
NON-LOCAL MODELS FOR
SOLID-SOLID PHASE TRANSITIONS

ROMAI J., 7, 1(2011), 157–170

Iulian Stoleriu
”Al. I. Cuza” University of Iaşi, Romania
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Abstract We introduce two non-local versions of the well known Allen-Cahn and Cahn-Hilliard
equations, which are proposed as alternative models for phase transitions in solids. Their
analysis can be motivated by the fact that the corresponding local analogues fail to be
applicable when the wavelength of microstructure is very small. Though the solutions
to the local and non-local equations share some common properties, we have also found
some differences between them. We concentrate here on the differences in the coarsen-
ing process of their solutions, bringing some numerical results in support of our conclu-
sion.
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1. INTRODUCTION
Phase transitions occur when a material undergoes a spontaneous conversion from

one phase to another, at a characteristic temperature. We can speak about solid-
solid phase transitions when a rearrangement of molecules that results in a change in
the material’s lattice structure takes place. The most common examples of phase
transitions in solids are: phenomena of ferromagnetism and antiferromagnetism,
phase separation in binary alloys, the transition from a normal conductor to a super-
conductor etc.
The Allen-Cahn and Cahn-Hilliard equations are already well established models in
Materials Science. The Allen-Cahn equation (introduced in [1]),

ut = ε2∆u − f (u), x ∈ Ω, t > 0, (1)

is a model for phase transitions in ferromagnetic materials (ferromagnetism). Here,
Ω ⊂ Rn is a bounded domain, u = u(x, t) is the order parameter and f (u) is a function
of bistable type. The parameter ε > 0 measures the range of intermolecular forces in
the system. The usual boundary condition is:

∇u · n = 0 on ∂Ω, t > 0,
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with n the normal versor to ∂Ω. One can easily check that d
dt

∫
Ω

u(x)dx , 0, thus
the flow (1) does not conserve the total amount of u. A conserving order parameter
variant to (1) is the non-local reaction-diffusion equation ([14])

ut = ε∆u − f (u) +
1
|Ω|

∫

Ω

f (u(y))dy, x ∈ Ω, t > 0. (2)

The Cahn-Hilliard equation,

ut = ∆( f (u) − ε2∆u), (3)

was introduced by Cahn and Hilliard in [6] as a model for phase separation in binary
alloys. Equation (3) is usually supplemented with the boundary conditions

∇u · n = ∇(ε2∆u − f (u)) · n = 0, x ∈ ∂Ω. (4)

Although the equations (1), (2) and (3) were initially derived by using physical con-
cepts, such as generalized chemical potentials, it has been shown in [9] that these
equations can also be obtained as gradient flows of some functional, namely, the
Ginzburg-Landau free energy,

EGL(u) =

∫

Ω

[
ε2

2
|∇u|2 + F(u)]dx (F′(u) = f (u)). (5)

We call a constrained gradient flow of some energy functional E on a subspace M of
a Hilbert space H an equation of the form

ut = −K ∇ME(u(t)), t > 0. (6)

Here K > 0 is called the mobility and determines the rate at which u(t) approaches
equilibrium. When M = H, we have a gradient flow on H.
The general principle for a (constrained) gradient flow is that the dynamics of the
system will have the property of reducing the total energy E. Indeed,

d
dt

E(u(t)) =< ∇ME(u(t)),
∂u
∂t

(t) >= −K‖∇ME(u(t))‖2 ≤ 0, ∀t > 0.

Here and henceforward we denote by < ·, · > and ‖ · ‖ the L2-inner product and the
L2-norm, respectively.
By taking the gradient flow of EGL with respect to the L2-norm, we arrive at equation
(1), while the H−1-norm gradient flow of EGL is equation (3). Equation (2) can
be obtained as a constrained gradient flow of EGL (the total concentration of u is
preserved) on the following subspace of L2(Ω):

X = {u ∈ L2(Ω);
∫

Ω

u(y) dy = M ∈ R}. (7)
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However, it was shown in [13] that the Cahn-Hilliard equation does not reproduce
faithfully the details of phase separation when the wavelength of the microstructure
is very small (e.g., at the nanometre scale) and, thus, the gradient and the Laplacean
of u become very large. One possible improvement for these models is to avoid using
a functional that contains a gradient. Instead of EGL, one can employ a non-local
functional of the form:

EW(u) =
γ

4ε

∫

Ω

∫

Ω

J(
|x − y|
ε

)(u(y) − u(x))2 dydx +

∫

Ω

F(u(x)) dx. (8)

This functional is known in literature as the van der Waals free energy. It takes into
account interactions between particles at different sites of the structure. Here, J(·)
is a positive L1(Rn) kernel, ε > 0 is a measure for the length of interactions (as for
(1)) and γ > 0 measures the strength of interactions at sites x and y. The gradient
flows of the free energy EK can be regarded as being non-local versions of the above
mentioned equations.
The remaining of the paper is structured as follows. In Section 2, we discuss two non-
local versions of equation (1). One of these equations conserves the order parameter
and it has already been analysed in literature. The other one is an order-preserving
version of this equation, for which we discuss the well-posedness in an abstract set-
ting. In Section 3, we introduce a non-local version of equation (3) and tackle the
well-posedness issue. The last section of the paper presents some numerics for the
newly introduced non-local equations, illustrating the fact that the coarsening process
for solutions to any non-local model can differ from the coarsening of solutions to its
local analogue, provided the parameters have certain magnitudes.

2. NON-LOCAL VERSIONS OF THE
ALLEN-CAHN EQUATION

By considering the L2-gradient of EW (see [2]), one can derive the flow:

ut =
γ

ε

∫

Ω

J(
|x − y|
ε

)(u(y) − u(x)) dy − f (u), x ∈ Ω, t > 0. (9)

This equation is well-posed and does not require boundary conditions. We rewrite
equation (9) in the abstract form:

ut = γAεu − f (u), x ∈ Ω, t > 0, (10)

where

Aεu(x) =

∫

Ω

Jε(|x − y|)[u(y) − u(x)]dy, with Jε(x) =
1
ε

J(
x
ε

). (11)

The equations (1) and (9) share some common properties. For example, both equa-
tions can be derived as L2-gradient flows of their corresponding free energies, (5)
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and (8), and these functionals are Lyapunov functions for the corresponding flows.
In both cases, the order parameter u is not conserved in time and the maximum prin-
ciple and comparison principle hold (the condition J(·) > 0 being essential for (9)).
Existence of monotone travelling waves has been proven in both cases (see, for ex-
ample, [10] for equation (1) and [3] for equation (9)). However, there are also many
differences between the properties of these flows. One reason for that could be the
fact that equation (1) is a singular perturbation of the kinetic equation

ut = − f (u), (12)

while equation (9) is a regular perturbation of (12), due to the fact that the operator
Aε is bounded (see [8], [15]). Since equation (12) possesses an uncountable number
of stationary solutions, the boundedness of Aε will ensure that the number of steady
state solutions for equation (9) remains uncountable for γ > 0 small enough. This
is not the case for the Allen-Cahn equation for which, in one space dimension, the
stationary problem associated to (1) has a finite number of solutions (see [5]). An-
other consequence of the boundedness of Aε is that, for general initial data, one can
solve equation (9) forward and backward in time (if f is bounded, for example), but
the local equation (1) can only be solved forward in time. While equation (1) is a
gradient system and a whole theory for such systems is applicable for it, the nonlocal
equation is not a gradient system, since it fails to fulfill the precompactness require-
ment (see ([8]). The evolution governed by (1) possesses a compact attractor formed
by equilibria and their connecting orbits, but the attractor of the dynamical system
generated by (9) is not compact. The stabilisation of solutions of the Allen-Cahn
equation to a steady state follows easily as a consequence of precompactness of the
generated semigroup, but it is not obvious to prove such a result for the non-local
equation, even though stabilisation for (12) is trivial.
Another significant difference is between the coarsening processes for the solutions
to (1) and (9), when the parameters ε or γ are small enough. It is well known that so-
lutions to (1) do coarsen to one of the stable constant solutions, regardless the choices
for ε or u0 (see [7]). On the other side, it has been proven that solutions to (9) start-
ing from initial data that changes sign will not coarsen at all, when γ or ε are small
enough (see [8], [11]). This means that solutions to (9) starting from two-phase initial
data cannot settle down to constant solutions and it will still change signs at all times.
By considering the constrained gradient of EW on X, one can derive the following
order-conserving gradient flow:

ut = γAεu − f (u) +
1
|Ω|

∫

Ω

f (u(y))dy, x ∈ Ω, t > 0. (13)

This equation has been formally derived in [15], being proposed as a model for phase
separation process in binary mixtures, for which the total mass of the two components
is conserved in time.
We now proceed with the well-posedness of (13). Without restricting the generality,
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we let M = 0 in (7) (otherwise, a translation of u to u + M may be considered). We
rewrite (13) in the abstract form:

ut = γAεu + g(u), t > 0, (14)

where Aε is given by (11) and

g(u) = − f (u) +
1
|Ω|

∫

Ω

f (u(y)) dy.

Lemma 2.1. Aε is a bounded, non-positive and self-adjoint operator on X.

Proof. Obviously, Aεu ∈ X. It is also non-positive, as for any u ∈ X,

< Aεu, u > =

∫

Ω

∫

Ω

Jε(|x − y|)u(x)[u(y) − u(x)]dydx

= −1
2

∫

Ω

∫

Ω

Jε(|x − y|)[u(y) − u(x)]2dydx ≤ 0.

(15)

The boundedness follows from (15) and the following: for any u ∈ X,

< Aεu, u > ≥ −
∫

Ω

∫

Ω

Jε(|x − y|)[u2(y) + u2(x)]dydx

= −2
∫

Ω

∫

Ω

Jε(|x − y|)u2(x)dydx

≥ −2
∫

Ω

(∫

R
Jε(|x − y|) dy

)
u2(x)dx

= −2
(∫

R
Jε(|η|)dη

)
‖u‖2 ≥ −2C ‖u‖2.

The following argument proves that Aε is self-adjoint. For all u, v ∈ X,

< Aεu, v > =

∫

Ω

∫

Ω

Jε(|x − y|)[u(y) − u(x)]v(x)dydx

= −1
2

∫

Ω

∫

Ω

Jε(|x − y|)[u(y) − u(x)][v(y) − v(x)]dydx

=

∫

Ω

∫

Ω

Jε(|x − y|)u(x)[v(y) − v(x)]dydx = < u, Aεv > .

Lemma 2.2. If f : L2(Ω)→ L2(Ω) is locally Lipschitz, then the operator
g : X → X is locally Lipschitz.
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Proof. Obviously, g(u) ∈ X. We use the Cauchy-Schwarz inequality and (a − b)2 ≤
2a2 + 2b2. For any c > 0 and all u, v ∈ X with ‖u‖, ‖v‖ ≤ c, we have
∫

Ω

[g(u)− g(v)]2dx ≤ 2‖ f (u)− f (v)‖2 + 2
∫

Ω

[ f (u)− f (v)]2dy ≤ 4L2
c‖u− v‖2. (16)

Theorem 2.1. Suppose that J ∈ L1(Rn), J(·) > 0 and f is locally Lipschitz on L2(Ω),
satisfying

lim inf
‖u‖→∞

f (u)
u
≥ 0. (17)

Then, for any initial data u0 ∈ X, the equation (13) has a unique global solution
u(t, x; u0) such that u ∈ C1([0, ∞), X). For all T > 0 the mapping u0 7→ u is
Lipschitz continuous from X into C([0, T ), X).

Proof. Since Aε is bounded, the local existence and uniqueness of a solution on a
maximal domain [0, Tu0) follows from the theory of locally Lipschitz perturbations
of bounded operators on Banach spaces.
We prove that the solution is defined for all t > 0, showing that it is bounded. For all
solutions u ∈ X, we have

d
dt

EW(u) = −
∫

Ω

u2
t dx ≤ 0. (18)

For any µ > 0, condition (17) implies that there exists Cµ > 0 such that

F(s) =

∫ u

0
[

f (r)
r
− 2µ]r ds + µs2 ≥ −Cµ + µs2, for s > 0.

One can also obtain a similar estimate for s < 0, and so, we conclude that

F(s) ≥ µs2 −Cµ, for all s ∈ R. (19)

For any u ∈ X, relations (18) and (19) imply

µ‖u‖2 −Cµ ≤ EW(u) ≤ EW(u0) ≤ C,

from which we get the boundedness of u in the norm of X. We now prove the contin-
uous dependence of the solution on u0. For any T > 0, we take any two solutions of
(13), say u(t), v(t) ∈ X, and write

(u − v)t = γAε(u − v) − ( f (u) − f (v)) +
1
|Ω|

∫

Ω

[ f (u(y)) − f (v(y))] dy, 0 ≤ t < T.

Taking the L2-inner product of this by u− v and using the non-positiveness of Aε and
the locally Lipschitz property of f , we obtain

1
2

d
dt
‖u − v‖2 ≤ − < f (u) − f (v), u − v > ≤ L‖u − v‖2,
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with L > 0, which implies ‖u(t) − v(t)‖2 ≤ e2LT ‖u0 − v0‖2.
Remark 2.1. The family of solution operators, {T (t) : X → X, t ≥ 0}, given
by T (t)u0 = u(x, t; u0), defines a continuous semigroup on X, for which EW is a
Lyapunov function.

As we shall conclude in the last section, the coarsening process for solutions to
this equation is different from the coarsening of solutions to its local analogue, the
equation (2).

3. THE NONLOCAL CAHN-HILLIARD
EQUATION

We shall endow the Hilbert space X defined in (7) (with M = 0) with a new inner
product, as follows. Firstly, we consider the problem:

−Aεw = u,∫

Ω

w(x)dx = 0. (20)

with u ∈ X and the operator Aε : X → X is given by (11). By employing the
mass constraint on u and the condition Jε(·) > 0 on Ω, one can easily verify that
the homogeneous problem has only the trivial solution w ≡ 0. By the Fredholm
alternative, for a suitable Ω and for any function u ∈ X, there is a unique solution
w = Sε(u) to the problem (20).
For any u1, u2 ∈ X, we define

� u1, u2 � = < Sε(u1), u2 > (≡< w1, −Aεw2 >), (21)

where wi = Sε(ui) (i = 1, 2) are defined by (20). One can easily check that (21)
defines an inner product on X, with the induced norm on X given by

‖|u‖|2 =< Sε(u), u > ≡ 1
2

∫

Ω

∫

Ω

Jε(|x − y|)[w(x) − w(y)]2 dydx, (22)

where w = Sε(u) is the unique solution of (20).
We aim to find the constrained gradient flow of the free energy EW corresponding to
this inner product. We denote by Nγ

ε the following operator:

Nγ
εu = γAεu − f (u). (23)

Then, for all v ∈ X, we have:

d
dh

EW(u + hv)|h=0 = < −Nγ
εu, v >

= < Sε(Aε(N
γ
εu)), v >

= � Aε(N
γ
εu), v � . (by (21))
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Since ∫

Ω

AεN
γ
εu(x) dx = 0,

the gradient of EW corresponding to the inner product� ·, · � is given by

∇EW(u) = Aε(γAεu − f (u)). (24)

The corresponding gradient flow is:

ut = −Aε(γAεu − f (u)), x ∈ Ω, t > 0. (25)

One can easily check that equation (25) conserves the order parameter u.
We tackle now the well-posedness the problem

ut = −Aε(γAεu − f (u)), t > 0, (26)

u(0) = u0, (27)

in the space X. We rewrite equation (26) as

ut = γAεu + hε(u), t > 0, (28)

where
Aεu = −Aε(Aεu) and hε(u) = Aε( f (u)). (29)

Lemma 3.1. The linear operator Aε : X → X is bounded, non-positive and self-
adjoint with respect to the L2-scalar product.

Proof. Obviously, Aεu is an element of X since
∫

Ω

Aεu(x) dx = 0, for all u ∈ X.

For all u, v ∈ X we have

< Aεu, v > = < −Aε(Aεu), v > = − < Aεu, Aεv >

= < u, −Aε(Aεv) > = < u, Aεv >

which proves the self-adjointness of Aε. By taking v = u, we get:

< Aεu, u > = −‖Aεu‖2,
and, thus, Aε is non-positive.

Lemma 3.2. If f is locally Lipschitz on L2(Ω), then the operator hε : X → X given
by (29) is locally Lipschitz.

Proof. Obviously, if u ∈ X then hεu ∈ X. The conclusion follows from the bounded-
ness of Aε and the locally Lipschitz property of f .
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Theorem 3.1. Assume that J ∈ L1(Rn), J(·) > 0 and f is locally Lipschitz on L2(Ω),
satisfying (17). Then, for any u0 ∈ X, there exists a unique global solution u =

u(t, x; u0) of (26)&(27) such that u ∈ C1([0, ∞); X). The mapping u0 7→ u(t) is
continuous in X, for all t > 0.

Proof. By using the previous two lemmas, we get the local existence and uniqueness
of a solution u = u(t, x, u0) defined on a maximal domain [0, T ). The extension of
this solution to a global one is proven using energy estimation arguments. The free
energy EW is non-increasing, since

d
dt EW(u) = � gradMEW(u), ut �

= � Aε(N
γ
εu), ut �

= � −ut, ut � = −‖|ut‖|2 ≤ 0, for all u ∈ X.
(30)

Using relations (19) and (30), we obtain

µ‖u‖2 ≤ EW(u(t)) + Cµ ≤ EW(u0) + Cµ ≤ C, for all t > 0,

which implies that the solution u(t) is globally defined.
To prove the continuity of the solution with respect to initial data, we take two solu-
tions, u and v, of equation (28) on [0, T ) starting from u0 and, respectively, v0. We
have:

(u − v)t = γAε(u − v) + hε(u) − hε(v), 0 < t < T.

We take the scalar product by (u − v) and use previous lemmas. We find:

1
2

d
dt
‖u − v‖2 = γ < Aε(u − v), u − v > + < hε(u) − hε(v), u − v >

≤ ‖hε(u) − hε(v)‖‖u − v‖
≤ 2‖ f (u) − f (v)‖‖u − v‖
≤ C‖u − v‖2,

where C is a positive constant depending on T . The last inequality implies

‖u(t) − v(t)‖2 ≤ e2CT ‖u0 − v0‖,
which completes the proof of the theorem.

Remark 3.1. The family of solution operators, {T (t) : X → X, t ≥ 0}, given by
T (t)u0 = u(x, t; u0), define a continuous semigroup on X, and the functional EW(u)
is a Lyapunov function for the semigroup.

4. NUMERICAL EXPERIMENTS
In this section, we carry out some numerical simulations for the solutions to equations
(13) and (25). We are particularly interested in the long-time behaviour and the equi-
librium solutions of these equations. Since the steady states of equations (13) and
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(25) coincide, as being the equilibria of the same free energy EW , we shall comment
here only on the equilibria of (25). We consider the domain Ω = (0, 1). We partition
this interval by the equally spaced points

0 = x0 < x1 < · · · < xi−1 < xi < · · · < xN = 1,

where xi = i∆x and ∆x = 1/N. We approximate the solution of (25) by functions that
are piecewise constant in space,

u(x, t) ≈ ui(t)χ(xi−1, xi)(x), for all x ∈ (0, 1).

For each i = 1, 2, . . . ,N, we take x = xi− 1
2

(= xi−1+xi
2 ). We start by discretizing

equation (9) in space. By taking x = xi− 1
2

in (9), we get

dui

dt
= γ

(∫ 1

0
Jε(|xi− 1

2
− y|)ukχ(xk−1, xk)(y)dy − ui

∫ 1

0
Jε(|xi− 1

2
− y|)dy

)
+ ui − u3

i ,

for all i = 1, 2, . . . ,N. Using the approximation for u and the midpoint rule for
numerical integration, we approximate the first integral by

N∑

k=1

(∫ xk

xk−1

Jε(|xi− 1
2
− y|)dy

)
uk ≈

N∑

k=1

Jε(|xi− 1
2
− xk− 1

2
|)uk∆x

=

N∑

k=1

Jε(x|i−k|)uk∆x.

Similarly, the second integral is approximated by

N∑

k=1

Jε(x|i−k|)∆x.

Thus, for all i = 1, 2, . . . ,N, the functions ui(t) satisfy the ODEs:

dui

dt
= γ


N∑

k=1

Jε(x|i−k|)uk − ui

N∑

k=1

Jε(x|i−k|)

 ∆x + ui − u3
i .

The space-discretization for (9) can be rewritten in the form

d
dt

U = γΓε U∆x − f (U). (31)

Here we have set U = [u1 u2 . . . uN]T , f (U) = [ f (u1) f (u2) . . . f (uN)]T , and Γε
is a symmetric matrix with elements

aik =



Jε(x|i−k|) , i , k

J(0) −
N∑

j=1

Jε(x|i− j|) , i = k. (32)
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The matrix Γε has real eigenvalues; one is zero and all the other eigenvalues are
negative. We make the following notation:

σ = ∆x
N∑

i=1

f (ui) and φ(U) = f (U) − σIN ,

with IN = [1 1 . . . 1]T . The equation (13) can be approximated by the following
system of ordinary differential equations:

d
dt

U = γΓε U∆x − φ(U). (33)

If we further denote by Vγ
ε the vector Vγ

ε = (γΓε U∆x − φ(U))T , then the equation
(25) can be approximated by the following system:

d
dt

U = −Γε Vγ
ε . (34)

We use (33) and (34) to perform some numerical simulations in M for solu-
tions to (13) and, respectively, (25) (with f (u) = u3 − u). For the first two exper-
iments we consider the kernel J(x) = 10√

π
exp(−25x2), x , 0, and J(0) = 0.

−1

0

1

t = 100

u

t = 600

0 0.5 1
−1

0

1

t = 900

x

u

0 0.5 1

t → ∞

x(a)
0 500 1500 2500

−0.1

−0.08

−0.06

−0.04

−0.02

t

L(
u)

(b)

Fig. 1. Evolution of the solution to (25) through u0 for ε = 1, γ = 0.25, and (b) the Lyapunov function
for this trajectory.
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Experiment 1. We take ε = 1 and the initial data

u0(x) = 4x(1 − x) sin(10πx2), x ∈ (0, 1). (35)

We use 100 lattice points to simulate the solution of (25) through u0 for γ = 0.25. One can observe that
the solution evolves to a non-monotonic state and, furthermore, it has the same pattern of sign changes
as the initial data u0. The plot of the Lyapunov functional EW at this trajectory shows that, indeed, we
have reached a steady state. Therefore, for this choice of γ the solution does not coarsen at all. This
behaviour cannot be observed in the case of the original Cahn-Hilliard equation. It was proven that
solutions to equation (3) will evolve to either the constant mass solution or to a monotonic steady state
connecting the two phases of the mixture. The difference in the behaviour of solutions to the local and
non-local equations is due to the fact that the operator Aε in (26) is bounded, while the bi-laplacean in
(3) is not bounded.

Experiment 2. We perform a simulation in two space dimensions, on a square, for solutions to
equation (13). We use a 32 × 32 grid, with parameters ε = 1, γ = 2, ∆t = 0.4 and the kernel

J(x) =
100
π

exp(−25x2), x , 0, and J(0) = 0.

Initial data u0 is a square lattice with uniformly generated values between −1 (black) and 1 (white),
simulating a homogenous alloy of two constituents.

Fig. 2. Time evolution on a square for the solution to (13) through u0.

As illustrated in the snapshots from Figure 2, the mixture separates into its pure components, rep-
resented here by black and white. As time passes, regions containing the same phase appear and join
together, giving rise to larger and larger regions, until the solution reaches a steady state. In Materials
Science, this phenomenon is called phase separation. For this choice of parameters, the solution through
u0 coarsens to a monotonic equilibrium.
However, if the parameter values are small enough, the solutions to (13) will be attracted to steady
states that are not monotonic and preserve the sign changing pattern of the initial data, as observed in
the previous experiment for equation (25). This fact appears to be in contrast with the evolution of
solutions to (2).
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−1

0

1
γ = 0.1 γ = 0.25 γ = 0.3

0 0.5 1
−1

0

1
γ = 1

x
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Fig. 3. Equilibrium solutions of (25) for different values of γ.

Experiment 3. We take ε, J and N as in Experiment 1, to simulate steady states of (25) correspond-
ing to solutions starting from u0, for six values of γ. By investigating the plots in Figure 4, one can
conjecture that, for γ small enough (e.g., γ ≤ 0.25), solutions of (25) do not coarsen at all. For values
of γ greater than some critical value (depending on ε and J), the solutions do coarsen to a monotonic
solution, as is the case of solutions to the Cahn-Hilliard equation. For γ large enough (e.g., γ = 10), the
solutions coarsen to the constant mass M, which is the only steady state of (25) ([15]).
We also mention that, if γ is fixed and we perform simulations for solutions to (13) or (25) for a range
of values of ε, then we observe a similar behaviour as shown above. For values of ε that are either
small enough or large enough, solutions to these equations through initial data that change sign will still
change sign for all times (i.e., the solutions will not coarsen in time).
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