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Abstract Face recognition is one of the most prevalent problems of pattern recognition and a
current issue in the context of nowadays technology progress. This real-life problem
needs real-time answers, so a variety of algorithms have been developed to address this
issue. In this paper we present a comparative study (in terms of recognition rate) for
some numerical linear algebra standard algorithms and an own method. The algorithms
are tested on different datasets considered as individual items and joined together.
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1. INTRODUCTION

The face recognition problem comes down to identifying a specific image of a
person by analyzing and comparing patterns from a face dataset. Facial recognition
systems are commonly used for security purposes but are becoming more and more
used in a variety of other applications. There have been developed different types of
algorithms for solving the face recognition problem (see [5], [11]).

The problem under consideration is the following. Given a dataset of images be-
longing to P persons, all images are transformed into vectors {Γ1, Γ2, . . . , ΓN} of the
same size M × 1 and all vectors become columns of a matrix, A = [Γ1 Γ2 . . . ΓN].
The matrix A will be our (face/image) dataset. We split the dataset into two nonover-
lapping subsets: training subset and testing subset. Given an image Γ (the image of a
person) from the testing set, we want to find out if the algorithm classifies correctly
that person.

In this paper we present a comparative study of some algorithms used to solve
the face recognition problem. The algorithms in question are the following: the
Eigenfaces (PCA) algorithm (see [15] and [16]), an own algorithm, named COD
algorithm (see [9]), and Lanczos and Block Lanczos algorithms (see [1], [2], [6],
[10], [17]). We compare the results of our COD algorithm with those obtained with
an algorithm on blocks, namely the Block Lanczos algorithm. The conclusions are
encouraging since the results closely resemble.

The paper is structured as follows. In Section 2 we present some algorithms for
face recognition: the Eigenfaces (PCA) algorithm, Lanczos and Block Lanczos al-
gorithms and an own algorithm, COD algorithm. In the next section, Section 3, we
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present experiments and comparison between the results obtained with all the algo-
rithms described in this paper. All algorithms are tested on three datasets: the well
known ORL dataset (also known as AT&T dataset), an own face dataset CTOVF, and
a bigger dataset obtained by putting together the previous two datasets. We use two
performance indicators: recognition rate and average query time. In the last section
we draw conclusions regarding the obtained results.

As a novelty, the experiments were performed from two different viewpoints: first,
we take each dataset (ORL and CTOVF) as a different entity in comparing the recog-
nition rate obtained with each of them, latter, we consider a larger dataset, composed
of the two datasets mentioned above.

In what follows we present a comparative study (in terms of recognition rate and
average query time) for the mentioned above numerical linear algebra standard algo-
rithms and an own method, the COD algorithm.

2. SOME ALGORITHMS FOR FACE
RECOGNITION

2.1. THE EIGENFACES (PCA) ALGORITHM

The eigenfaces are the principal components of a set of faces, namely eigenvectors
of the covariance matrix of a dataset (see [15] and [16]). They are called eigenfaces
because when represented, they resemble human faces. The principal components
are given by the eigenvectors of the covariance matrix. The first principal compo-
nent is the eigenvector corresponding to the largest eigenvalue, the second principal
component is the eigenvector corresponding to the next largest eigenvalue and so on.

All N images (with M = n1×n2 resolution) are transformed into vectors Γi : M×1.

We compute the average face vector Ψ = 1
N

N∑
i=1
Γi, and substract Ψ from all vectors

φi = Γi − Ψ.
We seek a set of orthonormal vectors u1, u2, . . . , uN which best describes the

patterns that appear in the dataset. Vectors uk are eigenvectors of the covariance
matrix C = AAT for A =

[
φ1 φ2 . . . φN

]
.

The covariance matrix C = AAT is C ∈ IRM×M , where M = n1×n2 is the resolution
of an image. Because in practice, the number M is very large, the computational
effort to determine the M eigenvalues and M eigenvectors for matrix C is huge. In
this case, the idea is to reduce the size and therefore the amount of calculations. Then,
we consider L = AT A, L ∈ IRN×N . Usually N, the number of images in the dataset
is much smaller then the size of a vector, M, and in this case it is much easier to
compute N eigenvectors and N eigenvalues for a matrix of size N × N. From among
the eigenvectors vi of matrix L we obtain the eigenvectors Avi of matrix C. From all
N eigenvectors of L, are kept only the first K vectors corresponding to the largest K
eigenvalues.
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For a new image, Γ, we project Γ − Ψ onto subspace {u1, u2, . . . , uK}, hence we
have ωi = uT

i (Γ − Ψ) , i = 1 : K. The vector ΩT = [ω1, ω2, . . . , ωK] describes the
contribution of each eigenface in representing the image Γ and is used to classify the
new image Γ.

Eigenfaces algorithm (see [15]):

1. All images are transformed into vectors: Γ1, Γ2, . . . , ΓN .

2. Compute the average face vector: Ψ = 1
N

N∑
i=1
Γi.

3. Substract the average face vector from all vectors: φi = Γi − Ψ, i = 1,N.

4. Compute the covariance matrix: C = 1
N

N∑
i=1
φiφ

T
i =

1
N AAT .

5. Compute the eigenvectors ui, i = 1,N of matrix C and keep only K vectors
corresponding to the K largest eigenvalues.

6. Obtain the vector: ΩT
i =

[
ωi

1, ω
i
2, . . . , ω

i
K

]
where φi ≈ φ̂i =

K∑
j=1
ωi

ju j.

7. Given a image Γ, normalize it: φ = Γ − Ψ.

8. Project Γ on the eigenvectors space: φ̂ =
K∑

j=1
ω ju j.

9. Represent φ̂ as ΩT = [ω1, ω2, . . . , ωK].
10. Find i0 ∈ {1, . . . ,N} satisfying

∥∥∥Ω − Ωi0

∥∥∥ = min
1≤i≤N

∥Ω −Ωi∥ .

2.2. COD ALGORITHM

In order to obtain better results (as recognition rate) than with the PCA algorithm (a
truncated SVD algorithm), we have to find a good low-rank approximation for matrix
A. Another option for computing a rank k truncated SVD is using orthogonalization
via deflation algorithm proposed in [3] and [4]. For a matrix A ∈ IRM×N , M ≥ N, is
generated a sequence of matrices A1, A2, . . . , Ak+1, for which

Ak+1 = Ak − σ̃kũkṽT
k = A −

k∑
j=1

σ̃ jũ jṽT
j = A − ŨkD̃kṼT

k = A − B̃k (1)

where ũk, ṽk and σ̃k are given by formula (2), (3), and respectively (4), Ũk = [ũ1 ũ2 . . . ũk] ,
Ṽk = [ṽ1 ṽ2 . . . ṽk] , D̃k = diag (σ̃1, σ̃2, . . . , σ̃k) , and B̃k = ŨkD̃kṼT

k . Hence, matrix
B̃k serves as a low-rank approximation of matrix A.

Let ûk ∈ Range (Ak) and v̂k ∈ Range
(
AT

k

)
be an arbitrary pair of unit vectors that

satisfy ûT
k Akv̂k > 0. We have

ũk =
Akv̂k

∥Akv̂k∥2
, (2)
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ṽk =
AT

k ûk∥∥∥AT
k ûk

∥∥∥
2

, (3)

and

σ̃k =

(
∥Akv̂k∥2

∥∥∥AT
k ûk

∥∥∥
2

)(
ûT

k Akv̂k
) . (4)

Theorem 2.1. (see [3] and [4]) Let the matrices Ûk ∈ RM×k, V̂k ∈ RN×k, and D̂k ∈
Rk×k be defined by the equalities

Ûk = [û1 û2 . . . ûk] , V̂k = [v̂1 v̂2 . . . v̂k] and D̂k = (σ̂1, σ̂2, . . . , σ̂k) , (5)

where
σ̂ j = ûT

j Av̂ j, for j = 1, . . . , r = rank(A). (6)

Then, in exact arithmetic, the following relations hold for k = 1, . . . , r:

Range (Ak+1) ⊆ Range (Ak) , Range
(
AT

k+1

)
⊆ Range

(
AT

k

)
, (7)

Range
(
Ûk

)
⊆ Range (A) , Range

(
V̂k

)
⊆ Range

(
AT

)
, (8)

ÛT
k Ak+1 = 0, Ak+1V̂k = 0, (9)

ÛT
k Ûk = I, V̂T

k V̂k = I. (10)

Thus, for k = r the columns of Ûr and V̂r constitute orthonormal basis for Range(A)
and Range(AT ), respectively. Consequently,

Ar+1 = 0 (11)

and
A = ŨrD̃rṼT

r . (12)

The customization (see [9]) consists in a proper choice at each iteration for ûi+1 ∈
Range (Ai) and v̂i+1 ∈ Range

(
AT

i

)
. We have tested several variants of choices for

these initializations (each iteration), but the obtained results were not satisfactory.
These customizations are presented in a submitted paper.

The COD algorithm is the following.

COD algorithm

1. Initialize û1 ∈ Range (A) , û1 = û1/ ∥û1∥ and v̂1,
v̂1 = v̂1/ ∥v̂1∥ and A1 = A
2. for i = 1, 2, . . . , k compute

ũi = Aiv̂i/ ∥Aiv̂i∥2
ṽi = AT

i ûi/
∥∥∥AT

i ûi
∥∥∥

2
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σ̃i =
(
∥Ai ∗ v̂i∥2

∥∥∥AT
i ûi

∥∥∥
2

)
/
(
ûT

i Aiv̂i
)

Ai+1 = Ai − σ̃iũiṽT
i

choose ûi+1 ∈ Range (Ai+1) , ûi+1 = ûi+1/ ∥ûi+1∥
choose v̂i+1 ∈ Range

(
AT

i+1

)
, v̂i+1 = v̂i+1/ ∥v̂i+1∥

end
3. Let U = [ũ1 ũ2 . . . ũk] and B = Ak+1.

4. Obtain ΩT
i =

[
ωi

1, ω
i
2, . . . , ω

i
k

]
where coliA =

k∑
j=1
ωi

jũ j.

5. Given a image Γ, obtain Γ =
k∑

j=1
ω jũ j.

6. Represent Γ as ΩT = [ω1, ω2, . . . , ωk].
7. Find i0 ∈ {1, . . . , k} satisfying

∥∥∥Ω −Ωi0

∥∥∥ = min
1≤i≤k

∥Ω − Ωi∥ .

As mentioned before, after extensive tests, in which we have tried to give a proper
initialization to ûi+1 and v̂i+1, we obtained that the best choices we can make for this
type of face recognition problem are the ones described in [9].

2.3. LANCZOS AND BLOCK LANCZOS
ALGORITHMS

The Lanczos method tries to find the optimal eigen-subspace of a matrix A in a
Krylov subspace (see [7]):

K(A, q1, k) = span
{
q1, Aq1, . . . , Ak−1q1

}
. (13)

The orthonormal basis Qk of K(A, q1, k) can be efficiently computed via the Lanczos
procedure. Accordingly, A can be approximated as A ≈ QkTkQT

k , where Tk is a
tridiagonal matrix:

Tk =



α1 β1
β1 α2 β2

. . .
. . .

. . .

βk−2 αk−1 βk−1
βk−1 αk


(14)

The Lanczos method generates a sequence of tridiagonal matrices Tk with the
property that the extremal eigenvalues of Tk ∈ IRk×k are progressively better estimates
of matrix A extremal eigenvalues (see [7]).
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Lanczos algorithm:

Input: m × m symmetric matrix A, k.
1. Initialization: r0 = q1; β0 = 1; q0 = 0; l = 0.
2. for l = 1 : k-1 do

ql+1 =
rl
βl

; l = l + 1;αl = qT
l Aql;

rl = Aql − αlql − βl−1ql−1;
βl = ∥rl∥2 ;

end for
Output: Qk = (q1, . . . , qk) and Tk as (14).

The block Lanczos procedure tries to find an approximation of A : A ≈ QkTkQT
k ,

where Tk is a block tridiagonal matrix (see [7]):

Tk =



M1 BT
1

B1 M2 BT
2

. . .
. . .

. . .

Bk−2 Mk−1 BT
k−1

Bk−1 Mk


(15)

and columns of Qk = (X1, . . . , Xk) are orthonormal. By comparing the left and right
hand sides of QkA = QkTk, we have

AXr = Xr−1BT
r−1 + Xr Mr + Xr+1Br, r = 1, . . . , k − 1, (16)

where B0 is defined to be 0. From the orthogonality of Q, we have that

Mr = XT
r AXr, r = 1, . . . , k. (17)

Another version of Block Lanczos algorithm is Block Lanczos with Warm Start
(BLWS) (see [17]) where, at each iteration matrix Xr is initialized with the subspace
obtained in the previous iteration.

In our experiments we propose as a warm start for X1 a fixed number of singular
values of matrix A computed apriori as in [10]. This implementation offers us a good
starting point and ensure us of satisfactory results.

Block Lanczos Algorithm:

Input: m × m symmetric matrix A, m × d orthogonal matrix X1, k.
1. Initialization: M1 = XT

1 AX1; B0 = 0.
2. for r = 1 : k - 1 do

Rr = AXr − Xr Mr − Xr−1BT
r−1;

(Xr+1, Br) = qr(Rr); (The QR decomposition)
Mr+1 = XT

r+1AXr+1;
end for
Output: Qk = (X1, . . . , Xk) and Tk as in (15).
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3. EXPERIMENTS

In our experiments we use three datasets.
1. The ORL dataset (also known as AT&T dataset) consists of pictures expressing

different facial expressions.
2. The CTOVF face dataset (generated by ourselves) consists of pictures express-

ing different facial expressions and the head position of the subjects is not always
straight.

3. A larger dataset composed of the two datasets mentioned above.

ORL CTOVF ORL+CTOVF

# subjects 40 11 51

# images 400 110 510

resolution 92 × 112 92 × 112 92 × 112

ORL dataset CTOVF dataset

Fig. 1.: Samples of the used datasets

The experiments were performed from two different viewpoints: first, we take
each dataset (ORL and CTOVF) as a different entity in comparing the recognition
rate obtained with each of them, latter, we consider a larger dataset, composed of the
other two mentioned above.

We have divided the dataset into two nonoverlapping subsets: training subset and
testing subset. All three datasets have 10 images for every person. We have conducted
two types of experiments: for the first type we put 8 (80%) out of all 10 images in the
training set and 2 (20%) images in the testing set and for the second type we put 9
(90%) images in the training set and one image (10%) in the testing set. For all these
types of splitting we used different levels of truncation k.

We use two performance indicators: recognition rate and average query time.
Recognition rate is the ratio between the number of correct results given by the algo-
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rithm (true positive) and the total number of tests performed with that algorithm. The
average query time is the average of all query times when searching to identify a per-
son. The preprocessing time is the dataset preparation stage, when we construct the
smaller dimension subspace and project the dataset onto it. This stage is performed
only once, before starting the search for a person. Since it is performed only once, in
what follows, we will not take into account this performance indicator.

COD PCA Lanczos Block Lanczos
RR AQT RR AQT RR AQT RR AQT

k=40 95% 0.0027 70% 0.0046 95% 0.0025 95% 0.0019

k=60 95% 0.0030 71.25% 0.0041 95% 0.0031 96.25% 0.0025

k=80 95% 0.0034 72.25% 0.0043 96.25% 0.0035 96.25% 0.0029

Table 1: ORL 80%+20%

where RR=Recognition Rate, AQT=Average Query Time (in seconds), and k=level
of truncation.

In Table 1 are presented the results for the ORL dataset, 80% of images for training
and 20% of the images for testing (80%+20%). In this case the highest recognition
rate is 96.25% obtained for Lanczos and Block Lanczos algorithms.

COD PCA Lanczos Block Lanczos
RR AQT RR AQT RR AQT RR AQT

k=40 95% 0.0026 72.5% 0.0043 95% 0.0027 95% 0.0021

k=60 92.5% 0.0035 72.5% 0.0045 95% 0.0033 95% 0.0027

k=80 92.5% 0.0037 72.5% 0.0048 95% 0.0036 95% 0.0031

Table 2: ORL 90%+10%

In Table 2 are presented the results for the ORL dataset, 90% of images for training
and 10% of the images for testing (90%+10%). In this case the highest recognition
rate is 95% obtained for COD, Lanczos, and Block Lanczos algorithms.

In Table 3 are presented the results for the CTOVF dataset, 80% of images for
training and 20% of the images for testing (80%+20%). In this case the highest
recognition rate is 90.91% obtained for COD, Lanczos, and Block Lanczos algo-
rithms.

In Table 4 are presented the results for the CTOVF dataset, 90% of images for
training and 10% of the images for testing (90%+10%). In this case the highest
recognition rate is 90.91% obtained for Lanczos algorithm for k = 40, in the rest
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COD PCA Lanczos Block Lanczos
RR AQT RR AQT RR AQT RR AQT

k=40 86.36% 0.0016 86.36% 0.0012 86.36% 0.0013 90.91% 0.0008

k=60 90.91% 0.0019 86.36% 0.0012 90.91% 0.0019 90.91% 0.0013

k=80 90.91% 0.0023 86.36% 0.0015 90.91% 0.0026 90.91% 0.0018

Table 3: CTOVF 80%+20%

COD PCA Lanczos Block Lanczos
RR AQT RR AQT RR AQT RR AQT

k=40 81.82% 0.0015 72.73% 0.0015 90.91% 0.0018 81.82% 0.0009

k=60 81.82% 0.0020 72.73% 0.0015 81.82% 0.0022 81.82% 0.0014

k=80 81.82% 0.0024 72.73% 0.0017 81.82% 0.0027 81.82% 0.0019

Table 4: CTOVF 90%+10%

of the combinations the recognition rate is 81.82% obtained for COD, Lanczos, and
Block Lanczos algorithms.

COD PCA Lanczos Block Lanczos
RR AQT RR AQT RR AQT RR AQT

k=40 93.14% 0.003 71.57% 0.0051 93.14% 0.0032 92.16% 0.0023

k=60 92.16% 0.0035 71.57% 0.0050 93.14% 0.0035 94.12% 0.0029

k=80 91.18% 0.0042 71.57% 0.0054 94.12% 0.0039 95.1% 0.0037

Table 5: ORL+CTOVF 80%+20%

In Table 5 are presented the results for the ORL+CTOVF dataset, 80% of images
for training and 20% of the images for testing (80%+20%). In this case the highest
recognition rate is 95.1% obtained for the Block Lanczos algorithm.

COD PCA Lanczos Block Lanczos
RR AQT RR AQT RR AQT RR AQT

k=40 92.16% 0.0032 78.43% 0.0055 94.12% 0.0032 94.12% 0.0026

k=60 94.12% 0.0038 78.43% 0.0057 94.12% 0.0038 92.16% 0.0032

k=80 90.2% 0.0044 78.43% 0.0061 94.12% 0.0046 92.16% 0.0039

Table 6: ORL+CTOVF 90%+10%



102 Lăcrămioara Liţă, Elena Pelican

In Table 6 are presented the results for the ORL+CTOVF dataset, 90% of images
for training and 10% of the images for testing (90%+10%). In this case the high-
est recognition rate is 94.12% obtained for for COD, Lanczos, and Block Lanczos
algorithms.

The results for the recognition rate from Table 7 are computed as a weighted aver-
age (80 ∗ RRORL + 22 ∗ RRCTOVF)/102, where RRORL is the recognition rate for ORL
dataset and RRCTOVF is the recognition rate for CTOVF dataset, for the splitting 80%
of images for training and 20% of the images for testing (80%+20%). We wanted
to check if the fact that we considered the two datasets as a single one, influenced in
any way the results in terms of recognition rate. From Tables 5 and 7 we can con-
clude that the recognition rate obtained for the larger dataset is almost the same as
the weighted average for the recognition rates for the ORL and CTOVF datasets.

ORL+CTOVF COD PCA Lanczos Block Lanczos
80%+20%

k=40 93.13% 73.52% 93.13% 94.11%

k=60 94.11% 74.50% 94.11% 95.09%

k=80 94.11% 75.29% 95.09% 95.09%

Table 7: ORL+CTOVF 80%+20%

The results for the recognition rate from Table 8 are computed as a weighted aver-
age (40 ∗ RRORL + 11 ∗ RRCTOVF)/51, where RRORL is the recognition rate for ORL
dataset and RRCTOVF is the recognition rate for CTOVF dataset, for the splitting 90%
of images for training and 10% of the images for testing (90%+10%). From Tables
6 and 8 we can conclude that the recognition rate obtained for the larger dataset is
almost the same as the weighted average for the recognition rates for the ORL and
CTOVF datasets.

ORL+CTOVF COD PCA Lanczos Block Lanczos
80%+20%

k=40 92.15% 72.54% 94.11% 92.15%

k=60 90.19% 72.54% 92.15% 92.15%

k=80 90.19% 72.54% 92.15% 92.15%

Table 8: ORL+CTOVF 90%+10%
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4. CONCLUSIONS

In this paper we compare four algorithms: Eigenfaces, COD, Lanczos and Block
Lanczos using two performance indicators: recognition rate and average query time.
The results for the three datasets are different because they are also based on the
specificity of the dataset, not only on the algorithm. All considered algorithms in this
paper are real-time recognition methods (i.e. they give the answer in few millisec-
onds).

Our proposed algorithm COD (see [9]) has a higher recognition rate than the PCA
algorithm and in most cases has about the same recognition rate as the Lanczos and
Block Lanczos algorithms. It also has a smaller average query time than the Lanczos
method in most cases.

Our intialization for Block Lanczos Warm Start algorithm gives the same recog-
nition rate as the Lanczos method but smaller average query time. Other different
initializations can be considered (see [1], [17], [10]).

The recognition rate obtained for the larger dataset (ORL and CTOVF as a single
dataset) can be obtained as a weighted average of the recognition rate obtained for
the ORL dataset and the one obtained for the CTOVF dataset.
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