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Abstract Using Riemann-Liouville integration, some concepts on weighted continuous
random variables are introduced and some applications on CUD and beta dis-
tributions are discussed. Some fractional bounds estimating the expectations
and variances are established too. Also, some classical identities for covariances
are fractionally generalised for any α ≥ 1, β ≥ 1.
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1. INTRODUCTION

The integral inequalities are very important in the theory of differential
equations, probability theory and in applied sciences. For more details, we
refer the reader to [2, 3, 17, 18, 20, 23] and the references therein. The study
of the integral inequalities using fractional integration theory are also of great
importance, we refer to [1, 8, 9, 10, 12, 21, 22] for some applications.
In this sense, in a recent work [8], by introducing new concepts on probability
theory using fractional integration in the RL-sense, the author extended to
α ≥ 0 some classical results of the papers [3, 17].
Then, based on [8], the authors of [13] introduced other classes of weighted
concepts and generalized some classical results of [3, 18].
Very recently, in [11], the author presented some fractional applications for
continuous random variables having probability density functions (p.d.f.) de-
fined on some bonded real lines.
Motivated by the papers in [5, 8, 24, 19], in this work, we focus our attention
on the applications of the RL-fractional integration on random variables. We
begin by recalling some ω−concepts on continuous random variables that can
be found in [13]; these notions generalise the case where ω is equal to 1 over
[a, b], see [8]. Then, we introduce the notion of ω−covariance. We present, for
the first time, some applications on continuous uniform distribution (CUD)
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as well as on beta random variable. To estimate the ω−expectations and the
variances, we present new lower bounds. Finally, some classical covariance
identities, that correspond to α = 1; are generalised for any α ≥ 1;β ≥ 1.
To explain much clearly which definitions are new, we invite the reader to see
the Introduction Section as well as Section 2 and Section 3. For more infor-
mation on the proposed generalizations, the interested reader can see all the
theorems of Sections 4,5 and 6 with their remarks.

2. RL-INTEGRATION AND WEIGHTED
RANDOM VARIABLES

In this section, we recall some preliminaries that will be used in this work.
We begin by the following definition.

Definition 2.1. [15] The Riemann-Liouville fractional integral operator of
order α ≥ 0, for a continuous function f on [a; b] is defined as

Jαa [f(t)] =
1

Γ(α)

∫ t

a
(t− τ)α−1f(τ)dτ, α > 0 , a < t ≤ b, (1)

J0
a [f(t)] = f(t),

where Γ(α) :=
∫∞

0 e−uuα−1du
For α > 0, β > 0, we have:

Jαa J
β
a [f(t)] = Jα + βa[f(t)] (2)

and
Jαa J

β
a [f(t)] = Jβa J

α
a [f(t)]. (3)

Let us now consider a positive continuous function ω defined on [a, b]. We
recall the ω − concepts [13] :

Definition 2.2. The fractional ω − weighted expectation of order α > 0, for
a random variable X with a positive p.d.f . f defined on [a, b] is defined as

Eα,ω(X) := Jαa [tωf ](b) =
1

Γ(α)

∫ b

a
(b− τ)α−1τω(τ)f(τ)dτ, α > 0 , a < t ≤ b,

(4)

Definition 2.3. The fractional ω − weighted variance of order α > 0 for a
random variable X having a positive p.d.f . f on [a,b] is given by

σ2
α,ω(X) = Vα,ω(X) :=

1

Γ(α)

∫ b

a
(b− τ)α−1(τ − E(X))2ω(τ)f(τ)dτ, α > 0 .

(5)
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Definition 2.4. The fractional ω − weighted moment of orders r > 0, α > 0
for a continuous random variable X having a p.d.f . f defined on [a,b] is
defined by

Eα,ω(Xr) :=
1

Γ(α)

∫ b

a
(b− τ)α−1τ rω(τ)f(τ)dτ, α > 0 . (6)

We introduce also:

Definition 2.5. Let f1, f2 be two continuous on [a, b]. We define the frac-
tional ω − weighted covariance of order α > 0 for (f1(X), f2(X)) by:

Covα,ω(f1(X), f2(X)) :=
1

Γ(α)

∫ b

a
(b−τ)α−1(f1(τ)−f1(µ))(f2(τ)−f2(µ))ω(τ)f(τ)dτ,

(7)
α > 0, where µ is the classical expectation of X.

Based on the above definitions, we give the following properties:

3. WEIGHTED PROPERTIES

(1*) If we take α = 1, ω(t) = 1, t ∈ [a, b] in Definition 2.2, we obtain the
classical expectation: E1,1(X) = E(X).

(2*) If we take α = 1, ω(t) = 1, t ∈ [a, b] in Definition 2.3, we obtain the

classical variance: σ2
1,1(X) = σ2(X) =

∫ b
a (τ − E(X))2f(τ)dτ .

(3*) If we take α = 1, ω(t) = 1, t ∈ [a, b] in Definition 2.4, we obtain the

classical moment of order r > 0,Mr :=
∫ b
a τ

rf(τ)dτ .
We have also :

(4*) Eα,ω(AX +B) = AEα,ω(X) +BJαa [ωf(b)].

(5*) σ2
α,ω(X) = Eα,ω(X2)− 2E(X)Eα,ω(X) + E2(X)Jαa [ωf(b)].

(6*) It is to note that in the case where ω(t) = 1, t ∈ [a, b], we obtain the
definitions proposed in the paper [8].

4. APPLICATIONS ON CUD AND BETA
DISTRIBUTIONS

We begin by stating the following generalized property of the p.d.f. of X :

Proposition 4.1. Let X be a continuous random variable having a p.d.f.
f : [a, b]→ R+. Then we have:

Jα[f(b)] =
1

Γ(α)
E((b−X)α−1), Jα[ωf(b)] =

1

Γ(α)
E((b−X)α−1ω(X)). (8)
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The proof is evident and hence, it is omitted.

Remark 4.1. In the above proposition, if we take α = 1, ω(x) = 1, x ∈ [a, b],

we obtain the well known property
∫ b
a f(u)du = 1.

In what follows, we present some fractional applications for the uniform
random variable as well as for the beta distribution.

4.1. NEW RESULTS ON CONTINUOUS
UNIFORM DISTRIBUTION

Let us consider the continuous uniform distribution (CUD) whose p.d.f . is
defined for any x ∈ [a, b] by f(x) = (b− a)−1.

1: α−Fractional Expectation for CUD:
We have:

Eα(X) = (b− a)−1[
(b− a)α+1

Γ(α+ 2)
+
a(b− a)α

Γ(α+ 1)
];α ≥ 1. (9)

Remark that if we take α = 1 in the above formula, then we obtain the
well known expectation of X:

E1(X) =
b+ a

2
= E(X).

2: (2, α)−Fractional Moment for CUD:
We have, for α ≥ 1,

Eα(X2) =
2(b− a)α+1

Γ(α+ 3)
+ 2a(

(b− a)α

Γ(α+ 2)
+
a(b− a)α−1

Γ(α+ 1)
)− a2(b− a)α−1

Γ(α+ 1)
].

(10)
Taking α = 1 in the above formula, we obtain:

E1(X2) =
a2 + b2 + 2ab

3
= E(X2). (11)

3: α−Fractional Variance for CUD:
In this case, the quantity Jαf(b) of Theorem 3.1 of [11] is given by:

Jαf(b) =
(b− a)α−1

Γ(α+ 1)
, α ≥ 1. (12)

Then, we get, for α ≥ 1,

σ2
α(X) =

2(b− a)α+1

Γ(α+ 3)
+ 2a(

(b− a)α

Γ(α+ 2)
+
a(b− a)α−1

Γ(α+ 1)
)− a2(b− a)α−1

Γ(α+ 1)
].

(13)
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If α = 1, we obtain σ2
1(X) = σ2(X) = (b−a)2

12 .

4: (r, α)−Fractional Moment for CUD:
In the particular case where the p.d.f. of the uniform randomX is defined
on some positive real interval of type [0, b], the fractional moment of X
is given by:

Eα(Xr) =
Γ(r + 1)

Γ(α+ r + 1)
br+α−1. (14)

Note that if α = 1, we obtain the classical moment of order r for the
uniform distribution of X:

E1(Xr) =
Γ(r + 1)

Γ(r + 2)
br = E(Xr).

4.2. NEW RESULTS ON BETA DISTRIBUTION

Now, we consider the beta distribution which is defined, for any x ∈ [0, 1],

byf(x) = xa−1(1−x)b−1

B(a,b) .

Using the above fractional notions, we obtain:

1: (r;α)−Fractional Moment for Beta Distribution:

Eα(Xr) =
B(α+ b− 1, a+ r)

Γ(α)B(a, b)
. (15)

2: α−Fractional Expectation for Beta Distribution:
Taking r = 1, in the above fractional moment formula, we get

EX,α =
aΓ(a+ b)Γ(α+ b− 1)

Γ(α)Γ(b)Γ(α+ b+ a)
, (16)

which generalises the classical expectationE(X) = a
a+b corresponding to

α = 1.

3: (α)−Fractional Variance for Beta Distribution:

Taking into account that Jαf(b) = B(α+b−1,a)
Γ(α)B(a,b) , we obtain

V arα(X) = Eα(X2)− 2µEα(X) + µ2B(α+ b− 1, a)

Γ(α)B(a, b)
. (17)

We remark also that in this case, if we take α = 1, we obtain

V ar1(X) = V ar(X).
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5. NEW BOUNDS OF FRACTIONAL MOMENTS
OF BETA DISTRIBUTION

In this section, we present some fractional results on the beta distribution.
We prove

Theorem 5.1. Let m,n, p, q and α be positive real numbers, such that
(p−m)(q − n) ≤ 0. Then,

B(p, q + α− 1)B(m,n+ α− 1) ≥ B(p, n+ α− 1)B(m, q + α− 1), α ≥ 1.

The proof of this result is based on Definition 2.1 as well as on the beta
distribution p.d.f. And, we remark that for α = 1, we obtain Lemma 2.1 of
[24].
Now, we shall prove another result on the fractional moments for beta distri-
bution. We have:

Theorem 5.2. Let X,Y, U and V be four random variables, such thatX ∼
B(p, q), Y ∼ B(m,n), U ∼ B(p, n) and V ∼ B(m, q). If (p −m)(q − n) ≤ 0,
then,

Eα(Xr)Eα(Y r)

Eα(U r)Eα(V r)
≥ B(p, n)B(m, q)

B(p, q)B(m,n)
, α ≥ 1.

Proof. In the following weighted version of Chebyshev fractional inequality,
(see [1] for no weighted version)

Jαp(1)Jαpfg(1)− Jαp(1)Jαpg(1) ≥ 0, (18)

we takef(x) = xp−m, g(x) = (1 − x)q−n, p(x) = xr+m−1(1 − x)n−1;x ∈ [0, 1].
Then, it yields that

B(p, q)B(m,n)Eα(Xr)Eα(Y r)−B(p, n)B(m, q)Eα(U r)Eα(V r). (19)

Remark 5.1. The above theorem generalises Theorem 3.1 of [24].

We propose also the following (α, β)−version:

Theorem 5.3. Let X,Y, U and V be four random variables, such thatX ∼
B(p, q), Y ∼ B(m,n), U ∼ B(p, n) and V ∼ B(m, q). If (p −m)(q − n) ≤ 0,
then,

Eα(Xr)Eβ(Y r) + Eβ(Xr)Eα(Y r)

Eα(U r)Eβ(V r) + Eβ(U r)Eα(V r)
≥ B(p, n)B(m, q)

B(p, q)B(m,n)
, α, β ≥ 1.

Proof. In the following fractional inequality, (see [12]):

Jαp(1)Jβpfg(1) + Jβp(1)Jαpfg(1)− Jαp(1)Jβpg(1) + Jβp(1)Jαpg(1) ≥ 0,
(20)
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we takef(x) = xp−m, g(x) = (1 − x)q−n, p(x) = xr+m−1(1 − x)n−1;x ∈ [0, 1].
Then, we directly deduce the desired formula.

Remark 5.2. If α = β = 1, then the above theorem reduces to Theorem 3.1
of [24].

6. NEW IDENTITIES AND LOWER BOUNDS

We begin by proving a result that generalises a covariance identity in [5]. In
our result, the fractional covariance of X and g(X) can be expressed with the
derivative of g(X). Then, we use the established fractional identity to prove
new lower bounds for the fractional variance of g(X):

Theorem 6.1. Let x be a random variable having ap.d.f defined on [a, b];
µ = E(X). Then, we have

Covα(X, g(X)) =
1

Γ(α)

∫ b

a
g′(x)dx

∫ x

a
(b− t)α−1(µ− t)f(t)dt, α ≥ 1. (21)

Proof. By Definition 5, and taking ω(x) = 1, we write

Covα(X, g(X)) =
1

Γ(α)

∫ b

a
(b− x)α−1(x− µ)(g(x)− g(µ))f(x)dx. (22)

Then, we have

Covα(X, g(X)) =
1

Γ(α)

∫ b

a
(b− x)α−1(x− µ)f(x)dx

∫ x

µ
g′(t)dt. (23)

Therefore,

Covα(X, g(X)) =
1

Γ(α)

∫ b

µ
g′(t)dt

∫ b

t
(b− x)α−1(µ− x)f(x)dx (24)

− 1

Γ(α)

∫ µ

a
g′(t)dt

∫ t

a
(b− x)α−1(µ− x)f(x)dx.

Consequently,

Covα(X, g(X)) =
1

Γ(α)

∫ b

a
g′(t)dt

∫ t

a
(b− x)α−1(µ− x)f(x)dx. (25)

Theorem 6.1 is thus proved.

The following theorem establishes a lower bound forV erα(g(X)) of any
C1([a, b])−functions. We have:
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Theorem 6.2. Let X be a random variable having a p.d.f defined on [a, b]
;µ = E(X). Then, we have

V erα(g(X)) ≥ 1

V erX,α
(

1

Γ(α)

∫ b

a
g′(x)dx

∫ x

a
(b− t)α−1(µ− t)f(t)dt)2. (26)

For any g ∈ C1([a, b]).

Proof. We use fractional Cauchy Schwarz inequality on Theorem 6.1. (See
[7]).

Let us consider ω ∈ C([a, b]), that satisfies∫ x

a
(b− t)α−1(µ− t)f(t)dt = (b− x)α−1σ2ω(x)f(x).

Then, we present the following result.

Theorem 6.3. Let X be a random variable having a p.d.f defined on [a, b]
such that µ = E(X), σ2 = V ar(X) and ω ∈ C([a, b]), such that∫ x

a
(b− t)α−1(µ− t)f(t)dt = (b− x)α−1σ2ω(x)f(x).

Then, we have

V erα(g(X)) ≥ σ4(X)

V erα(X)
E2
α(g′(X)ω(X)). (27)

Proof. It is clear that

Cov2
α(X, g(X)) = [

1

Γ(α)

∫ b

a
g′(x)dx(b− x)α−1σ2ω(x)f(x)dx]2. (28)

On the other hand, we observe that

[
1

Γ(α)

∫ b

a
g′(x)dx(b− x)α−1σ2ω(x)f(x)dx]2) = σ4E2

α(g′(X)ω(X)) (29)

Thanks to the fractional version of Cauchy Schwarz inequality [7], and since

Cov2
α(X, g(X)) ≤ V erα(X)V erα(g(X)), (30)

then, we obtain

σ4E2
α(g′(X)ω(X)) ≤ V erα(X)V erα(g(X)). (31)

The proof is complete.
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Remark 6.1. By the formulas (28) and (29), we obtain the following frac-
tional covariance identity

σ2Eα(g′(X)ω(X)) = Covα(X, g(X)).

It generalises the good standard identity obtained in [5] that corresponds to
α = 1 and given by

σ2E(g′(X)ω(X)) = Cov(X, g(X)).

Another generalisation for weighted distributions, by replacing X by h(X),
is given by:

Theorem 6.4. Let X be a continuous random variable with support an inter-
val [a, b], mean µ and density function f . Then, for any α ≥ 1, the following
general covariance identity holds

Covα(h(X), g(X)) = Eα(g′(X)Z(X)), (32)

where g ∈ C1([a, b]), with E|Z(X)g′(X)| < ∞, h(x) is a given function and

Z(x)f(x) (b−x)α−1

Γ(α) =
∫ x
a (E(h(X))− h(t)) (b−t)α−1

Γ(α) f(t)dt.

Proof. By definition, we have

Covα(h(X), g(X)) =
1

Γ(α)

∫ b

a
(b− x)α−1(h(x)− h(µ))(g(x)− g(µ))f(x)dx

(33)
and

Eα(g′(X)Z(X)) =
1

Γ(α)

∫ b

a
(b− x)α−1g′(x)Z(x)f(x)dx. (34)

Thanks to the definition of Z(X), we can write

Eα(g′(X)Z(X)) =
1

Γ(α)

∫ µ

a
g′(x)dx

∫ x

a
(b− t)α−1(h(µ)− h(t))f(t)dt (35)

+
1

Γ(α)

∫ b

µ
g′(x)dx

∫ b

x
(b− t)α−1(h(t)− h(µ))f(t)dt.

This it to say that

Eα(g′(X)Z(X)) =
1

Γ(α)

∫ µ

a
(g(µ)− g(t))(b− t)α−1(h(µ)− h(t))f(t)dt (36)

+
1

Γ(α)

∫ b

µ
(g(t)− g(µ))(b− t)α−1(h(t)− h(µ))f(t)dt.
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Hence, it yields that

Eα(Z(X)g′(X)) = Covα(g(X), h(X)). (37)

Remark 6.2. Taking α = 1, in the above theorem, we obtain Theorem 2.2 of
[19].
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