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Abstract We introduce the notion of Courant algebroid (E, h, [., .], ρ), in the category of Banach
vector bundles. A Dirac structure is defined as a subbundle of a Courant algebroid E
that equals its orthocomplement with respect to the metric h and the set of its sections
is closed with respect to the operation [.,.]. Our main result is that a Dirac structure in a
Courant algebroid is a Banach Lie algebroid.
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1. INTRODUCTION
The notion of Lie algebroid was extended to the category of Banach vector bun-

dles by the present author [2], and independently by F. Pelletier [14]. In [2] it was
shown that the Lie algebroids form a category. In a different direction, C. Ida [8]
considers the coomology of Banach Lie algebroids and proves that if (M, π) is a
Banach Poisson manifold, the Banach Lie algebroid cohomology of (T ∗M, {., }, ]π) is
the Lichnerowicz-Poisson cohomology of (M, π). Next steps are done by M.Anastasiei
and A. Sandovici [3], who introduced the Dirac structures on Banach manifolds and
related them to Lie algebroids.

Dirac structures on finite dimensional manifolds were introduced by T. Courant
and A. Weinstein (see [6]) and were systematically studied by T. Courant in [5].
They became an important tool in generalized geometry by studies of I. Vaisman (see
[18] and the references therein). Following the direction opened by S. Vacaru in [24],
certain applications of Dirac structures could appear in Theoretical Physics.

Dirac structures were used in the study of the mechanical systems described by
constraint Hamiltonian systems or implicit Lagrangian systems (see the consistent
work done by H. Yoshimura and J. E. Marsden in [19, 20]), while the reduction of
nonholonomic systems in terms of Dirac structures was formulated by M. Jotz and
T.S. Ratiu ([11]).

Another field where Dirac structures are useful is the study of the integrability
of the nonlinear evolution equations. In the monograph [7], I. Dorfman emphasized
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the necessity of considering Dirac structures on infinite dimensional spaces; she also
made a first step in this direction by developing an algebraic formalism independent
of dimension.

A first study of the concept of a Dirac structure within the framework offered by
infinite–dimensional smooth manifolds is due to the present author and A. Sandovici,
[3]. Here the well known result that an integrable Dirac structure defines a Lie alge-
broid is extended to Banach manifold category. Our main reference for the geometry
of infinite dimensional manifolds is a book by S. Lang, [12].

In Section 2 we define the Banach Lie algebroids and we show they form a cate-
gory. In Section 3 we introduce the notion of Banach Courant algebroid (E, h, [., .], ρ)
using three axioms and define a Dirac structure as a subbundle of E which is totally
isotropic with respect to h and its set of sections is closed with respect to [.,.]. Then
we prove that any Dirac structure has a Lie algebroid structure.

2. ANCHORED VECTOR BUNDLES
Let M be a smooth, i.e. C∞, Banach manifold modeled on Banach space M and

let π : E → M be a Banach vector bundle whose type fiber is a Banach space E. We
denote by τ : T M → M the tangent bundle of M.

Definition 1.1 We say that the vector bundle π : E → M is an anchored vector
bundle if there exists a vector bundle morphism ρ : E → T M. The morphism ρ will
be called the anchor map.

Let F(M) be the ring of smooth real functions on M.
We denote by Γ(E) the F(M)-module of smooth sections in the vector bundle

(E, π,M) and by X(M) the module of smooth sections in the tangent bundle of M
(vector fields on M).

The vector bundle morphism ρ induces an F(M)-module morphism which will be
denoted also by ρ : Γ(E)→ X(M), ρ(s)(x) = ρ(s(x)), x ∈ M, s ∈ Γ(E).

Examples.

1. The tangent bundle of M is trivially anchored vector bundle with ρ = I (iden-
tity).

2. Let A be a tensor field of type (1, 1) on M. It is regarded as a section of the
bundle of linear mappings L(T M,T M) → M and also as a morphism A :
T M → T M. In the other words, A may be thought as an anchor map.

3. Any subbundle of T M is an anchored vector bundle with the anchor the inclu-
sion map in T M.

4. Let now π : E → M be any submersion and π∗ be the differential (tangent
map) of π. The union of subspaces (π∗)−1(u), u ∈ E provides a subbundle of
the tangent bundle of E, τE : T E 7→ E, denoted by VE and called the vertical
subbundle. As a subbundle, by the Example 3), this is an anchored vector
bundle.
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5. Let τ∗ : T ∗M 7→ M be the cotangent bundle of M and the Whitney sum τ⊕τ∗ :
T M⊕T ∗M 7→ M called sometimes the big tangent bundle. This is an anchored
bundle with the anchor given by the projection pr1 : T M ⊕ T ∗M 7→ T M.

Theorem 1.1. The anchored vector bundles form a category.
Proof. The objects are the pairs (E, πE ,M, ρE) with ρE the anchor of E and the cate-
gory morphism ( f , φ) : (E, πE ,M, ρE) → (F, πH ,N, ρF) is a vector bundle morphism
( f , φ) : E → F which verifies the condition ρF ◦ f = φ∗ ◦ ρE , where φ∗ is the tangent
map of φ : M 7→ N.

Let π : E → M be an anchored Banach vector bundle with the anchor ρE : E →
T M and the induced morphism ρE : Γ(E)→ X(M).

Assume there exists defined a bracket [, ]E on the space Γ(E) that provides a struc-
ture of real Lie algebra on Γ(E).

Definition 2.1. The triplet (E, ρE , [, ]E) is called a Banach Lie algebroid if

(i) ρ : (Γ(E), [, ]E)→ (X(M), [, ]) is a Lie algebra homomorphism and

(ii) [ f s1, s2]E = f [s1, s2]E − ρE(s2)( f )s1, for every f ∈ F(M) and s1, s2 ∈ Γ(E).

Examples:

1. The tangent bundle τ : T M → M is a Banach Lie algebroid with the anchor
the identity map and the usual Lie bracket of vector fields on M.

2. For any submersion ζ : F → M, where F is a Banach manifold, the ver-
tical bundle VF over F is an anchored Banach vector bundle. As the Lie
bracket of two vertical vector fields is again a vertical vector field it follows
that (VF, i, [, ]VF), where i : VF → T F is the inclusion map is a Banach Lie
algebroid. This applies, in particular, to any Banach vector bundle π : E → M.

Let Ωq(E) := Γ(La
q(E)) be the F(M)− module of differential forms of degree q.

Its elements are sections of the vector bundle of alternating multilinear forms on E,
see [12], p.61. In particular, Ωq(T M) will be denoted by Ωq(M). The differential
operator dE : Ωq(E)→ Ωq+1(E) is given by the formula

(dEø)(s0, . . . , sq) =
∑

i=0,...,n(−1)iρE(si)ø(s0, . . . , ŝi, . . . , sq)
+

∑
0≤i< j≤q(−1)i+ j(ø([si, s j]E), s0, . . . ŝi, . . . , ŝ j, . . . , sq)

for s1, . . . , sq ∈ Γ(E), where hat over a symbol shows that symbol must deleted.
Definition 1.3. A vector bundle morphism f : E → E′ over f0 : M → M′ is a mor-

phism of the Banach Lie algebroids (E, ρE , [, ]E and (E′, ρE′ , [, ]E′) if the map induced
on forms f ∗ : Øq(E′) → Øq(E) defined by ( f ∗ø′)x(s1, . . . , sq) = ø′f0(x)( f s1, . . . , f sq),
s1, . . . , s2 ∈ Γ(E) commutes with the differential i.e.

dE ◦ f ∗ = f ∗ ◦ dE . (1)

Using this definition it is easy to prove
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Theorem 1.2. The Banach Lie algebroids with the morphisms defined in the above
form a category.

For applications of Lie algebroids we refer to [1].

3. BANACH COURANT ALGEBROIDS
The first definition of a Courant algebroid was given by Liu Z., Weinstein A. and

Xu P. in [10] using five axioms. An alternative definition, again with five axioms was
given by D. Roytenberg, [15].

In the paper [16], K. Uchino shows that in the both cases, two from those five
axioms are consequences of the other three. Thus he arrives at a definiton of a Courant
algebroid with three axioms, which definition was used in the seminal paper by Keller
F. and Waldman S., [9].

Definition 3.1. A Courant algebroid is an anchored vector bundle (E, ρ) together
with a nondegenerate symmetric bilinear form h, a bracket [·, ·] : Γ(E)×Γ(E)→ Γ(E)
on the sections of the bundle such that for all e1, e2, e3 ∈ Γ(E) and f ∈ F(M) the
following conditions hold:

(i) [e1, [e2, e3]] = [[e1, e2], e3] + [e2, [e1, e3]],
(ii) [e1, e2] + [e2, e1] = Dh(e1, e2), where D : F(M) → Γ(E) is defined by

h(D f , e) = ρ(e) f ,
(iii) ρ(e1)h(e2, e3) = h([e1, e2], e3) + h(e2, [e1, e3]).
We notice that the bracket [·, ·] is not skew-symmetric.
An easy consequence of (i) − (iii) is
Proposition 3.1. Let (E, [·, ·]) be a Courant algebroid. Then we have
(i) ρ([e1, e2]) = [ρ(e1), ρ(e2)] where in the right side we have the usual bracket

of vector fields on M.
(ii) [e1, f e2] = f [e1, e2] + (ρ(e1) f )e2 (Leibniz’s rule).
The standard example of Courant algebroid is given by
Proposition 3.2. Let E = T M ⊕ T ∗M be the big tangent bundle over M. We take

h((X, α), (Y, β)) = α(Y)+β(X), where X, Y ∈ X(M) and α, β ∈ Λ1(M) together with the
bracket [(X, α), (Y, β)] = ([X, Y], L

X
β − i

Y
dα) and the anchor ρ defined by ρ(X, α) = X.

All these endow E with the structure of a Courant algebroid.
Proof. One verifies the axioms (i) − (iii) from the Definition 3.1.

Definition 3.2. A Dirac structure is a vector subbundle L of a Courant algebroid
(E, [·, ·], h, ρ) which coincides with its orthocomplement with respect to h i.e. L = L⊥
and is closed with respect to [·, ·], i.e. [Γ(E),Γ(E)] ⊆ Γ(E).

Now we show that any Dirac structure can be endowed with a structure of Lie
algebroid. To this aim we replace the operation [·, ·] with the following one:

˜[e1, e2] = [e1, e2] +
1
2
Dh(e1, e2)

and we prove
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Theorem 3.1. Let L be a Dirac structure. Then the triple (L, [̃ , ]|L, ρ|L) is a
Banach Lie algebroid.
Proof. The condition L = L⊥ is equivalent with h(e1, e2) = 0 for e1, e2 ∈ Γ(L). Thus
[̃·, ·]|L reduces to [e1, e2]|L and the bracket [·, ·]|L is skew-symmetric. It follows that (i)
from the Definition 3.1 becomes the usual Jacobi identity. Then, by the Proposition
3.1, ρ|L is a Lie algebras homomorphism and the Leibniz identity holds. The proof is
complete.

Example 3.1. In [4] one proves that if A is a Lie algebroid and A∗ is its dual (in
general not a Lie algebroid) then E = A ⊕ A∗ has a structure of a Courant algebroid.

Let ω be a nondegenerate 2-form in A. It defines a map ω : A→ A∗ by e→ ω(e) :
Γ(A) → R with ω(e) f = ω(e, f ), e, f ∈ Γ(A). We take L =graphω = {(e, σ)| e ∈
Γ(A), σ ∈ Γ(A∗) with σ = ω(e)}. If L is a vector subbundle and ω is closed, then L is
a Dirac structure. For details see [4].
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