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Abstract Infinite-dimensional Dirac structures are closely related to linear relations on Hilbert
spaces. In this paper, this relation is exploited to provide different representations of
infinite-dimensional Dirac structures (on Hilbert spaces): an orthogonal decomposition
in ”elementary” Dirac structures, a particular scattering representation, and constructive
kernel an image representations. This approach can be used for studying classes of
physical systems which arise in various applications.
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1. INTRODUCTION
Port-Hamiltonian systems are defined with respect to a Dirac structure ([2]). Dur-

ing the last years efforts have been made towards understanding of the Dirac struc-
tures for infinite-dimensional systems ([9], [10], [11], [16], [17], [24], [25])). In
[9, 10], Dirac structures on Hilbert spaces were defined and some properties of the
Dirac structures on Hilbert spaces have been presented for the first time. The reasons
to study Dirac structures on Hilbert spaces was twofold. The Hilbert spaces are gen-
erally enough to cover a large class of physical systems and they offer enough tools
for analyzing such systems. The investigation has been continued in [17]. However,
the very closed connection between Dirac structures and linear relations on Hilbert
spaces deserves (in our opinion) more attention and this is the starting point of this
paper. For infinite-dimensional Hilbert spaces one can also approach the analysis
of Dirac structures using Krein spaces which are not Pontryagin spaces. The focus
is on different representations of Dirac structures on Hilbert spaces, chiefly using
techniques from linear relations, operator theory and functional analysis.

2. PRELIMINARIES
Let E and F be two Hilbert spaces, called the space of efforts and the space of

flows, respectively. Furthermore, assume that there exists a unitary operator rE,F from
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E to F, whose inverse r−1
E,F

is denoted by rF,E. The product space F × E equipped
with the usual inner product:

〈( f1, e1) | ( f2, e2)〉 = 〈 f1 | f2〉F + 〈e1 | e2〉E, (1)

where f1, f2 ∈ F, e1, e2 ∈ E is a Hilbert space, denoted as F ⊕ E.
Define an indefinite inner product on F × E, by:

[
( f1, e1) | ( f2, e2)

]
B = 〈 f1, rE,Fe2〉F + 〈e1, rF,E f2〉E. (2)

The Cartesian product F × E equipped with the inner product [· | ·]B is called the
bond space B. For a linear space L ⊂ B the orthogonal complement L[⊥] of L is
defined by:

L[⊥] = {b′ ∈ B, [b | b′]B = 0, ∀b ∈ L}. (3)

It is easily seen that for any linear subspace L of B one has:

L[⊥] =

(
0 rE,F

rF,E 0

)
(L⊥), (4)

where L⊥ denotes the orthogonal complement of L with respect to the scalar product
(1). Therefore any orthogonal complement will be closed, and B[⊥] = {0}. The last
equality shows that the bond space is non-degenerate.

Definition 2.1. Let E and F be the spaces of efforts and flows, respectively, and let
B the associated bond space and let D be a linear subspace of B. D is said to be
a Tellegen structure on B if D ⊂ D[⊥] and D is said to be a Dirac structure on B if
D = D[⊥].

2.1. LINEAR RELATIONS ON HILBERT SPACES
A linear relation from a Hilbert space F to a Hilbert space E is a linear sub-

space A of the Cartesian product F × E. The following self-explanatory notions
domain, range, kernel, and multi-valued part of A will be used throughout the paper:
domA = { f ∈ F : ( f , e) ∈ A }, ranA = { e ∈ E : ( f , e) ∈ A }, kerA = { f ∈ F : ( f , 0) ∈
A } and mulA = { e ∈ E : (0, e) ∈ A }.

The formal inverse A−1 is defined as A−1 = { (e, f ) : ( f , e) ∈ A }; it is a linear
relation from E to F. Observe the following formal identities domA−1 = ranA and
kerA−1 = mulA.

For relations A1 and A2 from F to E, the operator-like sum A1 + A2 is the relation
from F to E defined by

A1 + A2 = { ( f , e1 + e2) : ( f , e1) ∈ A1, ( f , e2) ∈ A2 },
Now let A and B be linear relations from F to E and from E to H, respectively.

Then the product of B and A is the linear relation BA from F to H defined by

BA = { ( f , h) ∈ F ×H : ( f , e) ∈ A, (e, h) ∈ B for some e ∈ E }.
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This definition agrees with the usual one for operators.
The relation A is closed if it is closed as a subspace of F ⊕ E; the closure of the

relation A is the closure of the subspace A in F ⊕ E. If A is closed then the subspaces
kerA and mulA are closed. A linear relation A is the graph of an operator if and only
if mulA = {0}. In the present context a linear operator A from F to E is identified with
its graph. It is said to be closable if its closure is the graph of an operator.

The adjoint of a linear relation A from F to E is the closed linear relation A∗ from
E to F defined by

A∗ = { (e′, f ′) ∈ E × F : 〈 f ′ | f 〉F = 〈e′ | e〉E for all ( f , e) ∈ A }.
Observe that (A−1)∗ = (A∗)−1, so that (domA)⊥ = mulA∗ and (ranA)⊥ = kerA∗.
Clearly the double adjoint A∗∗ is the closure of the relation A. A linear relation A in
a Hilbert space E (i.e., from E to E) is said to be skew-symmetric if A ⊂ −A∗, and a
linear relation A in a Hilbert space E is said to be skew-adjoint if A∗ = −A (so that it
is automatically closed).

2.2. BASIC PROPERTIES OF TELLEGEN AND
DIRAC STRUCTURES ON HILBERT
SPACES

The results stated in this section present characterizations and basic properties of
Tellegen and Dirac structures.

Lemma 2.1. Let D be a subspace of B. The following are equivalent:
(i) D is a Tellegen structure;
(ii) [d1, d2]B = 0 for all d1, d2 ∈ D;
(iii) [d, d]B = 0 for all d ∈ D.

Lemma 2.2. Let D be a Tellegen structure. Then:
(i) kerD ⊂ (

ran(rE,FD)
)⊥

= ker(rE,FD)∗;
(ii) mulD ⊂ (

rF,E(domD)
)⊥.

Remark 2.1. Let D be a Dirac structure. Then the inclusions in Lemma 2.2 become
equalities.

Let L be a linear subspace of B. One observes that:

L[⊥] =

(
0 −rE,F

rF,E 0

)
(L∗)−1. (5)

The equality (5) can be used in order to prove the following result:

Lemma 2.3. (i) D is a Tellegen structure if and only if

D ⊂
(

0 −rE,F

rF,E 0

)
(D∗)−1;
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(ii) D is a Dirac structure if and only if

D =

(
0 −rE,F

rF,E 0

)
(D∗)−1.

Remark 2.2. In the sense of the product of linear relations the conditions in Lemma
2.3 can be stated as follows:

a) D is a Tellegen structure if and only if D ⊂ −rF,ED∗rF,E;
b) D is a Dirac structure if and only if D = −rF,ED∗rF,E.

Remark 2.3. In the case E = F a Tellegen structure is nothing but a skew-symmetric
structure in the Hilbert space E, while a Dirac structure is a skew-adjoint structure
in the same Hilbert space E.

3. AN ORTHOGONAL DECOMPOSITION OF
DIRAC STRUCTURES

It will be shown that any Dirac structure can be orthogonally decomposed into
three ”elementary” Dirac structures. Three classes of Dirac structures are introduced
in the sequel

1 Completely multivalued Dirac structures which are of the form

Dmul = {(0, e) : e ∈ E};

2 Completely kernel Dirac structures which are of the form

Dker = {( f , 0) : f ∈ F};

3 Completely skew-adjoint Dirac structures which are determined by the graphs
of injective skew-adjoint (not necessarily bounded) operators from F to E.

It can be easily seen that the linear subspaces of type (1.) and type (2.) are Dirac
structures. The linear subspaces of type (3.) are Dirac structures as well, as it is
sketched in the sequel. Let E be a Hilbert space and let A be a skew-adjoint (un-
bounded in general) operator from domA ⊆ E to E, that is 〈Ax | y〉 + 〈x | Ay〉 = 0, for
all x, y ∈ domA = domA∗. Then the graph of A, G(A) = {(x, Ax) : x ∈ domA} is a
Dirac structure. Then, the definition of a skew-adjoint operator leads to (G(A))[⊥] =

G(−A)∗ = G(A), so that the linear subspaces of type (3.) are Dirac structures as well.
These particular Dirac structures of type (1.), type (2.) and type (3.) are called

fundamental Dirac structures. Under some conditions it can be shown that a Dirac
structure can be decomposed as an orthogonal sum of the previous introduced fun-
damental Dirac structures. The idea of the construction of such decomposition is as
follows. Define the linear subspace Dmul = D∩ ({0}×E) in B and the linear subspace
Emul = {e ∈ E : (0, e) ∈ D} in E. Clearly, they are closed in B and in E, respectively.
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Let E1 be the orthogonal complement of Emul in E, so that E = Emul⊕E1. Now define
in F the linear subspace Fmul as

Fmul = { f ∈ F : 〈rE,Fe | f 〉 = 0, ∀ e ∈ E1},
and then it is easy to see that Fmul has an orthogonal complement F1 in F. Assume
now that rE,F(Emul) = Fmul, so that rE,F(E1) = F1. Therefore Dmul is a completely
multi-valued Dirac structure on the bond space Bmul := Fmul × Emul and there exists
a Dirac structure D1 on the bond space B1 := F1 × E1 such that D = Dmul ⊕ D1.
Furthermore, the Dirac structure D1 is the graph of a skew-adjoint (not necessarily
bounded) operator from the Hilbert space F1 to the Hilbert space E1. Define the linear
subspace Dker = D1 ∩ (F1 × {0}) in B1 and the linear subspace Fker = { f ∈ F1 :
( f , 0) ∈ D1} in F1. These subspaces are closed in B1 and in F1, respectively. Let
Fskew be the orthogonal complement of Fker in F1, so that F1 = Fker ⊕ Fskew. Now
define in E1 the linear subspace Eker as

Eker = {e ∈ E1 : 〈rE,Fe | f 〉 = 0, ∀ f ∈ Fskew},
and then it follows that Eker has an orthogonal complement Eskew in E1. Assume
now that rE,F(Eker) = Fker, so that rE,F(Eskew) = Fskew. Then Dker is a completely
kernel Dirac structure on the bond space Bker := Fker × Eker and there exists a Dirac
structure Dskew on the bond space Bskew := Fskew×Eskew such that D1 = Dker⊕Dskew.
Clearly, the Dirac structure Dskew is the graph of an closed injective skew-adjoint
(not necessarily bounded) operator from the Hilbert space Fskew to the Hilbert space
Eskew. Conclude that under the assumptions imposed above, a Dirac structure can
be written down as an orthogonal sum of three fundamental Dirac structures on the
”smaller” bond Hilbert spaces Bmul, Bker and Bskew, respectively. Moreover, this
decomposition is given by

D = Dmul ⊕Dker ⊕Dskew,

and is comparable to the so called ”constrained input-output representation” of a
Dirac structure in finite-dimensional spaces, see [23].

4. A SCATTERING REPRESENTATION
OF DIRAC STRUCTURES

The scattering representation of Dirac structures for infinite dimensional spaces
was basically introduced in [8] (see also [9]). Using specific techniques from the
theory of linear relations, a new proof of the scattering representation of a Dirac
structure is presented here. For simplicity one considers the Hilbert space E to be the
scattering variable space.

For any linear subspace V of B define the linear relation O in E by

OV = IE − 2rF,E(V + rF,E)−1. (6)
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Lemma 4.1. Let D be a Dirac structure on the Hilbert space B. Then OD is a unitary
operator in E.

Proof. We show first that OD is an isometry in E. Assume that ( f , e) ∈ D. Since
( f , rF,E f ) ∈ rF,E it follows that ( f , e + rF,E f ) ∈ D + rF,E, which implies that (e +

rF,E f , f ) ∈ (D + rF,E)−1. Thus,

(e + rF,E f ,−2rF,E f ) ∈ −2rF,E(D + rF,E)−1 (7)

Clearly,
(e + rF,E f , e + rF,E f ) ∈ IE. (8)

A combination of (7) and (8) leads to

(e + rF,E f , e − rF,E f ) ∈ IE − 2rF,E(D + rF,E)−1. (9)

Furthermore, using the fact that D is a Dirac structure, one may write

‖e + rF,E f ‖2E − ‖e − rF,E f ‖2E = 4〈e | rF,E f 〉E = 0,

which shows that O is an isometry, and consequently, an operator. In order to see that
O is an unitary operator, it suffices to prove that

domO = ranO = E.

Define the operator J : F × E→ F × E by

J( f , e) = (r−1
F,Ee, rF,E f ), ( f , e) ∈ F × E.

Clearly, J is a unitary operator in F × E. Since D is a Dirac structure, it can be easily
seen that D⊥ = JD[⊥] = JD, which leads to

D ⊕ JD = D ⊕D⊥ = F × E. (10)

Consider any vector h ∈ E. Since (0, h) ∈ F × E, it follows from (10) that there exist
elements ( f1, e1), ( f2, e2) ∈ D such that

( f1, e1) + J( f2, e2) = (0, h).

This implies that {
f1+ r−1

F,E
e2 = 0,

e1+ rF,E f2 = h,

or equivalently, {
e2+ rF,E f1 = 0,
e1+ rF,E f2 = h. (11)

By summing up the equalities in (11) one obtains that h can be written in the form

h = (e1 + e2) + rF,E( f1 + f2),
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From (9) it follows that h ∈ domO. Thus, the equality domO = E is proved. Taking
the difference between the second and the first equality in (11), it follows that h can
be also written in the form

h = (e1 − e2) − rF,E( f1 − f2).

Using again (9), one may conclude that ranO = E.

Similarly, the following result can be proved:

Lemma 4.2. Let O be a unitary operator in E. Then the linear relation

DO :=
{(

1
2

r−1
F,E(IE − O)e,

1
2

(IE + O)e
)

: e ∈ E

}
(12)

is a Dirac structure on B.

Lemmas 4.1 and 4.2 lead to the following characterization of Dirac structures on
Hilbert spaces.

Theorem 4.1. There exists a one-to-one correspondence between the class of Dirac
structures on the Hilbert space B and the class of unitary operators in E.

5. THE KERNEL / IMAGE REPRESENTATIONS
OF DIRAC STRUCTURES

A Dirac structure D is said to be represented in kernel representation if

D = {( f , e) ∈ F × E, F f + Ee = 0} (13)

for certain linear maps F : F → H and E : E→ H satisfying the conditions

FrE,FE∗ + ErF,EF∗ = 0, (14)

ran[F E] = H, (15)

where H is a Hilbert space isometrically isomorphic to E and F, and where ran[F E]
stands for the closure of the range of the operator [F E].

This definition agrees with the one in the finite-dimensional case (see for instance
[2]). Next it will be proven that a kernel representation of a Dirac structure can always
be done.

Lemma 5.1. Let D be a Dirac structure. Then the linear relations (D + rF,E)−1 and
(D − rF,E)−1 are the graphs of bounded operators from E to F.

Proof. Let (e, f ) ∈ (D+rF,E)−1, so that ( f , e) ∈ (D+rF,E). Since ( f , rF,E f ) ∈ rF,E one
has ( f , e−rF,E f ) ∈ D. Since D = −rF,ED∗rF,E it follows that (rF,E f , f −rE,Fe) ∈ D∗,
so that

〈 f − rE,Fe | f 〉F = 〈rF,E f | e − rF,E f 〉E,
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which further leads to:
〈 f , rE,Fe |〉F = ‖ f ‖2.

By Cauchy inequality this leads to

‖ f ‖ ≤ ‖e‖, (16)

for all ( f , e) ∈ D. If e = 0 then f = 0 so that (D + rF,E)−1 is the graph of an operator.
Furthermore, the inequality (16) shows that the operator is bounded. Using similar
arguments it can be shown that (D − rF,E)−1 is the graph of a bounded operator from
E to F.

Lemma 5.2. Let D be a Dirac structure. Then one has:

(D + rF,E)−1 · (D∗ + rE,F)−1 = (D − rF,E)−1 · (D∗ − rE,F)−1. (17)

Proof. The identity (17) is equivalent to

(D∗ + rE,F) · (D + rF,E) = (D∗ − rE,F) · (D − rF,E).

By a direct computation the last identity is equivalent to the identity D∗ = −rE,FDrE,F,
which expresses the fact that D is a Dirac structure.

In what follows a construction for the kernel representation is provided. Assume
that D is a Dirac structure, and let ( f , e) ∈ D. Since ( f , rF,E f ) ∈ rF,E it follows
that ( f , e + rF,E) ∈ D + rF,E, so that (e + rF,E, f ) ∈ (D + rF,E)−1. This implies that
(D + rF,E)−1(e + rF,E) = f , so that

(D + rF,E)−1e + (D + rF,E)−1rF,E f = f . (18)

Similarly one gets:

(D − rF,E)−1e − (D − rF,E)−1rF,E f = f . (19)

Define now the operators E and F by:

E = (D + rF,E)−1 − (D − rF,E)−1, (20)

and by:
F = [(D + rF,E)−1 + (D − rF,E)−1]rF,E. (21)

Clearly, E and F are bounded everywhere defined linear operators E ∈ [E,F] and
F ∈ [F]. Using the operators E and F, a combination of (18) and (19) leads to the
representation (13).

In order to prove (14) one remarks that

E∗ = (D∗ + rE,F)−1 − (D∗ − rE,F)−1,
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and
F∗ = rE,F · [(D∗ + rE,F)−1 + (D∗ − rE,F)−1].

Using the obvious identity rE,F · rF,E = I and (17), by a direct computation one gets
(14). Finally, with H = E the construction of the kernel representation has done. We
call this kernel representation the ”canonical kernel representation” of D.

We can present now an image representation of a Dirac structure. It follows from
(13) and (14) that D can be also written in image representation as

D = {( f , e) ∈ F × E, f = rE,FE∗h, f = rF,EF∗h, h ∈ H}

or equivalently:
D = {(rE,FE∗h, rF,EF∗h), h ∈ H}. (22)
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