + ‖T̃ (t)φ‖E.

Since

‖Tta‖E =
(∫ 0

−r
‖T (t + τ)a‖pdτ

)1/p

≤
(∫ 0

−r
Mpe−αp(t+τ)‖a‖pdτ

)1/p

≤ Me−αt

(∫ 0

−r
e−αpτdτ

)1/p

‖a‖ ≤ M

(αp)1/p
eαre−αt‖a‖ = M ′e−αt‖a‖,

with M ′ = M
(αp)1/p eαr, and, since ‖T̃ (t)φ‖E = 0 for t > r, we have

‖T(t)(y)‖Y ≤ M1e
−αt‖a‖ ≤ M1e

−αt‖y‖Y , for t > r,

where M1 = M + M ′.

Hence the operator A satisfies hypothesis H1. It is easily seen that the

hypotheses H2’ and H4 on the mapping R are fulfilled.

As far as the operator Φ is concerned, in order to satisfy the hypothesis

H3, we must have M1
α ‖Φ‖L(E,X) < 1. Hence, if this inequality holds, the

results from Sections 3-5 hold for problem (15)-(16).
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Abstract This paper continues the previous work in the turbulent mixing field. The mix-

ing theory is a modern theory in the field of flow kinematics. Its mathematical

methods and techniques developed the significant relation between turbulence

and chaos. The turbulence is an important feature of dynamic systems with

few freedom degrees, the so-called far from equilibrium systems. These are

widespread between the models of excitable media.

Studying a mixing for a flow implies the analysis of successive stretching

and folding phenomena for its particles, the influence of parameters and initial

conditions. In the previous works, [1,2], the 3D non-periodic models exhibited

a quite complicated behavior. In agreement with experiments [4], they involved

some significant events - the so-called rare events. The variation of parameters

had a great influence on the length and surface deformations. The 2D (pe-

riodic) case was simpler, but significant events can issue for irrational values

of the length and surface unit vectors, as was the situation in 3D case. The

periodic case analysis was recently started, in order to establish some statistic

features of the mixing flow behavior. The aim of this paper is to get a new

approach of numeric simulation of turbulent mixing. Namely, specific plotting

new procedures of Maple11 soft are tested, such as the Interactive Plot Builder.

A graphical comparative analysis between the discrete and the continuous time

case is realized, for the same unit vector irrational values. The results should

be used for further numerical study.

Keywords: turbulent mixing, numeric simulation.
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1. INTRODUCTION

In turbulence theory, two important features are generally distinguished:

the transition theory from smooth laminar flows to chaotic flows (characteristic

to turbulence) and the statistic studies of the completely developed turbulent

systems.

The statistical point of view of a flow has the following representation

x = Φt (X) with X = Φt (t = 0) (X) (1)

which must be of class Ck. From the dynamic point of view the map

Φt (X) −→ x (2)

is a diffeomorphism of class Ck and (1) must satisfy the relation

0 < J < ∞, J = det
(

∂xi

∂Xj

)
, J = det(DΦt(X)) (3)

where D denotes the differentiation with respect to the reference configuration,

in this case X. The relation (3) implies two particles, X1 and X2, which occupy

the same position x at a moment. Non-topological behavior (like break up,

for example) is not allowed.

Define the basic measure for the deformation, namely the deformation gra-

dient, F

F = (OXΦt (X))T , Fij =
(

∂xi

∂Xj

)
, or F = DΦt (X) (4)

where ∇X denotes differentiation with respect to X. According to (3), F is

not singular. The basic measure for the deformation with respect to x is the

velocity gradient ( ∇x denote differentiation with respect to x).

By differentiation of x with respect to X there are obtained the basic de-

formation for a material filament, and for the area of an infinitesimal material

surface.

In what follows we focus on the basic deformation measures: the length

deformation λ and surface deformation η, defined by the relations [5]
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λ = (C : MM)
1
2 , η = (detF ) · (C−1 : NN

) 1
2 , (5)

with C(= FTF) the Cauchy-Green deformation tensor, and the length and

surface vectors M, N defined by

M = dX/ |dX| , N = dA/ |dA| . (6)

The relation (5) has the following scalar form

λ = Cij ·Mi ·Nj , η = (detF ) ·
(
C−1

ij ·Ni ·Nj

)
(7)

with
∑

M2
i = 1,

∑
N2

j = 1.

The deformation tensor F and the associated tensors C, C−1 represent the

basic quantities in the deformation analysis for the infinitesimal elements.

In this framework, the mixing concept implies the stretching and folding of

the material elements. If at an initial location P there is a material filament

dX and an area element dA, the specific length and surface deformations are

given by the relations

D (lnλ)
Dt

= D : mm,
D (ln η)

Dt
= Ov −D : nn, (8)

where D is the deformation tensor, obtained by decomposing the velocity

gradient in its symmetric and non-symmetric part.

2. THE PERIODIC 2D MIXING MODEL.

COMPARATIVE ANALYSIS

Studying a mixing for a flow implies the analysis of successive stretching and

folding phenomena for its particles, the influence of parameters and initial

conditions [4,5]. In the previous works, the study of the 3D non-periodic

models exhibited a quite complicated behavior [1]. Recently the behavior of

the mixing flow in 2D case was started, both for periodic [3] and non-periodic

case [2]. In what follows we continue this analysis, with a different point of

view. Some irrational values of the length and surface unit vectors are also

chosen, like in previous works, in order to search some significant events, and

compare them to 3D case.
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Let us start with the following periodic 2D mixing model [5]

vx = −ε · x, (9)

vy = ε · y, 0 < t < Text

vr = 0, (10)

vθ = −ω (r) , Text < t < Text + Trot

with −1 < K < 1, 0 < G < 1.

In the above relations, the first part represents the extensional part and the

second, the rotational part of the so- called tendril-whorl (TW) model.

As shown in [5], two-dimensional flows increase their length by forming two

basic kinds of structures: tendrils and whorls and their combinations. The

tendril-whorl flow (TW) introduced by Khakhar, Rising and Ottino (1987)

is a discontinuous succession of extensional flows and twist maps. Even the

simplest case is complex enough. The physical motivation for this flow is that

locally, a velocity field can be decomposed into extension and rotation.

The above model is the simplest case of the TW model, where the velocity

field over a single period is given by its extensional and rotational part, where

Text denotes the duration of the extensional component and Trot the duration

of rotational component.

For the moment we study only the extensional component. So, for the

system (9) the solution of the model

x = X · exp (−ε · Text) , (11)

y = Y · exp (ε · Text)

leads to the gradient deformation F and the Cauchy-Green tensors C, C−1 of

quite simple forms. Therefore the deformations in length and surface λ2 and

η2 has the following similar forms [3]

eλ = 2ε ·
(

1− 2 exp (−2εText) ·M2
1

exp (−2εText) ·M2
1 + exp (2εText) ·M2

2

)
, (12)

eη = 2ε ·
(

1− 2 exp (−2εText) ·N2
2

exp (−2εText) ·N2
2 + exp (2εText) ·N2

1

)
, (13)
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where the condition M2
1 + M2

2 = 1, N2
1 + N2

2 = 1 must be satisfied for the

length and surface unit vectors.

In what follows, the behavior of eλ and eη is analysed, using a new Maple11

tool, namely Interactive Plot Builder. Its calling sequence is the following

interactive(expr, variables), with the parameters:

expr - (optional) expression;

variables - (optional) expression of the form variables=varset.
The interactive command is part of the plots package. It allows us to build

plots interactively.

If expr is an algebraic expression or a list, it is taken to be a single expression

to be plotted. If expr is a set of algebraic expressions or lists, these are taken

to be separate expressions to be plotted in the same graph.

If present, the variables option provides a complete list of the variables used

in plotting.

The Interactive Plot Builder generates interactive plots, using continuous

time intervals. Therefore the analysis of the mixing behavior produces useful

informations, comparing to discrete case [2,3].

The recent experience revealed interesting events for irrational values of the

length and surface unit vectors. Therefore, some irrational unit vectors values

were chosen for this analysis, namely

(a) (M1,M2) = (N1, N2) =
(
− 1√

2
, 1√

2

)
; (b) (M1,M2) = (N1, N2) =

(
1√
3
,
√

2√
3

)
;

(c) (M1,M2) = (N1, N2) =
(

1√
5
, 2√

5

)
.

For the parameter 0 < ε < 1 there were considered two values: ε1 = 0.05,

ε2 = 0.08 . Thus, the following situations were identified:

(a1) the case (a) with ε1; (a2) the case (a) with ε2;

(b1) the case (b) with ε1; (b2) the case (b) with ε2;

(c1) the case (c) with ε1; (c2) the case (c) with ε2.

For each of these six cases, calculating eλ and eη , following the formulae

(11) and (12) respectively, 12 differential equations follow [3].

The behavior of the expressions (11) and (12) was analyzed and plotted

with Interactive Plot Builder. Between the 12 plots which have resulted, a few

plots were chosen for identifying some special events. The plots were labeled

according to the case of simulation.
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Fig. 1- the surface deformation in the case a1)
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Fig.2  The surface deformation in the case a2) 



New features in simulating the behavior of turbulent flows 121

t
0 2 4 6 8 10

0,04

0,05

0,06

0,07

0,08

Fig. 3  The length deformation in the case b1)
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Fig. 4 The surface deformation in the case b1)
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Fig. 5 The surface deformation in the case b2)
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Fig. 6 The surfece deformation in the case c2) 
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3. CONCLUSIONS. REMARKS

1.Compared to the discrete case, in the continuous time interval case, the

behavior of both length and surface deformation seems to be linear. Despite

this fact, the deformation is not always linear. It suffices to take into account

the cases a1) and b1) for eλ, b2) for eη, respectively, as in [3]. The plots are

as follows

0 2 4 6 8 10
0

0,1

0,2

0,3

0,4

0,5

0,6

0,7

0 2 4 6 8 10
0

0,1

0,2

0,3

0,4

0,5

0,6

0,7

0,8

Looking at the above plots, it seems surprising that the same expression,

with the same parameter values, when studied in discrete time interval produces
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2 4 6 8 10 12

K0,5

K0,4

K0,3

K0,2

K0,1

0

0,1

0,2

a specific output type, and when studied in continuous time produces another

output type.

2. It happens that both the length and surface deformation have a negative

behavior, although only a small time scale was considered, a 0..10 scale. Thus,

comparing to the cases studied in [1], it can be assessed that there can issue

significant differences between output data for two plot builders. The Interac-

tive Plot Builder is not more accurate than the discrete plot builder, in spite

of the fact that it is faster.

3. It can be assessed, as for 2D periodic case [2], that there irrational

unit vector values could produce nonlinear phenomena. As an immediate aim,

more irrational unit vectors values will be taken into account. That will be

useful also for studying the efficiency of deformations, in length and also in

surface. As perturbing the initial model, the calculus could become quite

complex, therefore a parametric approach would be very useful.

4. The analysis of the length and surface deformation for more irrational

values in the periodic case, could match the experiments in [6], as was the

situation in 3D case. Moreover, reiterative events can be observed. This

allows us to take into account the possibility of building some fractal sets.

This is a next aim.
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Abstract Assuming that the value of the stock of a company at time t can be repre-

sented as a controlled one-dimensional Bessel process, we consider the problem

of finding the control that minimizes the mathematical expectation of a cost

function with quadratic control costs on the way. Two terminal cost functions,

which are infinite if the process hits the origin before a given positive boundary,

are used and the optimal control is obtained explicitly in each case.
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1. INTRODUCTION

Let {X(t), t ≥ 0} be a one-dimensional controlled Bessel process defined by

the stochastic differential equation

dX(t) =
β − 1
2X(t)

dt + bu(t)dt + dB(t), (1)

where {B(t), t ≥ 0} is a standard Brownian motion, u(t) is the control variable

and β > 0 and b 6= 0 are constants. We want to find the value of the control

u∗(t) that minimizes the expected value of the cost criterion

J(x) =
∫ T (x)

0

1
2
qu2(t)dt + K[X(T ), T ],

where x = X(0), T (x) is a random variable, q is a positive constant and K is

the termination cost function.

Using a result due to Whittle ([4], p. 289), we can state that

u∗ (= u∗(0)) =
1
b

G′(x)
G(x)

(2)

with

G(x) := E [exp{−αK[x(τ), τ ]} | x(0) = x] , (3)

127



128 Mario Lefebvre

in which

α :=
b2

q
,

{x(t), t ≥ 0} is the uncontrolled process that corresponds to {X(t), t ≥ 0}
[that is, we set u(t) ≡ 0 in (1)] and τ is the same as T , but for {x(t), t ≥ 0}.
Remark. In fact, the condition P [τ(x) < ∞] = 1 must hold for (2) to be valid.

In [3], the author defined the random variable

T (x) = inf{t > 0 : X(t) = d | X(0) = x < d}

and he chose (in particular)

K[X(T ), T ] = K(T ) =

{
0 if T ≥ t0,

∞ if T < t0.

Hence, the aim was to force the controlled process {X(t), t ≥ 0} to stay in the

continuation region C := (−∞, d) until a fixed time t0. We find that

u∗ =
1
b

H ′(x)
H(x)

,

where

H(x) := P [τ(x) ≥ t0] = 1− Fτ(x)(t0).

Thus, the optimal control u∗ was obtained from the distribution function Fτ(x)

of the random variable τ(x).

In the present paper, we consider the controlled process {X(t), t ≥ 0} in

the interval [c, d], where c ≥ 0. We want the process to leave the continuation

region through its right-hand side d. If X(t) represents the value of the stock

of a certain company at time t, and if we choose c = 0, then the aim is to find

the value of u(t) that enables the company to avoid bankruptcy (corresponding

to X(t) = 0), while taking the quadratic control costs 1
2qu2(t) into account.

In this application, u(t) would be the amount of capital that must be invested

in the company to prevent it from going bankrupt.

In Section 2, we will define

T (x) = inf{t > 0 : X(t) = c or d | X(0) = x} (4)

and we will take

K[X(T ), T ] = K[X(T )] = −λ ln[X(T )], (5)
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where λ > 0. If c = 0, we see that we give an infinite penalty if X(t) reaches

the origin (before d). The constant d can be chosen as large as we want. The

larger it is, the longer it will take X(t) to attain this value, which means that

the company will be in business for a long period of time.

By giving an infinite penalty if the final value of X(t) is equal to c, we force

the process to avoid this boundary. We assume that there are no constraints

on the control variable u(t). Thus, we can state that we are ready to avoid

bankruptcy at all costs.

Next, in Section 3, we will change the definition of the final time T (x) to

T (x) = inf{t > 0 : {X(t) = d} ∩ {X(s) 6= c ∀s ∈ (0, t)} | X(0) = x ∈ (c, d)}.
(6)

That is, T (x) is now the time it takes {X(t), t ≥ 0} to reach the boundary at

d, without having ever touched the boundary at c. Moreover, we will choose

K[X(T ), T ] = K(T ) = λT, (7)

where, as above, λ > 0.

Remark. If the controlled process {X(t), t ≥ 0} actually hits c before d, we set

T = ∞ (because the joint event {X(t) = d}∩{X(s) 6= c ∀s ∈ (0, t)} will never

occur). Therefore, once again, we give an infinite penalty when X(T ) = c.

We will obtain an explicit formula for the optimal control u∗ in the two

cases mentioned above, and we will conclude this work with a few remarks in

Section 4.

2. OPTIMAL CONTROL WHEN

K[X(T ), T ] = −λ ln[X(T )]

First, we mention that if we want the constant c to take the value 0 in

the definition (4) of T (x), then the constant β in (1) must be in the interval

[0, 2). Indeed, when 0 < β < 2, the origin is a regular boundary for the Bessel

process {x(t), t ≥ 0} defined by

dx(t) =
β − 1
2x(t)

dt + dB(t), (8)
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while it is an exit boundary if β = 0 ([2], p. 239). In both cases, {x(t), t ≥ 0}
can reach the origin. However, if β ≥ 2, then 0 is an entrance boundary, which

is not attainable in finite expected time.

Remarks. i) In the case β = 1, {x(t), t ≥ 0} is a standard Brownian motion

defined on [c, d], with c ≥ 0. Actually, {x(t), t ≥ 0} is the absolute value of a

Brownian motion process if β = 1.

ii) We could generalize Eq. (8) by multiplying dB(t) by a positive constant σ.

However, a Bessel process is traditionally defined with σ = 1.

Because the interval [c, d] is bounded, it is not difficult to justify that the

condition P [τ(x) < ∞] = 1 is satisfied. Therefore, we can get the optimal

control u∗ from (2).

With the termination cost function defined in (5), the function G(x) in (3)

becomes

G(x) = E
[
xαλ(τ) | x(0) = x

]
.

We can write that

G(x) = cαλP [x(τ) = c | x(0) = x] + dαλP [x(τ) = d | x(0) = x].

Let πd(x) := P [x(τ) = d | x(0) = x]. The function πd satisfies the Kolmogorov

backward equation

π′′d(x) +
β − 1

x
π′d(x) = 0,

and is such that

πd(c) = 0 and πd(d) = 1.

We easily find that, if β 6= 2,

πd(x) =
c2−β − x2−β

c2−β − d2−β
for c ≤ x ≤ d.

When β = 2, we obtain that

πd(x) =
lnx− ln c

ln d− ln c
for c ≤ x ≤ d.

Since P [x(τ) = c | x(0) = x] = 1− πd(x), we have

G(x) = cαλ

(
x2−β − d2−β

c2−β − d2−β

)
+ dαλ

(
c2−β − x2−β

c2−β − d2−β

)
if β 6= 2
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and

G(x) =
cαλ (ln d− ln x) + dαλ (lnx− ln c)

ln d− ln c
if β = 2.

Making use of (2), we can now state the following proposition.

Proposition 2.1. The optimal control, when the termination cost function is

the one defined in (5), is given, for c < x < d, by

u∗ =
1
b

(
cαλ − dαλ

)
(2− β)x1−β

cαλ (x2−β − d2−β) + dαλ (c2−β − x2−β)
if β 6= 2 (9)

and

u∗ =
1
bx

dαλ − cαλ

cαλ ln(d/x) + dαλ ln(x/c)
if β = 2.

Remarks. i) If β ∈ [0, 2), we can set c = 0. Then (9) reduces to

u∗ =
1
b

2− β

x
for 0 < x < d.

Moreover, in the case when {x(t), t ≥ 0} is a standard Brownian motion (so

that β = 1), the optimal control is simply u∗ = 1/(bx).

ii) If β ∈ [0, 2) and c = 0, the optimally controlled process {X∗(t), t ≥ 0}
satisfies the stochastic differential equation

dX∗(t) =
3− β

2X∗(t)
dt + dB(t).

Hence, we can state that {X∗(t), t ≥ 0} is also a Bessel process, with β∗ = 4−β.

Notice that β∗ ∈ (2, 4]. Therefore, {X∗(t), t ≥ 0} cannot reach the origin.

In the next section, the case when K[X(T ), T ] = K(T ) = λT will be

treated.

3. OPTIMAL CONTROL WHEN K[X(T ), T ] = λT

When the termination cost function K[X(T ), T ] is given by λT , where λ is

a positive constant and T is now the random variable defined in (6), we must

calculate G(x) = E [e−γτ | x(0) = x] , where γ := αλ (> 0). That is, we need

the moment generating function of the random variable

τ = inf{t > 0 : {x(t) = d} ∩ {x(s) 6= c ∀s ∈ (0, t)} | x(0) = x ∈ (c, d)}.
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The function G satisfies the Kolmogorov backward equation

1
2

G′′(x) +
β − 1
2x

G′(x) = γG(x) for c < x < d, (10)

subject to G(c) = 0 and G(d) = 1. We find that

G(x) =
dθ Kθ(

√
2γ c)Iθ(

√
2γx)

xθ
[
Kθ(

√
2γ c)Iθ(

√
2γd)−Kθ(

√
2γd)Iθ(

√
2γ c)

] for c ≤ x ≤ d,

where

θ :=
β

2
− 1

and Kθ and Iθ are modified Bessel functions ([1], p. 374).

Proposition 3.1. When the termination cost function is K[X(T ), T ] = λT ,

with T defined in (6), the optimal control u∗ is given by (2), where the function

G(x) has been calculated above.

Because the general explicit expression for u∗ is rather involved, for the sake

of simplicity we will present only some particular cases.

I) First, if β = 1 (so that {x(t), t ≥ 0} is a standard Brownian motion), we

obtain that

G(x) =
sinh[

√
2γ (x− c)]

sinh[
√

2γ (d− c)]
for c ≤ x ≤ d.

Hence,

u∗ =
√

2γ

b
coth[

√
2γ (x− c)] for c < x < d,

in which c ≥ 0.

II) Next, assume that β = 1/2. Then, with c = 0, we calculate

G(x) =
(x

d

)3/4 I3/4(
√

2γx)
I3/4(

√
2γd)

for 0 ≤ x ≤ d

and

u∗ =
√

2γ

b

I−1/4(
√

2γx)
I3/4(

√
2γx)

for 0 < x < d.

Making use of the following formula, which is valid as z tends to zero ([1],

p. 375):

Iν(z) ∼
(z

2

)ν 1
Γ(ν + 1)

(for ν 6= −1,−2, . . .),
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we can write that, for x very small,

u∗ ' 3
2bx

.

III) Now, with β = 3/2 and c = 0, we get that

G(x) =
(x

d

)1/4 I1/4(
√

2γx)
I1/4(

√
2γd)

for 0 ≤ x ≤ d,

from which we deduce that

u∗ =
√

2γ

b

I−3/4(
√

2γx)
I1/4(

√
2γx)

for 0 < x < d.

This time, we obtain (if x is very small) that

u∗ ' 1
2bx

.

IV) Finally, if we take β = 2 (and c > 0), the function G(x) is given by

G(x) =
I0(
√

2γ c)K0(
√

2γx)−K0(
√

2γ c)I0(
√

2γx)
I0(
√

2γ c)K0(
√

2γd)−K0(
√

2γ c)I0(
√

2γd)
for c ≤ x ≤ d.

It follows that

u∗ =
√

2γ

b

K0(
√

2γ c)I1(
√

2γx) + I0(
√

2γ c)K1(
√

2γx)
K0(

√
2γ c)I0(

√
2γx)− I0(

√
2γ c)K0(

√
2γx)

for c < x < d.

As z → 0 ([1], p. 375),

I0(z) ∼ 1 and K0(z) ∼ − ln z,

while

I1(z) ∼ z

2
and K1(z) ∼ 1

z
.

Hence, if x and c are both small enough, then we can write that

u∗ ' 1
2bx

[
2− x2 ln(

√
2γ c)

ln(x/c)

]
.

4. CONCLUSION

We have obtained (exact and) explicit expressions for the optimal control

of a Bessel diffusion process when the objective is to prevent the process from

ever hitting a boundary at x = c (≥ 0). This work is related to the one

presented in [3].
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Hitting the boundary at x = 0 (if β ∈ [0, 2)) meant, in the application

mentioned in Section 1, that the company went bankrupt.

The stochastic differential equation (1) could serve as a model in other

situations, and the objective could then be to avoid hitting the boundary

at x = d instead. We could also consider the same problem, but in the

infinite interval [c,∞). In that case, we would give a reward for survival in

the continuation region [c,∞). To apply the result due to Whittle, one should

make sure that P [τ(x) < ∞] = 1. That is, the uncontrolled process must be

certain to eventually hit the boundary at x = c. Because the interval [c,∞)

is infinite, it is not obvious that {x(t), t ≥ 0} will necessarily end up at x = c.

Finally, we could try to solve the same type of problem as the one presented

in the current paper, but for a two-dimensional diffusion process. For example,

the continuation region could be a circle centered at the origin and T (x, y) be

the first time that the controlled process hits the boundary of this circle.

The random variable X(T ) would then be a continuous rather than discrete

random variable, and computing its mathematical expectation could prove

quite difficult.
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1. FEEDFORWARD AND FEEDBACK

All mathematical objects used in this paper (manifolds, functions, tensor

fields, connections etc.) are smooth (of class C∞).

Consider two economic dynamical systems with configuration (or state space)

Riemann manifolds (M, g), respectively (N, g′); let (U,ϕ) be a local chart on

M, x ∈ U,ϕ(x) = (x1, x2, ..., xm) ∈ ϕ(U) ⊂ Rm and let (V, ψ) be a local chart

on N, y ∈ V, ψ(y) = (y1, y2, ..., yn) ∈ ψ(V ) ⊂ Rn.

All possible behaviors of the two economic dynamical systems can be de-

scribed locally by the set of continuous and smooth, time dependent configu-

ration coordinates

xi = xi(t), i = 1, 2, ...,m, (1)

yk = yk(t), k = 1, 2, ..., n. (2)

Suppose that the feedforward command of the first economic dynamical

system upon the second one is defined by the smooth map f : M −→ N,

which in local coordinates is given by the nonlinear functional transformation

yk = fk(xi), k = 1, 2, ..., n; i = 1, 2, ..., m. (3)

135
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Its inverse, the feedback map from the second dynamical system to the first,

is defined by the smooth map h = f−1 : N −→ M, which in local coordinates

is given by the nonlinear functional transformation

xi = hi(yk), k = 1, 2, ..., n; i = 1, 2, ...,m. (4)

So far the coordinate transformations (3) and (4) are completely general,

nonlinear and unknown, while the corresponding transformations of velocities

are linear and homogeneous

.
y

k =
m∑

i=1

∂fk

∂xi

.
x

i
, k = 1, 2, ..., n; i = 1, 2, ...,m, (5)

.
x

i =
n∑

k=1

∂fk

∂yk

.
y

k
, k = 1, 2, ..., n; i = 1, 2, ...,m. (6)

Representing two autonomous economic dynamical systems, given by two

sets of ordinary differential equations, relations (5) and (6) define two velocity

vector fields.

The solution of the above equations system gives the flow, consisting of

integral curves of the vector field, such that all vectors from the vector field

are tangent to the integral curves at different points.

Geometrically, a velocity vector field is defined as a cross-section of the

tangent bundle of the manifold.

In our case, the velocity vector-field with coordinates

Xi =
.
x

i(xi, t), i = 1, 2, ...,m,

represents a cross-section of the tangent bundle (TM, πM ,M), i.e. X : M −→
TM and πM ◦X = idM .

The velocity vector-field with coordinates

Y k =
.
y

k(yk, t), k = 1, 2, ..., n

represents a cross-section of the tangent bundle (TN, πN , N), i.e. Y : N −→
TN and πN ◦ Y = idN .

In this way, two local velocity vector fields, X and Y , give local represen-

tation for the following two global tangent maps

Tf : TM −→ TN and Th : TN −→ TM.



Interaction between economic dynamical systems 137

Obviously, the diagrams
TM

Tf−→ TN

X ↑ ↑ Y

M
f−→ N

,

TM
Th←− TN

X ↑ ↑ Y

M
h←− N

(7)

commute.

The acceleration vector field is defined as the absolute time derivative, of

the velocity vector field. The corresponding acceleration vector fields A and

B, as time rates of change of the two velocity vector fields X and Y in local

coordinates, are given by

Ai =
.

X
i
(xi,

.
x

i
, t), i = 1, 2, ..., m,

Bk =
.
Y

k
(yk,

.
y

k
, t), k = 1, 2, ..., n.

Recall that if M is a manifold, there exist a connection on M, i.e. a map

∇ : X(M)× X(M) → X(M),∇(X1, X2) = ∇X1X2

such that the following conditions

∇f1X1+f2X2X3 = f1X1X3 + f2∇f2X2X3;

∇X1(X2 + X3) = ∇X1X2 +∇X1X3;

∇X1(fX2) = (X1f)X2 + f∇X1X2;

hold for all vector fields X1, X2, X3 ∈X(M), and for all differentiable real

function f1, f2, on M .

In our case, (M, g) is a Riemannian manifold, hence there exists a unique

connection ∇X1X2 − ∇X2X1 = [X1, X2] symmetric and compatible with the

metric g, (X1g(X2, X3) = g(∇X1X2, X3) + g(X2,∇X1X3)), called the Levi-

Civita connection.

We shall use the Levi-Civita connection on the Riemann manifolds M and

N .

Let (U,ϕ) be a local coordinates (local map) around a point x ∈ M. The

absolute (or covariant) time derivative of a contravariant vector field X on M ,

with local coordinates (Xi) along a curve, xi = xi(t), i = 1, 2, ...,m, is given

by

∇ .
x(t)X =

m∑
i=1

(
.

X
i
+

m∑
j,s=1

Γi
js

.
x

j
Xs)

∂

∂xi
=

m∑
i=1

(
..
x

i +
m∑

j,s=1
Γi

js
.
x

i .
x

s)
∂

∂xi
, (8)
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where the m3 differentiable functions Γi
js : U −→ R, are the Christoffel sym-

bols defined by

∇ ∂

∂xj

∂

∂xs
=

m∑
i=1

Γi
js

∂

∂xi
. (9)

In our case (because ∇ is the Levi-Civita connection) we have

Γi
js =

1
2

m∑
l=1

gil(
∂glj

∂xs
+

∂gls

∂xj
+

∂gjs

∂xl
), where (gil) = (gil)−1. (10)

So, locally, the acceleration vector field A is given by

A =
m∑

i=1
(
..
x

i +
m∑

j,s=1
Γi

js
.
x

j .
x

s)
∂

∂xi
. (11)

Similarly the acceleration vector-field B defined on the manifold N , in local

coordinates (y1, y2, ..., yn), is given by

B =
n∑

q=1
(
..
y

q +
n∑

j,s=1
Γq

js

.
y

j .
y

s)
∂

∂xi
, (12)

where Γq
js denote the second-order Christoffel symbols of the Levi-Civita con-

nections on the manifold N , determined by the Riemann structure of config-

uration manifold N .

Geometrically, an acceleration vector field is defined as a cross-section of a

second tangent bundle of the manifold. In our case the acceleration vector field

A, represents a cross-section of the second tangent bundle (TTM, πTM , TM),

i.e. A : TM −→ TTM and πTM ◦A = idTM , while the acceleration vector field

B, represents a cross-section of the second tangent bundle (TTN, πTN , TN),

i.e., B : TN −→ TTN and πTN ◦B = idTN .

The diagrams:

TTM
TTf−→ TTN

A ↑ ↑ B

TM
Tf−→ TN

,

TTM
TTh←− TTN

A ↑ ↑ B

TM
Th←− TN

commute.

Finally, the two following commutative diagrams

TTM
TTf−→ TTN

A ↑ ↑ B

TM
Tf−→ TN

X ↑ ↑ Y

M
f−→ N

,

TTM
TTh←− TTN

A ↑ ↑ B

TM
Th←− TN

X ↑ ↑ Y

M
h←− N

(13)
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formally define the global feedforward and feedback interaction between two

economic dynamical systems given by:
.
x = X(x) and

.
y = Y (y) on the Rie-

mann manifolds M and N .

Remark. We used a Riemannian structure on configuration manifolds M

and N . If (N, g) is a Riemannian manifold and f : M −→ N is an immersion,

then f∗g is a Riemannian metric in M (the induced metric) and we can use this

Riemannian structure on the configuration manifold M . Recall that if (M, g)

and (N, g′) are Riemannian manifolds, a diffeomorphism f : M −→ N is said

to be an isometry if g = f∗g′. So, we can use isometric Riemannian structure

on the configuration manifolds M and N if the feedforward command of the

first dynamical system upon the second dynamical system is a diffeomorphism.

2. PROLONGATION BY DERIVATION AND

LINEARIZATION OF AN AUTONOMOUS

ECONOMIC DYNAMICAL SYSTEM

Let (M, g) be a semi-Riemannian manifold. Recall that a semi -Riemannian

structure on the m−dimensional manifold M is defined by a semi- Riemannian

metric g on M , i.e. a smooth symmetric tensor field of type (0, 2), which to

each point x ∈ M assigns a nondegenerate inner product g(x) on the tangent

space TxM , of signature (r, s), r + s = m.

Let X be a vector field on the manifold M and the autonomous economic

dynamical system given by
.
x = X(x). (14)

The function f : M −→ R, f(x) = 1
2g(X(x), X(x)) determined by the semi-

Riemannian metric g and the vector field X is called [4] energy density of the

vector field X.

Let ∇ be the Levi-Civita connection of the semi-Riemannian structure

(M, g). The differential system

∇ .
x

dt
= ∇ .

xX (15)

obtained using the semi-Riemannian version of the covariant derivative oper-

ator defined by the Levi-Civita connection is the prolongation by derivation

of the differential system (14).
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Remark. Differential system (15) is also the prolongation by derivation of

any perturbation of system (14) obtained by adding to the right-hand side, a

vector field parallel with respect to the covariant derivative, which illustrates

a progression from stable to unstable flows.

Writing ∇X = ∇X − g−1 ⊗ g(∇X) + g−1 ⊗ g(∇X), and putting F =

∇X − g−1 ⊗ g(∇X), differential system (15) can be written in the equivalent

form

∇ .
x

dt
= F (

.
x) + g−1 ⊗ g(∇X)(

.
x) (16)

The external distinguished (1, 1)−tensor field F, (characterizing the helicity

of the vector field X and its flow), determined by the geometrical objects

X, g,∇, in the local coordinates (x1, x2, ..., xm) , is given by

F i
j = ∇jX

i −
m∑

h,k=1

gikghj∇kX
h with i, j, h, k = 1, 2, ...,m. (17)

Differential system (15) can by modified [4] as follows

∇ .
x

dt
= F (

.
x) + g−1 ⊗ g(∇X)(X). (18)

In the local coordinates (x1, x2, ..., xm), if Γi
jk represents the components of

Levy- Civita connection ∇ of g, system (18) can be written

d2xi

dt2
+

m∑
j,k=1

Γi
jk

dxj

dt

dxk

dt
=

m∑
j=1

F i
j

dxj

dt
+∇if, i = 1, 2, ...,m, (19)

where Γi
jk

dxj

dt is the gyroscopic term, and ∇if =
m∑

j,h,k=1

gihgkj(∇hXk)Xj are

the contavariant components of the gradient of energy f and represent the

conservative part of the gyroscopic force.

Differential system (18) is also the prolongation of the first order differential

system (14) and describes a conservative dynamics of the vector field X.

Since g−1⊗g(∇X)(X) = ∇f , the differential system (18) can be written as

∇ .
x

dt
= F (

.
x) +∇f (20)
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If F 6= 0, system (20) is a non-potential dynamical system with m degrees

of freedom. If F = 0, system (20) is a potential dynamical system with m

degrees of freedom.

Remark. The dynamical systems (20) is conservative because identifying

the tangent bundle TM with the cotangent bundle T ∗M using the semi–

Riemann metric g the trajectories of the dynamical system (20) are the ex-

tremals of the Lagrangian: L = 1
2g(

.
x−X,

.
x−X) = 1

2g(
.
x,

.
x)− g(X,

.
x) + f(x)

and the associated Hamiltonian H = 1
2g(

.
x,

.
x)− f(x).

The linearization of an autonomous economic dynamical system given by

(14) on the Euclidian space around an equilibrium point (0, 0..0) is of the form
.
x = Cx, where C is a Jacobian matrix computed at equilibrium point and the

linearization of its prolongation (Udriste [4]) is given by: d2x
dt2

= (C −Ct)dx
dt +

CtCx

Example. The Linearization of Tobin-Benhabib-Myao economic

flow along a trajectory. The configuration Riemann manifold (R3
+, δij).

This economic dynamical system reads





dk
dt = sf(k)− (1− s)(θ − q)m− nk,

dm
dt = m(θ − −

p − n),
dq
dt = µ(

−
p − q)µ(

−
p − q),

(21)

where k = the capital/work ratio; m = the money stock per head; q = the

expected rate of inflation;
−
p = ε(m − l(k, q)) + q the actual rate of inflation;

s, θ, n, µ, ε, are parameters representing saving ratio, rate of money expan-

sion, population growth rate, speed of adjustment of expectation, speed of

adjustment of price level.

The real functions f(k) and l(k, q) are differentiable functions.

Let (k0(t),m0(t), q0(t)) be a trajectory of system (21). Assume that the

motion of nonlinear system (21) in the neighborhood of this trajectory is





k(t) = k0(t) + ∆k(t),

m(t) = m0(t) + ∆m(t),

q(t) = q0(t) + ∆q(t),

(22)

where ∆k(t), ∆m(t), ∆q(t) represents a small quantity. Putting



142 Constantin Pătrăşcoiu

x(t) =




k(t)

m(t)

q(t)


 , x0(t) =




k0(t)

m0(t)

q0(t)


 , ∆x(t) =




∆k(t)

∆m(t)

∆q(t)


 ,

,

F (x) =




sf(k)− (1− s)(θ − q)m− nk

m(θ − −
p − n)

µ(
−
p − q)


 ,

we obtain a matrix form of system (21)

d

dt
x(t) = F (x(t)). (23)

But x(t) = x0(t) + ∆x(t) and because (k0(t),m0(t), q0(t)) is a solution of

system (21) we have the identity d
dtx0(t) = F (x0(t)). So,

d

dt
x(t) =

d

dt
x0(t) +

d

dt
∆x(t) = F (x0(t) + ∆x(t)) =

= F (x0(t)) +
(

∂F

∂x

)

x0(t)

∆x(t) + higher order terms.

Neglecting the higher order terms (because they contain at least quadratic

quantities of ∆x) we obtain the linearized system

d

dt
∆x(t) =

(
∂F

∂x

)

x0(t)

∆x(t), ∆x(t) = x(t)− x0(t) (24)

where the partial derivative represents the Jacobian matrix given by

(
∂F

∂x

)

x0(t)

=

∥∥∥∥∥∥∥∥

∂F1
∂k

∂F1
∂m

∂F1
∂q

∂F2
∂k

∂F2
∂m

∂F2
∂q

∂F3
∂k

∂F3
∂m

∂F3
∂q

∥∥∥∥∥∥∥∥
x0(t)

=

=

∥∥∥∥∥∥∥∥

sf ′ − n −(1− s)(θ − q) (1− s)m

εm ∂l
∂k −2εm m(ε ∂l

∂q − 1)

µε ∂l
∂k µε −µε ∂l

∂q

∥∥∥∥∥∥∥∥
x0(t)

. (25)

CONCLUSIONS. Taking account of first section, the global feedforward

and feedback interaction between the economic dynamical systems
.
x = X(x),

on the Riemann manifolds M , and
.
y = y(y), on the Riemann manifolds N,
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given by diagrams (13), contains the levels of the feedforward and feedback

interaction between the prolongation by derivation of this systems.

Because the feedforward and feedback at the level of velocities are linear

and homogenous, it is most advantageous to begin with the search of the linear

function between the tangent spaces of configuration manifolds which satisfies

the conditions (5), (6).

The calculations simplify if the feedforward is an isometry of configuration

Riemann manifolds.
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Abstract Among the various mathematical and numerical simulating models of plane

concrete, the multi-planes models have an excellent position. These models

are not as complicated as microscopic models, such as discrete particles mod-

els, and do not have the shortcomings of macroscopic models based on the

stress or strain invariants. The object of this study is the presentation of a

developed multi-planes damage based model of plane concrete through a 3D

finite elements code to show its abilities in crack/damage analysis of actual

rock/concrete/concrete structures such as a double curvature arch dam. The

proposed code not only is able to predict the crack line, but also determines

which combination of loading conditions occurs on damaged multi-planes.

The presented multi-plane based model is capable of seeing both dynamic

and elastoplastic behavior of rock/concretes and concrete, with a particular

focus on semi-micromechanical behavior of geo-materials. The constitutive

equations of this model is derived within the context of elastic behavior of

the whole medium and plastic sliding of interfaces of predefined multi-plane,

not missing the directional effects. The formulation incorporates explicitly

the notion of the preferred direction, with a description of the medium as

an assembly of discrete polyhedron elements that support the overall applied

loads through contact friction and cohesion. The overall mechanical response

ideally may be described on the basis of micro-mechanical behavior of discrete

polyhedron elements interconnections.

According to this model, the overall deformation of any small part of the

medium is composed of total elastic response and an appropriate summation of

sliding, separation/closing phenomenon under the current effective normal and

shear stresses on sampling planes. These assumptions adopt overall sliding,

separation/closing of inter-granular points of grains included in one structural

145
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unit (discrete polyhedron elements) are summed up and contributed as the

result of sliding, separation/closing surrounding boundary planes. This simply

implies yielding/failure or even ill-conditioning, bifurcation response damage

and fragmentation phenomena to be possible over any of the randomly oriented

sampling planes. Consequently, plasticity control such as yielding should be

checked at each of the planes and those of the planes that are sliding will

contribute to plastic deformation. Therefore, the geo-material mass has an in-

finite number of yield functions usually one for each of the planes in the physical

space. Compact and isotropic synthetic media are generated automatically and

are used to investigate the mechanical behavior of these low-porosity materials.

In the case of micro-mechanics, the model considers the two-phase, aggregate

and cement medium, at a macroscopic scale.

The proposed multi-plane based model is capable of predicting the behav-

ior of materials under different orientation of bedding plane, history of strain

progression during the application of any stress/strain paths, based on five

types of planar behavior of sampling planes. Validity of the proposed model is

investigated through a few standard benchmark examples.

Keywords: mechanics of geo-materials, micromechanical behavior.

2000 MSC: 74L05, 74L10.

1. INTRODUCTION

A survey through the published scientific papers deals with the object of

constitutive modeling of geo-materials. All models are categorized into two

main classes: continuous and discontinuous models. In the first class, it is pos-

tulated that the overall mass of material is continuous and no crack/rupture/gap

or fracture are allowed. On the other hand, in the last class, the material is

assumed to act as an assemblage of the discrete particles, which can affect

on the movements of each others. In turn, the continuous models consist of

two large groups: macroscopic models in the context of damage and plasticity

theory or combination of both and mesoscopic models such as micro-plane

or multi-laminate models. However discontinuous models are placed into one

category as microscopic models such as discrete particle models. The macro-

scopic models concern the definition of relation between stress and strain ten-

sors (structural scale) and the meso-scopic models deal with the same object

but in a different way. The later captures this goal by assigning of the relation
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between the stress and strain components of the different planes with pre-

scribed orientations called “micro or multi planes”. Finally, the microscopic

models concern the discrete particle models consisting of convex polygons that

are able to withstand a limited cohesion (granular scale). A description of con-

tacts of particles as well as a bond formulation between them could lead to

forces induced by particle movements. These forces are inserted into the equa-

tions of motion, which are solved numerically based on the discrete element

methodology.

A technique for modeling degraded planes and enabling conventional stress/

strain analysis of a multidirectional laminate through rock/concrete media in-

cluding different mechanical behavior aspects, such as the induced anisotropy,

softening and strength reduction, and the localization distribution at any loca-

tion is presented. For the analysis, degraded planes are replaced by a contin-

uum model with a lower stiffness matrix. The degree of stiffness reduction is es-

timated by acoustic emission like method by considering semi-micromechanics

effective stiffness of a laminate having degraded sliding or opening through

change of properties.

Given the intrinsic oriented nature of geo-material fabric similar to rock/

concrete, it is important to include the effect of anisotropy in a rational way.

In this respect, the major obstacles, are our ability to properly define the spa-

tial and temporal variations of the material properties, deformability, harden-

ing/softening and boundary conditions. The value of a model lies primarily

in its ability to capture the basic trends in the material behavior and thereby

provide a more realistic representation of the problem.

2. FROM SLIP PLANES TO MICRO PLANES

The basic idea, namely that of the constitutive material behavior as a rela-

tionship between strain and stress tensors which can be “assembled” from the

behavior of material, on the planes with different orientations within the ma-

terial such as slip planes, micro cracks, particle contacts etc., might be traced

back to the failure envelopes of Mohr (1900) and the “slip theory of plastic-

ity” of G. I. Taylor (1938) who was the first that implemented this mentioned

theory for modeling the behavior of polycrystalline metals. Taylor’s idea was
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formulated in detail by Batdorf and Budiansky (1949). This theory was soon

recognized as the most realistic constitutive model for plastic-hardening met-

als. It was refined in a number of subsequent works (e.g. Lin and Ito 1965,

1966, Kröner 1961, Budianski and Wu 1962, Hill, 1965, 1966, Rice, 1970). It

was used in arguments about the physical origin of strain hardening, and was

shown to allow easy modeling of anisotropy as well as the vertex effects for

loading increment to the side of a radial path in stress space. All formulations

considered that only the inelastic shear strains (‘slips’), with no inelastic nor-

mal strain, were taking place on what is now called the ’micro-planes’. The

theory was also adapted to anisotropic rocks and soils under the name ”multi

laminate model” (Zienkiewicz and Pande 1977, Pande and Sharma 1981, 1982;

Pande and Xiong 1982).

In these works there is a common assumption that the planes of plastic

slip in the material (in those studies called the ‘slip-planes’ and in this arti-

cle called the ‘micro-planes’) are constrained statically to the stress (‘macro-

stress’) tensorσij (i.e. the stress vector on each ’micro-plane’ was the projec-

tion ofσij). The static constraint formulation was extensively used under the

name of slip theory for metals or multi-laminate theory for anisotropic rocks

until the first application of this theory by Bažant and Gambarova in 1984

and Bažant in 1984, to continuum damage mechanics and cohesive-frictional

materials, who, for the first time, changed its name from slip theory or multi-

laminate theory to micro-plane theory.

In all multi-plane models, such as slip-planes or multi-laminate models,

first the macro-stress tensor was projected on the micro-planes and then by

introducing on-plane constitutive laws, the micro-strain components were cal-

culated and finally the macro-strain tensor was identified by superposition of

on-plane micro-strain components upon any of sampling plane transformation

matrix obtained through direction cosines of sampling points on the surface

of a unit sphere

∫

Ω
f (x, y, z) dΩ = 4π

∑
p

Wpf (xp, yp, zp). (1)



Mathematical and numerical model of rock/concrete mechanical behavior... 149

Now consider the stress tensor σij in the macro-level state at the center of

the unit sphere as always is used in the micro-plane models. Then, we are

going to project this tensor on the planes, which are tangent to the surface of

the sphere at the prescribed points. The number and position of these points

are determined depending on the numerical integration formulation which was

elected for doing integration of an arbitrary function over the surface of the

unit sphere. It is worth noting that the origin of the initiation and propagation

of the multi-plane models including micro-plane or multi-laminate models are

used as this mathematical numerical formulation for integration. Here, for this

job, we use a precise formulation of 26 integration points. In Table 1, direction

cosines and weights of the integration points and in fig. 1, their positions on

the surface of the unit sphere are shown. If we project the stress tensor to the

surface of the sphere, we have

σN = Nijσij , Nij = ninj ,

σM = Mijσij , Mij = (minj + mjni) /2, (2)

σL = Lijσij , Lij = (linj + ljni) /2

where ni, i = 1, 2, 3 are the direction cosines of the unit vector normal to

the plane and mi, li, i = 1, 2, 3 are the direction cosines of two orthogonal

unit vectors tangent to the plane.

Fig. 1. Definition of micro-planes.

For convenience of calculations, one of the unit vectors tangent to the plane

is assumed to be horizontal (parallel to x − y plane). For instance, the pro-
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jection of the stress tensor on the plane number 1 results in

σN =
1
3

(σx + σy + σz) +
2
3

(τxy + τyz + τ zx) ,

σM =
1√
6

(−σx + σy + τyz − τ zx) , (3)

σL =
1√
18

(σx + σy − 2σz + 2τxy − τyz − τ zx) ,

Fig. 2. Position of integration points on the unit sphere’ surface.

Fig. 3. Projection of stress tensor on the surface of unit sphere.

In order to obtain the original stress tensor from its projections on the

micro-planes, first necessary to transfer every stress vector on the micro-plane
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from local coordinate to the global coordinate system and then we can add

them up according to their weightings. Obviously, the result must be equal to

numerical integration of the on-plane stress tensor. This numerical integration

is a crucial step in the construction of any micro-plane model. In order to

transfer every micro-stress vector to the macro state the following transition

matrix can be written

Tp =




N11 M11 L11

N22 M22 L22

N33 M33 L33

N12 M12 L12

N23 M23 L23

N13 M13 L13




p

. (4)

The subscript p denotes any specified micro-plane. So, we can write

σ̂p = Tp.σ̄ = Tp.σ : Np, (5)

σ : Np =




n1 n2 n3

m1 m2 m3

l1 l2 l3







σx τxy τxz

τxy σy τyz

τxz τyz σz







n1

n2

n3


 . (6)

For example, by transforming the micro-stress vector of the plane 1 to the

macro level, we reach to the following six components vector

σ̂1 =
1
6





2 (σx + τxy + τxz)

2 (σy + τxy + τyz)

2 (σz + τ zy + τxz)

σx + σy + 2τxy + τyz + τxz

σy + σz + τxy + 2τyz + τxz

σx + σz + τxy + τyz + 2τxz





. (7)

By summing up the transformed six component vectors according of their

weighting functions, we obtain

26∑

p=1

Wpσ̂P =
1
3

{
σx σy σz τxy τyz τ zx

}T
, (8)

where the subscript p denotes any specified micro-plane.



152 Seyed Amirodin Sadrnejad

As a general rule for the numerical integration of an arbitrary function

f (x, y, z) over the surface of unit sphere, we can use the following 26 sampling

point equations
∫

Ω
f (x, y, z) dΩ = 4π

26∑

p=1

Wpf (xp, yp, zp). (9)

Comparing equations (8) and (9) we can write
∫

Ω
T.σ : N dΩ =

∫

Ω
σ̂ dΩ = 4π

26∑

p=1

Wpσ̂p =
4π

3
{σx σy σz τxy τyz τ zx}T .

(10)

So, in order to obtain the original stress tensor we can write the equation

σij =
3
4π

∫

Ω
(σN .Nij + σM .Mij + σL.Lij) dΩ, (11)

σij = 3
26∑

p=1

Wp (σN .Nij + σM .Mij + σL.Lij) =

= 6
13∑

p=1

Wp (σN .Nij + σM .Mij + σL.Lij) . (12)

This comparison shows that the pre-multiplier in equations (12) and (1) for

superimposition is not the same hence it is not correct.

Furthermore, it is worth noting that in the static constraint approach, the

equilibrium of the forces at a point are satisfied automatically because of the

projection of the stress tensor to the planes, but the compatibility condition

of strain tensor is met only in particular cases. In other words, the micro-

strain components acting on the planes may not be always the projection

of the strain tensor, because the way of the superimposition of micro-strain

components which are used in the static constraint approach (relation (1))

does not guarantee to be the same as the summation of the projections of

macro-strain tensor obtained on every plane.

3. A NOVEL MICRO-PLANE DAMAGE

FORMULATION

After the above argument which has been done about the theory of the

micro-plane approach, in this section we present a new formulation of the
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micro-plane model in the area of damage theory which is going to be applied

for the simulation of the behavior of the plane concrete. This formulation has

some specifications distinct from the other micro-plane damage models.

In order to satisfy both the static equilibrium and compatibility conditions,

we have considered a new method of projecting the stress tensor to the micro-

planes as described earlier in this article. Then, we derived the strain tensor

in terms of the stress tensor based on a well-capable constitutive relation in an

ordinary three-dimensional coordinate system. In the second case, the derived

strain tensor was projected to or transformed on the micro-planes. So, at this

stage, by comparing the components of the stress and strain on the micro-

planes we must be able to define the equal microscopic constitutive relations

in such a way that both the stress and strain components on each micro-plane

are the projections of the corresponding stress and strain tensors. In fact,

this situation is the double constraint formulation in which the equilibrium

of forces and compatibility of displacements in every integration points are

satisfied one by one.

In order to attain the double constraint aspect, after analogy of the projec-

tions of stress and strain tensors to the micro-planes obtained in the manner

that was explained in the previous section, it was certain that it is necessary

to separate the behavior of the material into two distinct parts namely as

deviatory and volumetric. So, if firstly we discretize the strain tensor as the

volumetric and deviatory parts and then project each of them to the micro-

planes separately, we may try to obtain the deviatory part of the modules

matrix from the behaviors on the micro-planes whereas the volumetric one,

which is not affected by the direction characteristics and essentially is isotropic,

is obtained in the ordinary coordinate system and summed up to the deviatory

part at the end of each step of loading. Therefore, we can write

Dijkl =
3
4π

∫

Ω

(
E

1 + ν

)[(
Nij − δij

3

)(
Nkl − δkl

3

)
+ MijMkl + LijLkl

]
dΩ+

+
E

1− 2ν

δkl

3
δij . (13)
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4. NEW ANISOTROPY DAMAGE FUNCTION

FORMULATION

The total deviatory part of constitutive matrices is computed from super-

position of its counterparts on the micro-planes. In turn, these counterparts

are calculated based on the damages occurred on each plane depending on its

specific loading conditions. This damage is evaluated according to the five

separate damage functions; each of them belongs to the particular loading

states. This five loading conditions are

1) hydrostatic compression, 2) hydrostatic extension, 3) pure shear,

4)shear + compression, 5)shear + extension.

On each micro-plane, at each time of loading history, there exists one spe-

cific loading situation that may be in one of the five mentioned basic loading

conditions. For every five mood, a specific damage function according to the

authoritative laboratory test results available in the literature is assigned.

Then, for each state of on-plane loading, one of the five introduced damage

functions will be computed with respect to the history of micro-stress and

strain components.

In this formulation we consider just two basic material parameters for ease

as elasticity and Poisson’s coefficients.

5. UNIAXIAL COMPRESSION (UC) TEST

As can be seen in fig. 4, there is a good agreement between the results ob-

tained by using the proposed model and experimental evidences. The material

parameters used in the above analysis are: E = 25000MPa, ν = 0.20.

In fig. 5, the volumetric changes of the concrete specimen under uniaxial

compressive loading have been compared with the experimental observations

experienced by Kupfer and his co-workers in 1969. As it is shown, there exists

an excellent coincidence between analytical and laboratory data.

In order to show more confidence on the capability of the micro-planes dur-

ing uniaxial compression test, in figs. 6 - 11, the variation of micro-stress

normal and tangential component values are represented versus the total axial

compressive stress. It can be seen that, during the application of the uniax-
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Fig. 4. Axial and lateral strains in mm/mm (right and respectively left horizontal semi-

axis) versus axial stress in MPa (vertical axis) in uniaxial compression test of concrete

obtained by means of the proposed micro-plane damage model (f ′c = 27MPa); red triangles

at right and black squares at left represent experimental data from Kupfer et al., 1969.

ial compressive load on the x-axis, the micro-plane number 11 is under just

the compressive stress, whereas the micro- planes numbers 9,10,12,13, which

geometrically are located normal to the load direction on the unit sphere,

are only under the tensile stress. The compressive stress accompanied with

shear affects the other remaining planes. During the increase of the uniaxial

compressive load, the compressive and shear stress components acting on the

micro-planes number 1 to 8 first increase together with the shear stress, but

near the peak stress (f ′c), the compressive stress decreases suddenly.

Fig. 12 shows the growth of the damage function values of different micro-

planes during uniaxial compression test of concrete obtained with the proposed

model. Namely, the damage evolutes on the micro-planes number 9,10,12,13

on the unit sphere faster than the other planes. This is due to the existence

of different modes of loading on those planes. In the uniaxial compression

test done by the proposed model, the axial compressive load is applied to the

x-axes that are normal to the micro-plane number 11. So, on this plane, there

exists only a normal compressive load (mode I) for which no damage could
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Fig. 5. Volumetric behavior of concrete (on the horizontal axis - compression at the left,

dilation at the right of 0) under uniaxial compressive loading (on the vertical axis); violet

triangles represent experimental data from Kupfer et al., 1969 (f ′c = 27MPa).

Fig. 6. Variation of micro stress components acting on the micro planes number 1,2,3,4

during uniaxial compression test. On the horizontal axis - the micro stress components

(MPa), on the vertical axis - axial compressive stress; the left branch - normal component,

the right branch - tangential component.
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Fig. 7. Variation of micro stress components acting on the micro planes number 5, 6 during

uniaxial compression test. On the horizontal axis- the micro stress components (MPa), on

the vertical axis- axial compressive stress (MPa); the left branch - normal component, the

right branch - tangential component.

Fig. 8. Variation of micro stress components acting on the micro planes number 7, 8 during

uniaxial compression test. On the horizontal axis- the micro stress components (MPa), on

the vertical axis- axial compressive stress (MPa); the left branch - normal component, the

right branch - tangential component.
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Fig. 9. Variation of micro stress components acting on the micro planes number 9, 10 dur-

ing uniaxial compression test. On the horizontal axis- the micro stress components (MPa),

on the vertical axis- axial compressive stress (MPa); the left branch - normal component,

the vertical branch - tangential component.

Fig. 10. Variation of micro stress components acting on the micro plane number 11 during

uniaxial compression test. On the horizontal axis- the micro stress components (MPa), on

the vertical axis- axial compressive stress (MPa); the right branch - normal component, the

vertical branch - tangential component.
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Fig. 11. Variation of micro stress components acting on the micro planes number 12,

13 during uniaxial compression test. On the horizontal axis- the micro stress components

(MPa), on the vertical axis- axial compressive stress (MPa); the left branch - normal com-

ponent, the vertical branch - tangential component.

occur on it. On the micro-planes number 5,6,7,8 there is a shear combined

with the normal compressive load (mode IV) causing damages less than the

micro-planes 1,2,3,4 on which there exists the same mode of loading (mode

III). This is because of the fact that on the micro-planes number 1, 2, 3 and

4 the magnitude of the compressive stress component is less than the same

component value on the micro-planes number 5 to 8 (figs. 6- 12), so damage

growths faster.

Finally, on the micro-planes number 9,10,12,13 there exists only normal

tension loading (mode II), which causes the damage growths faster than the

all other planes (figs. 9-11).

From the above behaviors of the micro-planes, obtained by using the pro-

posed model, we conclude that in the uniaxial compression test, the damages

or cracks can appear first on the micro-planes number 9,10,12,13 and then

on the micro-planes number 1, 2, 3 and 4. This can be observed in the real

situation of the laboratory on the cylindrical concrete specimen. If there is no

friction restraint between the surfaces of the loading top/bottom plates and
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the specimen, then the cracks will appear differently on the positions of the

micro-planes number 9,10,12,13 of the proposed model. Else if the damages

on the micro-planes number 1, 2, 3 and 4 will be greater and cracks will be

initiated first on these planes. As a result, the effect of lateral confining pres-

sures on the compressive cylindrical strength of concrete specimens simulated

by the proposed model has been compared with experimental data of Ansari

and Li (1998) in fig. 14.

Fig. 15 exhibits the behavior of concrete specimen under conventional tri-

axial extension (CTE) test that is presented by the proposed model.

6. CONVENTIONAL TRIAXIAL COMPRESSION

(CTC) TEST

In this test, at first the hydrostatic pressure is applied to the specimen to a

certain level and then the axial compression is increased while the lateral or

confining pressure is held constant. So, in this test, up to certain level of hy-

drostatic compression, there must be no shear forces on the micro-planes. This

can be seen in fig. 12 that shows the evolution of the micro-stress components

on different micro-planes during CTC test. In fig. 13, the axial stress-strain

curves of cylindrical concrete specimen under two different Uniaxial Compres-

sion (UC) test and Conventional Triaxial Compression (CTC) test obtained

by using the proposed micro-plane damage model have been compared.

The stress-strain response of the concrete cylindrical specimen under UT

test that is depicted in fig. 16. In fig. 17 the proposed model prediction under

hydrostatic tension (HT) test is depicted. The load capacity of the sample

under the hydrostatic tension is greater than the same value in the UT test

because in the UT test the cause of the damage is the compromise of tension

and shear stress while in the HT test, the pure tensile stress acting on the

planes. The prediction of the proposed micro-planes for the HT test is shown

in the fig. 18. As it can be noticed, the behavior of all micro-planes under

this loading is the same. The reason is that in the hydrostatic loading, the

same condition of stress distributions is imposed around the physical point and
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Fig. 12. Comparison of the damage evolution functions on the various micro-planes during

the axial compressive loading. On the horizontal axis- the damage evolution function value,

on the vertical axis- the axial stress (MPa).

Fig. 13. Comparison of axial stress-strain curves of concrete in UC and CTC tests.
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Fig. 14. Different triaxial compression strengths fcc obtained for different lateral confining

pressures fl.

therefore the anisotropy could not appear. Furthermore, as it is anticipated,

there is no shear stress on the planes.

Fig. 15. Behavior of the cylindrical concrete specimen under (CTE) test obtained by using

the proposed micro-plane damage model.
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The expected response of concrete cylindrical specimen under hydrostatic

compression (HC) test, associated with the increase of bearing capacity un-

limitedly. Simulation of this response under the HC test is presented in fig.

19, 20. As in the case of HT test, the behavior of the whole planes under the

HC test is the same.

Fig. 16. Behavior of the cylindrical concrete specimen under uniaxial tension test obtained

by using the proposed micro-plane damage model.

7. CYCLIC LOADING

Generally, the most damage models fail to reproduce the irreversible strains

and the slopes of the curve in the unloading and reloading regions.

In fig.21, the predicted response of the model under cyclic compression test

is compared with the experimental results of B. P. Sinha, K. H. Gerstle and L.

G. Tulin (1964). A good agreement between the analytical and experimental

data is seen. Also, in fig. 22, the behavior of concrete simulated by using the

proposed model under complete cyclic loading is shown.
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Fig. 17. Behavior of the cylindrical concrete specimen under HT test obtained by using

the proposed micro-plane damage model; axial strain (mm/mm) - on the horizontal axis,

axial tensile stress (MPa) - on the vertical axis.

Fig. 18. Variation of micro-stress component values acting on the micro-planes number 1

to 13 during the HT test.
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Fig. 19. Behavior of the cylindrical concrete specimen under the HC test obtained by

using the proposed micro-plane damage model; axial strain (mm/mm) - on the horizontal

axis, axial tensile stress (MPa) - on the vertical axis.

Fig. 20. Variation of micro-stress component values acting on the micro-planes number 1

to 13 during the HC test.



166 Seyed Amirodin Sadrnejad

Fig. 21. Cyclic compression test simulation; axial strain (mm/mm) on the horizontal axis,

axial stress (MPa) on the vertical axis, blue continuous line - proposed model, red dotted

line- experimental results.

8. CONCLUSIONS

A constitutive damage model for the mechanical behavior of concrete/rock

under arbitrary loadings was developed using the composition of the theo-

retical framework of micro-plane and damage approaches. A new damage

formulation has been employed into the micro-plane model. Accordingly, an

arbitrary change of six strain/stress on cube element led to combination of five

conditions introduced on plane. Therefore, the proposed model is capable of

predicting the concrete behavior under an arbitrary strain/stress path. These

five force conditions are: 1)hydrostatic compression, 2)hydrostatic extension,

3)pure shear, 4)shear + compression, 5)shear + extension. The five damage

evolution functions, all of them functions of equivalent strain, were formulated

for any of the five force conditions. This novel micro-plane damage model can

simulate the behavior of the concrete/rock specimen under compressive load-

ings as well as tensile loadings with a few model parameters requirements.

The proposed model has excellent features, such as prefailure configuration of

inside material, final failure mechanism, capability of seeing induced/inherent

anisotropy and also any fabric effects on the material behavior. However, the
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Fig. 22. Complete cyclic test simulation; axial strain (mm/mm) on the horizontal axis,

axial stress (MPa) on the vertical axis (the sense on the cycle is clockwise).

basis of its formulation is simple, logical and has some physical insights that

make it convenient to perceive.
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Abstract In order to investigate stability questions two reduction methods for nonlinear

equations are suggested going back to A. M. Lyapunov and E. Schmidt. In this

way an extension of the Lyapunov idea to deduce the stability of the solution

of differential equation (DEq) from the linear approximation for this DEq is
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1. INTRODUCTION

Let X be a real or complex Banach space. The differential equation

ẋ = Ax + R(x) (1)

is considered assuming that the following conditions are fulfilled.

I. A is a closed linear operator, mapping its dense in X domain D(A) in X.

II. The nonlinear operator R(x) is defined and continuous at all x belonging

to the open ball S ⊂ X of the radius p with center at the origin, and also

R(0) = 0. There exist constants K > 0 and β > 0 such that the inequality

||R(x1)−R(x2)|| ≤ Kmaxβ(||x1||, ||x2||)||x1 − x2||

holds for all t ∈ R+, x1, x2 ∈ S.

Remark 1. From condition II it follows that for all x ∈ S and any t ∈ R+
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the inequality ||R(x)|| ≤ K||x||1+β holds.

By the classical solution of DEq (1) on the semiaxis R+ = [0,∞) we under-

stand the continuously differentiable on R+ function x(·), with x(t) ∈ D(A),

identically satisfying (1) on R+. Together with the nonlinear DEq (1) consider

its linearization, namely the linear DEq

ẋ = Ax. (2)

Note that DEq (1) and DEq (2) have the classical trivial solution x(t) = 0.

For (1) and (2) consider the Cauchy problem: to find their classical solutions

satisfying the initial condition

x(0) = a. (3)

Problem (1), (3) generates an abstract dynamic system, its solutions corre-

spond to trajectories in phase space X and the function x(·) = 0 corresponds

to an equilibrium point of (1).

We are interested in conditions under which the trivial solution of DEq

(1) is Lyapunov stable or asymptotically stable. In this way we essentially

generalize the Lyapunov theorem [1] about asymptotic stability upon linear

approximation (2).

Previously we have considered this problem under the additional assumption

that the operator A is the generator semigroup U(t) = exp(At) of the class

C0.

In [3]-[4] it was established that if this additional condition is fulfilled, then

the asymptotic stability of the trivial solution to DEq (1) takes place. Also the

more complicated case was studied when the operator R depends on t. Even

the increasing of R together with t was assumed, but it was compensated by

the exponential decreasing of the semigroup [5], [6]. In particular, under the

fulfilment of the restriction on the semigroup, the operator A is continuously

invertible [2], i.e. its range is coincident with all space where the inverse of

operator A is bounded.
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2. REDUCTION METHODS FOR THE SOLVING

OF THE PROBLEM

Here we study the case when the operator A is non-invertible. Apparently,

here more typical is the case of the Lyapunov stability of trivial solution to

DEq, but not the case of its asymptotic stability. Further, it is supposed that

the operator A satisfies the following very general conditions.

III. The set V = N(A) of zeroes of the operator A is nontrivial, closed and

has in X a direct complement U, such that the space X can be represented in

the form of direct sum X = U ⊕ V . The range W = R(A) of the operator A

is nontrivial, closed and has in X a direct complement Z such that the space

X can be represented in the form of direct sum X = W ⊕ Z.

As the finite-dimensionality of the subspaces V and Z is not assumed, the

problem of the generalization of the notion of Fredholm operator arises.

The projection method we use goes back to A.M. Lyapunov and to our ex-

tension to branching theory in the Banach spaces [8].

Let P be the projector of X on U , and Q the projector of X on W . Then

I−P is projector of X on V . Set in (1) x = u+v, where u = Px, v = (I−P )x

and project the obtained problems (1), (3) and (2), (3) on U and V to get the

following system of Cauchy problems

u̇ = PAu + PR(u + v), u(0) = Pa, (4)

v̇ = (I − P )Au + (I − P )R(u + v), v(0) = (I − P )a. (5)

For the further investigation suppose the following additional condition.

IV. The restriction of the operator PA to the subspace U is the generator of

the exponentially decreasing semigroup U(t) = exp(At) of class C0 such that

there exist the constants M > 0 and α > 0 such that for all t ∈ R+ = [0, +∞)

the inequality ||U(t)|| ≤ Mexp(−αt) is fulfilled.

Using the semigroup U(t) the system of DEqs (4)-(5) becomes the system

of integral equations

u(t) = U(t)Pa +
∫ t

0
U(t− s)PR(u(s) + v(s))ds, (6)
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v(t) = (I − P )a +
∫ t

0
(I − P )[Au(s) + R(u(s) + v(s))]ds. (7)

If (u(t), v(t)) is the continuous on R+ solution to the integral equations

(6)-(7) then x(t) = u(t) + v(t) will be called the generalized solution of the

Cauchy problem (1), (3).

Remark 2. From the conditions I-II it follows that for any continuous

and bounded on R+ pair of functions (u(t), v(t)) the right-hand sides in the

formulae (6)-(7) are also continuous on R+ functions. Our nearest aim is

the study of the continuous and bounded solutions of the system of integral

equations (6)-(7) on the positive axis. We are interested also in the case where

u(t) and v(t) are exponentially decreasing at t → +∞. Consider the linear

Cauchy problem (2), (3), which by using the projection method, becomes

u(t) = U(t)Pa, v(t) = (I − P )a +
∫ t

0
(I − P )Au(s)ds.

Substitute u(t) in the second equation and calculate the integral to obtain

the generalized solution of linear the Cauchy problem in the form

x(t) = U(t)Pa + (I − P )a + (I − P )[U(t)− I]Pa. (8)

Due to the asymptotic behavior of U(t), we have the exponential decreas-

ing U(t)Pa → 0 as t → +∞. The other components in the right-hand side

are bounded. Consequently, the trivial solution of (2) is Lyapunov stable in

the class of generalized solutions. It is not difficult to find conditions guaran-

teeing the asymptotic stability of trivial solution. Let the projectors P and

Q be equal. Then (I − P )A = 0. If furthermore the additional condition

(I − P )a = 0 is satisfied, then the stability of trivial solution will be asymp-

totical in the class of generalized solutions. It turns out that for the nonlinear

equation (1) the situation can be analogous.

Following [3], introduce a convenient family of Banach spaces of abstract func-

tions.

Definition. Let γ > 0. The space of continuous functions u(t) defined on

R+ and taking values in X, with natural operations of addition and multiplica-

tion by scalars, having finite norm |||u|||γ = supR+ ||u(t)||exp(γt) is called Cγ.
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Note that Cγ is a Banach space. For γ = 0 we have the limit case - the space

C0 of bounded on R+ continuous abstract functions. Write system (6)-(7) in

the form of the operator equation

x = Da + F (x) (9)

with unknown x = (u, v), where u ∈ Cα, v ∈ C0 and the parameter a ∈ X.

Here Da = (U(t)Pa, (I −P )a), while the operator F (x) is defined by the pair

of integral terms in the right-hand sides of integral equations. For the inves-

tigation of the equation (9) apply to it the implicit operator theorem without

assumption about differentiability of the operator F , which was formulated

and proved in [2]. As the partial illustration after some technical estimates we

get the following assertion.

Theorem. Let the conditions I-IV, R(v) = 0, ∀v ∈ V be fulfilled and Q=P.

Then there exist the numbers r∗ > 0, ρ∗ > 0 such that for any a, ||a || ≤ ρ∗
the equation (8) has in the ball ||x|| ≤ r∗ the unique continuous bounded on

R+ solution x = x(t, a). This solution is continuous on a in the ball ||x0|| ≤ ρ∗
and x(0) = a. If in addition Pa = a then x ∈ Cα.

The proof of the theorem is carried out following the scheme described in

detail in [3]. In the first part of the proof the Lyapunov stability for the triv-

ial solution of (1), in the class of the generalized solutions is established. In

the second part, under some additional restrictions, its asymptotic stability is

proved. Analogously to [3], under Hölder property of the operator R(x), the

stability of trivial solution in the class of classical solutions can be proved too.

We hope that the theorem conditions will be essentially weakened.

We now characterize another possible way of stability questions investiga-

tion. Postulate the boundedness of v(t) on R+. Using the implicit operator

theorem, for all sufficiently small ||Pa||, from integral equation (6), find the

function u as an operator depending of v, i.e. u = uv(t). Substitute this op-

erator in (7). As a result of this we get the following operator-integral equation
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v(t) = (I − P )a +
∫ t

0
(I − P )[Auv(s) + R(uv(s) + v(s))]ds. (10)

Any assertion about the stability of solution v ∈ C0 of equation (10) goes to

the corresponding assertion about Lyapunov stability for trivial solution of

DEq(1).

In the stability questions, equation (10) or the analogous Cauchy problem

for the DEq obtained by substituting u = uv to Cauchy problem (6) plays

the same role as the Lyapunov-Schmidt branching equation in the branching

theory of solutions of nonlinear equations.

Consider now the usually encountered in practical applications classical case

of the Fredholm operator A. Here along with the projection method one can

use another method going back to E. Schmidt and transferred by us to linear

operators acting in Banach spaces [8]. Assume that in (1) the subspaces N(A)

and N(A∗) are n-dimensional with the bases {ϕi}n
1 and {ψi}n

k respectively,

and {γj}n
1 , {zl}n

l are the bi-orthogonal to them systems. In [8] the following

statement was established.

Lemma. The operator Ã· = A·+∑n
1 < ·, γi > zi is continuously invertible.

This assertion was called by us the generalized Schmidt lemma in honor

of the German mathematician Erhard Schmidt who has proved the analogous

fact in the particular case of a linear integral operator acting in the space

of continuous functions. The operator Ã, for which we propose the name of

regularizer of Fredholm operator A, allows us to write the DEq (1) in the form

ẋ = Ãx + R(x)−
n∑

1

ci(t)zi. (11)

The functions ci(t) occurring in the right-hand side of (11), and depending on

the unknown solution x(t) of Cauchy problem (1)-(2), are functionals, deter-

mined by formulae

ci(t) =< x(t), γi >, i = 1, 2, ...n. (12)
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In order to perform the computations of this functionals we proceed as follows.

Applying to both parts of (11) the functional γk, k = 1, 2...n we get

ċk =< Ax, γk > + < R(x), γk >, ck(0) =< a, γk >, k = 1, 2, ..n. (13)

Investigation of the systems (11)-(12) and (11)-(13) leads to different variants

and interpretations of conclusions about stability of the trivial solution of DEq

(1). The condition of equality of projectors P and Q, used in the above means

simplicity of the Jordan structure of the operator A (all Jordan chains for

zeroes of the operator A have unit lengths). However, it turns out to be ap-

propriate to use the general form A-Jordan structure of the operator A, the

field where is working the author group [7].
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Abstract In topology it is proved that every two-dimensional compact, connected and

oriented manifold is diffeomorphic to the sphere with n ≥ 0. Three-dimensional

manifolds are investigated very little. For example, so far it has not been proved

if every compact one-connected three-dimensional manifold is diffeomorphic

to the sphere S3, (Poincaré’s conjecture) or at least homeomorphic to it [1].

Poincaré’s conjecture [2] about homeomorphism is positively solved [3]. The

present paper deals with the analogue of Riemann’s theorem on mappings in the

three-dimensional space. Moreover, famous properties of Beltrami equations

system (BES) solutions as well as new results concerning these systems and

generalizations are revealed and essentially used.

Keywords: main curvatures, mixed equations system, manifold, fibration, layer, groups,

quaternions, quasi-conformal mappings.
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BES is system of first-order linear elliptic equations of first order
{

ux = −g12

g vx + g11

g vy,

uy = −g22

g vx + g12

g vy,
(1)

g2 = g11g22 − g2
12.

It may be viewed as a condition that the mapping (x, y) → (u, v) be conformal

with respect to Riemann’s metric

ds2 = g11(x, y)dx2 + 2g12(x, y) + g22(x, y)dy2, g11 6= 0, ∀(x, y) ∈ D ⊂ R2

that is, in this mapping any angle θ on the plane (x, y), determined in Rie-

mann’s metrics is transformed to the angle θ on the plane (u, v), determined
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in the essential way. Two Riemann’s metrics are named conformal-equivalent

if their coefficients are proportional, where the proportionality multiplier can

be a function from (x, y). The two metrics set the same BES [4]. BES can

be thought of as a system connecting the old and new coordinate systems at

rewriting the positively defined quadratic form in the canonical form.

Here, we follow some results of the author [5]. Consider another interpre-

tation of the generalized mixed BES and demonstrate that these equations

systems are related to the main curvatures of the surfaces and the theorema

egregium (Gaussian curvature) [5]. Let k1, k2 be the main curvatures and

Ox,Oy be directed along the corresponding main directions of the smooth

surface M at the point O.

From the Euler’s formula it follows

g11 = k1 cos2 θ + k2 sin2 θ,

g12 = (k1 − k2) cos θ sin θ, (2)

g22 = k1 sin2 θ + k2 cos2 θ,

where g11g22− g2
12 = k1k2 = K, where K is the Gaussian curvature. From (2)

we obtain

tan 2θ =
2g12

g11 − g22
, k1,2 =

g11 + g22 ±
√

(g11 − g22)2 + 4g2
12

2
. (3)

Consider the first-order partial differential equations : ux = g12vx + g11vy,

− uy = g22vx + g12vy, where g11g22 − g2
12 = k1k2 = K, which, in the matrix

form reads (
g12 g22

−g2
12−K
g22

− g12

)(
wx

wy

)
= ie

(
wx

wy

)
. (4)

where

w = u(x, y)+iev(x, y)+ihr(x, y)+ieihq(x, y) ⇒ wx = ux+ievx+ihrx+ieihqx,

wy = uy + ievy + ihvy + ihry + ieihqy

(related to the solutions of system (4); see also [5]).

The system (4) is of: elliptic type if g11g22 − g2
12 = k1k2 = K is positive;

hyperbolic type if K is negative; parabolic type if K is equal to zero.
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From the representation (2) it follows that if g12(x, y) = 0, then the point

(x, y) is the point of rounding where it is not possible to define main directions.

Therefore hereinafter it is assumed that g12 6= 0. Thus, the following is proved

Lemma. Let the coefficients of system (4) be defined in a domain D of

a smooth surface M ⊂ R3. Then at any point O(x, y) ∈ D, at which the

main curvatures of the surface k1, k2 and θ are determined, the coefficients of

system (4) (and, consequently, the tensor of Riemann’s metric gij) are defined

by system (2) at the point O(x, y) ∈ D. Conversely, if gij are determined , then

the main curvatures of the surface k1, k2 and θ are calculated with formula (3)

at the point O(x, y) ∈ D.

Remark. If we divide by
√
|K| equality (4) (for K 6= 0) and introduce the

notations

γ =
g11√
|K| , β =

g12√
|K| , α =

g22√
|K| , (5)

then system (5) reads

ux = βvx + γvy, −uy = αvx + βvy, αγ − β2 = signK,

or, in matrix form,
(

β γ

−β2−signK
γ − β

)(
wx

wy

)
= ie

(
wx

wy

)
. (6)

The equations systems (6) are called mixed Beltrami equations system. It

belongs to: 1) elliptic type for K > 0, 2) hyperbolic type vor K < 0,

3) parabolic type for K = 0.

For the surfaces of hyperbolical type, instead of (2) it is possible to use the

following equalities system:

g11 = k1 cosh2 θ + k2 sinh2 θ,

g12 = (k1 − k2) cosh θ sinh θ, (7)

g22 = k1 sinh2 θ + k2 cosh2 θ,

where g11g22 − g2
12 = k1k2 = K, (theorema egregium of the surface), yielding

tanh 2θ =
2g12

g11 + g22
, k1,2 =

g11 − g22 ±
√

(g11 + g22)2 − 4g2
12

2
. (8)
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Mixed Beltrami equations system is denoted by MES (Mixed Equation

System). Further we demonstrate that it is possible to obtain MES from the

Beltrami equations system by using the statement of the famous main lemma.

From (2),(3), (6), (7) it follows an obvious, but very important

Theorem 1. MES coefficients depend on surface points, at which they are

defined, and do not depend on parameters of the introduced coordinate system.

The next theorem can be considered as an analogue of Riemann’s theorem

on mappings, as a homeomorphic solution of MES.

Theorem 2. Any three-dimensional closed smooth simply connected man-

ifold with a smooth surface layer is diffeomorphic to the three-dimensional

sphere and this diffeomorphism satisfies MES.

Proof. Let M be the base of fiber bundle. It is a three-dimensional sphere

S3 in the space of quaternions H. In this case the fibration layers are the

space of quaternions, i.e. we deal with quaternion fibration. The quaternions

imaginary units are isomorphic to the matrices [7]

i →
(

0 1

−1 0

)
≡ A0 ≡ A0

e, j →
(

0 ie

ie 0

)
≡ ieB

0 ≡ B0
e ,

k →
(

ie 0

0 ie

)
≡ ieA

0B0 ≡ A0
eB

0
e ≡ C0

e , (9)

i.e. there exists the isomorphism i → A0
e, j → B0

e ,k → C0
e between the

imaginary units of quaternions and the operators.

Let G0 = ±{E, A0
e, B

0
e , C0

e}, where E is the unit matrix. It is known that

G0 is a group, where elements form the basis of the complex-valued 2×2 space

of matrices.

Let M ′ be a three-dimensional smooth manifold, which can be considered

the base of other fibration p′ : E′ → M ′ [8], where E′ is a space, and let

F ′ be the layer of this fibration. Assume that at on each point of M ′ the

Riemann’s metric (gij) is defined α = α(x, y, z), β = β(x, y, z), γ = γ(x, y, z),

where (x, y, z) are the coordinates of the points related to the atlas map of the

manifold M ′. Denote by ĩ, j̃, k̃ the generalized surface quaternions which are
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isomorphic to the matrices

ĩ →
(

β γ

−β2+1
γ − β

)
≡ A ≡ Ae, j̃ →

(
ieβ ieγ

−ie
β2−1

γ − ieβ

)
≡ ieB ≡ Be,

k̃ →
(

ie 0

−ie
2β
γ − ie

)
≡ AeBe ≡ Ce. (10)

Consequently, it is a fixed isomorphism between the imaginary units of the

generalized quaternions and the matrices Ae, Be, Ce. It is easy to prove that

A2
e = B2

e = C2
e = −E. In terms of gij , equality (10) reads

ĩ → 1√
|K|

(
g12 g11

−g2
12+K
g11

− g12

)
≡ Ie, j̃ → ie√

|K|

(
g12 g11

−g2
12−K
g11

− g12

)
≡ Je,

k̃ → ie

(
1 0

−2g12

g11
− 1

)
≡ Ke,

where K is the theorema egregium at the corresponding points of the manifold

M ′. The matrices ±{E, Ie, Je,Ke}, where E is the unit matrix, form a group.

It is easy to prove that: 1) I2
e = J2

e = K2
e = −E; 2) IeJe = Ke, JeKe =

−Ie, KeIe = Je; 3) detIe = detJe = detKe = 1.

However, for the sake of simplicity of calculations we use the identities (10),

assuming K = 1. Consequently, it is established the isomorphism between the

imaginary units of the generalized quaternions and the matrices Ae, Be, Ce.

Let G ≡ ±{E, Ae, Be, Ce}. Obviously, G forms a Lie group. Now, define

the manifold corresponding to this group. As in the quaternion space the

bases A0
e, B

0
e , C0

e induce the families of orthonormalized repers at each point

of S3, the basis matrices Ae, Be, Ce induce the triorthogonal system at the

corresponding point of the manifold. The considered matrices act on the tan-

gent planes M ′ and as the matrices A0
e, B

0
e , C0

e act on the tangent planes of the

sphere S3. This statement follows from the representations (2), (6) of the MES

coefficients. If β = 0 ⇒ k1 = k2, i.e the surface consists of rounding points, but

it realizes in a two-dimensional sphere or in a two-dimensional plane on the

Euclidean plane k1 = k2 = 0. However, the Cauchy-Riemann’s system arises

when of introducing the curvilinear system of coordinates into the plane (x, y).

Moreover, from the representation (2), (6) we can conclude that the operators
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Ae, Be, AeBe act on tangent planes of the three-dimensional manifold, each

point of which is characterized by the layer of manifold possessing main direc-

tions and curvatures and theorem egregium. These matrices possess the same

properties of the multiplication table as the matrices A0
e, B

0
e , C0

e . From these

matrices and unit matrix we have formed the group G. Obviously, assuming

in G : β = 0, γ = 1 we obtain all elements of the group G0 [5]. Conversely, it

is possible to obtain G from G0. We shall assume that the matrix A0
e ∈ G0

corresponds to the matrix T =

(
t′ x′

y′ z′

)
∈ G.

If (A0
e)

2 = −E, where E is the unit matrix, then the square of the corre-

sponding to it matrix from G must be equal to the negative unit matrix too.

We can obtain z′ = −t′, y′ = − t′2+1
x′ from it. If in matrix B0

e correspondingly

we put the matrix S =

(
g12 g11

−g2
12+K
g11

− g12

)
and equate its square to unit

matrix, then we obtain z
′′

= −t
′′
, y

′′
= − t′′2−1

x
′′ .

Anticommutative relations between these matrices define t′ = t
′′
, z′ = z

′′
.

Assuming t′ = β, x′ = γ we obtain T = Ae ∈ G, S = Be. In the same

way the correspondence A0
eB

0
e → AeBe can be proved. Thus, G0 and G

are homeomorphic and the elements of these sets uniquely satisfy the group

operations. Consequently, G0 and G are isomorphic and form the Lie group.

The elements of the group G act on the tangent planes of the manifold M ′.

These operators transform the field of tangent planes to itself, i.e. they are the

symmetry operators. On one hand, these operators are the operators of MES.

Consider these operators from another point of view. Any three-dimensional

closed manifold M ′ is considered the Seifert’s fibration only if it is possible to

represent it in the form of lamination on a circumference. It means that M ′

is divided into non-intersecting in pairs circumferences, union of some parts

of which define the neighborhoods which are isomorphic to the entire torus

or nonorientable torus [2]. Relating to the map atlas, some manifolds act as

a smooth surface. We will consider that the layer circumferences of Seifert’s

fibration are circumferences which define the main curvatures of the surface in

two inter-orthogonal main directions at any point of M ′. As a consequence of

formulae (2), (3), (4) the operators Ae, Be, Ce at these points of the manifold
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are essentially defined. From the fact that M ′ is representable in view of a

fibration on circumferences it follows that the manifold M ′ is closed.

From the definition of the fibration E′ → M ′ of the function gluings, define

smooth mappings of the domain Uij onto the group G, where Uij = Ui
⋂

Uj

and Ui is the domain of base cover M ′. Maps Uj are domains of definition of

the functions α = α(p), β = β(p), γ = γ(p), p ⊂ M ′.

The elements of the group G satisfy the conditions

1) AeBe = Ce = (BeAe)−1, Be(AeBe) = BeCe = ((AeBe)Be)−1 = (CeBe)−1,

(AeBe)Ae = CeAe = (Ae(AeBe))−1 = (AeCe)−1

2) AeBeBe(AeBe)(AeBe)Ae = AeBeBeCeCeAe = −E, (11)

3) detAe = detBe = detCe = 1.

As the Lie groups are simultaneously manifold, the condition 2) is satisfied

at the points of the threefold overlapping Uijk = Ui
⋂

Uj
⋂

Uk. It is easily

verified that the following relations for the Lie brackets of G group

1
2
[Ae, Be] =

1
2
(AeBe −BeAe) = AeBe ≡ Ce,

1
2
[Be, Ce] =

1
2
(BeCe − CeBe) = Ae, (12)

1
2
[Ce, Ae]− 1

2
(CeAe −AeCe) = Be,

hold, i.e. the Lie brackets are expressed linearly by the elements of the same

group G. The index e indicates that the corresponding points of the surface

are of elliptic type. The corresponding operators are defined in the following

way at the points of hyperbolic type: Ah = ieA, Bh = ihB, Ch = ieihC.

Whence, the properties

1) A2
h = B2

h = C2
h = E; AhBh = Ch, BhCh = Ah, ChAh = Bh;

2) (AhBh)−1 = C−1
h = AhBh, (BhCh)−1 = A−1

h = BhCh, (ChAh)−1 = B−1
h = ChAh;

(13)

3) AhBhBhChChAh = E; 4) detAh = detBh = detCh = −1.
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In the same way as in (11), condition 3) is satisfied at the points of the

threefold overlapping Uijk = Ui
⋂

Uj
⋂

Uk. The sign minus in the latest equal-

ity (11) and the signs plus in 1), 2) in (13) certify the existence of the spin

structure [9], as they exist in any three-dimensional oriented manifolds.

From the equations systems (4), (6) and (10) we can conclude that the

operators A,B are symmetry operators together with every following from

them traces. From (13) we partially obtain the following properties of the

operators A, B. Any operator A,B rotates ζ by 180◦ with respect to a certain

center defined by the symmetry of the same operators. The operators A,B

act on the fundamental domain - plane square. As after two times application

of operator B to ζ, (see (4)), ζ is transformed into itself, it follows that the

vector ζ is directed along the cylinder’s parallel. The operator A if applied

two times transforms ζ to −ζ, and after its four times applications transforms

ζ to itself, i.e. ζ is a spinor. We conclude that the flag ζ is directed to the

parallel of the Möbius leaf. Consequently, a torus corresponds to the product

B ×B, whereas a nonorientable torus corresponds to the product A×B.

Formally, the operators Be, Ce turned into the hyperbolic operators B, C

by multiplying them by the imaginary unit ie. This is why further we call

Be, Ce the operators of hyperbolic type.

Each point p ⊂ M ′ is covered at least by two maps. From (7), (8) and the

fact that Ui is the domain of definition of the functions α, β, γ, we deduce that

(Ui, ϕi) defines one of the three matrices Ae, Be, Ce rather than Ae, and from

1) (11) it follows that on Ui, the two matrices are defined. As the functions

w = u(p) + iev(p) in the representation (6) depend on the points of the base

M ′, and do not depend on the introduced coordinate systems, it follows that

the derivatives Wx, wy are the Lie derivatives along two main directions of the

base.

On the other hand, the operator Be essentially arises from the following

lemma.

Main lemma. [11] If the linear operator L : W → W acting in complex

or real linear space W is involute, i.e. L2 = E, then its eigenvalues are

equal to ±1 and diagonalizable, i.e. the space W is considered the direct sum
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W = W+ ⊕ W−, of the eigenspace W+, corresponding to the eigenvalue +1,

and the eigenspace W− corresponding to the eigenvalue -1.

The operator Ae satisfies the condition of the main lemma, from the state-

ment of which the operator Be arises. In order to obtain the Lie group,

considering its product we obtain the operator Ce. Thus, w possesses the

representation

w = u(p) + iev(p) + ihr(p) + ieihq(p) = u(p) + iev(p) + ie(r(p)− ieq(p)).

This representation can be considered as a doubling of complex numbers

with the imaginary unit ih. The matrix Ae plays an important role in forming

the group G. In the meanwhile the group G induces the triorthogonal system

of coordinates. Therefore in (14) essentially occur the partial derivatives with

respect to the two variables (x, y). From the invariance of the obtained results

with respect to the transformations of coordinate systems, instead of the pair

of variables (x, y) it is possible to consider any other pairs among (y, z), (z, x).

Finally, we have three equations systems with six first order partial differential

equations. All of them form the pair equations system in the three-dimensional

manifold domain. In the three-dimensional space MES is represented as

Dm

(
ux + ievx + ihrx + ieihqx

uy + ievy + ihry + ieihqy

)
= im

(
ux + ievx + ihrx + ieihqx

uy + ievy + ihry + ieihqy

)
,

(14)

where u, v, p, q : M ′ → S3, i.e. they are functions of the points of the manifold

M ′ and ux, vx, . . . qx are their Lie derivatives along the main directions M ′ in

the definition point. Dm are real-valued functional matrices, and im are their

eigenvalues. Simple calculations demonstrate that if m = 1 and im = i1 = ie,

then D1 turns into A, (see (10)), if m = 2 and im = i2 = ih, then D2 turns into

B, and if m = 3 and im = i3 = ieih, then we obtain the matrix D3 in the form

of AB = C and conversely. System (14) consists of six equations whose pairs

form one elliptic and two hyperbolic systems. Here the pairs (u, v), (r,−q)

satisfy the equations system of elliptic and conjugate to it elliptic type, the

pairs (u, r), (v, q) satisfy the equations system of hyperbolic and conjugate

to it hyperbolic types, the pairs (u, q), (v,−r) satisfy the second equations

system hyperbolic and conjugate to hyperbolical types. We are interested in
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three-dimensional manifolds, therefore, one variable, for example r, can be

considered dependent on total four variables and is subject to elimination.

Therefore three types of brackets remain: (u, v), (v, q), (q, u). Representing

them as cartesian products of the corresponding maps and using (14) we obtain

the mapping F ′ × Uij → G [12]. At every point x ∈ M ′ the functions β =

β(x), γ = γ(x) are defined, and by means of (14), the layer F ′ is defined. For

each fixed m, m = 1, 2, 3, the layer F ′ coincides with one of Ae, Be, Ce at each

point x ∈ M ′.

The fibration p′ : E′ → M ′ is called by us the generalized quaternion

fibration. The system of equations (14) plays the same role for mappings

in the three-dimensional space as in Riemann’s theorem on quasiconformal

mappings, Beltrami equations system and at β = 0, γ = 1 Cauchy-Riemann’s

equations system at conformal mappings in two-dimensional space. Let us

come back to the Lie brackets. Assuming that at each point of the manifold

M ′ the two-dimensional distribution Ae is defined, automatically using the

abovestated procedure we obtain the distribution Ae, Be, Ce, which satisfies

relations (12). It means that the condition of Frobenius theorem is satisfied.

From the theorem of Frobenius [12], [13] it follows that in manifold M ′ a

layer is defined. It is known that a class of orthonormalized respects τ3 in

the fibration are extracted. Generally, from the anticommutative relations of

the G group elements it follows that the defined layer is triorthogonal space

families. Then, by Dupin’s theorem, the surfaces of the triorthogonal systems

intersect in pairs along the curvature lines of these surfaces. But it allows

to build MES from which we obtain the matrices Ae, Be, Ce. The elements

of the group G : Ae, Be, Ce ∈ G correspond to three orthogonal (one elliptic,

two hyperbolic) surface families which form a triorthogonal system. By means

of the corresponding (4) MES these surfaces are mapped on three orthogonal

planes round S3. Essentially the 3-reper fibrations p : E → M [12] are defined,

where the manifold E points are the pairs (x, τ3), consisting of the points

x ∈ M and the tangent 3-reper τ3 at the point x. Here the layer F and a

structural group G0 coincide (main fibration). Taking into account that in the

fibration p′ : E′ → M ′ the quaternion space is defined and consequently, any
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vector Ω ∈ M ′ is represented in the form

Ω = Gx = Eu + Aev + Ber + Ceq =

(
tc xc

yc zc

)
=

=

(
u + βv + ieβr + ieq γ(v + ier)

−β2+1
γ v − β2−1

γ r − 2ie
β
γ q u− βv − ieβr − ieq

)
, (15)

where (u, v, r, q) ∈ S3 ≡ M and detΩ = 1 (the sign shows that all these

numbers are complex ). By direct calculations we can find that detΩ = u2 +

v2+r2+q2 = 1. This is the three-dimensional sphere S3 in the four-dimensional

space of quaternions H. Therefore, the real functions u, v, r, q are dependent.

Solving the last matrix identity with respect to (u, v, r, q) ∈ S3 ≡ M we obtain

u =
tc + zc

2
, v =

1
γ

Rexc, r =
1
γ

Imxc, q =
γ(tc − zc)− 2βxc

2γie
. (16)

We demonstrate that tc, xc, yc, zc form a three dimensional manifold. In gen-

eral, the variables tc, xc, yc, zc are complex and possess eight real variables.

From the last identity it follows that tc + zc is constant, i.e. Im(tc + zc) = 0,

which requires one condition from tc, xc, yc, zc. It is easy to calculate the

equality

y =
β2xc − xc + βγ(zc − tc)

γ2

from which it follows that the variable y is not considered to be dependent. It

also requires two more conditions from tc, xc, yc, zc. Moreover, detΩ = 1 de-

fines two conditions: Re(tczc − xcyc) = 1, Im(tczc − xcyc) = 0 . We conclude

that only three functions from the eight real and imaginary parts of the com-

plex functions tc, xc, yc, zc are independent, namely: tc + zc, Rexc, Imxc. As

for the triorthogonal system, at each point on M ′ there exist three orthogonal

main directions along which the curvature lines are directed, i.e. coordinate

lines. BES (4) satisfy these conditions which in matrix writing sets the ma-

trix Ae. The operator Ae satisfies the conditions of the main lemma from

statement of which the operator Be arises. In the meanwhile, in order to

obtain the Lie groups and considering their product we obtain the operator

Ce. Consequently, the group G essentially arises only from the matrix Ae. In

the meanwhile, the group G induces the triorthogonal system of coordinates.
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Therefore, the partial derivatives with respect to x, y essentially participate in

(14). The invariance of the obtained results concerning the coordinate system

enables us to consider any other pairs among (y, z), (z, x) instead of x, y.

As v + ier realizes quasiconformal mappings of the maps M ′ ⊃ U ′
i → Uk ⊂

S3 we can conclude that the second and the third equations of system (16)

is solvable in Uk and looks like x = x(v, r), y = y(v, r). Thus, at any point

(u, v, r, q) ∈ S3 ≡ M we correspondingly put the points (u, v, r, q, α, β, γ) ⊂ R6

of the six-dimensional space. It means that the manifold M ′ is realized in the

form of the three dimensional surface of six-dimensional space at least in a local

manner [14]. Different points S3 are correspondingly substituted by different

points of the surface. Following this one-to-one correspondence we consider

all possible points (t, x, y, z) corresponding to the points (u, v, r, q) ∈ S3 ≡ M .

The space of these points is denoted by M ′. Simultaneously, as stated above,

M ′ is the considered Seifert’s fibration. Thus, M ′ is a three-dimensional closed

manifold and any of the operators E,Ae, Be, Ce acting on the tangent space

M ′ form a cyclic group of four order cycle. Thus, the morphism between the

fibrations

E′ → M ′, E → M ≡ S3, E → E′

and an inverse mapping

M ′ → E′, M → E, E′ → E,

i.e. the correspondence between the points M ′ and S3 are established. Thus,

the obtained two fibrations on the same base S3 are quaternionic and gener-

alized quaternionic.

In conclusion we note that Dirac’s matrices and Yang-Mill’s field can be

generalized if we use in an appropriate way the matrices B − ieA, C = AB

instead of Pauli’s matrices.
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Abstract A numerical method to achieve generalized derivative for continuous functions

which are nondifferentiable, is introduced. At first, it is proved that the relation

between a continuously differentiable function and its derivative can be shown

with an infinite moment problem (IMP). Then, by approximating the IMP to a

finite moment problem (FMP), we obtain the relation between continuous and

nondifferentiable function and its generalized derivative. Thus, by solving the

FMP with numerical method, the generalized derivative is achieved. Finally,

efficiency of our approach is confirmed by some numerical examples.

Keywords: generalized derivative, non-differentiable functions, infinite moment problem,

finite moment problem.
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1. INTRODUCTION

There are some optimization problems that involve nondifferentiable func-

tions. Since the algorithms that solve these problems require a derivative of

these functions, it is necessary to obtain a generalized derivative for them.

Clarck in [1], analytically, presented a generalized derivative for Lipschitz con-

tinuous functions. In this method the generalized derivative is pointwise de-

fined and different values are obtained in nondifferentiable points.

In this paper, our purpose is to obtain a continuous function as a generalized

derivative for non-differentiable functions on a set such as X − ∂X ⊂ Rm,

where X = (x1, ..., xm), ai ≤ xi ≤ bi, i = 1, ..., m, ai, bi are given real numbers

191
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and ∂X is the boundary of X. First, it is supposed that g(.) is a continuous

function on X. Then by using g(.), we obtain a IMP and prove that its

analytical solution is the derivative of g(.). In this situation, g(.) must be

a continuously differentiable function on X − ∂X. At this point, the IMP is

approximated with a FMP so that g(.) can be a continuous and nondifferetiable

function. Thus, by solving the FMP a continuous function is obtained which

is defined as the generalized derivative of g(.) on X − ∂X.

2. THE GENERALIZED DERIVATIVE OF

NONDIFFERENTIABLE REAL-VALUED

FUNCTIONS OF ONE VARIABLE

We suppose g(x) : [0, 1] → R is a continuous real-valued function.

Theorem 2.1. Let g(.) and f(.) be two continuous real-valued functions

on [0, 1] such that

∫ 1

0
(v(x)f(x) + v̇(x)g(x))dx = 0, (1)

for any v(.) ∈ C1(0, 1) with v(0) = v(1) = 0.

Then g(.) ∈ C1(0, 1) and ġ(x) = f(x) on (0, 1).

Proof. Define

F (x) =
∫ x

0
f(t)dt.

Then by using integration by parts from (1), we have
∫ 1
0 (g(x)− F (x))v̇(x)dx = 0,

also the boundary conditions imply
∫ 1
0 cv̇(x)dx = 0, where c is a arbitrary con-

stant real number. Then,

∫ 1

0
(g(x)− F (x)− c)v̇(x)dx = 0, (2)

for any c. Now, define v(x) =
∫ x
0 (g(t)− F (t)− c0)dt, where c0 is a constant

real number such that v(1) = 0; then v(.) ∈ C1(0, 1) and v(0) = v(1) = 0. Re-

placing this particular v(.) and c0 in (2), we obtain
∫ 1
0 (g(x)− F (x)− c0)2dx = 0,

then g(x)− F (x) = c0 on (0, 1), so g(.) ∈ C1(0, 1) and ġ(x) = f(x) on (0, 1).

Remark 2.1. Choosing [0, 1] as interval is not restrictive. In case x ∈ [a, b],

the mapping y = (x− a)/(b− a) changes the x variable to y ∈ [0, 1].
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Now, we weaken the assumptions of theorem (1) by the following proposition

and theorem.

Proposition 2.1. Let f(.) be a continuous real-valued function on [0, 1],

such that ∫ 1

0
cosnπxf(x)dx = 0, n = 0, 1, 2, .... (3)

Then f(x) = 0 for any x ∈ [0, 1].

Proof. For any m ∈ N ∪ {0}, the function h(x) = xm on [0, 1] is extended

on [−1, 1] as follows:

he(x) =

{
h(x), 0 ≤ x < 1;

h(−x), −1 ≤ x ≤ 0,

the he(x) is an even function on [−1, 1] obviously; therefore its Fourier series

is as follows:

S(x) =
∞∑

n=0

an cosnπx.

Now, set

SN (x) =
N∑

n=0
an cosnπx, where N is any positive integer.

Thus, SN (x) is uniform convergent to he(.) on [−1, 1] and h(.) on [0, 1], and

SN (.)f(.) is uniform convergent to xmf(.), so

lim
N→∞

∫ 1

0
SN (x)f(x)dx =

∫ 1

0
xmf(x)dx.

By using (3) for any N ,
∫ 1
0 SN (x)f(x)dx = 0, then

∫ 1

0
xmf(x)dx = 0, m = 0, 1, 2, .... (4)

Since f(.) is a continuous real-valued function, then there exists a sequence

of polynomial functions PN (.), N = 1, 2, ..., uniform convergent to f(.), hence

PN (.)f(.) is uniform convergent to f2(.); therefore,

lim
N→∞

∫ 1

0
PN (x)f(x)dx =

∫ 1

0
f2(x)dx.

By using (4), for any N ,
∫ 1
0 PN (x)f(x)dx = 0, then

∫ 1
0 f2(x)dx = 0, so

f(.) = 0 for any x ∈ [0, 1].
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Proposition 2.2. Let f(.) be a continuous real-valued function on [0, 1]

and ∫ 1

0
sinnπxf(x)dx = 0, n = 0, 1, 2, .... (5)

Then f(x) = 0 for any x ∈ [0, 1].

Proof. Define

F (x) =
∫ x

0
f(t)dt.

By integration by parts in (5), we have sinnπxF (x)|10−nπ
∫ 1
0 cosnπxF (x)dx =

0, n = 0, 1, 2, ..., or
∫ 1
0 cosnπxF (x)dx = 0, n = 0, 1, 2, ...,

According to Prop. 2.1, F (.) = 0 so f(.) = 0 on [0, 1].

Theorem 2.2. Let f(.) and g(.) be two continuous real-valued functions

on [0, 1] and
∫ 1

0
(sinnπxf(x) + nπ cosnπxg(x))dx = 0, n = 0, 1, 2, ... . (6)

Then g(.) ∈ C1(0, 1) and ġ(x) = f(x) for any x ∈ (0, 1).

Proof. Define

F (x) =
∫ x

0
f(t)dt.

By using integration by parts, from (6), we have

sinnπxF (x)|10 + nπ

∫ 1

0
cosnπx(g(x)− F (x))dx = 0, n = 0, 1, 2, ...,

or
∫ 1
0 cosnπx(g(x)− F (x))dx = 0, n = 0, 1, 2, ....

Due to Proposition 2.1 g(x) − F (x) = 0 on [0, 1], then g(.) ∈ C1(0, 1) and

ġ(x) = f(x) for any x ∈ (0, 1). Now, we set

αn = −nπ

∫ 1

0
cosnπxg(x)dx;

and we obtain, from (6)
∫ 1

0
sinnπxf(x)dx = αn, n = 0, 1, 2, ... (7)

Remark 2.2. If g(.) is given on [0, 1], then αn is a known real number, so

(7) is a IMP with unknown function f(.) which is the derivative of g(.).

Now, the IMP is approximated by a FMP as follows
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∫ 1

0
sinnπxf(x)dx = αn, n = 0, 1, 2, ... , N,

where, N is a given positive integer.

Definition 2.1. Let g(.) be a continuous real-valued function defined on

[0, 1] and f(.) a function defined on (0,1) such that

∫ 1

0
sinnπxf(x)dx = αn, n = 0, 1, 2, ... , N. (8)

Then f(.) is defined as the generalized derivative of g(.) on (0, 1).

Remark In this situation, g(.) can be nondifferentiable such that its deriva-

tive must be integrable.

In order to determine a function f that satisfies (8), we partition interval

[0, 1] to N sub-intervals (where N is a given positive integer) and chose the

points xk = (2k + 1)/(2N), k = 0, ..., N − 1 in each sub-interval

1/N
N∑

k=1

sinnπxkf(xk) = αn, n = 0, 1, 2, ..., N. (9)

If N tend to infinity, then the solution of (9) and (7), f(.), are the same.

The problem (9) is a system of linear equations with N equations and N

unknowns, f(xk), k = 1, ..., N . Then, we may acquire its solution by many

packages such as Matlab.

3. THE GENERALIZED DERIVATIVE OF

NON-DIFFERENTIABLE REAL-VALUED

FUNCTIONS OF M VARIABLES

First, the real-valued functions of two variables, is considered. Then it is

generalized to m variables.

Theorem 3.1. Let f(x, y) and g(x, y) be two continuous real-valued func-

tions on [0, 1]× [0, 1] ⊂ R2 such that

∫ 1

0

∫ 1

0
(sinmπx sinnπyf(x, y) + mπ cosmπx sinnπyg(x, y))dxdy = 0, (10)

n, m = 0, 1, 2, ... Then ∂g(x, y)/∂x is a continuous function and

∂g(x, y)/∂x = f(x, y) for any x, y ∈ (0, 1).
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Proof. Define

F (x, y) =
∫ x

0
f(t, y)dt.

Now, by integration by parts, we obtain from (10)
∫ 1

0
sinnπy(sin mπxF (x, y)|10 +

∫ 1

0
mπ cosmπx(g(x, y)− F (x, y))dx)dy = 0,

n, m = 0, 1, 2, ... Then
∫ 1

0
sinnπy

∫ 1

0
mπ cosmπx(g(x, y)− F (x, y))dxdy = 0, n, m = 0, 1, 2, ....

For brevity, set wm(y) =
∫ 1
0 mπ cosmπx(g(x, y)− F (x, y))dx. Then

∫ 1
0 sinnπxwm(x)dx = 0, n = 0, 1, 2, .... Since wm(y) is a continuous function

on [0, 1], by Prop. 2.2, wm(y) = 0 for any y ∈ [0, 1].

Thus, for any y ∈ [0, 1],
∫ 1
0 mπ cosmπx(g(x, y)− F (x, y))dx = 0, m = 0, 1, 2, ...,

and due to proposition (1), g(x, y) − F (x, y) = 0, then ∂g(x, y)/∂x is a con-

tinuous function and ∂g(x, y)/∂x = f(x, y) for any x, y ∈ (0, 1).

Similarly we can prove the following

Theorem 3.1’. Within the hypotheses of theorem 3.1, if
∫ 1

0

∫ 1

0
sinmπx sinnπyf(x, y) + nπ cosmπy sinmπxg(x, y)dxdy = 0

n, m = 0, 1, 2, ..., then ∂g(x, y)/∂y is a continuous function and

∂g(x, y)/∂y = f(x, y) for any x, y ∈ (0, 1).

If g(x, y) = g1(x) + g2(y), then the following theorem which is easier to use

than Theorem 3.1 in practical purposes, is proposed.

Theorem 3.2. Let f(x, y) and g(x, y) be two continuous real-valued func-

tions on [0, 1]× [0, 1] and g(x, y) be a separable function of its variables, that

is g(x, y) = g1(x) + g2(y) and
∫ 1

0
(sinnπxf(x) + nπ cosnπxg1(x))dx = 0, n = 0, 1, 2, ... . (11)

Then ∂g(x, y)/∂x is a continuous function and ∂g(x, y)/∂x = f(x) for all

x, y ∈ (0, 1).

Proof. Define

F (x) =
∫ x

0
f(t)dt.
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Then

sinnπxF (x)|10 + nπ

∫ 1

0
cosnπx(g1(x)− F (x))dx = 0, (12)

n = 0, 1, 2, ..., or
∫ 1

0
cosnπx(g1(x)− F (x))dx = 0, n = 0, 1, 2, ...

Now, for m,n = 0, 1, 2, ..., we have

∫ 1

0

∫ 1

0
(sinmπx sinnπyf(x) + mπ cosmπx sinnπyg(x, y))dxdy =

=
∫ 1

0
sinnπy(mπ

∫ 1

0
cosmπx(g(x, y)− F (x))dx)dx =

=
∫ 1

0
mπ sinnπy(

∫ 1

0
cosmπx(g1(x)− F (x))dx + g2(y)

∫ 1

0
cosmπxdx)dy .

Since
∫ 1
0 cosmπxdx = 0 and by (3.3)

∫ 1
0 cosmπx(g1(x)− F (x))dx = 0, then

∫ 1

0

∫ 1

0
(sinmπx sinnπyf(x) + mπ cosmπx sinnπyg(x, y))dxdy = 0,

n, m = 0, 1, 2, ... .

Therefore, by using Theorem 3.1 ∂g(x, y)/∂x is a continuous function and

∂g(x, y)/∂x = f(x) for any x, y ∈ (0, 1).

In the same way, we can prove

Theorem 3.2’. Within the hypotheses of Theorem 3.2, if for n = 0, 1, 2, ...
∫ 1
0 (sinnπyf(y) + nπ cosnπyg2(y))dy = 0, then ∂g(x, y)/∂y is a continuous

function and ∂g(x, y)/∂y = f(y) for all x, y ∈ (0, 1).

Now we extend our discussion to m variables.

Theorem 3.3. Let f(.) and g(.) be two continuous real-valued functions

on A =
m∏

j=1
[0, 1] ⊂ Rm and

∫

A

m

(
∏

j=1

sinnjπxjf(X) + niπ cosniπxi

m∏

j=1, j 6=i

sinnjπxjg(X))dX = 0, (13)

nj = 0, 1, 2, ..., j = 1, 2, ..., m. Then ∂g(X)/∂xi is a continuous function and

∂g(X)/∂xi = f(X) for any X ∈ A − ∂A, where X = (x1, ..., xm) and ∂A is

the boundary of A.
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Proof. Set Ai =
m∏

j=1, j 6=i

[0, 1] ⊂ Rm−1, Xi = (x1, ..., xi−1, xi+1, ..., xm) ∈ Ai

and F (X) =
∫ xi

0 f(x1, ..., xi−1, t, xi+1, ...xm)dt. We use induction on m. For

m = 2 by Theorem 3.2 the proof is complete. Now, we suppose the theorem

for m = k is true. Then, for m = k + 1 from (13) we obtain

∫ 1

0
sinnlπxl

∫

Al

k+1

(
∏

j=1,j 6=l

sinnjπxjf(X)+niπ cosniπxi

k+1∏

j=1, j 6=i, l

sinnjπxjg(X))dXldxl = 0,

nj = 0, 1, 2, ..., j = 1, 2, ..., k + 1, where 1 ≤ l ≤ k + 1, l 6= i.

For brevity, set

w(xl) =
∫
Al

k+1

(
∏

j=1, j 6=l

sinnjπxjf(X) + niπ cosniπxi

k+1∏
j=1, j 6=i, j 6=l,

sinnjπxjg(X))dXl.

Then, for any nl = 0, 1, 2, ..., we have
∫ 1
0 sinnlπxlw(xl)dxl = 0. Since w(xl) is

a continuous function then according to result 2.1, w(xl) = 0 for any xl ∈ [0, 1].

Then, for any xl ∈ [0, 1]

w(xl) =
∫

Al

k+1

(
∏

j=1, j 6=l,

sinnjπxjf(X) + niπ cosniπxi

k+1∏

j=1, j 6=i, j 6=l

sinnjπxjg(X))dXl = 0,

nj = 0, 1, 2, ..., j = 1, ..., l − 1, l + 1, ..., k + 1.

Due to induction assumption, ∂g(X)/∂xi is a continuous function and

∂g(X)/∂xi = f(X) for any X ∈ A− ∂A. For simplicity, set

αi
n1n2...nm

= −niπ
∫
A

cosniπxi

m∏
j=1, j 6=i

sinnjπxjg(X)dX. Due to (13), we have

∫

A

m

(
∏

j=1

sinnjπxjf(X)dX = αim
n1n2...nm

, nj = 0, 1, 2, ..., j = 1, 2, ..., m. (14)

Now, let g(.) be given, that means αi
n1n2...nm

is a known real number, so

(14) is a IMP with the unknown function of f(.) which is the partial derivative

of g(.) with respect to xi.

Now, the IMP is approximated by a FMP as follows:
∫

A

m∏

j=1

sinnjπxjf(X)dX = αi
n1n2...nmm, nj = 0, 1, 2, ..., N, j = 1, 2, ..., m,

where N is a given positive integer.
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Definition 3.1. Let g(.) be a continuous real-valued functions and given

on A and
∫

A

m

(
∏

j=1

sinnjπxjf(X)dX = αi
n1n2...nmm, nj = 0, 1, 2, ..., N, j = 1, 2, ..., m.

(15)

Then f(.) is defined as the generalized partial derivative of g(X) with respect

to xi, i = 1, ..., m on A−∂A. In this situation, g(X) can be non-differentiable

function with respect to xi, i = 1, ...,m, such that its partial derivative with

respect to xi, i = 1, ..., m, must be integrable.

For solving the moment problem (15), each of the intervals [0, 1] in A is

partitioned into N equal parts and then (15) is approximated as follows

N∑

km

...
N∑

k2

N∑

k1

m∏

j=1

(1/N sinnjπxjkj )f(x1k1 , x2k2 , ..., xmkm) = αi
n1n2...nm

, (16)

nj = 0, 1, 2, ..., j = 1, 2, ..., m, where xjkj
= (2kj+1)/(2N), kj = 0, 1, ..., N−1.

Now, it is obvious that if N tend to infinity then the solution of (14) and

(16) are the same.

The system (16) is a system of Nm linear equations with Nm unknowns,

f(x1k1 , x2k2 , ..., xmkm), kj = 0, 1, 2, ..., N − 1, j = 1, ..., m, thus its solution

may be acquired by many packages such as Matlab.

4. THE GENERALIZED DERIVATIVE OF

NON-DIFFERENTIABLE VECTOR-VALUED

FUNCTIONS OF VARIABLES

Theorem 4.1. Let g(.) = (g1(.), ..., gn(.)) and f(.) = (f1(.), ..., fn(.)) be

two continuous real vector-valued functions on A =
m∏

j=1
[0, 1] and

∫

A

m

(
∏

j=1

sinnjπxjf(X) + niπ cosniπxi

m∏

j=1, j 6=i

sinnjπxjg(X))dX = 0, (17)

nj = 0, 1, 2, ..., j = 1, 2, ..., m. Then ∂g(X)/∂xi is a continuous function and

∂g(X)/∂xi = f(X) for any X ∈ A, where 0 = (0, ..., 0) is the null vector in

Rn.
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Proof. Define

F(X) = (F1(X), ..., Fn(X)) =

= (
∫ xi

0
f1(x1, ..., xi−1, t, xi+1, ..., xn)dt, ...,

∫ xi

0
fn(x1, ..., xi−1, t, xi+1, ..., xn)dt).

By (17), for k = 1, 2, ..., n,
∫

A

m

(
∏

j=1

sinnjπxjfk(X) + niπ cosniπxi

m∏

j=1,j 6=i

sinnjπxjgk(X))dX = 0, (18)

nj = 0, 1, 2, ..., j = 1, 2, ..., m. Now, by using Theorem 3.3, gk(X) = Fk(X),

k = 1, 2, ..., n, we obtain that ∂gk(X)/∂xi is a continuous real-valued function

and ∂gk(X)/∂xi = fk(X), k = 1, 2, ..., n, hence ∂g(X)/∂xi is a continuous

function and ∂g(X)/∂xi = f(X) for any X ∈ A.

Definition 4.1. Let g(.) and f(.) be two continuous real vector-valued func-

tions on A and
∫

A

m

(
∏

j=1

sinnjπxjf(X) + niπ cosniπxi

m∏

j=1, j 6=i

sinnjπxjg(X))dX = 0, (19)

nj = 0, 1, 2, ..., N, j = 1, 2, ...,m. Then f(.) is defined as the approximation of

the partial derivative of g(.) with respect to xi for any X ∈ A, where N is a

given positive integer.

Then, due to (19) for every k = 1, 2, ..., n

∫

A

m

(
∏

j=1

sinnjπxjfk(X) + niπ cosniπxi

m∏

j=1, j 6=i

sinnjπxjgk(X))dX = 0,

nj = 0, 1, 2, ..., N, j = 1, 2, ..., m. Therefore, fk(.), k = 1, ..., n, are numerically

achieved like in Section 3. Finally f(.) as the generalized partial derivative of

g(.) with respect to xi is achieved.

5. NUMERICAL EXAMPLES

In this section, we use our method for some non-differentiable functions.

Example 1. Suppose

g(x) =





∣∣2x2 − 4
∣∣ 0 ≤ x ≤ 2,

12− 4x 2 ≤ x ≤ 3,

cos(πx/2) 3 ≤ x ≤ 4.
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The exact derivative of g(.), except in x =
√

2, 2, 3, where the function

is non-differentiable, is shown in Fig. 1. Now, for obtaining the generalized

derivative of g(.), we partition interval [0, 4] to N = 500 equal subintervals.

Then, by using (9) a system of linear equations with 500 variables and 500

equations is obtained. The generalized derivative of g(.) obtained from the

solution of this system, is shown in Fig. 2.

Example 2. Suppose

g(x) = |sin(5πx)| 0 ≤ x ≤ 1.

The exact derivative of g(.) except in x = i/5, i = 1, ..., 4, where the function

is non-differentiable, is shown in Fig. 3.

Now, we choose N = 575. Then, the generalized derivative of g(.) obtained

from the solution of system (9), is shown in Fig. 4.

Example 3. Suppose

g(x, y) = |sin(2πx)| y 0 ≤ x ≤ 1, 0 ≤ y ≤ 1.

The exact partial derivative of g(., .) with respect to x except in (x, y) =

(1/2, y), 0 < y < 1, where the function is non-differentiable, is shown in Fig.5.
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Now, we choose N = 75. Then, the generalized partial derivative of g(., .)

with respect to x, obtained from the solution of system (16), j = 2, is shown

in Fig. 6.
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