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Abstract Applying lumped thermal model networks to interconnected electrical systems
and fluids, in analogy with the electrical circuit methods, the system tempera-
tures can be advantageously calculated in every node of the thermal networks
with a complete system of equations, which considers the geometry, heating
sources, fluid properties and material characteristics. In this paper, the lumped
model parametrization for steady-state calculation is explained, and compar-
isons of the calculated results with the lumped model and with the compu-
tational fluid dynamic tools are presented. For example, the heat transfer is
calculated here in the case of a) – heating of cooled hollow conductors and b)
– heat exchangers of a water heating system.
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1. INTRODUCTION

With the advance and implementation of the newest technologies in the
household and industrial applications, the forced cooling is regularly used in
order to prevent the overheating and oversizing of almost every efficient equip-
ment. Reducing the size, weight and price is possible by optimal cooling, which
finally results in a further increase of the utilization coefficient. The optimal
cooling is achieved when the accurate calculation of the system temperatures
is performed in the design stage. Generally, for calculating the heat trans-
fer from the electrical systems to the heat transportation medium, lumped
thermal models [1], [2], coupled electro-thermal finite element (FE) methods
[3], [4] or high-performance computational fluid dynamic (CFD) tools [5] are
used. In order to use lumped thermal models or electro-thermal FE models,
heat transfer coefficients are required [6]. If the heat transfer coefficients are
well determined and the lumped model networks are identified based on ver-
ified models, i.e. for particularly cases, the calculation results of the thermal
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models fit quite well with the measurements [6]. In many cases the heat trans-
fer coefficients are not known and they have to be calculated, as an example,
following the methods of [7] or using the CFD tools. In this paper, both meth-
ods are used for calculating the heat transfer coefficients. Further, the heat
transfer from the heated components to the cooling fluids is calculated based
on a lumped thermal model. In order to generate a thermal network model,
an “in-house” software, able to assembly the system of equations for different
geometries and physical interconnections, was written. For that, the inter-
connected solid-fluid structure is subdivided in small elements and the energy
balance equation and Kirchhoff’s circuit laws are applied for each element of
the considered structure. The parameters of the equation system (losses, ther-
mal resistances, fluids) depend on the temperature, so the system of equation
needs to be solved repeatedly, following an iterative resolution process. For
verifying the lumped parameter model results and the software as well, two
examples have been chosen and presented: the heat transfer calculation for a)
- a heated hollow conductor and b) - a heat exchange. The lumped thermal
model calculation method with consideration of the energy balance equation
can be extended for several complicate structures, i.e. electrical machines,
power converters or battery cooling systems, some of these examples are to be
presented in a further paper.

2. HEAT TRANSFER

In the following, due to particular applications of the thermal models of
this paper, only the heat transfer by conduction and convection are considered,
whereas the heat transfer by radiation is neglected.

2.1. HEAT TRANSFER BY CONDUCTION

Transfer of heat from a part of a body with a high temperature ϑ1 to another
part of the same body with a low temperature ϑ2 is done by conduction.
According to the Fourier’s law, in steady-state heat transfer problems, the
heat flux caused by a temperature difference in the material ∆ = ϑ1 − ϑ2 is
proportional to the spacial temperature gradient and the thermal conductivity
of the material λ:

q⃗ = −λ∇ϑ (1)

. By assuming the heat transfer only in the Ox direction of a cartesian coor-
dinate system, the heat flux density is given by:

q = −λdϑ
dx
, (2)

Equation (2) can be integrated:
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x1

qdx = −
∫ ϑ2

ϑ1

λdϑ (3)

q =
λ

x2 − x1
(ϑ1 − ϑ2), (4)

Thus:

q =
1

l
λ∆ϑ, (5)

where l = x2−x1 is a defined length along the heat transfer in the body and x1
and x2 are the coordinates of the locations where the materiale temepratures
are ϑ1 and ϑ2. By analogy with the Ohm’s law, a thermal resistance due to
conduction, related to a body with homogeneous properties, can be defined:

Rth,cond =
∆ϑ

qA
=

l

λA
, (6)

where: qA is the heat flux crossing a body with the regular surface A along
the heat transfer direction of length l.

2.2. HEAT TRANSFER BY CONVECTION

Transfer of heat from a bounding surface to a moving fluid is done by con-
vection. For the heat transfer calculation, convection heat transfer coefficients
are used, which are described as functions of the flow conditions, physical
properties of the medium, geometry and temperature distribution. A compre-
hensive study for the calculation of the convection heat transfer coefficients
is presented in [7], here the thermal network resistance model is proved for
only two applications, both considering cylindrical tubes crossed by fluids as
heat transportation mediums. Hence, formulas for calculating the heat trans-
fer coefficients are presented here only for the cases of (Fig.3). By using the
hydraulic diameter instead of the inner cylinder diameter, hollow conductors
of inner different shapes may be analysed similarly [8].

A dimensionless heat transfer coefficient is the Nusselt number Nu. It
can be analytically determined for laminar flow, whereas for turbulent flow it
is just an empirical result of the experimental tests, fitting with the theory
approach. Determination of the heat transfer coefficients is therefore reduced
to determination of the Nu for every particular situation. With the Nusselt
numbers, the convection heat transfer coefficients can be calculated:

αϑ = Nu
λ

l
(7)

where λ is the thermal conductivity of the fluid and l is the length of the tube
in the flow direction. A thermal resistance, caused by the heat transfer by
convection, is defined according to the Newton’s law:
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Rth,conv =
∆ϑ

qA
=

1

αϑA
(8)

which is further used in the system of equations describing the lumped thermal
model (Section 3).

a) Laminar flow in cylindrical tubes
In very long tubes, at laminar flow, the Nusselt number is Nu lam = 3.66

[7]. For shorter tubes with the inner diameter di and the length l, the Nusselt
number is given by:

Nulam = 0.644
3
√
Pr

√
Re

di
l

(9)

where the influence of the material properties is considered by the Prandtl
number: Pr = η

cp
λ , with η - the dynamic viscosity, cp - the specific heat

capacity at constant pressure and λ - the thermal conductivity of the fluid,
and the flow parameters are considered by the Reynold number: Re = νlρ

η ,
with ν - the average flow velocity and ρ - the mass density of the fluid.
For Reynold numbers below 2300, the Nusselt number is given by:

Nulam =
3

√
3.663 + 0.643Pr

(
Re

di
l

)3/2

(10)

b) Turbulent flow in cylindrical tubes
According to [7], for turbulent fluid flow in cylindrical tubes, assuming the

temperature of the fluid in the centre of the tube, the Nusselt number is given
with a validity range of 104 < Re < 106 and l

di
< 1:

Nuturb =
(ξ/8)RePr

1 + 12.7
√
ξ/8

(
Pr2/3 − 1

) [1 +

(
di
l

)2/3
]
fk (11)

where the friction hydraulic factor is:

ξ = [1.8 log (Re) − 1.5]−2 (12)

The temperature of the fluid in the center of the tube ϑ, which is used for
the calculation of the Prandtl number and Reynold number, is different from
the temperature at the tube wall ϑw. Thus, corrections of the Nusselt number
are considered by a factor fk [8] given by:

fk =


(
Pr
Prw

)0.11
, for liquids(

ϑ
ϑw

)0.45
, for gases

(13)
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 Fig. 1. Dividing long cylinders for generating lumped thermal models of a) - heated hollow
conductors and b) - heat exchangers

Additional correlations of the Nusselt number, depending on the heat flux
directions are indicated in [7]. In this paper Nusselt number is a constant cal-
culated for each convection surface and the convection heat transfer coefficient
as well.

3. LUMPED MODELS FOR HEAT TRANSFER
CALCULATIONS

A solid body, as an example, a heated hollow conductor, crossed through
by a coolant (demineralized water), with an inner diameter d i and an outer
diameter do, may be divided along its length (Fig.3) in a finite number of
homogeneous elements: lumped elements [9], each element having intercon-
nection to the neigh-borrowing elements through a linear mesh of thermal
resistances. Following the heat transfer direction, from the hollow conductor
to the coolant, a network of thermal resistances can be built (Fig.2). Boundary
nodes at the subdivided elements defines the sections with constant tempera-
tures of the hollow conductor. The nodes of the thermal network model can
be fixed in the centre of the subdivided elements as in the conventional mod-
els. The model is simplified under assumption of an ideal insulation of the
conductor at the outer surface, such us the heat will not be transferred to the
external ambient, but only to the inner coolant by conduction and convection.
Therefore, the produced heat is transported by the coolant from the inlet to
the outlet of the hollow conductor.

The studies of [9] show that in some cases, depending on the load conditions,
the conventional models with centric nodes may fail in finding the correct
results. A solution has been proposed in [9], but the nodes have to be shifted
from the centre of the structures and several algorithms have to be applied for
adjusting the load conditions. Thus, the centric thermal model used in this
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Fig. 2. Thermal network model with lumped elements

paper is verified for the studied particular applications (Fig.3) with ANSYS
CFD tools [10].

The internal heat sources of the interconnected electrical systems and fluids,
particularly for this case, are the electrical losses:

Pel = Rϑ [1 + α (ϑCu − ϑ)] I2, (14)

where I is the electric current in the hollow conductor (DC or AC rms value),
Rϑ is the electrical resistance of the conductor at the temperature of reference
ϑ, including skin and proximity effect corrections for AC calculations, α is
the coefficient of the resistance increase with the temperature and ϑCu is the
copper hollow conductor temperature. Additional losses are the friction losses
at the contact surface between the solids and fluids:

Pfr = ∆p ·Q (15)

where ∆p is the pressure drop and Q is the flow rate of the fluid crossing
the tube.At low fluid velocities or very small pressure differences these friction
loses are negligible. If the pressure drop is known then for any k element we
have:

Pfr,k =
∆pQ

n
(16)

For the circuit of (Fig.2), the energy conservation law results in a general
equation, which depends on the total losses

∑
P , the coolant properties cp, ρ,
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the flow rate Q and the temperatures of the coolant at the inlet ϑmin and the
outlet ϑmax: ∑

P = cpρQ (ϑmax − ϑmin) (17)

and specifically, for the circuit of (Fig.2) with n lumped elements, due to
superposition, we get:

∆pfr,1 = 2cpρQ (ϑ1g − ϑmin) − (ϑ1 − ϑ1g)Gα1
∆pfr,2 = cpρQ (ϑ2g − ϑ1g) − (ϑ2 − ϑ2g)Gα2

...
∆pfr,n = cpρQ (ϑng − ϑn−1g) − (ϑn − ϑng)Gαn

(18)

Applying the Kirchhoff’s current law for the network of (Fig.2), the con-
nections equations are obtained:

∆pel,1 + (ϑ2 − ϑ1)Gλ1,2 = (ϑ1 − ϑ1g)Gα1 + (ϑ1 − ϑc,in)Gλ1
∆pel,2 + (ϑ3 − ϑ2)Gλ2,3 = (ϑ2 − ϑ2g)Gα2 + (ϑ2 − ϑ1)Gλ2,3

...
∆pel,n + (ϑc,out − ϑn)Gλn = (ϑn − ϑng)Gαn + (ϑn − ϑn−1)Gλn−1,n

(19)
where the model conductances: Gαk = 1

Rαk
, Gλk−1,k = 1

Rλk−1,k
= 1

Rλk−1+Rλk
,

Gλk = 1
Rλk

are defined for the lumped elements of the circuit model k = 1...n.
On the direction of the heat transfer, from the conductor to the coolant, the
thermal resistance due to conductivity may be neglected for the analyzed cases
of (Fig.3). The system of equations (18) and (19) forms a complete equation
system with 2n equations and 2n unknowns per lumped element ϑk and ϑkg.
The temperature of the coolant at the inlet ϑmin is known. Further, for a
large number of lumped elements, we can impose: ϑmax ∼= ϑng, ϑc,in ∼= ϑ1
and ϑc,out ∼= ϑn. The electric losses are uniformly distributed, thus for any
k element input: ∆pel,k = Pel/n. However, depending on the application,
the loss distribution can be particularly arranged. For more details on the
mathematical formulation of the model we recommend [11] and [12].

4. COOLED HOLLOW CONDUCTORS

A hollow copper conductor of 3 m length with the inner diameter di =
20 mm and the outer diameter do = 45 mm is heated up by electrical losses
Ploss = 12.5 kW, as an example for the terminal connections of a large power
synchronous generator. The cooling is made with demineralized water with
very low conductivity. At the inlet, the coolant temperature is 40 oC and
the velocity is 1 m/s. The system temperatures are obtained by solving the
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equation systems (18) and (19), which are coupled by an “in-house” program,
which can assemble the conductance matrix, according to the imposed geome-
try and material properties. The hollow conductor and the fluid are divided in
50 elements, hence a system of 100 equations results. The calculated tempera-
tures of the hollow conductor (continuous red line) and of the coolant (dotted
red line) are given in (Fig.3).

Fig. 3. Calculated temperatures of the coolant of the hollow conductor with the method
presented in the paper and with the ANSYS CFD tools

It is supposed that no heat transfer to the ambient occurs via the outer
surface of the hollow conductor. For solving this problem with the ANSYS
CFD, only the inner part of the hollow conductor is considered and this part is
discretized in finite elements. For a better consideration of the border layers
which are formed by the fluid flow at the contact surface with the copper
material of the hollow conductor, inflation layers are introduced in the mesh
(Fig.4). Boundary conditions are applied at the inlet, e.g. the temperature and
fluid velocity, and at the inner surface of the hollow conductor where the heat
caused by the electrical losses flows from the conductor to the coolant. When
CFD tools are used for solving interconnected electrical systems and fluids,
not only the temperatures of the coolant and conductor can be determined
(Fig.5),but also the fluid velocity (Fig.6) and heat transfer coefficient (Fig.7)
are provided.

An additional verification of the method presented in this paper is performed
in the case of a heat exchanger.
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Fig. 4. Finite element mesh of the inner part of the hollow conductor with inflation layers

5. HEAT EXCHANGERS

A heat exchanger is built from an outer tube with the length of 3.63 m and
the outer diameter of 24 mm and a central inner tube with the outer diameter
of 18 mm and the wall thickness of 1 mm [8]. The service water flows with a
velocity of 1 m/s and it has a temperature of 40 oC at the cold-water inlet.

ρ [kg/m3] η/ρ 10−6[m2/s] λ [W/(mK)] cp [J/Kg] Pr

Service wa-
ter, 40 oC,
inlet

998.1 0.553 0.644 4179 3.55

Heating wa-
ter, 90 oC,
outlet

971.8 0.365 0.670 4195 2.22

Table 1 Properties of the service water and of the heating water

The heating water counter-flows with the velocity 1m/s and it has a temper-
ature of 90 oC at the hot-water inlet. It is assumed that no heat is transferred
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Fig. 5. Representation of the coolant temperature along the hollow conductor length. The
flows effect of the fluid on the heat transfer is visible and it is considered in the presented
method of the paper.

to the ambient via the outer tube surface. The thermal conductivity of the
tubes material is 17 W/(mK). In Table 1, the properties of the service and
heating water are given. According to the calculation of [8], the service water
temperature increases from 40 oC at the inlet to 60o C at the outlet while
the heating water temperature from 90 oC at the inlet to 69.2 oC at the out-
let. The water flow is turbulent. With the proposed algorithm of this paper,
the obtained results fit perfectly with the results of [8] and with the results
obtained with the ANSYS CFD tools (Fig.8). The water temperature distri-
bution in the longitudinal section of the heat exchanger, calculated with the
ANSYS CFD is presented in (Fig.9).
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Fig. 6. Streamlines of the coolant flow in the hollow conductor. The maximum calculated
velocity of the fluid is 1.18 m/s, turbulences occurring along the hollow conductor. At the
contact surface between conductor and fluid, the fluid velocity decreases at nearly half of
the maximum velocity.

 

Fig. 7. Heat transfer coefficient at the inner surface of the hollow copper conductor, which
includes the turbulence effect of the fluid flow
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Fig. 8. Calculated temperatures of the service water and heating water of the heat ex-
changer with the method presented in the paper (continuous and dotted lines) and with the
ANSYS CFD tools (dashed lines)

 

Fig. 9. Water and inner tube temperatures along the heat exchanger
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6. CONCLUSIONS

Two applications, which involve the thermal calculation of forced cooled
hollow conductor heated by the electrical lanes and a heat exchanger, are
used for verifying a lumped thermal network model theory and the algorithm
of assembling iterative systems of equations obtained from the energy balance
law and the Kirchhoff’s circuit laws. For proper results, in the interconnected
electrical systems and fluids the energy balance law should not be neglected
when thermal network models are used. The good fitting between the cal-
culated results with the presented method and the numerical results of the
ANSYS CFD tools shows a very promising alternative for calculating compli-
cate geometries of interconnected electrical systems and cooling configurations
with thermal network models. However, in order to certify and to extend the
method, a further study should investigate applications with more complicate
configurations and it should additionally consider the transient effects.
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