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Abstract We expose an algorithmic method for determining the eigenoperators of the renormal-
ization map for a given post critical finite self-similar fractal and apply it on the fractal
called ”generalized Sierpinski gasket”; the computation of the ”highly-symmetric” irre-
ducible eigenoperator for this fractal can be done by ∆−Y transform, because its bound-
ary has three points. For fractals with boundary having more than three points there is
no chance of success without computer assistance. A Java program was developed to
help in such cases and is used on Lindstrom’s snowflake.
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1. THE RENORMALIZATION PROBLEM FOR
POST CRITICAL FINITE SELF SIMILAR
STRUCTURES

In this section we review the main facts on renormalization problem for post crit-
ical finite self similar structures. Some particular forms and operators are used as in
[14] . Some results of Lindstrom, Metz and Sabot are remembered ([9], [10], [11],
[12], [16]).

1.1. INTRODUCTION

A family of N contractions on a complete metric space form an iterated function
system. The attractor of the iterated function system is the unique compact set which
can be written as the union of its images throw the contractions (see [2]).

A self similar structure is a compact metric space F together with N injective
contractions with the property that the entire space can be written as the union of its
images throw the contractions, the so called level 1 copies of the structure (see [1],
[6]). By considering an iterated function system on Rd formed with similitudes and
restricting them to its attractor we get a self-similar structure.

Associated to a self-similar structure are its natural map, a continuous, surjective
map that encodes the points of the structure; every point has at least one address in
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Σ := {1, 2, . . . ,N}N∗ ; the ramifying set of the structure B is the set of the intersection
points of the level 1 copies; the critical set Γ is collecting the addresses of the points
in the ramifying set and the post critical set P is the union of all addresses obtained
by removing words in the beginning of the addresses in Γ; the initial boundary of the
structure is the set of points corresponding to the addresses in P (see again [1], [6]
for details).

A self-similar structure is called finitely ramified if B is finite and post critical finite
if P is finite. A self-similar structure is called affine nested fractal if it satisfies three
axioms: connectivity, symmetry and a so called nesting axiom. A classification of
these types of structures can be found in [13].

1.2. FORMS, OPERATORS, CONDUCTANCES

If V is a finite set, we consider the subspace of linear symmetric operators Ls(V)
on RV and the associated subspace of bilinear symmetric forms Fs(V) throw the nat-
ural isomorphism Π, Π(H) := FH , FH(u, v) := −(u,Hv), u, v ∈ RV .

Consider the cone F12′(V) of positive semi-definite forms satisfying F(1, 1) =
0 and the cone F12(V) of positive semi-definite forms satisfying F(u, u) = 0 ⇔
u constant. Consider also the cones F12′3(V) and F123(V) of forms in F12′(V) (and
F12(V) respectively) which satisfy the so called Markov property, that is F(u, u) ≤
F(u, u), for all u ∈ RV , where u := 0 ∨ (1 ∧ u), for u ∈ RV ; see [14] for details. An
element from F12′3(V) (or F123(V)) is called Dirichlet form (or irreducible Dirichlet
form) on V .

Consider the cones of symmetric operators L12′(V), L12(V), L12′3(V) and L123(V)
in one-to-one correspondence with the cones of forms F12′(V), F12(V), F12′3(V) and
F123(V) threw Π by Proposition 2.1.3 from [6] and Proposition 2.2 from [14]. An
element in L12′3(V) is called Laplacian on V .

Finally we consider a conductance on V , that is a symmetric matrix
c :=

(
cpq := c(p, q)

)
p,q∈V with positive entries and ”0 on the diagonal”. We asso-

ciate with c the graph Γ := (V,G), G := {{p, q} ⊂ V | cpq > 0}. There is an obvious
one-to-one correspondence between L12′3(V) and conductance matrices.

For U $ V and H ∈ Ls(V), consider T : RU −→ RU , J : RU −→ RV\U , X :

RV\U −→ RV\U , so that H �
(

T Jt

J X

)
. If H ∈ L12(V) then X is negative definite,

and [H]U := T − JtX−1J ∈ L12(U) (see Lemma 2.1.5 and Theorem 2.1.6 from [6]).
[H]U is called the restriction of H to U. (V,H) and (U, [H]U) are called equivalent
networks. The Ohm’s law and ∆ − Y transform are examples of equivalence. For
∆ − Y transform V is a four points set, U a three points subset of V , and the names
∆ and Y come from the shape of the graphs associated to [H]U and H (see also [17],
Lemma 1.5.2 for details).
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1.3. THE RENORMALIZATION MAP

Consider the following objects

r := (r1, . . . , rn), ri > 0;

S :=
{
F, {ϕi}i=1,N

}
a connected post critical finite self-similar structure;

V0 the initial frontier of S;

the cones F12′(V0) =: F12′ , F12′3(V0) =: F12′3, F123(V0) =: F123 on V0 defined
as above and their associated cones of operators.

B(V0) := F12′3(V0) − F12′3(V0) the real normed space with respect to the norm
||E||2 := sup

{
E(u, u)

∣∣∣ u ∈ RV0 , ||u||V0 = 1
}
.

I. Define the renormalization map associated to S and r by:

Λ := Λr : F12′(V0) −→ F12′(V0),Λ := Φ ◦ Ψ,

Ψ is the replication ”operation”: Ψ : F12′(V0)→ F12′(V1),

Ψ(A0) =: A1, A1(u, u) :=
N∑

i=1

r−1
i A0(u ◦ ϕi, u ◦ ϕi), u ∈ RV1 ,A0 ∈ F12′(V0).

Φ is the trace ”operation”: Φ : F12′(V1)→ F12′(V0),

Φ(A1) =: A0, A0(u, u) := inf
{
A1(v, v)

∣∣∣ v ∈ RV1 , v|V0 = u
}
, u ∈ RV0 ,A1 ∈ F12′(V1).

The one-to-one correspondence between forms and operators allowΛ to be defined
on operators instead of forms.

II. Let K ∈ {F12′ , F12′3} and A, B ∈ K\{0}. Define

A ≤K B⇐⇒ B −A ∈ K; ”≤F12′ ” is denoted simply by ”≤”;

A ∼K B⇐⇒ ∃α, β > 0, αA ≤K B ≤K βA.

Then

”∼K” is an equivalence relation on K\{0};

the equivalence classes are called parts (subcones of K); K◦ is the most im-
portant one and obviously every F12′3-part is contained in a F12′-part.

III. For A ∈ F12′3, define the graph

Γ(A) := (V0,G(A)) ,G(A) :=
{
{p, q} ⊂ V0

∣∣∣ cA(p, q) > 0
}
.
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1 If A, B ∈ F12′3, then A ∼F12′3 B ⇐⇒ Γ(A) = Γ(B), so we can define
Γ(F0

12′3) := Γ(A), for A ∈ F0
12′3 and F0

12′3 a F12′3 part. Γ(Ψ(F0
12′3)) denotes

the graph with vertices V1 associated with Ψ(A), for every A ∈ F0
12′3.

2 If A, B ∈ F12′\{0}, then A ∼F12′ B⇐⇒ KerA = KerB (KerA is the kernel of
the operator associated with A).

Propoziţia 1.1. ([16]) For A ∈ F12′3 and p , q ∈ V0, cΛ(A)(p, q) > 0 if and only
if p and q are Ψ(A)-connected avoiding V0\{p, q} (cΛ(A) is the conductance matrix
associated to Λ(A)).

IV. Let K ∈ {F12′ , F12′3} and A, B ∈ K\{0}.

for A ∼K B, define m(B|A) := sup
{
α > 0

∣∣∣αA ≤ B
}
,

M(B|A) := inf
{
β > 0

∣∣∣B ≤ βA}
, h(A,B) := ln

M(B|A)
m(B|A)

;

for A /K B, consider h(A,B) := ∞, h(0, 0) := 0.

h is called the Hilbert projective ”metric” (semi-metric).

V. The properties of Λ with respect to h and ≤ (V. Metz, 1995, 2005):

1 Λ (F12) ⊂ F12, Λ
( ◦
F̂12′3

)
⊂

◦
F̂12′3, Λ(F123) ⊂

◦
F̂12′3;

2 Λ is positive homogeneous, ≤-monotone and superadditive;

3 Λ is non-expansive with respect to h on Λ-invariant F12′-parts;

4 Λ ”acts” on F12′3-parts and also on F12′-parts;

5 there exists an eigenform in every closed convex Λ-invariant subcone (for
example F12′3-part) of F12′3;

6 if A, B ∈ F12′ , A ∼F12′ B, Λ(A) = αA, Λ(B) = βB, then α = β.

VI. The renormalization map is studied with respect to subcones which are in-
variant under specific symmetry groups associated to the structure S:

Θ is called symmetry group for S⇐⇒Θ is formed with continuous bijections
g : F −→ F such that g(V0) ⊂ V0, ∀ g ∈ Θ and if

∀ i ∈ {1, . . . ,N}, g ∈ Θ, ∃ j ∈ {1, . . . ,N}, g′ ∈ Θ with g ◦ ϕi = χ j ◦ g′.

A ∈ Fs(V0) is called Θ-invariant⇐⇒

∀ θ ∈ Θ,∀ u, v ∈ RV0 , A(u ◦ θ, v ◦ θ) = A(u, v);
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H ∈ Ls(V0) is called Θ-invariant⇐⇒

∀ θ ∈ Θ,∀ p, q ∈ V0, Hpq = Hθ(p)θ(q);

a conductance matrix c on V0 is called Θ-invariant⇐⇒

∀ θ ∈ Θ, ∀ p, q ∈ V0, c(p, q) = c(θ(p), θ(q));

r = (r1, . . . , rN) with ri > 0, i = 1,N is called Θ-invariant⇐⇒(
θ ∈ Θ such that θ(ϕi(V0)) = χ j(V0) =⇒ ri = r j

)
.

Denote by FΘ12′ , F
Θ
12′3 and FΘ123 the R-subcones of Θ-invariant forms in F12′ ,

F12′3 and F123 respectively.

Then

there are one-to-one correspondences between Θ-invariant forms, operators
and conductance matrices.

for affine nested fractals Θ is usually the symmetry group generated by the
reflections in the hyperplanes bisecting the line segments which connects
points in V0 and shall be denoted by Gs. Denote, also Fs

12′ := FGs
12′ , F

s
12′3 :=

FGs
12′3, Fs

123 := FGs
123.

There are one-to-one correspondences between Θ-invariant forms, operators and
conductance matrices.

Theorem 1.1. For an affine nested fractal S :=
{
F, {ϕi}i=1,N

}
and r Gs-invariant:

(1)([9], [4], [16]) There exists α > 0 and A0 ∈ Fs
123 (unique up to multiplication

by a positive constant) such that Λ(A0) = αA0.
(2)([11]) if γ > 0 is the eigenvalue for Fs

12, then(
∀A ∈ Fs

12

)(
∃α > 0

)(
lim
k→∞

((1/γ)Λ)k (A) = αF
)
.

For the so called N-gaskets A. Teplyaev & others (2007) effectively determined
this unique eigenform.

VII. The scope of renormalization. If we start with an irreducible eigenform
for the renormalization map of a connected post critical finite self-similar structure
F, then, applying the general theory of Dirichlet forms we can construct a local
regular Dirichlet form on L2(F, µ) (together with its associated diffusion process
on F), where µ is a well chosen ”self-similar” probability measure on F with respect
to some ”good” weights (J. Kigami 1993, T. Kumagai 1993).
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2. RENORMALIZATION OF A GENERALIZED
SIERPINSKI GASKET AND LINDSTROM’S
SNOWFLAKE

2.1. AN ALGORITHMIC METHOD FOR
EXISTENCE OF EIGENFORMS

I developed an algorithmic method for obtaining the existence of the irreducible
eigenforms for the renormalization map of a given connected post critical finite self-
similar structure (for example coming from an affine nested fractal, but having a
symmetry group smaller than the maximal one). The claimed method for performing
the effective renormalization on particular fractals is based on the following facts (A.
Nuică 2011):

every F12′3-part is contained in a F12′-part;

Λ ”acts” on F12′3-parts and also on F12′-parts (V-(4));

there exists an eigenform in every closed convex Λ-invariant subcone (for ex-
ample F12′3-part) of F12′3 (V-(5));

the eigenvalues of Λ are unique on F12′-parts (V-(6));

the Λ invariant F12′3-parts (which contain eigenforms) can be graphically de-
termined via III-(3);

if
◦
F̂12′3 is Λ-invariant and {Fk}k are the Λ-invariant F12′3-parts from ∂F12′ , then

we can try to obtain the existence of the irreducible eigenforms via Theorem
25 from [12] (V. Metz 2005).

2.2. RENORMALIZATION OF GENERALIZED
SIERPINSKI GASKET

Consider a1, a2, a3 the vertices of an unit triangle and then a4 =
3
5 a1 +

2
5 a2,

a5 =
3
5 a2+

2
5 a3, a6 =

3
5 a3+

2
5 a1, a7 =

1
3 (a1+a2+a3), a′4 =

2
5 a1+

3
5 a2, a′5 =

2
5 a2+

3
5 a3,

a′6 =
2
5 a3 +

3
5 a1.

Consider the similitudes ϕi(x) = ai +
2
5 (x − ai), i = 1, 2, 3 and ϕi+3(x) = ai+3 +

1
5 (x − ai), i = 1, 2, 3, ϕ7(x) = a7 +

1
5 (x − a7).

The attractor F of
{
(R2, ∥ · ∥); {ϕi, ri}i=1,7

}
is called generalized Sierpinski gasket

(GSG).
The ramifying set is

B = {a4, a′4, a
′′
4 , a5, a′5, a

′′
5 , a6, a′6, a

′′
6 }.
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Fig. 1.: A generalized Sierpinski gasket

The critical, post critical and boundary set are given by (Figure 1)

Γ = {(12̇), (41̇), (21̇), (42̇), (43̇), (73̇), (23̇), (52̇), (32̇), (53̇), (51̇), (71̇), (31̇),

(63̇), (13̇), (61̇), (62̇), (72̇)},
where (k̇) := kk . . . k . . ., k ∈ 1, 7;

P = {(1̇), (2̇), (3̇)}; V0 = {a1, a2, a3}.

It is easy to see that GSG is an affine nested fractal with respect to the symmetry
group Gs.

In the following we will consider the trivial symmetry group Θ = {Id} and the
cones FΘ12′ =: F12′ and FΘ12′3 =: F12′3 (the ”largest” possible).

With respect to this group the fractal F is a ”non-nested” post critical finite self-
similar structure. An arbitrary operator in L12′3 is given by

E = E(α1, α2, α3) =

 −α2 − α3 α3 α2
α3 −α1 − α3 α1
α2 α1 −α1 − α2

 , α1, α2, α3 ≥ 0;

The cone F12′ is given by

F12′ ≃
{
(α1, α2, α3) ∈ R3

∣∣∣α1 + α2 + α3 ≥ 0, α1α2 + α2α3 + α3α1 ≥ 0
}

and

F1 := F12 ≃
{
(α1, α2, α3)

∣∣∣α1 + α2 + α3 > 0, α1α2 + α2α3 + α3α1 > 0
}
,

F2 := ∂F12′ ≃
{
(α1, α2, α3)

∣∣∣α1 + α2 + α3 ≥ 0, α1α2 + α2α3 + α3α1 = 0
}

are the F12′-parts.



130 Nuică Antonio-Mihail

Of course F12′3 ≃ R3
+ and the F12′3-parts are given by

F(1,1,1) :=
◦
F̂12′3 ≃ (0,∞)3,

F(0,1,1) ≃ {0} × (0,∞)2, F(1,0,1) ≃ (0,∞) × {0} × (0,∞), F(1,1,0) ≃ (0,∞)2 × {0},
F(1,0,0) ≃ (0,∞) × {0} × {0}, F(0,1,0) ≃ {0} × (0,∞) × {0}, F(0,0,1) ≃ {0} × {0} × (0,∞).

The relations between F12′3-parts and F12′-parts are:

F(1,1,1), F(1,1,0), F(1,0,1), F(0,1,1) ⊂ F12;

∂F12′ = F(1,0,0) ∪ F(0,1,0) ∪ F(0,0,1).

Because Θ is the trivial symmetry group, the weights r := (r1, . . . , r7) can be
considered taking arbitrarily ri > 0.

In order to detect theΛ-invariant F12′3-parts, we apply Proposition 1.1: Λ(F(1,1,1)) ⊂
F(1,1,1) (every two points in V0 can be connected by a path in Γ(Ψ(F(1,1,1))) avoid-
ing V0); Λ(F(1,1,0)) ⊂ F(1,1,1); in the same way Λ(F(1,0,1)) ⊂ F(1,1,1) and Λ(F(0,1,1)) ⊂
F(1,1,1); Λ(F(0,1,0)) ⊂ F(0,1,0) (just a1 and a3 can be connected by a path in Γ(Ψ(F(0,1,0)))
avoiding V0); the same for Λ(F(1,0,0)) ⊂ F(1,0,0) and Λ(F(0,0,1)) ⊂ F(0,0,1).

Finally we conclude that F(1,1,1), F(1,0,0), F(0,1,0), F(0,0,1) are the Λ-invariant F12′3-
parts.

The eigenvalue associated to F(1,1,1) is hard to be computed in this general case
(with Λ defined on the ”largest” cone F12′ and with arbitrary weights). We determine
it considering Θ = Gs (the ”maximal symmetry group”) and the associated cones
Fs

12′ = F
s
12′3 = {(α, α, α) |α ≥ 0}. We take the restriction of Λ to the cone Fs

12′ .
Consider the Gs-invariant irreducible operator given by

H =

 −2 1 1
1 −2 1
1 1 −2

 ;

and the Gs-invariant family of weights r = (1, 1, 1, 1, 1, 1, t) (t > 0) (more general
r = (r, r, r, rs, rs, rs, rst) (r, s, t > 0) can be considered).

The following Proposition gives the desired ”highly-symmetric” eigenoperator:

Propoziţia 2.1. H is the unique Gs irreducible eigenoperator (with eigenvalue γ =
3t+7
7t+15 ) for the renormalization problem of the generalized Sierpinski gasket with weights
r = (1, 1, 1, 1, 1, 1, t) (t > 0), or equivalently, H is the unique fixed point for 3t+7

7t+15Λ,
or F = FH is the unique (up to a positive constant) ”highly-symmetric” eigenform
(with eigenvalue γ = 3t+7

7t+15 ).

Proof. We proceed on solving this renormalization problem by performing calculus
with equivalent networks (using Y − ∆ and ∆ − Y transforms and Ohm’s law; see
Figure 2):
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Fig. 2.: Renormalization of generalized Sierpinski gasket

(1)→(2): All the triangles from (1) have edges 1, except the one in the middle,
with edges 1/t; they transform (by ∆ − Y) into Y-s with edges 3 and 3/t respectively;

(2)→(3): Ohm’s law for series resistances in (2) gives equivalent resistances in (3)
with values 3/2 and 3/(t + 1) (for edges of Y in the middle);

(3)→(4): A Y − ∆ transform gives a middle triangle in (4) with edges 1/(t + 1);
(4)→(5): The three triangles from (4) transform, by ∆ − Y , in Y-s; the middle

hexagon in (5) have edges with 3t+7
2(t+1) ; the other edges from the three Y-s have values

3
4 (3t + 7);

(5)→(6): Ohm’s law gives a triangle in (6) with edges 3t+7
4(t+1) ;

(6)→(7): A ∆ − Y transform gives a Y in (7) with edges 3(3t+7)
4(t+1) ;

(7)→(8): Ohm’s law gives a Y in (8) with edges 3(3t+7)
7t+15 ;

(8)→(9): A Y − ∆ transform gives the triangle in (9) with edges 3t+7
7t+15 .
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So, finally, D is the unique ”highly-symmetric” irreducible eigenoperator (with
eigenvalue γ = 3t+7

7t+15 ) for the renormalization problem of the generalized Sierpinski
gasket with weights r = (1, 1, 1, 1, 1, 1, t) (t > 0); or, equivalently, D is the unique
fixed point for 3t+7

7t+15Λ.

2.3. RENORMALIZATION OF LINDSTROM’S
SNOWFLAKE

Fig. 3.: Lindstrom’s snowflake

Let (zi)i=1,6 the vertices of an unit regular hexagon, z7 its center and ϕi(x) = zi +

1
3 (x − zi), i = 1, 7. Consider the attractor F of

{
(R2, ∥ · ∥); {ϕi, ri}i=1,7

}
, ri = 1/3. See

Figure 3.
It is easy to verify that the ramifying set is (Figure 3)

B = {z12, z23, z34, z45, z56, z61, z17, z27, z37, z47, z57, z67}.

The critical set is

Γ = {(13̇), (24̇), (35̇), (46̇), (51̇), (62̇), (14̇), (25̇), (36̇), (41̇), (52̇), (63̇), (26̇),

(31̇), (42̇), (53̇), (64̇), (15̇), (71̇), (72̇), (73̇), (74̇), (75̇), (76̇)}.

and the post critical set is

P = {(1̇), (2̇), (3̇), (4̇), (5̇), (6̇)}.

The boundary set is V0 = {zi}i=1,6.

It is easy to see that
{
F, {ϕi}i=1,7

}
is an affine nested fractal with respect to the

”maximal” symmetry group Gs.
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We consider a Gs-invariant operator, that is

H = H(a, b, c) =



−s a b c b a
a −s a b c b
b a −s a b c
c b a −s a b
b c b a −s a
a b c b a −s


,

(where s := 2a+ 2b+ c, a, b, c ≥ 0) and the weights r := (r1, r2, r3, r4, r5, r6, r7). Due
to almost obvious geometrical reasons r is Gs-invariant⇔ r1 = r2 = r3 = r4 = r5 =

r6.
In the following we effectively determine the irreducible eigenoperator using a

Java application (proceeding as in [15] for the fractal called Pentakun) and validate
Theorem 1.1-(2).

(1) At the beginning we consider D = H(1, 1, 1) and r := (1, 1, 1, 1, 1, 1, 1). After
3 iterations of Λ we get the operators (Figure 4):

Λ(D) = H(0.880952, 0.452381, 0.380952),

Λ2(D) = H(0.496924, 0.241773, 0.197933),

Λ3(D) = H(0.270785, 0.131098, 0.107044).

Because the sequence Λn(D) ”is approaching” zero matrix very quick (see Figure
4) we conclude that the choice of r = (1, 1, 1, 1, 1, 1, 1) was not very good. Dividing
the corresponding entries for the above matrices and taking an ”average” we get
≃ 0.545. So we found a good estimation of the eigenvalue γ for Fs

123.
(2) Consider H(1, 1, 1), r = (r, r, r, r, r, r, r), r = 0.545, and take again an ”average”

of the entries of the above operators we get H(1.0, 0.5, 0.4). Also, after 2121 itera-
tions we get H(0.000826, 0.000400, 0.000326), which looks ok, because we imposed
calculus with error less then 0.00001.

(3) Starting with H(1.0, 0.5, 0.4) and r = 0.545 we get after ”just” 1979 iterations
the same ”suspected” operator from (2), which multiplied by a suitable positive con-
stant, becomes H(8.26, 4, 3.26). This looks a better estimation of the eigenoperator
than 8 · H(1.0, 0.5, 0.4) = H(8.0, 4.0, 3.2) and 8 · H(1, 1, 1) = H(8, 8, 8).

So, starting with H(1, 1, 1) or H(1.0, 0.5, 0.4) for r = 0.545, with an error less then
0.00001 we get after enough iterations the same (up to a positive constant) operator
(H(8.26, 4, 3.26)), the desired eigenoperator.

(4) For validating Theorem 1.1-(2), we can iterate any operator in Ls
12 to get

the same result (H(8.26, 4, 3.26)) after enough iterations: for example, the opera-
tor H(0,−1, 1) (EH(0,−1,1) ∈ Fs

12) approximates (with an error less then 0.00001) the
eigenoperator (multiplied by a suitable constant) after 1706 iterations.
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Fig. 4.: The first three iterations for r := (1, 1, 1, 1, 1, 1, 1) and D = H(1, 1, 1) and
for r = (r, r, r, r, r, r, r), with r = 0.545 and D = H(1, 1, 1)
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