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Abstract An effective nonlinear diffusion-based image restoration technique is introduced here.
The proposed denoising method is based on a new fourth-order PDE model and provides
an optimal trade-off between noise filtering, feature preservation and unintended effect
overcoming. A consistent and fast converging explicit numerical approximation scheme
is developed for this model, by using the finite-difference method. Numerous restoration
experiments are performed by applying this iterative algorithm. The proposed denoising
method outperforms the classic filters and many state of the art nonlinear second- and
fourth-order PDE-based approaches, as resulting from the performed method compari-
son.
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1. INTRODUCTION

Variational and PDE-based techniques have been widely utilized in the restora-
tion field in the last 30 years [1], because they can successfully achieve a proper
trade-off between the noise reduction and image feature preservation. The classic
two-dimension filtering approaches have numerous drawbacks [2], like generating
the undesired blurring effect and the absence of the localization property [3]. For this
reason, the nonlinear PDE schemes represent the best denoising solution.

Depending on the equation order, one distinguishes two main categories of non-
linear differential models used for image denoising: second-order and fourth-order
PDE-based smoothing methods. Nonlinear second-order diffusion-based restoration
techniques, inspired by the influential Perona-Malik anisotropic diffusion model [4],
remove the noise successfully and preserve the essential details, such as boundaries,
corners and other sharp structures, since they perform the filtering along but not
across the edges. Numerous variational restoration algorithms have been also de-
veloped in the last 25 years, the most influential variational denoising model being
the Total Variation (TV) Denoising model [5].

The second-order PDE-based techniques derived from the nonlinear diffusion scheme
of Perona and Malik and TV Denoising provide good edge-preserving denoising re-
sults and avoid the blurring effect, but, unfortunately generate the unintended stair-
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case effect. Some improved nonlinear diffusion-based and variational approaches,
like Weickert diffusion [6], Adaptive TV denoising [7], TV minimization with Split
Bregman [8] and anisotropic HDTV regularizer [9] were proposed to alleviate this
effect. We have also developed many nonlinear PDE models and variational schemes
providing an effective restoration and deblurring, while reducing considerably the
staircase effect [10-13].

The fourth-order nonlinear PDE-based techniques represent much better staircase
removing solutions. An influential fourth-order PDE-based image restoration method
is You-Kaveh isotropic diffusion scheme [14]. Another popular fourth-order diffusion
based technique is the LLT algorithm proposed in 2003 [15]. We also introduced
some fourth-order PDE-based denoising models in our past works [16,17].

In this work we propose a new effective fourth-order nonlinear differential model
for image denoising that outperforms the You-Kaveh restoration and other state of the
art second- and fourth-order PDE denoising models. It provides a proper noise re-
duction and overcomes all undesired effects. The considered nonlinear PDE model is
described in the next section. Then, a fast-converging and consistent explicit numer-
ical approximation scheme is developed by using the finite-difference method in the
third section. The restoration experiments performed by using this iterative scheme
are discussed in the fourth section, where method comparisons are also presented.
The conclusions are drawn in the fifth section, this article ending with a reference
section.

2. A NOVEL NONLINEAR FOURTH-ORDER
PDE-BASED MODEL

We consider a PDE-based image restoration technique that uses a new fourth-order
nonlinear diffusion model. The developed differential model is composed of a fourth-
order PDE and several boundary conditions:

α
∂2u
∂t2 + β

2 ∂u
∂t
+ ∆(Ψu(∥∇2u∥) · ∆u) + J · ∇u = 0

u(0, x, y) = u0(x, y) , (x, y) ∈ Ω
ut(0, x, y) = u1(x, y)
u(t, x, y) = 0, ∀t ≥ 0, (x, y) ∈ ∂Ω

(1)

where the parameters α, β ∈ (0, 3] and the domain Ω ⊆ R2, ∇2u = ∆u and u0 is the
initial image, corrupted by Gaussian noise. We consider the following form for the
two-dimension function J:

J(x, y) = (e−p(x+y), e−q(x2+y2)) (2)

where p, q > 0.
The diffusivity function of the model, Ψu : [0,∞) → (0,∞), is properly con-

structed for this denoising process [6], as a positive and monotonically decreasing
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function having the following form:

Ψu(s) = ζ

√
η(u)

γ ln(sk + η(u))t + λ
(3)

where λ, γ, ζ ∈ (1, 8], t ∈ {2, 3, 4}, and the conductance parameter is modelled as
follows:

η(u) = |φµ(∥∇u∥) − δ| (4)

where µ( ) represents the average operator, and the coefficients φ, δ ∈ (0, 1).
The function sΨs(s) is monotonic increasing, since we have sΨ′u(s) + Ψu(s) ≥ 0.

Therefore, our PDE model is well-posed, admitting a weak solution. This solution,
representing the enhanced image, will be computed by using the numerical approxi-
mation scheme proposed in the next section.

3. A ROBUST NUMERICAL APPROXIMATION
ALGORITHM

The previously described nonlinear fourth-order PDE model is approximated by
developing a robust numerical discretization scheme. The approximation algorithm
is constructed by using the finite-difference method [18].

Let us consider a space grid size of h and a time step ∆t. The space and time
coordinates are quantized as:

x = ih, y = jh, t = n∆t, ∀i ∈ {0, ..., I}, j ∈ {0, ..., J}, n ∈ {0, ...,N} (5)

The nonlinear fourth-order diffusion-based equation from (??) can be re-written
as follows:

α
∂2u
∂t2 + β

2 ∂u
∂t
+∆

(
Ψu

(∣∣∣∣∣∣ ∂2u
∂x2 +

∂2u
∂y2

∣∣∣∣∣∣
) (
∂2u
∂x2 +

∂2u
∂y2

))
+J ·

(
∂u
∂x
+
∂u
∂y

)
= 0

(6)

This equation is then discretized by using finite differences [18]. The Laplacian of
the current image is discretized as:

∇2un
i, j =

un(i+1, j)+un(i−1, j)+un(i, j+1)+un(i, j−1)−4un(i, j)
h2 (7)

Then we compute Ψn
i, j = Ψu(|∇2un

i, j|)∇
2un

i, j, therefore

∇2(Ψu(|∇2un
i, j|)∇2un

i, j) =
Ψn

i+1, j + Ψ
n
i−1, j + Ψ

n
i, j+1 + Ψ

n
i, j−1 − 4Ψn

i, j

h2 (8)
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We also discretize the component α
∂2u
∂t2 + β

2 du
dt
+ J · ∇u, using finite differences,

as following:

α
un+1

i, j + un−1
i, j − 2un

i, j

∆t2 + β2
un+1

i, j − un−1
i, j

2∆t

+(e−p(i+ j), e−q(i2+ j2)) ·
un

i+1, j − un
i−1, j

2h
,

un
i, j+1 − un

i, j−1

2h

 (9)

If one considers h = 1 and ∆t = 1, then the next implicit numerical approximation
is achieved for (6):

α(un+1
i, j + un−1

i, j − 2un
i, j) + β

2
un+1

i, j − un−1
i, j

2
+ ∇2Ψn

i, j

+(e−p(i+ j), e−q(i2+ j2)) ·
un

i+1, j − un
i−1, j

2h
,

un
i, j+1 − un

i, j−1

2h

 = 0

(10)

This implicit discretization algorithm is then transformed into an explicit numeri-
cal approximation scheme:

un+1(i, j) = 4α
2α+β2 un(i, j) − 2α−β2

2α+β2 un−1(i, j)

− 2∇2Ψn
i, j

2α+β2 − 2
2α+β2 (e−p(i+ j), e−q(i2+ j2)) ·

(
un

i+1, j−un
i−1, j

2 ,
un

i, j+1−un
i, j−1

2

) (11)

The resulted iterative restoration procedure applies the operation given by (11) on
the [I × J] evolving image, for each n ∈ {1, ...,N}. This explicit numerical approxi-
mation algorithm is consistent to the nonlinear fourth-order diffusion-based scheme
provided by (1)-(4). Also, it converges fast to the approximation of its solution that
represents the optimal image restoration, uN+1. That means it is achieving a quite low
value for the number of iterations, N.

4. IMAGE DENOISING EXPERIMENTS

We have tested successfully the described nonlinear PDE-based filtering technique
on numerous images affected by Gaussian noise. Several well-known image collec-
tions, like the volumes of the USC-SIPI database, containing hundreds [256 × 256],
[512× 512] and [1024× 1024] images, have been used in our denoising experiments.
We have determined empirically the next set of parameter values that provide an op-
timal image enhancement:

α = 1.7, β = 2.3, γ, δ = 0.1, λ = 0.8, φ = 0.5,
ζ = 2, N = 16, p = 2, q = t = 3 (12)

The proposed restoration framework reduces considerably the Gaussian noise and
also preserves the edges and other image details. It overcomes successfully the un-
desired effects, such as image blurring, staircasing effect and speckling. Also this
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method conserves the area distances and angles of the images affected by additive
Gaussian noise, as we have found from our experiments. Since its number of itera-
tions is quite low, the developed restoration scheme runs quite fast, having an average
runtime of less than 1s. Its performance is assessed by using the Peak Signal-to-Noise
Ratio (PSNR) and Norm of the Error (NE) Image measures [19].

Method comparison have been also performed. Our nonlinear fourth-order PDE
scheme outperforms both the classic and the diffusion-based methods, providing
much better NE and PSNR values. As one can see in the next table, the restoration
approach proposed here provides the highest average PSNR. Our denoising algo-
rithm outperforms many state-of-the-art nonlinear second-order PDE-based restora-
tion techniques, like Perona-Malik schemes [4] and TV Denoising [5]. It executes
faster than them and, unlike them, do not generate the blocky effect.

Table 1. Average PSNR values obtained by various methods

Restoration scheme PSNR

This model 27.16(dB)

Average 25.28(dB)

2D Gaussian 25.14(dB)

Median 25.67(dB)

Perona-Malik 25.97(dB)

Tv Denoising 26.17(dB)

You-Kaveh 26.91(dB)

The considered fourth-order diffusion model outperforms also some influential
fourth-order PDE restoration schemes, such as the You-Kaveh model [14]. The pro-
posed method provides a better deblurring and reduces successfully the speckle noise,
while executing faster than those approaches.

In Figure 1 one displays the smoothing output provided by several filters on the
[512 × 512] Baboon image. The original image is depicted in a), its version affected
severely by Gaussian noise (µ = 0.25, var = 0.03) is displayed in b), our fourth-order
PDE-based filtering in c), the denoising achieved by some conventional [3 × 3] 2D
filters in d)-f), TV Denoising in g), Perona-Malik in h), and You-Kaveh scheme in i).
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Figure 1. Denoising output produced by various filters.

5. CONCLUSIONS

A novel nonlinear fourth-order diffusion-based image restoration approach has
been introduced in this paper. The proposed PDE-based technique produces an effec-
tive noise reduction and also preserves the image features and overcome successfully
all the unintended effects.
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The differential model elaborated here represents the main contribution of this ar-
ticle. Our nonlinear PDE-based model for image denoising is quite different from the
existing fourth-order PDE schemes derived from You-Kaveh framework and outper-
form them, by overcoming the blurring and speckling effects, and executing faster. It
also outperforms the conventional 2D filters and the second-order anisotropic diffu-
sion methods. The explicit and fast-converging numerical approximation algorithm
constructed here represents also a contribution of this paper.

This PDE-based restoration technique can be further improved, as part of our fu-
ture research. So, new diffusivity functions will be investigated. Also, we consider
combining our fourth-order PDE scheme to some second-order differential models,
into more complex and effective hybrid denoising frameworks, to achieve improved
restoration results.
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