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Abstract We consider the stability of a chemical equilibrium of a thermally conducting two com-
ponent reactive viscous mixture which is situated in a horizontal layer heated from below
and experiencing a catalyzed chemical reaction at the bottom plate. We provide a method
for an easy derivation of the nonlinear stability bound, derived explicitly in terms of the
involved physical parameters. It enables us to derive a linearization principle in a large
sense, i.e. to prove that the linear and nonlinear stability bounds are equal.
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1. INTRODUCTION
The convective instability and the nonlinear stability of a homogeneous fluid in a

gravitational field heated from below, the classical Bénard problem, is a well known
interesting problem in several fields of fluid mechanics [1], [2], [3], [4], [5].

The stability problem for mechanical equilibria of binary mixture in the case of
competing effects (e.g., temperature, concentration, magnetic field) is of a big im-
portance in astrophysics, geophysics, oceanography, meteorology. That is why it re-
ceived a large attention, mostly in the Oberbeck-Boussinesq approximation [5], [6],
[7].

The point of loss of linear stability is usually also a bifurcation point at which the
convective motions set in [4], [8]. However, in certain situations the linear and non
linear stability bounds are not equal. In particular, subcritical instability may occur
explaining unusual phenomena. Whence a special interest for the study of the rela-
tionship between linear and nonlinear stability bounds and, thus, of the linearization
principle [9], [10], [11], [12].

A very strong approach to deal with linearization principle (in the sense of the co-
incidence of linear and nonlinear stability bounds) in convection problem was settled
in [2], where an energy, defined in terms of linear combinations of the concentration
and temperature fields, was used.
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In addition, a parametric differentiation was employed to get the best non linear
bound.

For reactive fluids of technological interest, chemical reactions such as the disso-
ciation of nitrogen, oxygen or hydrogen gas near the gas-solid interface of a space
vehicle when returning to the earth’s atmosphere [13], [14], [15], [16], can give tem-
perature and concentration gradients which influence the transport process and can
alter hydrodynamic stabilities.

In [17] a nonlinear stability analysis of the conduction-diffusion Bénard problem,
with the upper surface stress free and the lower one experiencing a catalyzed chemical
reaction is performed, obtaining a condition of nonlinear stability of the equilibrium
solution, and showing that, in a limiting case, there is the possibility of subcritical
bifurcation in a well-determined region of the parameters’ space.

In the present paper we consider a fluid mixture in a horizontal layer heated from
below, the bottom plate being catalytic. We evaluate the effects of heterogeneous
surface catalyzed reactions on the hidrodynamic stability of the chemical equilibrium.

The model adopted is that of Bdzil and Frisch.
We consider a Newtonian fluid model and, by introducing some linear combina-

tions of temperature and concentration, we derive a system equivalent to the perturba-
tion evolution equations, generalizing the Joseph’s method of parametric differentia-
tion [18], [19], [20], changing the given problem governing the evolution equations
in order to obtain an optimum stability bound.

The determination of the nonlinear stability bound is reduced to the solution of an
algebraic system. With symmetrization arguments for the involved linear operators
we can determine the nonlinear stability bound in terms of the physical parameters,
in the case in which the Prandtl and Schmidt numbers are equal, in a region of the
parameters’ space.

In the last section the equality between linear and nonlinear stability bounds was
proved, at least in the class of normal modes perturbations.

2. THE INITIAL/BOUNDARY VALUE
PROBLEM FOR PERTURBATION

We consider the mixture composed of the dimer A2 and the monomer A, (A2, A)
described by a Newtonian model, in the layer bounded by the surfaces z = 0 and
z = 1, being the lower surface catalytic, that is, the interconversion (A2 
 A) occurs
via the surface z = 0 [15]. However, the conditions that must be satisfied at the
catalyzed boundary z = 0, are [15]: ~J · ~k = 0, ~Q · ~k = 0 where ~J is the mass flux, ~k
is the unit vector in the vertical upward direction, and ~Q is the heat flux.

The chemical equilibrium S 0 is characterized by the temperature (T ) and degree
of dissociation (fraction of pure monomers) (C) fields [13], [15]:

T (z) = T1 + β(1 − z), C(z) = C1 + γ(1 − z), (1)
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where C1 and T1 are the values of C and T at z = 1 and the constants β and γ are
given in [13], [15].

Let us now perturb S 0 ≡ (~0, P̄, T̄ , C̄) up to a cellular motion (we denote with V
a periodicity cell) characterized by a velocity ~u = ~0 + ~u, a pressure p = P̄ + p′ a
temperature T = T̄ + θ and a concentration C = C̄ + γ fields, where ~u, p′, θ, γ are the
corresponding perturbation fields.

In the Boussinesq approximation the evolution of the perturbation fields is gov-
erned by the following equations, written in nondimensional coordinates [17],

∂

∂t
~u + (~u · ∇)~u = −∇p′ + ∆~u + (Rθ + Cγ)~k, , (2)

Pr(
∂

∂t
θ + ~u · ∇θ) = ∆θ − Rw, (t, ~x) ∈ (0,∞) × V (3)

S c(
∂

∂t
γ + ~u · ∇γ) = ∆γ + Cw, (4)

in a subset of L2(V), namely ,

N =
{
(~u, p, θ, γ) ∈ L2(V) | div~u = 0; ∂u

∂z = ∂v
∂z = w = 0 on ∂V2,

~u = 0 on ∂V1, θ = γ = 0 on ∂V2,
∂θ
∂z = −sγ, ∂γ

∂z = rγ on ∂V1
}
.

(5)

where ~u = (u, v,w), ∂V is the boundary of V , ∂V1 = ∂V∩{z = 0}, ∂V2 = ∂V∩{z = 1}.
The perturbation fields depend on the time t and space ~x = (x, y, z) and R2, C2, are
the thermal and concentrational numbers of Rayleigh, while Pr and S c are Prandtl
and Schmidt numbers, respectively. In addition, r, s > 0 are dimensionless surface
reactions numbers.

The basic state S 0 corresponding to the zero solution of the initial-boundary value
problem for (2)- (5) in the class N is called non linearly stable if a Lyapunov function
E(t), the energy, remains bounded when t → ∞ [2]. The stability or instability of S 0
depends on six physical parameters occurring in (2) - (5): Pr, S c, R, C, r and s.

In the following section we apply the Joseph’s generalized method from [18] - [20]
to derive the evolution equation for the energy E.

3. THE EVOLUTION EQUATIONS FOR THE
PERTURBATION FIELDS

In order to derive the stability boundaries we perform the operations a{(3) + (4)g3}
and b{(4) + (3)g2}, we obtain

aPr
(∂θ
∂t

+ ~u · ∇θ) + ag3S c
(∂γ
∂t

+ ~u · ∇γ) = a(Cg3 − R)w + a∆θ + ag3∆γ, (6)

bS c
(∂γ
∂t

+ ~u · ∇γ) + bg2Pr
(∂θ
∂t

+ ~u · ∇θ) = b(C − g2R)w + bg2∆θ + b∆γ, (7)



134 Adelina Georgescu, Lidia Palese

where a, b, g2, g3 are some positive constants.
By multiplying (2) by ~u, (6) by θ , and (7) by γ, integrating them over V in N and

adding the results, if we require that the coefficients of θ
∂γ

∂t
and γ

∂θ

∂t
be equal, i.e.

bg2 = τag3, (8)

where τ = S c/Pr, we obtain

1
2

d
dt
< |~u|2 + aPrθ

2 + bS cγ
2 + 2ag3S cθγ >= − < |∇~u|2 + a|∇θ|2 + b|∇γ|2+

+(ag3 + bg2)|∇θ · ∇γ| > +aR(
1
a

+ αg3 − 1) < θw > +bR(
α

b
+ α − g2) < γw > +

+

∫

∂V1

[
θγ(s − rg3)a + γ2(sg2 − r)b

]
dxdy, (9)

where < f >=
∫

V f dxdydz, α = C/R.
By choosing

g3 =
s
r
, g2 =

r
s
, (10)

in the case τ = 1, if we require that

ag3 + bg2 = 2
√

ab, (11)

then the terms in θ and γ in < · > from the right-hand side of (9) form a perfect
square. From (11) it follows that

b = a
( s
r

)2
. (12)

Let us introduce

φ1 =
√

aθ +
√

bγ ≡
√

a
r

(rθ + sγ). (13)

Moreover, if we require that the coefficients of < θw > and < γw > satisfy the relation

1√
a

+
√

a(α
s
r
− 1) =

s
r

( α√
a

(
r
s
)2 + (α − r

s
)
√

a
)
, (14)

it follows
α =

s
r
. (15)

Then (9) is in the form of the evolution equation for energy E(t)

dE
dt

= − < |∇~u|2 + |∇φ1|2 > +R
( 1√

a
+
√

a(α
s
r
− 1)

)
< φ1w >, (16)

where
E(t) =< |~u|2 + Prφ

2
1 > /2. (17)
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4. THE NONLINEAR STABILITY BOUND AND
ITS EQUALITY WITH THE LINEAR
STABILITY BOUND

In order to find the nonlinear stability bound we follow the Joseph’s generalized
method of parametric differentiation [18]-[20]. Denoting

2A = R| 1√
a

+
√

a(α
s
r
− 1)| (18)

relation (16) implies
dE
dt
≤ −ξ2

(
1 − A/

√
Ra∗

)
E(t) (19)

where [4], [5], [21], [22], [23]

ξ2 = minu,φ1

2 < |∇u|2 + |∇φ1|2 >
< |u|2 + Prφ

2
1 >

,
1√
Ra∗

= maxu,φ1

2 < φ1w >

< |∇u|2 + |∇φ1|2 >
. (20)

If
A <

√
Ra∗, (21)

the basic state S 0 is (nonlinearly) stable because (16) implies

dE
dt
≤ −ξ2(1 − A/

√
Ra∗)E. (22)

Relations (18) and (21) show that S 0 is stable if

R < RE ≡ 2
√

Ra∗
/
| 1√

a
+
√

a(α
s
r
− 1)|. (23)

Therefore, RE is a non linear stability bound.
But RE is maximum if 1/

√
a +
√

a(αs/r−1) is minimum. Thus we shall determine
a with the aid of the Joseph’s parametric differentiation method [2], i.e. imposing

d
da
| 1√

a
+
√

a(α
s
r
− 1)| = 0. (24)

If s
rα > 1, the solution

a =
1

s
rα − 1

(25)

of (24) gives, in terms of the physical quantities, the non linear stability bound [23]

RE =
√

Ra∗
(√

(
s
r

)2 − 1
)−1
, (26)

whence the following
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Theorem 4.1. For physical parameters τ = 1, R, C = αR, s/r = α, (s/r)2 > 1, the
zero solution of (2)-(5), corresponding to the basic conduction state, is non linearly
asymptotically stable if R < RE , where RE is given by (26), or, equivalently, if

C2 − R2 < Ra∗

where Ra∗ is given by (20).

Let us consider the steady problem, obtained by linearizing (2) - (4) about the
trivial solution,

∆u + (Rθ + Cγ)k = ∇p, (27)

−Ru · k + ∆θ = 0, (28)

Cu · k + ∆γ = 0. (29)

Elimination of u · k between (28) multiplied by r and (29) multiplied by s implies

∆φ1 + R
(√

(
s
r

)2 − 1
)
w = 0, (30)

moreover (27), taking into account (15), is equivalent to

∆u + R
(√

(
s
r

)2 − 1
)
φ1k = ∇p, (31)

Then from (31)-(30) it follows
{

∆u + µφ1k = ∇p,
∆φ1 + µw = 0, (32)

where µ = R
(√

( s
r )2 − 1

)
.

We proved that, at least in the class of normal mode perturbations, the smallest
eigenvalues of the problems (27)-(29) and (32) are the same.

The system (32) represents the Euler-Lagrange equations for the minimum of the
functional < |∇u|2 + |∇φ1|2 > /(2 < φ1w >), namely this minimum is µ.

Taking into account (20)2 it follows that µ =
√

Ra∗.
As a consequence the chemical equilibrium has the linear stability bound RL which

satisfies the relation

µ2 ≡ R2
L

(
(
s
r

)2 − 1
)
, (33)

this implies, taking into account (26), RL = RE , whence the following result:

Theorem 4.2. For physical parameters τ = 1, R, C = αR, s/r = α, (s/r)2 > 1, the
zero solution of (2)-(5), corresponding to the basic conduction state is non linearly
asymptotically stable if

R < RE
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and, in the class of normal mode perturbations,

RL = RE ,

whence the linear and non linear stability bounds coincide.

5. CONCLUSIONS
We applied a generalized Joseph’s approach to some convection problems.
In the Joseph’s approach it is used a linear combination of temperature and con-

centration to define the perturbation energy.
Our idea was to incorporate the Joseph’s relation for the rate of change of the prod-

uct of temperature and concentration directly into the evolution equations obtaining
equations with better symmetries. In this way, the term in velocity from the tempera-
ture equation contributed to the symmetric part of the obtained equations. Otherwise,
if the initial evolution equations were used this contribution is null and, correspond-
ingly, the stability criterion, weaker. This is due to the sign minus in the quoted term
in the initial equation for temperature.

In [23] we derive the evolution equation for the perturbation energy, and, in the
same region of the parameters’ space, we determine a nonlinear stability bound in
terms of the involved physical parameters. This limit is the same as in the present
paper, because the evolution equation for the perturbation energy from [23] can be
derived considering some more general evolution equations with better symmetries,
which incorporate the given equations, such as (6), (7).

Indeed in this paper the given problem governing the perturbation evolution was
changed in order to obtain an optimum energy inequation. The initial equations (3)-
(4) were replaced by (6)-(7) in which the initial evolution equations were present
through the terms in g2 and g3.

These terms drastically changed the linear part of the initial equations and allows
us a much more advantageous symmetrization and an equivalent formulation of the
linear stability problem that was nothing else but the Euler system associated to the
maximum problem of the nonlinear stability, whence a linearization principle in the
sense of the coincidence of both linear and nonlinear stability bounds.
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Annali Università di Ferrera , Sez. VII, Sc. Mat. 48, (2001), 9-22.

[21] A. Georgescu, L. Palese, Stability Criteria for Fluid Flows, Advances in Math. for Appl. Sc.,
81, World Scient. Singapore, 2010.

[22] O. A. Ladyzhenskaya, The Mathematical Theory of Viscous Incompressible Flow, Gordon and
Breach, New York, 1969.

[23] A. Georgescu, L. Palese, On the nonlinear stability of a binary mixture with chemical surface
reactions, Preprint.




