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Abstract The main goal of this paper is to study the synchronization of two identical chemical
chaotic systems proposed by Peng and coworkers, which is based on six rections and
three intermediary species, using an adaptive feedback method. The transient time until
synchronization depends on initial conditions of two systems, the strength and the num-
ber of the controllers. To achieve the synchronization is absolutely necessary to use two
controllers, for example in the second and in the third equation from the slave system; if
the time of synchronization might be longer than the previous case we can use only one
controller, applied in the second equation of the tridimensional system.
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1. INTRODUCTION

Many physical, chemical, biological processes exhibit nonlinear dynamic charac-
teristics, in the sense of the dependence between the magnitude of the driving forces
and the intensity of the resulting flows. Chemical systems can exhibit specific be-
haviour and this fact is very important for chemical processes and for biological
structures. Among such chemical reactions, the classical Belousov - Zhabotinsky
(BZ) reaction is one of the best known systems. The BZ reaction is a family of os-
cillating chemical reactions; in these reactions bromate ions are reduced in an acidic
medium by an organic compound (usually malonic acid) with or without a catalyst
(usually cerous and/or ferrous ions). Due to the fact that these reactions are auto-
catalytic, the rate equations are fundamentally nonlinear. This nonlinearity can lead
to the spontaneous generation of order and chaos. Schmitz, Graziani, and Hudson
were the first to report observations of chaos in a chemical reaction. They conducted
an experiment on the BZ reaction in a continuous flow stirred tank reactor (CSTR),
where the flow rate of the feed chemicals was maintained constant and the reaction
behavior was monitored with bromide ion specific and platinum wire electrodes. Ilya
Prigogine argued that, far from thermodynamic equilibrium, qualitatively new behav-
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iors appear as the system enters new dynamical regimes. From this point of view the
deliberate control of these phenomena have a great practical impact despite the fact
that it is very dificult; this is the reason the theoretical models are useful in these situ-
ations. In addition, the control using these models can give the informations about the
selfcontrol inside the biological structures where the behaviour of the dynamic sys-
tems is realized by a feedback mechanism. Over the last decade, there has been con-
siderable progress in generalizing the concept of synchronization to include the case
of coupled chaotic oscillators especially from technical reasons. When the complete
synchronization is achieved, the states of both systems become practically identical,
while their dynamics in time remains chaotic. Many examples of synchronization
have been documented in the literature, but currently theoretical understanding of the
phenomena lags behind experimental studies [1-6]. The main goal of this paper is
to study the synchronization of two chemical chaotic systems based on the adaptive
feedback method of control. One of these chemical models was proposed by Peng et
al. [7] and it is based on six reactions and three intermediary species. This system
consists in the following elementary steps:

1. P→ A
2. P +C → A +C
3. A→ B
4. A + 2B→ 3B
5. B→ C
6. C → D
The rate equations for these autocatalytic reactions, having three intermediary

species A, B and C are:

dA
dt = k1PC − k3A − k4AB2

dB
dt = k3A + k4AB2 − k5B
dC
dt = k4B − k3C

This system was simplified by Andrievskii and Fradkov [8] and the time evolution of
the intermediary species x1, x2 and x3 is given by the nonlinear system of equations
into dimensionless form:

dx1
dt = µk + x3) − x1x2

2 − x1
dx2
dt =

1
σ (x1x2

2 + x1 − x2)
dx3
dt =

1δ(x2 − x3).
(1)

This system has a chaotic behavior, for the following constants: σ = 0.015, δ =
1, µ = 0.301 and κ = 2.5.

2. CHAOTIC DYNAMICS OF CHEMICAL
SYSTEM

The strange attractor for this system is given in the Figure 1. The dynamics of this
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Fig. 1.: The 2D attractor with initial conditions x1(0) = x2(0) = x3(0) = 1

Fig. 2.: a-x1(t); b- x2(t) for initial conditions x1(0) = x2(0) = x3(0) = 1
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Fig. 3.: The Lyapunov exponents

chaotic chemical system is given in Figure 2. The chaotic behavior is sustained by
Lyapunov exponents from Figure 3 From Figure 3 we can see that one of Lyapunov
exponents is positive; that means this system is chaotic for given constants.

3. THE SYNCHRONIZATION OF TWO
CHAOTIC SYSTEMS

To synchronize two identical chemical systems we followed the method proposed
by D. Huang [9], Hu and Xu [10], Guo et al. [11], Oancea et al. [12] based on
Lyapunov-Lasalle theory.

Let be a chaotic non-autonomous :

ẋ = f (t, x) where x = (x1, x2, ....)T ∈ Rn (2)

is the state vector of the system and f = ( f1, f2, ....)T ∈ Rn is the non-linear vec-
tor field of the system, which is considered as a driving system. For any x =
(x1, x2, ....)T ∈ Rn and y = (y1, y2, ....)T ∈ Rn there exists a positive constant ℓ such
that:

| f (x, t) − f (y, t)| ≤ ℓ max|xi − y j| i, j = 1, 2, ..., n.

The slave system will be:
ẏ = f (y, t) + z(z1, z2, ...) (3)

where z(z1, z2, ...) is the controller. If the error vector is e = y − x, the objective of
synchronization is to make

lim |e(t)| → 0 f or t → +∞
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Fig. 4.: a-x1(t)- black y1(t)- green; b- Synchronization errors between master and
slave systems [x1(0) = 1, x2(0) = 1, x3(0) = 1; y1(0) = −1; y2(0) = −1, y3(0) =
−1; z1(0) = 1; z2(0) = 1; z3(0) = 1]

The controller is of the form:
zi = εi(xi − yi) (4)

and
ε̇i = −γie

2
i , i = 1, 2, ..., n and γi, i = 1, 2, ..., n (5)

are arbitrary positive constants.

4. THE SYNCHRONIZATION OF TWO
CHAOTIC CHEMICAL SYSTEMS

According this method of synchronization, the slave system for the system (1) will
be:

dy1
dt = 0.30ℓ(k + y3) − y1y2

2 − x1 + z1(y1 − x1)
dy2
dt =

ℓ
0.015 (y1y2

2 + y1 − y2 + z2(y2 − x2))
dy3
dt = (y2 − y3) + z3(y3 − x3).

(6)

and the control strength:
ż1 = −(y1 − x1)2

ż2 = −(y2 − x2)2

ż3 = −(y3 − x3)2.
(7)

Figures 4-6 demonstrate the synchronization of the two chemical systems
From practical point of view, the synchronization using a single controller is of

interest. We obtained such synchronization for Lorenz system adding one controller
in any equation of the three-dimensional system [6]. D. Huang [9], by testing the
chaotic systems including the Lorenz system, Rossler system, Chua’s circuit, and
the Sprott’s collection of the simplest chaotic flows found that it can use a single
controller to achieve identical synchronization of a three-dimensional system. For
Lorenz system this is possible only by adding the controller in the second equation.
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Fig. 5.: Phase portrait a) - (x1, x2-black) and (x1, y1-red); b) - (x1, x2)-black) and
(x2, y2-green) for two systems [x1(0) = 1, x2(0) = 1, x3(0) = 1; y1(0) = 1.1; y2(0) =
1.1, y3(0) = 1.1; z1(0) = 1; z2(0) = 1; z3(0) = 1]

Fig. 6.: The control strength z1(t)[x1(0) = 1, x2(0) = 1, x3(0) = 1; y1(0) =
1.1; y2(0) = 1.1, y3(0) = 1.1; z1(0) = 1; z2(0) = 1; z3(0) = 1]
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Fig. 7.: a - Synchronization errors between master and slave for chemical sys-
tems with one controller z2; b - Synchronization errors between master and slave for
chemical systems with one controller z3; [x1(0) = 1, x2(0) = 1, x3(0) = 1; y1(0) =
−1; y2(0) = −1, y3(0) = −1; z2(0) = 1, z3(0) = 1]

For the systems (1), (6) an (7) we achieved the synchronization if one controller is
applied only in the second equation (Figure 7a). From Figures 4b and 7a we can see
that the synchronization is obtained two times later if one controller was applied in
second equation of the slave system. Despite the fact that we used the very closed
initial conditions for master and slave, the synchronization is not achieved when the
one controller is applied in the first or the third equation of the slave system (Figure
7b). Using two controllers, in the second and in the third equations, the synchroniza-
tion is obtained very fast (2 unities of time), as in the case when all the controllers
are used in the slave system (Figure 8).

5. CONCLUSIONS

In this work we analyzed the dynamics of Peng and coworkers system which is
based on six reactions and three intermediary species. We performed the synchro-
nization of two systems using an adaptive feedback method. The transient time until
synchronization depends on initial conditions of two systems, the strength and the
number of the controllers. From practical point of view, the synchronization using
a single controller is of interest. To meet this goal we tried to achieve the synchro-
nization using a single controller in any equation of the system but this isn’t possible;
only one controller is applied in the second equation of the 3-dimensional system
the synchronization is achieved. In this case the time until synchronization is longer
than the all the controllers are applied. Then is absolutely necessary to use even two
controllers (in the second and in the third equation from the slave system); if the
time of synchronization might be longer than the previous case we can use only one
controller, applied in the second equation of the 3-dimensional system.
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Fig. 8.: Synchronization errors between master and slave for chemical systems with
two controllers [x1(0) = 1, x2(0) = 1, x3(0) = 1; y1(0) = −1; y2(0) = −1y3(0) =
−1; z2(0) = 1; z3(0) = 1]
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Abstract The power series approach is used to solve the Reynolds equation for hydrodynamic face
seal lubrication. The angular misalignment of the stator and rotor is considered. Obtain-
ing another set of partial differential equations, the Fourier series approaches the pres-
sure components. Solving the particulars non-homogenous Euler-Cauchy equations, the
analytical expression of hydrodynamic film pressure between the seal rings is computed.
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1. INTRODUCTION

The face seals are used within the mechanical systems where efficient operation
is required. This is the reason for that physicists, mathematicians and engineers are
interested by the face seals study.

The face seal operation is conditioned by minimum friction losses, that means the
full separation of the ring surfaces. By the other way, a great interspace supposes
great seal leakage. The pressure distribution within the fluid supposes a separation
field model [1]. The simplest model is considered the model with flat, smooth and
parallel surfaces, with uniform film and linear pressure distribution. The nature of
the film was the subject of many researches, most of authors considering hydrody-
namic behaviour [1, 2]. The thin film hydrodynamic approach was introduced by O.
Reynolds and this is the fundamental basis for the theoretical studies [4].

To solve Reynolds equation the numerical methods are widely used, as shown in
[3], but the analytical solution is important from seal optimisation point of view. In
[5] the pressure was approached by Fourier series and was obtained a set of ordi-
nary differential equations, easy to solve. Pressure, load capacity and leakage rate are
plotted depending by the tilt parameter. To solve analytically the Reynolds equation
in cylindrical coordinates, two approaches are considered: power series and Fourier
series. The theory behind the power series method to solve differential equations is
rather simple but the algebraic procedures involved could be quite complex, partic-
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