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Abstract An interface-capturing method is used to describe relativistic two-fluid flows.
The conservation equations for the particle number of each fluid and for the
total momentum-energy tensor of the mixture are the starting point of this
approach. A model for relativistic two-fluid flow without friction and heat
conduction and differential equations, plus additional algebraic relations, con-
sistent with this model, are derived. The weak discontinuities propagating
in this relativistic two-fluid system are examined and the expressions for the
speeds of propagation are obtained.
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1. INTRODUCTION
There are many topics in General Relativity where matter is represented as

a mixture of two fluids. In fact, some astrophysical and cosmological situations
need to be described by an energy tensor consisting of the sum of two or more
perfect fluids. For most of the history of the universe, the dominant matter
content is a mixture of matter and radiation [1]-[12]; other examples are a null
fluid with string fluid [13], or a radiation fluid in addiction to a string fluid
[14]-[17]. It was also shown [18]-[22] that an anisotropic relativistic fluid can
be consistently described by two-perfect-fluid components and inflationary
models have been deduced as mixtures of two relativistic fluids [23], [24].
Moreover, the acoustic modes [25] and the wave fronts [26], [27] have been
studied in some of the cases quoted above.

The purpose of this paper is to build up a relativistic formulation of some
recent results on the classical dynamics of a mixture of two perfect fluids based
on the papers of H. Guillard and A. Murrone [28]-[30]. The model presented
here is a two-phase flow model, in which the entire flow domain is filled with
a mixture of the two fluids. However, in this underlying two-phase model, the
fluids are not mixed on the molecular level: the mixture consists of very small
elements of the two pure fluids, arranged in an irregular pattern. So the fluid
is a mixture in the macroscopic sense.
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Moreover, both fluids are assumed to be present everywhere in the flow
domain and the interfaces between the two fluids are considered as gradual
transitions from fluid 1 to fluid 2. In this way, the concept of interface between
the two fluids disappears from the model [28]-[32].

Each fluid still has its own particle number density, rk, its specific internal
energy, εk, and its energy density ρk, [33], [34]:

ρk = rk (1 + εk) , k = 1, 2. (1)

In what follows, the units are such that the velocity of light is unitary: c = 1.
Conversely, a single pressure, p, and a single four-velocity, uα, are assumed
for the two fluids. Here, uα is the fluid unit four-vector defined to be future-
pointing

gαβuαuβ = 1, (2)

where gαβ are the covariant components of Lorentz metric tensor with signa-
ture +,−,−,−.

In this paper we derive the complete system of governing differential equa-
tions and we determine the propagation speed of weak discontinuity wavefronts
in this relativistic two-fluid model.

The paper is organized as follows. Section 2 starts with a description of
the relativistic mixture and the derivation of the flow equations. Section 3
analyzes the source term appearing in the flow equations. In Section 4, the
evolution equation for the pressure is derived in order to perform the closure
of the system of differential equations obtained in Section 2. In Section 5, the
propagation of weak discontinuities admitted by the model under consideration
are examined and the expressions for their speeds of propagation are obtained.
Section 6 concerns a special case, that may be physically relevant, in which
the expression of the velocity is the relativistic version of the Wallis formula
[39].

2. RELATIVISTIC FLOW MODEL
The standard equations for simple relativistic fluid flow hold for the two-

fluid model. The total energy-momentum conservation is

∇αTαβ = 0 , (3)

where the stress energy tensor is given by

Tαβ = rfuαuβ − pgαβ, (4)

being r the total particle number density, f the relativistic total specific en-
thalpy

f = 1 + h = 1 + ε +
p

r
, (5)
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with h = ε+ p
r the “classical” specific enthalpy, of the mixture, ε and p denoting

the total energy density and pressure, respectively.
Moreover, the balance law for the total particle number is

∇α (ruα) = 0 . (6)

The projection of equation (3) along uα is

uβ∇αTαβ ≡ uα∂αρ + (ρ + p)∇αuα = 0, (7)

being ρ = r (1 + ε) the total energy density, whereas the spatial projection of
equation (3) is

γλ
β∇αTαβ ≡ rfuα∇αuλ − γαλ∂αp = 0, (8)

where γαβ = gαβ − uαuβ is the projection tensor onto the three-space orthog-
onal to uα (the rest space of an observer moving with four-velocity uα).

However, we have to determine suitable expressions for the bulk quantities
r, ε, ρ and f .

First, the volume fraction X and the mass fraction Y ,

Y =
Xr1

r
(9)

of fluid 1 are chosen as field variables. The variables X and Y allow to define
any bulk quantity; the particle number density r, the specific internal energy
ε, the energy density ρ and the relativistic specific enthalpy f are defined as:





r = X1r1 + X2r2 ,

ε = Y1ε1 + Y2ε2 ,

f = Y1f1 + Y2f2 ,

ρ = X1ρ1 + X2ρ2 ,

rf = X1r1f1 + X2r2f2 ,

(10)

with 



X1 = X , X2 = 1−X ,

Y1 = Y , Y2 = 1− Y .
(11)

Thus, for regular solutions, the mathematical study of the model can be per-
formed using the following set of seven independent field variables uα, r, p, X,
Y . The governing system (6)-(8) is a set of five equations for seven variables.
Thus, two more equations are to be determined in order to close the system.
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Since all the bulk equations have already been used, the only option is to
take into account quantities characterizing one of the two fluids.

The first equation to be considered is, of course, the balance law for the
particle number density for fluid 1. Using the partial density X1r1, the corre-
sponding equation is

∇α (Xr1u
α) = 0. (12)

From the conservation equation (12) (written using the relation Xr1 = Y r)

∇α (Y ruα) = 0 ,

taking into account equation (6), we obtain the following evolution law for the
variable Y

uα∂αY = 0 . (13)

Observe that equation (12), together with equation (6), implies the following
balance law for the particle number density of fluid 2

∇α (X2r2u
α) = 0 , (14)

where, as already said, X2 = 1−X.
At this point, it is clear that the only option in order to get one more

equation, and then the closure of the governing system, is to determine the
balance equation for the energy-momentum tensor of fluid 1

Tαβ
1 = (ρ1 + p) uαuβ − pgαβ . (15)

Since exchanges of energy and momentum between the fluid components are
allowed, there will be no local energy-momentum conservation for each fluid
component separately. Then, the equation for the energy-momentum tensors
of each of the two fluids, Tαβ

k , k = 1, 2, has the following form

∇α

(
XkT

αβ
k

)
= F β

k , k = 1, 2 , (16)

where F β
k represents the loss and source term in the separate balance. Now,

since the total energy-momentum tensor is conserved, according to (3), and
taking into account the expression (15) of Tαβ

1 and the relation

Tαβ = X1T
αβ
1 + X2T

αβ
2 (17)

it is easily shown that
F β

1 = −F β
2 = F β .
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3. DERIVATION OF THE SOURCE TERM
This section is devoted to handling the source term F β in equations (16).
The projection along uα and the spatial projection of equation (16) for fluid

1 are, respectively,

Xuα∂αρ1 + ρ1u
α∂αX + X (ρ1 + p)∇αuα = uαFα (18)

and
X

{
(ρ1 + p) uα∇αuβ − γαβ∂αp

}
− pγαβ∂αX = γβ

αFα . (19)

Equation (18), taking into account equations (1) and (12), yields the following
equation

Xr1u
α

(
∂αε1 + p ∂α

1
r1

)
= p uα∂αX + uαFα . (20)

We assume the following axiom: the entropy Sk of each fluid component is
a function of the energy εk and the specific volume 1/rk

Sk = Sk (εk, rk) , k = 1, 2 . (21)

By thermodynamic arguments, the derivatives of entropy can be related to
some observable variables. Thus, we can write





(
∂Sk

∂εk

)

rk

=
1
Tk

,

(
∂Sk

∂rk

)

εk

= − p

r2
kTk

,

(22)

where Tk is the temperature of fluid component k. From equation (??), it
follows that

TkdSk = dεk + pd
1
rk

(23)

and then

Tku
α∂αSk = uα

(
∂αεk + p ∂α

1
rk

)
. (24)

We now also suppose that the entropy Sk is conserved along the flow lines

uα∂αSk = 0 , (k = 1, 2) .

Thus, from equation (24) we can deduce that

uα

(
∂αεk + p ∂α

1
rk

)
= 0 (25)
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and equation (20) allows to write the following relation involving Fα

uαFα = −p uα∂αX . (26)

Next, using equations (19) and (8), we obtain

X (r1f1 − rf) γαβ∂αp− prfγαβ∂αX = rfγβ
αFα . (27)

Now, introducing the relativistic enthalpy concentration

χ =
f1

f
Y ,

we have
r1f1 =

χ

X
rf , (28)

thus, from (27) we deduce

γαβFα = (χ−X) γαβ∂αp− pγαβ∂αX . (29)

Therefore, using equations (26) and (29), the source term Fβ can now be
computed as

Fβ = (χ−X) γα
β∂αp− p∂βX , (30)

which represents the relativistic formulation of the classical expression of the
source terms obtained by Wackers and Koren [31], [32].

4. PRESSURE EQUATION
The derivation of a pressure equation is rather involved, as it requires the

two energy equations (7) and (18). From equation (7), because ρ = r(1 + ε),
we deduce that

r2uα∂αε + ρuα∂αr + r2f∇αuα = 0 . (31)

The total specific internal energy can be expressed in terms of variables r, p,
X and Y by an equation of state. For this analysis, we use equations of state
of the most general form, writing it as

ε1 = ε1 (r1, p) , ε2 = ε2 (r2, p) , (32)

with
r1 =

Y

X
r , r2 =

1− Y

1−X
r . (33)

Substituting (32) in equation (10)2, the bulk specific internal energy ε can be
written as

ε (r, p, X, Y ) = Y ε1 (r1, p) + (1− Y ) ε2 (r2, p) . (34)
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Now, thanks to this last expression (34) of ε, and using equations (13) and
(6), the following form of the bulk energy equation (31) is deduced

r
∂ε

∂p
uα∂αp + r

∂ε

∂X
uα∂αX +

(
p− r2 ∂ε

∂r

)
∇αuα = 0 . (35)

Conservation of energy for fluid 1 (equation (20)), with equation (26) and (12),
becomes

r1u
α∂αε1 +

p

X
uα∂αX + p∇αuα = 0 , (36)

and, using (33)1 and taking into account the equation of state (32)1, equation
(36) writes as

r1
∂ε1

∂p
uα∂αp +

(
p

X
+ r1

∂ε1
∂X

)
uα∂αX +

(
p− rr1

∂ε1
∂r

)
∇αuα = 0 . (37)

From equations (35) and (37), we are able to deduce the following evolution
equations for the pressure p and the volume fraction α, respectively





uα∂αp + ω∇αuα = 0 ,

uα∂αX + ξ∇αuα = 0 ,
(38)

where ω and ξ are defined by




ω =

(
p− r2 ∂ε

∂r

) (
r1

∂ε1
∂X + p

X

)
− r ∂ε

∂X

(
p− r1r

∂ε1
∂r

)

r ∂ε
∂p

(
r1

∂ε1
∂X + p

X

)
− rr1

∂ε
∂X

∂ε1
∂p

,

ξ =
r ∂ε

∂p

(
p− rr1

∂ε1
∂r

)
− r1

∂ε1
∂p

(
p− r2 ∂ε

∂r

)

r ∂ε
∂p

(
r1

∂ε1
∂X + p

X

)
− rr1

∂ε
∂X

∂ε1
∂p

.

(39)

To end this section, we note that the complete system of governing differ-
ential equations may be written in term of variables (uα , r, p, X, Y ) as





uα∂αr = −r∇αuα ,

rfuα∇αuβ = γαβ∂αp ,

uα∂αp = −ω∇αuα ,

uα∂αX = −ξ∇αuα ,

uα∂αY = 0 .

(40)
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5. DISCONTINUITIES
In a domain Ω of space-time V4, let Σ be a regular hypersurface, not gener-

ated by the flow lines, being ϕ (xα) = 0 its local equation. We set Lα = ∂αϕ.
As it will be clear below, the hypersurface Σ is a space-like one, i.e. LαLα < 0.
In the following, Nα will denote the normalized vector

Nα =
Lα√−LβLβ

, NαNα = −1 .

We consider a particular class of solutions of system (40) namely, weak dis-
continuity waves Σ, on which the field variables uα, r, p, X, Y are continuous,
but, conversely, jump discontinuities may occur in their normal derivatives.
In this case, if Q denotes any of these fields, then there exists [33],[38] the
distribution δQ, with support Σ, such that

δ [∇αQ] = NαδQ ,

where δ is the measure of Dirac defined by ϕ with Σ as support, square brackets
denote the discontinuity, δ being an operator of infinitesimal discontinuity; δ
behaves like a derivative insofar as algebraic manipulations are concerned.

Then, from the system (40), we obtain the following linear homogeneous
system in the distributions Nαδuα, δr, δp, δX and δY





Lδr + rNαδuα = 0 ,

rfLδuα − γαβNβδp = 0 ,

Lδp + ωNαδuα = 0 ,

LδX + ξNαδuα = 0 ,

LδY = 0 ,

(41)

where L = uαNα. Moreover, from the unitary character of uα we have

uαδuα = 0 . (42)

Now, we want to investigate the normal speeds of propagation of the various
waves with respect to an observer moving with the mixture velocity uα. The
normal speed λΣ of propagation of the wave front Σ, described by a timelike
word line having tangent vector field uα, that is with respect to the time
direction uα, is given by [33]-[38]

λ2
Σ =

L2

1 + L2
. (43)
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The local causality condition, i.e. the requirement that the characteristic
hypersurface Σ has to be timelike or null (or equivalently that the normal
Nα be spacelike or null, that is gαβNαNβ ≤ 0), is equivalent to the condition
0 ≤ λ2

Σ ≤ 1.
From the above equations (41), we first obtain the solution L = 0, which

represents a wave moving with the mixture. For the corresponding disconti-
nuities we find

Nαδuα = 0 , δp = 0 . (44)
Since the coefficients characterizing the discontinuities exhibit five degrees of
freedom, then system (41) admits five independent eigenvectors corresponding
to L = 0 in the space of the field variables.

From now on we suppose L 6= 0. Equation (41)2, multiplied by Nβ, give us

rfLNαδuα − l2δp = 0 , (45)

where l2 = 1 + L2.
As a consequence, (41)3 and (45) represent a linear homogeneous system

in the two scalar distributions Nαδuα and δp, which may have non trivial
solutions only if the determinant of the coefficients vanishes. Therefore, we
find the equation

H ≡ rfL2 − ωl2 = 0 , (46)
which corresponds to the hydrodynamical waves propagating in such a two-
fluid system. Their speeds of propagation are given by

λ2
Σ =

ω

rf
(47)

and the condition 0 < ω
rf ≤ 1 ensures their spatial orientation.

The associated discontinuities can be written in terms of ψ = nαδuα as
follows 




δuα = −ψnα ,

δr = −r
l

L
ψ ,

δp = −ω
l

L
ψ ,

δX = −ξ
l

L
ψ ,

δY = 0 ,

(48)

where nα is the unitary space-like four-vector defined by

nα =
1
l

(Nα − Luα) . (49)
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Observe that if the above condition characterizing the space-like orientations of
the surface is verified, then the governing equations represent a (not strictly)
hyperbolic system. In fact, all velocities (eigenvalues) are real, and there
is a complete set of eigenvectors in the space of field variables, i.e. seven
independent eigenvectors (5 from L = 0 and 2 from H = 0), for the seven
independent field variables uα, r, p, X and Y .

6. APPLICATION
Now, we want to examine the application of the preceding method in order

to determine weakly discontinuous solutions in the case of a mixture of two
fluids of cosmological interest. To this end, we assume that each fluid (k = 1, 2)
satisfy the equation of state of perfect gases:

εk =
1

γk − 1
Xk

Yk

p

r
, k = 1, 2, (50)

where γk is the ratio of the specific heat capacities at constant pressure and
volume of the k-th fluid. Using (50), (10)2 writes as

ε =
(

X

γ1 − 1
+

1−X

γ2 − 1

)
p

r
. (51)

Then, (39) can be written, respectively, in the following form




ω =
γ1γ2

Xγ2 + (1−X) γ1

p ,

ξ = X (1−X)
γ1 − γ2

Xγ2 + (1−X) γ1

.

(52)

Replacing this last expression (46)1 of ω into the equation (47), we get

λ2
Σ =

1
rf

γ1γ2

X1γ2 + X2γ1

p . (53)

Recalling that the normal speeds of propagation of hydrodynamical waves, λk,
of each fluid k is given by

λ2
k = γk

p

rkfk
, k = 1, 2, (54)

equation (53) can be rewritten under the form

1
rfλ2

Σ

=
X1

r1f1λ
2
1

+
X2

r2f2λ
2
2

. (55)

Equation (55) represents the relativistic generalization of the formula due to
Wallis [39], allowing to express the speed of acoustic modes for a two-fluid
system as combination of the individual speeds of acoustic modes in each
species.
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