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Abstract  Here we present general multivariate radial mixed Ostrowski type inequalities
over balls. The proofs derive by implementation of some essential estimates out
of some new trigonometric and hyperbolic Taylor’s formulae ([2]) and reducing
the multivariate problem to a univariate one via general polar coordinates.
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1. INTRODUCTION

We are motivated by the following:
In 1938, A. Ostrwoski [5] proved the following famous inequality.

Theorem 1.1. Let f : [a,b] — R be continuous on [a,b] and differentiable
on (a,b) whose derivative f': (a,b) — R is bounded on (a,b), i.e., ||f'|l =
sup |f’ (t)| < +o0. Then

te(a,b)
1 b
— [ r0a-r@) <

for any x € [a,b]. The constant } is the best.

Ly o) ]<b—a> e @

Ostrowski type inequalities have great applications to numerical analysis
and probability and their literature is enormous.

Here K =R or C.

Recently the author proved:

Theorem 1.2. ([2]) Let f € C3 ([c,d]), a € [c,d], such that ' (a) = f" (a) =
0. Then

i)
1 (4= a)’ + (a—c)’]
— [ f@de-r(

6(d—c) ’

< |77+ F (2)

25
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i) when f’ (#) =f" (#) =0, and a = %, we get

[ r@a-s ()| <l S e

24

We are also motivated by author’s monograph, see chapters 5,6.

This work is based on author’s recent article [2], where we developed some
new trigonometric and hyperbolic type Taylor’s formulae.

We prove here a collection of multivariate Ostrowski type inequalities re-
lated to radial functions over a ball in RY, with respect to all norms ||| »
1 < p < 00, and we give also their generalizations.

2. MAIN RESULTS
We make

Remark 1. We define the ball
B(0,R):={zeRY:|z| <R} CRY, N>2 R>0,

and the sphere
SN-1.— {:cE]RN ol =1},

where |-| is the Euclidean norm.
Let dw be the element of surface measure on SN~ and let

w|z

2m
wN:/SNldw:F(g). (4)

For x € RN — {0} we can write uniquely * = rw, where r = |z| > 0 and
w=2e SN ju|=1.
Note that

wNRN
dy = 5
/B(O,R) N )

1s the Lebesque measure of the ball.
Following [3, pp. 149-150, exercise 6] and [4, pp. 87-88, Theorem 5.2.2]
we can write for F': B (0, R) — R a Lebesgue integrable function that

/B(O,R) Flwde= /le (/ORF () rN_ldr) dw; (6)

a formula to be used next.

We present the following multivariate radial Ostrowski type inequality.
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Theorem 2.1. Let the function f : B (0, R) — R be radial, that is, there exists

a function g such that f (x) = g (r), where r = |x|, r € [0,R], ¥V x € B(0,R).

We further assume that g € C3([0,R]), and ¢ (r¢) = 0, k = 1,2, where
ro € [0, R] is fived. Then (Vv w € SN71)

wa>‘bw”””@

N F N-1
- . —lgs| <
Vo (B0 | |1 [, 00 e @
N! " ’ T8+N
25 |97+ 9l 0.0 [CEyI
" / — (_1)N+k71 k N—Ek+3
Proof. As in [2], we get that
3
r—"T0
90) 9 < 9"+ gy ®
Y r € [ro, R],
and 5
ro—T
90) 9 ()l < 9"+ | oy o )
YV r e [0,7].
Next we observe
£ (row) — fB(O,R) f(y)dy
Vol (B(0,R))
( ) fsN—l (fOR g (S) SN_1d$> dw
glro) — =
Jon—1 (fOR stlds) dw
N (R _ N | R
90) ~ o [ 900 s = | [T ) - g o) s <
N _
RN sN g (ro) — g (s)| ds (10)

o [ o = atods + [ gt~ g 18] <

N "o
RN [Hg"' +6'l| o 0,10 /0 sV (ro — ) ds+
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R N 3
19" + 9l o o, / SN (s — 1) ds] =
ro
N 7o _ _
RN [Hg”’—l—g'Hm[O’m]/o (ro— )" ' (s — 0)N " ds+ (11)

R
19" + 9'll e o,y (= 1)N_1/ (R—s)—R)" (s—ro)?’ds] -

Y H /// H F(4)F(N)r3+N
6RN |19 o0l T (4+ N) 'O
N-1 R
g 0 D 0t (V) [ gt
k:D T
N BN —=1)! 50 n
6EN [Hg "+ 9|l oo 0,0 TBEN) 0 (12)
N-1
" N-1 _1\k pk N -1 (N_ k— 1)!3! _ N—-E+3| _
19"+ 9'l| s prg.;) 1) k:()( "R < . ) v kg B =
N (N —1)!
= [Hg/// + g’Hoo,[o,ro} mrg’JrN—l—
N—-1
" N1k ( N=1 YN k-1 N 3| _
19"+ gy 2 (-0 R (Vi) e @ =
ﬂ 1 r8+N
19" + 9|l 0. BN
N—1
RF (N —k—1)! _
" k+N 1 _ N—-k+3| _
9" +9'l] TOR]kZO RN — kD1 (N k3 &) ]_
N! rngN
i Hg”’+9 H 00] (3—1—]\7) (13)
" / — (_1)N+k_1 k N—E+3
Hg +9g Hoo,[?“o,R] kz;) k! (N—/{?+3)'R (R_TO) .
|

We continue with a more general multivariate radial Ostrowski inequality.

Theorem 2.2. Let the function f : B (0, R) — R be radial, that is there exists
a function g such that f (x) = g (r), where r = |x|, r € [0,R], V = € B(0, R).
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We further assume that g € C° ([0, R]), and g*) (1) =0, k = 1,2, 3,4, where
ro € [0, R] is fized. Here o, € R: af (a2 — 52) #0. Then (VY we SN—1)

fB(OR)f(y)dy N R N_1
_ JBOR) T AT T _ - - <
|f<row> | = |70~ [ 9 s <
2N 3+N
I (5) 2 2\ ,(3) 202 1 o
RN~ o+ (a2 +8) g9 + a6 wc070) B+ V)1
(5) 2 2 92 — DY N—k+3
/ —
Hg +a+ﬁ) )+ o 00,[r0,R) Ok'N k+3)R(R o)
(15)
Proof. As in [2], we get that
1
_ < (5) 1 2 202 1 R
90) =9 o)l < g [ + (o + 67 4+ B =
= A(r—ro)®, Vrelr,R], (16)
and
5) (3) . 242 1 3
9(r) ~ g (ro "3152 Al @)+ o)
= B(ro—r)*, Vrel0r). (17)
Next we observe | F)d
_JBo,r) /W)Y <
Jrow) = B 0. R))
(as in the proof of Theorem 1.1)
N " N i
Y |), 5l =g@lds+ | 5T g (ro) =g ()l ds| <
ro
N " N 3 ® ono 3
RN[B/ sV (rg — 8) ds—i—A/ s (s —ro) ds]: (18)
0 T0

(as earlier)
N (N -=1)!
N[Ny
RN (3+N)!
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' 3+N N-1 1\ N+k-1
SN p o a3 UU T pr(p N ks3]
RN (3+N)! prd E'(N — k + 3)!

|
It follows an L1 Ostrowski inequality.

Theorem 2.3. All as in Theorem 2.1, except now g € C? ([0, R]). Then (¥
we sh-1)

Jo.ry f W) dy N (R N1
_ B0 T T _ - <
1 T,N-Jrl
= ng +9—9 (TO)HLI([O,ro]) (N07+ 1)+
Hg//_i_g_g(TO)H N (RN+1_TN+1) — 70 (RN—TN) .
Li([ro,R]) |\ N + 1 0 0
(19)
Proof. As in [2], we get that
l9(r) =g (ro)l < ||g" +9 =9 (r0)| 1, (0.rgp (0 = 7)) (20)
Vre [0,7“0] ,
and
l9(r) =g (ro)l < ||l9" +9 =9 (o)l 1, (o) " — 70) (21)
vV r e [ro,R].
Next we observe
I, £ (W) dy N [ N_1
S ek o/ A PP - — - <
N " N ® ona
2 | [ e =g @lds+ [ g )~ (9)]ds) <
7o
i H "yg— H " N-1 _ 271d + 29
7w 19749 =900l qopy [ &7 (ro—s)"ds (22)

R
19" +9 =9 0|1, (0.1 / sV (s —ro) dS} =
o

N+1
"o

Hg// +g—g (To)HLl([O,m]) er

N
RN



Updated Radial Ostrowski Inequalities over a Ball 31

RN+L _ ré\7+1 RN _— T'(])V
N+1 "0 N

19" +9 =90 1, tro.0

= |19 +9 =9 i
RN Li([0.rl) (N +1)
" o N RN—H _ N+ RN— N
Hg +9 g(TO)HLl([ro,R]) N +1 7o TO( 7o ) :

(23)

Next comes an Ostrowski multivariate radial inequality for |-, p > 1.

Theorem 2.4. Let p,q > 1: %—i— % = 1. Let all as in Theorem 2.3. Then (¥
we sh-1)

fB(O R) f(y)dy N R N_1
_ o T | = - — - <
|f () = e | = o) = e [ a5 a2
NIT 2+%) I | Tév+1+%
——— |||¢" +9—9g(ro) ) <+
RN (q+ 1)1 Lp((Orol) (N+2+ %)
N-1 N+k—1 pk N—k+1+2
-1 RF(R—7r q
I +9 =900l oy 3
ot RE (N —k+2+1)
Proof. As in [2], we get that
" (7" - 740)%
lg(r) — g (ro)| < Hg +9—9g (TO)HL ([ro.R)) i (25)
T g+ 1)
Vre [T(), R] s
and X
ro—7r) 9
l9(r) =g (ro)l < [lg" +9 =90l (0.0 ro=r)r (26)
T (g4 1)

YV r e [0,7].
Next we observe
fB(QR) f (y) dy B

Frow) = B oR) |~
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(as earlier)
N R

'g(rg)—RN ; g(s)sN_lds <

ml UOO sV !g(ro)—g(S)!ds+/RsN1 |g(r0)—g(3>‘d3] <

To

1

N o N
PV [ng +g—g(r)l, (o ro])/ sV (rg — s)<2+f1) Yds+ (27)
RN (q —|— 1)q p\LYs 0

R
Hg// +g—g (TO)HLP([T’OaR]) / V-1 (s — TO)1+§ ds] =
70

(N =D (24 1) yprnr

g//+g_g r T
. { (ol 2, 1010 r(xeain)

N
RN (g+1

R 141
lg” +9 =9 o)l oy D / (R =)= BT (s =) ™ ds] -

(28)
N (N=DIT(242) yipa
——— | llg" +9 =90l L, (o) ( q>7“o !
RY (¢ + 1) ) (N 2+ )
lo" +9=9o)llz, o
i (]V——l)' (_1)N+k—1 Rk (N —k- 1)'F <2 + %) ( N )N—k—&-l—&-%
£ BN~k — 1) F<N_k+2+%)
(29)
NIT (2 + %) ., ‘ T(J)v+1+§
9 +9—g(ro) oy T+
RY (g +1)7 H Mo VT (N+2+1)
N-1 N—k+1+1
_ (R—To) q
g”+g*g(7“ ) . (71)N+k le .
H 0 HLp([ 0,R]) P LT (N hio+ %)
|

It follows a general L; estimate.

Theorem 2.5. Let the function f : B (0, R) — R be radial, that is, there exists

a function g such that f (x) = g (r), where r = |x|, r € [0,R], V = € B(0, R).
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We further assume that g € C* ([0, R]), and g*) (1) =0, k = 1,2, 3,4, where
ro € [0, R] is fized. Let also a,f € R: af (a2 — 52) #0. Then (Y we SN~1)

Sy f (W) dy N [E N1
Ay T | — - - <
‘f(row) | = 900 o [ (65| <
2 " 2 2 " 202 202 T(]]\H_l
32— 2| RN lg"™ + (0 + %) 9" + 0°% = 6% (r0) |, oo v 7y T

19" + (o + %) g" + &*8%9 = a* 529 (ro)| 1, (10 1)

() ) mwal]on

Proof. As in [2], we get that

lg(r) —g(ro)| <
2

"

=7 +a2+2"+a22—a22r‘ ro—r), (31

o I (@®+5%) g B9 =g o) o (o= 7)s (31)
YV re0,7o],

and

g (r) — g (ro)| <
2 " 2 2 ” D) 2 592 ‘

IS — + (o + + « -« T r—10), (32

ot |9 (@ +8%)g Bg—a B (ro)||, o (7= T0), (32)
Y r e ro, R].

The rest of the proof goes as in Theorem 2.3. §

Next comes a general L,, p > 1, estimate.
Theorem 2.6. All as in Theorem 2.5 and let p,q > 1: 1%—1—% = 1. Then (Vv
we sh-1)

Sy f (W) dy N [F No1
e et 7 G - Tds| <
‘f(row) Vol (B (O,R)) ‘g To RN 0 g(S)S S| >
2N (2+ 1)
62— 2| RN (g + 1)
N+144
" 7 T
‘ g +(@®+8%g +a’B%°g—a’Byg (ro)‘ 0 + (33)

L) T (N 42+ 1)
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9" + (a2 + 8%) " + 0282 — a28% (ro)|

Ly([ro,R])
Nz—l (_1)N+k71 Rk (R — TO)N7R+1+$
1
pod k!F(N—k+2+a)
Proof. As in [2], we have that
2
lg(r) —g(ro)| <
|87 —a?|
(ro —r)"T
mn " T — T
‘ g9 +(a®+p%) g +a*B%g— By (7‘0)‘ e (34)
Lp([0,r0]) (q + 1)q
YV re0,7o],
and 5
lg (1) —g(ro)] <
[ —a?]
(r—ro)"T
" " T —7T
‘ g +(*+5%) g +a’Bg—a’Bg (7“0)‘ Y (35)

Lo(ro-R) (g 4 1)s

Vrero,R].
The rest of the proof goes as in Theorem 2.4. I
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