
THE NUMERICAL SOLUTION OF THIRD-ORDER
NON-LOCAL BOUNDARY VALUE PROBLEMS
IN ODES BY THE FINITE DIFFERENCE METHOD

ROMAI J., v.15, no.1(2019), 73–82

Pramod Kumar Pandey
Department of Mathematics, Dyal Singh College, University of Delhi, India

pramod 10p@hotmail.com

Abstract In this article we have proposed a finite difference method for the numerical so-
lution of third order nonlocal boundary value problem. We have established the
order of convergence of the proposed method theoretically which is quadratic.
The computational results in numerical experiment on linear and nonlinear
model test problems, verify the efficiency and theoretically established order
of the convergence of the proposed method.
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1. INTRODUCTION

A third order differential equation and corresponding boundary value prob-
lems arise in applied mathematics and physics. Understanding and explaining
the concept in fluid dynamics, theory of boundary layer and theory of beam
are some specific areas of study yields third order differential equations [1].

In this article we consider following third order boundary value problem
and a boundary conditions,

u′′′(x) = f(x, u), a < x < b, (1)

subject to the boundary conditions

u(a) = α, u′′(a) = β and u(b) =

∫ b

a
g(x)u(x)dx

where α, β and u(b) are real constant and f(x, u) is continuous.

There are several research works in the literature on the existence and
uniqueness / multiplicity of solution of third-order differential equations and
corresponding boundary value problems with two point boundary conditions
especially in of [2, 3, 4] and references therein using different methods. Thus
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we have preassumed the existence and uniqueness of the solution of the prob-
lem (1).

Recently, numerical solution of third order multi point boundary value prob-
lems gained some importance and works on numerical solution were reported
using, reproducing kerenel method [5], spline approximation method [6, 7, 8],
superposition and chasing method [9] and finite difference method [9, 10, 11]
and references therein. But multi point boundary value problem is a particu-
lar case of boundary value problem with integral boundary condition/s.

To the best of our knowledge a little work reported in the literature on
numerical solution on third order nonlocal/ integral boundary condition/s.
Hence the purpose and emphasis in this article will be on to develop and dis-
cuss a finite difference method for the numerical solution of the third order
nonlocal boundary value problems.

We have presented our work in this article as follows. In the next section
we proposed a finite difference method. We have discussed derivation and
convergence of the proposed method under appropriate condition in Section
3 and Section 4 respectively. The application of the proposed method on
the model problems and numerical results so produced to show the efficiency
in Section 5. Discussion and conclusion on the performance of the proposed
method are presented in Section 6.

2. THE DIFFERENCE METHOD

We substitute domain [a, b] by a discrete set of points and call these points
as nodal points. We wish to determine the numerical solution of the problem at
these nodal points. Thus we define nodal points a ≤ x0 < x1 < · · · < xN ≤ b in
[a, b] the domain of the considered problem using a uniform step length h such
that xi = a+ ih, i = 0, 1, · · · , N + 1. We denote the numerical approximation
of u(x) at node x = xi as ui, i = 1, 2, · · · , N . The approximate value of
the theoretical value of the forcing function f(x, u(x)) at node x = xi, i =
0, 1, 2, · · · , N denoted by fi. Thus, the continuous problem (1) transformed
into a discrete problem by the application of the finite difference. Thus, at
node x = xi we obtained following discrete problem,

u′′′i = fi, a < xi < b, (2)

subject to the boundary conditions

u0 = α, u′′0 = β and uN+1 =

∫ b

a
g(x)y(x)dx
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The numerical solution of the problem (1) subject to local boundary conditions
by the method of spline reported in [8]. Though the idea of discretization in [8]
uses boundary conditions in a natural way. Following the idea of discretization
of the problem (1) in [8], we discretize the problem (2) in (a, b) at nodes xi,

−ui−1 + 2ui − ui+1 = h2u′′i−1 +
h3

12
(fi−1 − fi), i = 1 (2)

ui−2 − 3ui−1 + 3ui − ui+1 =
h3

2
(fi+1 − 3fi), 2 ≤ i ≤ N.

But in considered problem boundary condition is non-local, so we need to
discretize boundary condition. Thus, we approximate the non local bound-
ary condition, i.e. the integral that appeared at the end point xN+1 by the
composite / repeated trapezoidal quadrature method [14]. Let us define nodal
points t0, t1, ..., tN+1 in [a, b] using uniform step length h such that tj = a+ jh
and quadrature nodes λj , j = 0, 1, 2, ....., N + 1. Thus,

uN+1 =

∫ b

a
g(t)u(t)dt =

N∑
j=0

[gjλjuj + Etj ] + gN+1λN+1uN+1 (4)

where Etj is the truncation error in jth interval. The numerical coefficients in
(4) i.e. λj are defined as,

λj =

{
1
2h if j = 0, N + 1

h otherwise j = 1, 2, ......, N .

The quadrature nodes λi = h, i = 1, 2, ....., N , do not depend on the functions
g(t), u(t). The term Etj in (4) depend on h and small value of h reduces Etj
considerably.

Thus we obtained a system of linear equations or nonlinear equations in ui,
i = 1, 2, · · · , N if the forcing function f(x, u) is linear or nonlinear respectively.
Thus the solution of a system of equations is the solution of the considered
problem at discrete nodes xi in the considered region.

3. DEVELOPMENT OF THE FINITE
DIFFERENCE METHOD

In this section we outline the development of the proposed finite difference
method (3). Consider the following linear combination of solution, the second
derivative of the solution of the problem (1) and forcing function f(x, u) at
the discrete points of [a, b]

a0ui−1 +a1ui +a2ui+1 +h2b0u
′′
i−1 +h3(c0fi−1 + c1fi) +Ti = 0, i = 1. (5)
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where a0, a1, a2, b0, c0, c1 are constant to be determined under appropriate con-
ditions and Ti is the truncation error. Let us assume u(4)(x) is continuous and
differentiable in [a,b] and f(x, u) is differentiable in (a, b) × R. Let us write
each term of (5) in a Taylor series about point xi. Compare the coefficients
hp, p = 0, 1, .., 4 in the so obtained series and using (2). Thus we find following
system of equations,

a0 + a1 + a2 = 0 (5)

a0 − a2 = 0

a0 + a2 + 2b0 = 0

−a0 + a2 = 6c0 + 6c1

a0 + a2 = −24c0

Solving the system of equations (6), we have

(a0, a1, a2, b0, c0, c1) = (1,−2, 1,−1,
−1

12
,

1

12
) (7)

Substituting these constants (1,−2, 1,−1, −1
12 ,

1
12) in (5), we have obtained

ui−1 − 2ui + ui+1 − h2u′′i−1 −
h3

12
(fi − fi−1) + Ti = 0, i = 1. (8)

So,

h5

24
u

(5)
i + Ti = 0, i = 1 (9)

Neglecting the term Ti in (8), we obtained

ui−1 − 2ui + ui+1 = h2u′′i−1 +
h3

12
(fi − fi−1), i = 1. (10)

Following, the above method of Taylor series expansion and undetermined
coefficients, we have following equations,

ui−2 − 3ui−1 + 3ui − ui+1 =
h3

2
(fi+1 − 3fi), (11)

and
h5

2
u

(5)
i + Ti = 0, 2 ≤ i ≤ N. (12)

Thus, in the discretization of the problem (1) at discrete nodal points of [a, b]
we conclude from (9) and (12) that the order of local truncation error at nodes
xi, i = 1, 2, ...., N is of O(h5).
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4. CONVERGENCE ANALYSIS

In this section we discuss convergence of the proposed finite difference
method (3) for the following linear test problem,

u′′′(x) = f(x), a < x < b. (13)

subject to the boundary conditions u0 = α, u′′0 = β and uN+1 =
∫ b
a g(t)u(t)dt.

For the exact solution U of the considered problem, we write the proposed
finite method (3) in matrix form for the solution of the considered problem in
the following form,

JU = F + T (14)

where the matrices in (14) are defined as,
J = D + D1 and

D =



2 −1 0
−3 3 −1
1 −3 3 −3

. . .
. . .

. . .
. . .

1 −3 3 −1
0 1 −3 3


N×N

,

D1 = − 2h

2− hgN+1


0
...
0

g1 g2 · · · gN


N×N

,

U = (Ui)N×1, F = (Fi)N×1 where

Fi =


α+ h2β + h3

12 (fi−1 − fi), i = 1
h3

2 (fi+1 − 3fi), 1 < i < N − 1

uN+1 + h3

2 (fi+1 − 3fi) i = N

and T = (Ti)N×1 where

Ti = −h
5

24

{
u

(5)
i , i = 1

12u
(5)
i , 2 ≤ i ≤ N

(15)

Let matrix u = (ui)N×1 be the approximate solution of the considered prob-
lem. Thus we write the proposed finite method (3) in the matrix form,

Ju = F (16)
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Let us define an error εi at each node xi, i = 1, 2, .., N , such that

εi = Ui − ui (17)

and matrix ε = (εi)N×1.
Subtracting (16) from (14) and using (17), we obtained following error equa-
tion in matrix form,

Jε = T (18)

The matrix D is invertible [12, 13]. Let matrix B = (bl,m)N×N be the explicit
inverse of matrix D where

bl,m =
1

2(N + 1)

{
(N(N + 1)− (m− 1)(2N −m+ 2))l, l ≤ m
(N − l + 1)(l(N + 1)−m(m− 1)), l > m

Let matrix R = (Rl)N×1, denotes the matrix of the row sum of the matrix
B = (bl,m)N×N where,

Rl =

N∑
m=1

bl,m, l = 1, 2, .., N. (19)

Thus,

Rl =
l

6
((N + 1)2 − l2), l = 1, 2, .., N.

It is clear that Rl is maximum at l = (N+1)
√

3
3 . Hence we have obtained,

max
1≤l≤N

(Rl) =
1

9
√

3
(N + 1)3

(20)
Thus, we have for large N,

‖B‖ =
1

9
√

3

(b− a)3

h3
(21)

For same order any square matrix S and identity matrix I such that ||S|| < 1
then matrix (I + S) is invertible [14, 15], and

‖(I + S)−1‖ < 1

1− ‖S‖
.

Let us assume,

2N2hM∗

(N + 1)(2− hM∗)
< 1, M∗ = max

x∈[a,b]
g(x) and M = max

x∈[a,b]

∣∣∣u(5)(x)
∣∣∣ .



The numerical solution of third-order non-local boundary value problems in ODEs... 79

From (18) and (21) we have,

‖ε‖ ≤ (1 + b− a)(b− a)3

9
√

3h3
‖T‖ (22)

From (15) and (22) we have,

‖ε‖ ≤ (1 + b− a)(b− a)3

18
√

3
h2M (23)

It follows from (23) that ‖ε‖ → 0 as h → 0. Thus we have established the
convergence of the proposed method (3) and the order of convergence of the
proposed method (3) is at least O(h2).

5. NUMERICAL RESULTS

To verify the theoretical development and computational efficiency of the
proposed method, we have considered three linear and nonlinear model prob-
lems. We have presented numerical results in Tables. In each tabulated nu-
merical results, we have shown MAE the maximum absolute error in the
approximate solution u(x) of the problems (1) for different values of N and
uniform step size h. We have used the following formula in computation of
MAE,

MAE = max
1≤i≤N

|U(xi)− ui|.

For the solution of system of equations (3), we have used Gauss Seidel and
Newton-Raphson method respectively for linear and nonlinear system of equa-
tions. All computations were performed on a Windows 2007 Home Basic oper-
ating system in the GNU FORTRAN environment version 99 compiler (2.95 of
gcc) on Intel Core i3-2330M, 2.20 Ghz PC. The solutions are computed on N
nodes and iteration is continued until either the maximum difference between
two successive iterates is less than 10−10 or the number of iterations reached
104.

Problem 1. The linear model problem in [11] with different boundary con-
ditions is given by

u′′′(x) = xu(x) + f(x), 0 < x < 1

subject to the boundary conditions

u(0) = 0 , u′′(0) = 0 and u(1) =

∫ 1

0
g(x)u(x)dx
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Table 1 Maximum absolute error (Problem 1).

N+1

128 256 512 1024 2048

MAE .28495770(-3) .69653892(-4) .17408880(-4) .43131377(-5) .10286080(-5)

Order - 2.03247 2.00038 2.01301 2.06804

where f(x) is calculated so that the analytical solution of the problem is
u(x) = x(1 − x) exp(x) and g(x) = sin(1.0 − 2x − x2) − 1.0 . The MAE
computed by method (3) for different values of N are presented in Table 1.

Problem 2. The linear model problem in [16] with different boundary con-
ditions is given by,

u′′′(x) = u(x) + f(x), 0 < x < 1

subject to the boundary conditions

u(0) = 1 , u′′(0) = −1 and u(1) =

∫ 1

0
g(x)u(x)dx

where f(x) is calculated so that the analytical solution of the problem is

u(x) = (1−x) exp(x) and g(x) = exp(x2)−1.0
2.0 . The MAE computed by method

(3) for different values of N are presented in Table 2.

Problem 3. The nonlinear model problem in [16] with different boundary
conditions is given by,

u′′′(x) = e−xu2(x) + f(x), 0 < x < 1

subject to the boundary conditions

u(0) = 0 , u′′(0) = −2 and u(1) =

∫ 1

0
g(x)u(x)dx

where f(x) is calculated so that the analytical solution of the problem is

u(x) = (1− x) sin(x) and g(x) = exp(x)−1.0
cos(x−2) . The MAE computed by method

(3) for different values of N are presented in Table 3.
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Table 2 Maximum absolute error (Problem 2).

N+1

128 256 512 1024 2048

MAE .12575090(-3) .32846816(-4) .76917931(-5) .18957071(-5) .67334622(-6)

Order - 1.93674 2.09436 2.02058 1.49332

Table 3 Maximum absolute error (Problem 3).

N+1

128 256 512 1024 2048

MAE .15833229(-3) .38277125(-4) .93068229(-5) .23112516(-5) .55402052(-6)

Order - 2.04840 2.04012 2.00961 2.06066

We have considered linear and nonlinear nonlocal boundary value model
problems corresponding to third order differential equations in ODEs to test
the computational efficiency of the proposed method. We observed in nu-
merical results obtained for problems considered in numerical experiment for
different values of N presented in tables, maximum absolute error in solution
decreases with decrease in h. The numerical results also approve the theo-
retically established order of accuracy of the proposed method. Thus, it is
evident from the tabulated results that method (3) is accurate, efficient and
convergent.

6. CONCLUSION

A nonlocal boundary value problem corresponding to third order differential
equations in ODEs considered for the numerical solution in this article. A
continuous problem transformed into the discrete problem. For the solution of
discrete problem, a finite difference method has been developed and discussed.
Thus, we have obtained a system of algebraic equations (3). The solution of
the system of equations (3) is the discrete solution of the problem (1). The
numerical results those we obtained by the application of the proposed method
(3) are in good agreement to the theoretically developed order and accuracy of
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the method. Improvement in the order of accuracy or idea in proposed finite
difference method is possible. Works in these directions are in progress.
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