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Abstract In this paper, we present a deduction of swallow water equations in the presence
of vegetation based on spatial averaging techniques starting from the general
principles of conservation of mass and momentum. For this purpose, we worked
in the hydrostatic approximation of the pressure field and we considered certain
hypotheses of kinematic and topographical nature and assumptions on the
structure of the vegetation. Some elements of differential geometry necessary
to facilitate the reading of the paper can be found in the Appendix.
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1. INTRODUCTION

The presence of plants on the hill creates a resistance force to the water
flow and influences the process of water accumulation on the soil surface. The
large diversity of plants growing on a hill makes the elaboration of an unitary
model of the water flow over a soil covered by vegetation very difficult. Here,
we present a model based on water mass and momentum balance equations
that takes into account the presence of certain type of plants.

More precisely, the plants form a dense net of rigid vertical tubes and the
water fills the “voided” space up to a level not higher than these plant tubes,
see Figure 1. The figure 1 explaines the representative element of the volume
Ps used for mediation. The bottom surface of Ps has a representative width §
along two orthogonal directions on this surface. The water depth h associated
to Pj is the averaged value of the physical water depth h inside Ps.

The article is structured as follows. A full hyperbolic PDE model obtained
by averaging the equations for the conservation of mass and momentum is
presented in Section 2. Some closure relations for these balance equations can
be found in

In the Section 3 we introduce some closure relations conceerning the water-
plant and water-soil interaction and we anlyse some mathematical properties
of the model. We note that, by suitable assumptions, different simplified
models can be obtained from the general model.
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Fig. 1. The representative element of the volume used for mediation

The Appendix is dedicated to some elements of differential geometry used
throughout the paper.

2. SPACE AVERAGING MODELS

Space averaging is a method to define a unique continuous model associated
to a heterogeneous fluid-solid mechanical system. The method is largely used
in porous soil media models [2, 5, 12]. For the fluid-plant physical system, the
porous analogy was also used in [1, 6, 8], especially in the case of submerged
vegetation.

At a hydrographic basin scale, there are variations in the geometrical prop-
erties of the terrain (curvature, orientation, slope) and vegetation density or
vegetation type etc. Assume there is a map that models the terrain surface

2t =b'(¢h€%), (€h€)eDCR’ =123 (1)
Denote the tangent vectors to the coordinate curves on this surface by

ob

Sq = Ogb := 8756”

a=1,2. (2)

Using this fixed surface, one introduces a new coordinate y> along the nor-
mal direction v to the surface. A point in the neighborhood of this surface is
defined in this new system of coordinates Y = (¢!, £2,43) by

=0 )+, (€L, eDC R YPeJeR, i=1,23, (3)

where v = (v}, 2, 13) represents the unit normal to the surface.
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We introduce the tangent vectors to the coordinate curves defined by Y
(=0, I=1,2,3. (4)

One has
C3 =v, Ca = (52 - ygﬁg)glﬂ a=1,2 (5)
where k is the curvature tensor of the terrain surface.
In the presence of vegetation on the hill slope, the fluid occupies the free
space between plant bodies and the mechanical characteristics of the fluid flow
are defined only in the domain occupied by the fluid.

We adopt the following

General convention: any variable bearing a tilde over it designates a micro-
local physical quantity, while the absence of tilde indicates the corresponding
averaged quantity. Also, when the micro-local quantity does not differ from the
corresponding averaged quantity, we denote the micro-local quantity without
tilde.

Denote by €2y and €, the spatial domain occupied by fluid and plants, respec-

tively. Consider 1 to be some microscopic quantity that refers to the fluid.
Let y = (y',y?) be a point in D. One introduces the rectangular domain

Ds = Ds(y) = [y* —d.y" +6] x [y — &,y° + 4. (6)
Define the spatial averaging volume
P =P(y) = {(z',2%2%)| 2" = b'(¢", ) + ¢’V
0 <y’ <h(&,€) (6.6 € Ds(y), i=1,2,3}.

Here, h is some extension of h to the domain D, where h is the function
describing the free water surface outside the domain occupied by plants.
Denote by P/ the fluid domain inside P,

Pl :=pPnQt
The boundary of Pf can be partitioned as
orr =x/rnyffnefennss,

where /7 is the fluid-plant contact surface inside P/, /¢ is the free surface
of the fluid inside P¥, /% is the fluid-soil contact surface inside Pf, and ©f/
is the boundary surface separating the fluid inside and outside P7.

The general form of a balance equation, [7] is

8t/ﬁ1~pdv+ /5@(5-n—un)da: /$¢.nda+/5$¢dv (1)

Pt apf orf P
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Here, the significance of the above quantities are:
- p — the micro-local mass density of the fluid;
- v — the micro-local velocity of the fluid;
- i — the exterior unit normal on oPf 5
- @, — the micro-local flux density of ¥;

- ¢, — the micro-local mass density of supply 171;

- Uy, — the normal surface velocity;

- dV — the volume element;

- do — the surface element.

To obtain a mathematical treatable model, one needs to make some assump-
tions concerning the complex fluid-plant-soil system. The first assumption
refers to the plant cover.

Assumption 2.1 (Vegetation structure). The plant cover satisfies:

Al. The plants are almost normal to the terrain surface and they behave like
rigid sticks.

A2. The water depth is smaller than the height of the plants.

We remark that Al is often used in the porous model of the vegetation and
A2 is proper to the overland flow.
The soil-fluid J¢, and fluid-air Jz, interfaces can be represented as

at = bl €%, (€L, eD! i=1,2,3}

jfs = {:B
and

jfa = {m :Ei = bi(§1’§2) +%(€17§2) ga (61352) € va L= 1’273}5

respectively, where D/ := {(¢',£%) € D|b(¢',€%) € Q7 }.
Define the averaged water depth by

ot = [ B B actagt 0
Df
where wy measures the area of vrfs,
wpi= [ B agtag. ©)
Df
The volume of the fluid inside the elementary domain P is given by

vol(PY) = wyh. (10)
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A pure geometrical result which refers to the flux of 17) through the boundary
©/f is formulated as:

Lemma 1.
h(g'%0)
/Mamdazaa/ / pUTCAdY?B(E, €2)detde?, (11)
»ff Df 0

where A = 1 — 3Ky + (v°)?Kg, with Ky and Kg the mean and Gauss
curvature respectively, and $d&dn is the area element of the terrain surface.
The quantities v, with ¢ = 1, 2 stand for the contravariant components of the
velocity fields in the local basis {¢;};_13

v =0, + .

In Lemma 1, the partial differentiation 0, stands for

9
0=

2.1. AVERAGED MASS BALANCE EQUATION

Although the water density is considered to be a constant function, we keep
it in the mass balance formulation for emphasizing the physical meaning of
the equations. Define the averaged water flux by

h(g!.€2,1)
a . 1 ~ ~q 3 1 2
pvt(x,t) := Vol(Pf)/ / p v*Ady® sdETdE”. (12)
pl 0

The mass balance equation results from (7) by taking 171 =1, <f¢ = 0 and

’&w = 0. Since the plants are treated as solid bodies and the water does
not penetrate the plant bodies, the water flux through the boundary of the
elementary volume P/ reduces to

/ p(v-n—uy)do = /ﬁ5~nda+ /ﬁ(ﬁ'n—un)da+ /ﬁ§~nda.
opPf nff »fa >fs
The second integral in the r.h.s. of the above relation represents the water

flux due to the rain which leads to the water mass gain inside Pf. The third
term corresponds to the water flux due to the infiltration which contributes to
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the water loss inside P/. Using Lemma 1 and the definition of the averaged
quantities, one can write the mass balance:

0
5 (wrh) + 0q (wphv") = wr — wyi, (13)
with
/ p(v-n—uy)do =—pwr and / pv-ndo = pwysi (14)
Sfa »fs

representing the rain and the infiltration rates, respectively. Here, as in (9),
w is defined as

wi= [ Be!,)delde.
Ds

2.2. AVERAGED MOMENTUM BALANCE
EQUATIONS

The momentum balance equation results from (7) with & =, &w = ’T,
where T is the stress tensor and @ = }, with } denoting the body forces.
Here, we only consider the gravitational force.

In contrast to the planar case, there are some difficulties in writing component-
wise the space averaging balance momentum equations. These difficulties ap-
pear due to the point dependence of the local basis. In the euclidean basis of
X, the momentum of the elementary volume P/ is given by

H(P) = /5 7dv.
pf

Using the components of v in the basis of Y coordinates, we obtain

h h
H(PS) = / / pC T AdyAdo + / / PV B Adyido, (15)
»fs 0 »fs 0
which can be rewritten as
i [
Hi(PH =< / / p 0°Adydo + / / p 0P AdyPdo + &1 (v, PT).  (16)
»fs 0 »fs 0

Here and in what follows, we make the following convention: ¢, = ¢,(y),
where y = (y!,4?) is the point defining the domain Ds(y) from (6). When it
appears inside the integral, the unit normal v is a variable quantity depending



Fluid Flow on Vegetated Hillslope: A Mathematical Model 79

on the current point from the domain Dg, but when it appears outside the
integral, it is the unit normal defined by the same y as ¢,.

The term
82 (v, Pf // —ga “Ady3da

»fs 0

represents an error introduced by neglecting the variation of the basis {; along
the domain P/,
By averaging, from (16) one has

H(PT) = phw v°sq + phw v + &1 (D, PT). (17)
If one neglects the momentum transfer on the fluid-air and fluid-soil in-

terfaces, then the flux of the momentum through the boundary dPf can be
reduced to

55 5,0P1) = /m(a-n—un)dg: /m(a-n)da.

oPf »ff
Using Lemma 1, one has
(&' €%t)
F(pwv,0P') =0, / / P o U AdyPB (L, €2)detde?,
Df 0
and then,
F(pv,0P") =

Oa(pw phvPvsp) + 9a(pw R sp) + D4 (pw phv*vw)+  (18)
€2(2%, P7),

where the fluctuation

1 E(§1’§2’t)~~b by~a. 3ar¢l ¢2\ 161962
— LR - st eagtag
wrh Jsf Jo

The quantity E5(2%, P1) (as & (v, Pf) appearing above), represents the error
introduced by approx1mat1ng the variable local basis (¢1 (€1, €2, y%), ¢o (€1, €2,9°),
v(¢1,€2,0)) with the fixed local basis (s1,s2,7) at (y',4%,0). The quantities
€3, €4 and &5 introduced in what follows are errors of the same nature.
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Rel. (18) can be rewritten as
F(pv,0P)) =

(pw ph®v®) sy, + pw rhv v 0asy + Oa(pw phaw) sy + pw phwbdusy+
du(pw 30w + pw phvdv® 0w + (0%, PY)
=0, (pw phvPv™)sp + pw p (hoPv® + W) (Yopse + Kapl)+ (19)
Da(pw phw®) sy + Ou(pw phv v v — pw phv3v®kb e, 4 Ea(V7, Pf)

=04 (pw ph(vP0® + w"))sp, — pw hv3v kley + pw (Ao v® + W)y S et

pw £ (Mo + W) kv + Oa(pw phvPv®)v + €202, PY),

where ¢, are the Christoffel symbols.

To express the contribution of the stress forces to the momentum balance,
we decompose the stress tensor field T in two components: the pressure field
p and the viscous part of the stress tensor field 7

T =—pI +7.
The flux of the stress vector can now be written as
F(T,0P;) = F(—pI,dP;) + F(7,0P;).
An elementary calculation show that
(! E2,t)
F(—pI,0P;) = / / (0upg™¢y + d3pr) Ady®Bag'ag®  (20)

The pressure field is determined up to a constant value. If we subtract the
atmospheric pressure from the water pressure, on the interface fluid-air the
pressure must be zero. We assume the pressure field to be hydrostatically
distributed.

Let g = —gt3 be the gravitational force acting on the mass unit. In the
local frame of coordinates related to the free surface of the fluid, this force has
the representation _ _

g = faCa - fBV'
Assumption 2.2 (Hydrostatic approximation). One assumes that
A3. The hydrostatic pressure field has the form

pE &%) =5 PP (e, ) — o).
We neglect the shear forces on the fluid-air interface, i.e.

F(F, 2/ =o.



Fluid Flow on Vegetated Hillslope: A Mathematical Model — 81
On the fluid-soil interface, the stress vector ¢ := 7 - n can be written as
T—inc, + Py,
On the soil-water interface, we can write

F(F, 2% =g, /?ada+u/%3da+83(:?,zf5). (21)

xfs xfs

Introducing the shear force at the fluid-soil interface

1 ~
ol =— [ t%o,
puwy
Sfs
relation (21) takes the form
FF,2%) = ¢apw ot + v / Bdo + E3(T, %7*). (22)

s/

On the fluid-plant interface

F(F,2/P) = /?~nda:zl:/?-nda, (23)

»fp E{p

where Elf P is the fluid-plant surface corresponding to the plant I. Obviously,
U Elf P — ¥fP_ Since the plant stems are supposed to be perpendicular to the

l
ground surface, (23) becomes
FE L) =6 ) / t*do + &4(F,27P) (24)
L v

and introducing the plant resistance force

oy = = Z / t*do

P o : ’
=7

relation (24) becomes

F (7, 277) = qopwots + E4(7,27P). (25)
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On the fluid interface of P, invoking again Lemma 1, the contribution of
the viscous part of the stress tensor on the interface fluid-fluid takes the form

i
FF,u/) =0, / / 7re¢, Adyido + 0, / / v Adytdo.

h
»fs 0 »fs 0

Then, we write the above quantity as,
F(TF,51) = 0u(wshtby) 4 Oy (wph3w) + E5(F0, PY). (26)
Rel. (26) implies that

F(7, 07 =
=0, (wthba)cb + wthbaaacb + 0, (wfh73“)u + thTS‘L@aV
+&5(Fy, PY)
=00 (w A7) sp 4+ W phT" (Vopse + Kap) + 0o (w RT3 (27)
—wiht*Kkhsy + &5(Ty, PT)
=0, (wthba)cb - wth?’“/-iZCb + wthbavgbcc + wthb“/{abu
+0a(wph v + E5(Ty, PT).

For the supply &)1&7 we only consider the contribution of the gravitational

force. Proceeding by components as in (16), the second term in the r.h.s. of
(7) is finally expressed as

h(g" £2.1)
[ouav=[ [ (Fe.-Fv)aasacae )
Pf Df 0

The relations (17, 19, 20, 22, 25, 27) and some order assumptions are the
basis for averaged momentum equations.

The porosity 6 of the plant cover is defined by

==L

w

Let B, = B(y1,y2), where y = (y',%?) is the point defining the domain
Ds(y) from (6).

Let € be a small parameter.

Assumption 2.3 (Kinematical and topographical assumptions). Suppose that
the physical processes satisfy the following properties:
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A4. The water depth. h = O(e).

A5. The velocity. v = O(e).

A6. Geometric assumptions:

A6.1. Curvature. The terrain surface curvatures and the curvature of the
coordinate curves are of order of €. This means that locally the surface is
almost planar.

A6.2. Metric tensor. 8 = 5+ O(e).

A7. The averaged dimension §. dp, < 6 << L and 6K = O(e).

In what follows, by abuse of notations, we denote 3, by f.
The shallow water type approximation of the averaged momentum balance
for an incompressible fluid results by an asymptotic analysis.

Theorem 2.1 (Averaged momentum equations). Under assumptions A1-A7,
the first order approximation for the momentum equations is given by

9y (hBOVY) + BT (h,v) + hBOBY 0w = B%(h,v), a=1,2,  (29)

where
w=g(b®+h3), (g — the gravitational acceleration)
ab a,b ab 1 ab
5 (h,v):h50<v v+ w?” — =1 >,
p
&“(h,v) = B0y + B0 — 70"
and

1
nac _ hﬁg <Ua1)b + wab . Tab) )
0

Sketch of proof. Using Assumption 2.3 and relations (17, 19, 22, 25, 27) one
can prove that the terms &1,..., &5 are of order 2. For € << 1 these terms
as well as the terms containing the factors v3h, hx or h? (which are of same
order €?) can be neglected.

The equations (29) must be supplemented by empirical laws concerning
the averaged stress tensor T, the averaged vegetation force resistance o, the
averaged shear fluid-soil force o, and the averaged fluctuation w®. These
empirical laws are expressed by functions depending on the averaged velocity
v, the averaged water depth h and a set of parameters A defined by the
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characteristics of the plant cover.
7% = FW(Vv, h, ),
b b
op = GP(U, h,A),

o = &b (v, h, A),

S

w® = W% (v, b, N).

3. SHALOW WATER EQUATIONS WITH
VEGETATION ( SWE-VEG) MODELS

The averaged models of water flow on a vegetated hillslope consists of mass
balance equation (13), momentum balance equations (29) and a set of empir-
ical relations (30). The empirical relations are generaly obtained by experi-
ments or in situ mesurements of hydrodinamic variables.

The models we will present here quantify the interactions water-plant, ag
and water-soil, og. One assumes that the viscosity of fluid and the fluctuation
of the velocity field have a small effect as compared with the bed friction and
plant resistance. We set

The averaged vegetation force resistance

The most used empirical relations that relate the vegetation resistance and
fluid velocity have the form [8, 1]

1
oy = —§Cdmhd\v\va, (31)

where m is the number of stems on the surface w and d is the averaged diam-
eters of the stems.

The bed shear stress

One uses the experimental relations of Manning or Ch “ezy, or the Darcy—Weisbach
formula:

0 ZC;L ‘ v ’va7 (32)
v| being the magnitude of the averaged VGlOCity 1.€e.

|v|2 = Babvavb.

Generally, Cj, depends on h, see [11], [13]



Fluid Flow on Vegetated Hillslope: A Mathematical Model — 85

Therefore the base model is given by

9 (hBO) + Og (hBOV*) =F(m, — Om;),

ot
9 9 (33)
gywmf+gjwww%a+hww;¢wk+m%w%mu:—ﬁxmﬁﬂmw.
Yy

The parameter function X(h, 8) is given by
1
K(h,0) = iCdm(y)hd + =

here m stands for the density number of the stems on surface area. In our
model, the porosity 6 and the density number m are related by
nd?

0=1—m "
my

such that one can write
K(h,0) = aph(l —60) + a0,
where the new parameters are given by

2Cy g
—, s = 5.

Oép:

Note that the system equations modeling the water flow on an unvegetated
hill can be obtained from the model (33) by simply considering the porosity
0=1.

The full PDE model for the water flow on vegetated hill is given by (33).
The system is hyperbolic with source terms and there is an energy function
that is a conserved quantity in the absence of plants and water-soil friction.
Also, the model preserves the steady state of the lake.

Proposition 2. The model (33) is of hyperbolic type with source terms.
(a) The conservative form of the system is given by

8tf]-Ci(y, t,u) + (%SVm(y, t,u) = Ti(y, t,u), (34)
where
h BOh
u=|{ v |, Hy.tw=| soho' |,
v? BOhv?
Bohv BOhv?

F(y,t,u) = | BO(hvtv! + gy3611h2/2) BO(hvtv? + gu3512h2/2) ,
BO(hv?vt + gr3B2 A2 /2)  BO(hv?v? + g3 B*2h?/2)
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and
Ply,t,u) =

B(m, —0(y)m;)
—BOhyt v’ — gh | BOBM | Dga® + ﬁaau?’ — gﬁaaﬁeﬁla — BK|v|v!

2
h . h .
—ﬁ&h’y}lbv“vb — gh | B0B% | 9,23 + 5&11/‘5 — §V‘38a5652“ — BK|v|v?
(b) For any unitary vector n € R3, the eigenvalue problem [17]
o . 9 .\ .
FIy — A=—H? | r* =0 35
(8u’ " ou’ > " (35)
has three solutions:
Ao =v"ng —\/gr3h, X =0vng, Ay =10"ng + \/gr3h. (36)

Proof. In order to prove the existence of the solution for (35), it is sufficient
to show that

o P ) hnq hno
W&”]ana — /\ﬁﬂ-ﬁj =80 | 06+ gPhB%, hé + hvlng hvlng ,
w u 028 + gv3h 3% n, hv®ny hé + hv’ns

where § = v*n, — A. The solutions (36) results then from straightforward
calculations.

Proposition 3. The following properties hold for system (33):
(a) it preserves the steady state of a lake

23 + hv® = constant;

(b) there is a conservative equation for the energy

) d h 1
57 MB0E + 8yahﬁ9v“ (8 + 921/3> =4 <<9ﬁ(—2|v|2 + w> — vay?’) ., (37)

where ) "
&= §|fv|2 + g(a® + 51/3), M =m, — fm;

(¢) Bernoulli’s law. At a steady state, in the absence of mass source and
friction force, the total energy

1
&' = S |vl* + 92" + ply, h)

s constant along a current line

09, = 0. (38)
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3.1. FLOW ON ALMOST LOCAL FLAT SURFACE

The model equations (33) is a too complicate mathematical for many prac-
tical applications. It is a good base model to generate simplified models of
certain realistics problem. A simplified version of the full model correspond
to a given soil surface topograhy and a given structure of the plant cover. In
the sequell we introduce a simplified variant of the full model that yet allows
variation in the soil topography and plant porosity.

Let the soil surface be given by

et =yl a? =y’ 2’ =2(y',y°),y e DCR? (39)
We denote the euclidian norm of gradient of surface by
‘VZ|2 = (812)2 + (822:)2

The geometrical characteristics of the surface can be written as(see the

Anexa):
Bap = Oab + 0a20pz, B = /1 4+ |Vz|?
v = _6“27,/3 _ 1
B (40)
c 8(22:821)2 a /Bbcagbz
’}/ab = /82 7I€b = B

An almost local flat surface is one characterized by:
%2 ~0,a,b=1,2.
For such surface one assumes that:
B = constant, vy, = 0,k5 =0,a,b,c=1,2

One these ground the equations (33) can be approximate as:

0

—0h + 0, (Ohv*) = 9N,
9 ot ( ) (41)
a&hva + O0hvav? + Ohd,w = —XK(h,0)|v|v,.
where
K(h,0) = aph(l —0) 4+ Oos, M = m, —m;0, (42)

Note that the water depth is measured along the normal direction to the base
flow surface in the case of slity inclined surface the vertical components of the
unitary normal to the surface can approximat by, 3 = 1 so that the potential
of free water surface is given by

w=g(z(y",y*) + h). (43)
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The model (41, 43 ) is most used model in the practical applications. It
preserve the main properties of the full model.

Proposition 4. The reduce model (39) equations of the water flow on vege-
tated hill is of the hyperbolic type with source terms.
(a) The conservative form of it is given by

gteh 4, (Bh) = M,
2
aatGhva + O (Wwavb + 520gh2> = —hg0,z — g%28a0 — X (h,0)|v|vg.

(44)

(b) For any unitary vectors n € R? the eginvalues are given by

Ao =0"g — \/gh, Ao = vng, Ay = v%ng + \/gh. (45)

Proposition 5. The system (39) has the properties:
(a) it preserve the steady state of a lake

z3 4+ h = constant,

(b) there exists a conservative form equation of the energy disipation

0

0 a AN Lo 3
3t0h8+3ya9hv <8—|—ggrav1t2> = <<9ﬁ( 2|U| —|—w) Klv| ), (46)

where

1 h

&= Z)? T

Slol? + (% + )

(¢) Bernoulli law. In a steady state in the absence of the mass source and
without friction force the total energy, i.e

1
€' = S [v* + g2° + p(y, h)
18 constant along of a current line
v0,E" = 0. (47)

The presence of the plants and the exitence of the frictional ineraction
between water and soil induce and energetic lost. To put in evidence such
phenomenon let us consider a domain €2 whos and let n be the normal uni-
tary to the 99 outward orientated. One assume that the 902 consists in an
impermeables portion and an exit portion 9Q =T UTl's n-v =0 on I'; and
n -v > 0 on the I's, one of the two portion can be a void set.
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Proposition 6 (Energy disipation). Assume that there is no mass production.
Then the energy of ) is a deacreasing function whith respect to time

) / hBOEdx < 0 (48)
Q

To prove the assertion one integrates the energy dissipation equation (46)

Oy / hB0Edx + / hB0v - nElds = — / KlvPdx
Q

Q o0

and and one observes that the second integrals in the left hand side is a positive
quantity.

4. APPLICATIONS

We will presents three applications of the SWE-Veg model given by 41,
43. The first application deals with the Riemann problem and the next two
applications reffer to the ability of the model to accuratelly predict the real
phenomena.

Riemann problem. The Riemann Problem is a central topic in the
theory of the hyperbolic systems, [14], [15], [16], . When solvable, the solution
of it comsists in a superposition of shock and rarefaction waves. This very
special solutions can be used to define a class of numerical schemes, Riemann
solver: [18], [19], [22], [24].

In the case of the SWE-Veg model a shock wave solution is defined as
a measure solution that satisfies certain requirements, [20], [23], [9]. The
Riemann solver is still composed by picewise smooth solutions, but this time
the solver include a new steady shock wave located at the point discontinuity
of the soil or porosity function [25], [26].

The Riemann problem for the shallow water equations with topography and
vegetation consists in finding a solution in the class of functions with bounded
variation for the equations 41 with the following initial conditions:

B (RE uk 2P0t z <o,
(hou, 2,0) = { (h,uf, 2R 0% o >0 (49)

In the papper [26] was proved that Riemann problem is locally solvable. In the
figures (2), (3 and (4) we illustrate the solution of the RP for different initial
data. All pictures contain the h profiles at the moment of time t = 0.7s. In
all cases illustrate here the solutions include rarefaction wave, that propagate
to the left and a shock wave that propagate to the right. If the data terrain
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Fig. 2. Solutions of Riemann Probelm: (u®,0%) = (u%,0%); (a) (h%,2%) =
(0.6,1), (b, 2") = (0.2,1); (b) (h",2") = (0.6,1),(h",2") = (0.2
(0.6,1.05), (R%, 2) = (0.2,1).

il Vegetation 17 Vegetation

(a) (b) ()

Fig. 3. Solutions of Riemann Probelm: (u”,2F) = (@, 2%); (a) (nF,0%) =
(0.6,1), (h",67) = (0.2,1); (b) (r",0%) = (0.6,0.9), (r",0%) = (0.2,1); (c) (h",0%) =
(0.6,1), (R, 6%) = (0.2,0.9).

present a jump then a new shock wave is generated that is located at the
discontiuity point, x = 0.

The global solvability of the Riemann problem for SWE-veg equations is an
open problem. The problem was discused in the paper [26].

Comparision of the model prediction with the experimental data.
Generally speaking, a mathematical model is a metaphor of the reality that it
refers. He cannot quantify all the state variables but only a part of them, the
variables that dominate and control the evolution or state of the system. With
necessity the model must retain the dominant forces that govern the physical
phenomenon and must ignore others that induce small effects in the state of
it.

The SWE-Veg models are intended to predict the dynamics of water flow
on the soil surface. Apparently this is not so complicated process, but really
it is difficult to mathematically model it. The water-plant and water soil
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@) (b) | (©

Fig. 4. Solutions of Riemann Probelm: «* = wf; (a) (h%, 21,08 =
(0'67 1’ 1)7 (hR7zR76R) = (0'2’ 17 1); (b) (hL7ZL76L) = (0'67 1'7 1)7 (hR7zR7QR) = (0'27 1'17 1);
(c) (h*, 2%, 6%) = (0.6,1.05, 1), (R, 2%, 0%) = (0.2,0,1,1).

interactions forces are hardly quantifiables and in certain circumstances new
processes can become relevant, erosion and water infiltration, for examples

In spite of this difficulties the SWE-Veg model can predict the evolution of
water dynamics variables with a satisfactory accuracy.

The model is versatil enough to cope with a large class of physical processes.
By a proper choice of the model parameters o, and o and a proper determi-
nation of the porosity function 8 and soil altitude function z it can be used to
simulate water flow for different, real or imaginary, scenarios.

We will illustrate the model ability to predict main water flow charcteristics
by comparing its prediction with some experimental data. All results furnished
by the model was obtained by using a numerical scheme exposed in [27].

We consider two experiments, one is the dam break simulation and another
one is the water flow on a vegetated slope.

Water flow on vegetated slope

Briefly, the experimental installation consists of an 18m long and 1m width
laboratory flume with a longitudinal bottom slope S = 1.05mm/m, see figure
(5). = 1.1738. Figure (6) includes the numerical and experimental data for
forth different steady configurations. The experimental data are extracted
from the graphics The experimental results was reported in [28].

Dam break flow in an L-shaped channel

We consider the CADAM test case of the dam break flow propaga- tion in an
impermeable L-shaped channel, [29], [30]. The layout of this experiment and
the initial state of the water at rest are presented in Figure (7). The water level
in reservoir is h = 0.53[m| and h = 0 in the channel. The experimental data for
bare soil are for [30]. We simulate the same problem but considering in addition
a vegetated channel with 8 = 0.99, the numerical and experimental results are
given in the figures (8) . One notes the vegetation effect to dammped the
water oscilation and to slow down the speed of the propagation of the direct
wave, see the data from gauge P4.
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Fig. 5. Experimental instalation for water flow on vegetated slope
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Fig. 6. Flow over a slope with vegetation

5. FINALY REMARKS AND FURTHER
RESEARCH

The flow of water is a natural phenomenon that interests everyone. To
predict the flow main characteristcs like water depth or water velocity of water
coming from rain or generated by the floods is of the great important for
hydrogist or agriculters. To predict the flow main characteristics like water
depth or water velocity of water coming from rain or generated by the floods is
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Fig. 7. Experimental instalation for dam break flow
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Experimenal =
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Fig. 8 Dam break flow in L-shaped channel

of the great important for hydrologist, agriculturists or or officials responsable
with soil and water management. Given that there are a large variety of
geographical context where the water flow is of the interes, there are a plethora
of mathematical model used to study it . Some of them are empirical models
and some of them are physical processes based models.

Independently of their character, all includes many simplified hypothesis in
order to be solvable or to fit to a particular case.

In the paper we has try to show how one can obtain a class of shallow water
model equations by using the general continuum mechanical principles.

This mathematical dedudicting way revels what was assumed as important
and what was less important and was dropped out from the model. In this
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way a person interesed in applications can judge in advance if a simplified
version of the model is adequat for a given problem or one must consider a
more complicated model.

A comparating study presented in the section Application show thta the
simplified model (41), (43) is able to accurate predict the main characteristics
of the water flow and it can be used for many application in hydrology or
agrucukture.

It is very versatil and it can be relativelly ease programated.

The elements of differential geometry presented in the Annexa faciltate the
readers to understend the mathematical tools used in the paper.

We belive that there are two main directions to extend the area of appli-
cations of the model: to develope more accurate and more economically, in
time and computer memory, numerical schemes and to incorporate the surface
curvature effects in the model.
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6. BASICS OF DIFFERENTIAL GEOMETRY IN
EUCLIDEAN SPACE

6.1. CURVILINEAR COORDINATE

Let Ox be a Cartesian coordinate system in the reference Euclidean space
E3. Let {y'} /=13 Pe another coordinate system and let

o =2y %y, yeD (50)

be the transformation rule. By coordinate line, one understands the curves
generated by the variation of a single variable y!, while the rest are kept
constants. The tangent vectors at the coordinate lines are defined by

ey = 8133. (51)

The set of vectors {e;};_ 13 give rise to a new base of tensor fields. For the
vectors and tensors of rank 2, one writes

v = vIeI, t= tUeIeJ.
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In the new coordinate system, the components of the metric tensor g are given
by

917 = bijesel (52)
and
g’ = 8"hin], (53)
where
h]I- =9y’ (54)
One has ‘ ‘ .
eJIhiI =4, ejlhj-] =) (55)
and then

9" gk =65,
The volume element is o
J = ¢eijreiedel, (56)
with €;;, representing the Levi-Civita symbol. From (56) and (52), one obtains
detg = J?, (57)

where g is the matrix with the elements gy ;.
The variation of the basis {er}; with respect to the y coordinate is stored
inside Christoffel’s symbols "

dre; =T7ser. (58)
Alternatively, one can calculate the I' coefficients by
L7y = hidsey,
F%J = —e?e@@ihf, (59)

1
Iy = §9LK (Orgx g+ O0r9x1 — Ok gry) -

The first relation here results from the definition (58) and (55), the second
relation results from the first one, and the last relation results from (58) and
(52). Define now the covariant derivative of a vector by

v;IL = v’ + 05T, (60)
and the covariant derivative of tensor by
tl] = opt!) + "] e + +"5T7 k. (61)

An elementary way to introduce the covariant derivative is to estimate the
difference of vector fields between two neighbor points

v(y + Ay) — v(y) =vl (y + Ay)er(y)(y + Ay) —vler(y)
= (000" (y) + v (W Lk (v)) er(y) Ay" + O(AY?).
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6.2. BASIC NOTIONS OF DIFFERENTIAL
GEOMETRY ON A SURFACE IN E3

For completeness, we present here the essential facts about the differential
geometry of the surface in the euclidean space E3; as a reference, one can
consult the classical books [4]. Let Ox be a Cartesian coordinate system in
the reference Euclidean space E3. Let 8 be a surface in E? and let

@ =0yhy"), (y'y?) eDeR? (62)
be a parameterization of 8. One defines the tangent vectors to the surface by
.o

Ty, = By (63)
and the oriented normal direction to the surface by
:Ni ZSjkiT{TIQC. (64)
The unitary normal v to the surface is given by
N;
Vi = ——. (65)
tIN]]

Metric tensor 3 of the surface. The covariant components of 3 are given
by

Bap = 0ijTaT (66)
and the contravariant components 8% of it are defined by the relations
0y = BBey = Ly (67)
The area element of the surface is defined by
do(y) = Bly)dy'dy?, (68)
where
B =\/%Ba1 B, (69)
with €% being the Levi-Civita symbol.
Note that
[IN|| = 5.

The curvature tensor . The curvature tensor x and the affine connection
~ can be defined by the Gauss-Wiengarten equations

0T,
Oiyb =NoyTe+ KapV, (Gauss)
ov b (70)

oy — Ky Th. (Wiengarten)
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6.3. SURFACE BASED CURVILINEAR
COORDINATE SYSTEM

A surface 8 based coordinate system in the space E? is introduced as follows.
Given a parameterization (62) of the surface, one defines the applications

2 =byh P+ %, (vt e Dc R P eTleR, (71)

where I is an open neighborhood of zero. Assume that (71) defines a coordi-
nate transformation from D x I to a space nelghborhood Q of the surface 8.
The surface § in the new coordinate system is given by y> = 0. Furthermore,
we have:

e the tangent vectors to the coordinate lines

b

er=22 { ca=dimy =0yl =12 o

oy e3=v

e the coefficients of the metric tensor
o — ACqd 2 =0
= §..etel — 9ab = Qaqbﬁcda ga3 = U, 73
arJ ij€1€y { g3a = 0, g33 =1, ( )
with

Vdetg = A, A:=1-23Ky + (1) Kg, (74)

where Ky = 1/2k2 and K¢ = €,,pk{k5 are the mean curvature and the Gauss
curvature of the surface, respectively; e the affine connection

8yJ ng = (53 - a)“cbv F23 = 0’
(75)
where @ is defined by
11— ygl‘i% 2 3“%
b Ql - A(y) ) Ql - A(y)?
T, = Qe = 31 1081 (76)
Qb = ) Q2 = Y K1
2 Aly) 2T Ay)

Obs. For any 3> € I, the tangent vectors ey, a = 1,2 belong to the tangent
plane at the surface 4 = const and they are orthogonal to the normal ez = v.
In the new coordinate system, the volume element is 9(y)dy!dy?dy?, where

W(y) = e jrebesel = /detg = (1 — 20 Kar + (v°)?K¢) B (77)
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6.4. INTEGRALS OF VECTORS AND SECOND
ORDER TENSORS

Let V be a domain in E? defined by

z=>by",y")+v’v, W'.v*)eD, uly',y?) <y’ <uwy',y?)

where D is a open closed domain with boundary 4D, u(y!,v?) and w(y*, y?)
are two functions that define some surfaces in E3. We are interested in calcu-
lating the flux of vectors or tensors through the boundary of V', to evaluate
integral of vectors in V or to calculate integrals of vectors on surfaces. In E3,
such integrals define global quantities of the same type with the integrands:
scalars define scalars, vectors define vectors and second order tensors define
second order tensors. If one uses curvilinear coordinates, such invariant prop-
erties are lost for vectors and tensors.

Let 8 and V be a surface and a domain in E3, respectively. Define the flux
of f and ® through a surface by

Ff(S) = /f@' nido,
S

F5(S) = /<I>ij njdo,
S

where n stands for outward oriented unitary normal to the surface.
Define by components the integral of a vector field f on V

and the integral on the surface S
J?(S) = /fjda.
S

Let 8, be the surface defined by some function r(y!, 3?)
z=by',y")+ry v v, (v eD.

One denotes the “vertical” boundary of V' by

S ={zecEx=>0b(y"(s),y°(s)) + v’v(y'(s).4°(s)),
s € (0,L), u(y'(s),y*(s) <y® <w(y'(s),y°(s))}

where (y'(s),4?(s)), s € (0, L) is a parameterization of dD.
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Let f and ® be a vector field and a second order tensor field in E3, respec-
tively. Using the law of transformation of the coordinate system of a tensor
field under coordinate transformation, one can write

i ol i ij _ i d@ld
[t=fle;, @Y =eje) @,
Next lemma refers to various integrals.

Lemma 7. Let f and ® be some smooth fields on a domain Q C E3. Let S,,
V and 3 be a surface, domain and portion of OV, respectively, as previously

defined. Then:

w

/ / / G foIdy? + v / Fody? | dy'dy?,

u

//19 ( 87;) dyldy?,
y3=r
[ 5 / 2 dytdydy?,
oy®
D u
i cC dr a
- [ (e (0550
D
- or
7 33 Y H3a d 1d 2
+ v (Q a (J,@ >> ﬁ(y):| y3:7. y y ) (79)

Yy
8 w
c (pbad 3
oy / gy (y) @™ dy

-/

+ 7%, / as9(y) @ dy® — K¢ / I(y)@*dy® | dy'dy?

u

o o e

0
oy®

+ /ﬂ(y)q)dady dytdy?.

u
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Proof. Let (y'(s),3%(s)), s € (0,L) be a parameterization of the boundary
0D. On %, the tangent directions are given by

_ a
ts = eqw”,
es =Vr,

a

Yy
ds

where w® =

and the outward normal direction is given by

— Jik _ j ok
NZ' = ejkie?)ts = ijil/Jeawa.

Thus, one can evaluate the flux as

w(s)

L
Fi (D) = /Z finido = / / fiN;dy3ds,
0 a(s)

with w(s) = w(y'(s),y%(s)), u(s) = u(y'(s),y*(s)). Then, one writes f in the
local basis {ej, es, e3} and obtains

FiN;g = (fel + fPV)N; = epaleleiw® 2 = 9(y)eapw® f°

and
L w(s) L w(s)
318) = [ [ weant raras = [aw [ owrasas
0 a(s) 0 u(s)

a
Observe that egpw® = eabi is the normal direction to the boundary 0D

s
and use the flux-divergence theorem and to obtain

3 w(y'y?)
5= [ | wratata (50)
D u(y',y?)

On S, one has the tangent vectors

ox or
= = €, _ 1
By e, + ayau (81)

Ca

and normal direction

s Or or
Ni = €jpi | €] + 57V b 0. 2
€k <€1+ ayly ) (62 + 8y2y ) (82)
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PN =0) (£ = ).
- é [ow (£~ 5r°)

Consider now a second order tensor ®. The coordinate transformation (71)
implies that the contravariant components of the tensor in the two coordinate
system are related by

Then, we obtain

Consequently,

dy'dy?. (83)

y3=r

PY = e e J<I>I 7
The main difficulty in this case is that the vectors of the basis depend on the
variables (y!,32,4?) and there is no sense to find the components of the global
vector quantity Fp in the new system of coordinates. We proceed to find the
Cartesian components of Fg, but calculated as functions of the contravariant
components ®7.
On the surface X, one has

PIN; = e]eJq)UN = I(y)eqpuwer d®

a i 1 a
_ / / o / ()b ®Tdydy dy?.
D u

Using the relations (72) we get

and the flux is given by

a 7 r c a 7 i a
= // oy Tc/qb (y)@"dy?® + v /ﬂ(y)<1>3 dy® | dy'dy®.
D u u

Applying Weigartern formula, we can write

/ / ~ / G 0(y) @ dy? — K / )8 dy® | dy'dy?
/ / Vikeq / () ®b2dy3dytdy?.

/ 0 (y)dedy® + v — By / I(y)®3dy? | dy'dy?
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Regrouping the terms, we obtain the result for F5 (3).

Lemma 8. Consider that the stress tensor of the fluid has the following form

t9 = —po + 7Y

stress // tUn do.
ab OT
stress // [qua < )g ba b

and set

Then

+ 73 14 bcgrb aar ) v&‘(y)] dy*dy?
y3=r(yly?)
(84)
i ~33 or g3
+// [V (—p—i—T + 7
oy®
D
1+ gbe arb o ) vy dytdy?.
Ay’ y* s 2
y3=r(yl,y?)

In this lemma, 717 denotes the contravariant components of the viscous
stress tensor in the frame given by the tangent vectors to the surface y3 =
r(y',y?) and the unit normal to the tangent plan (which points to the same
direction as the unit normal v to the support surface).

Proof. Let r(y',y?) be a parameterization of the surface S, and let ¢;, C5
and n be the tangent vectors and the unit normal given by (81) and (82),
respectively. One can write

tin; = —pn® + 79n; = —pn® + 7S¢ + 70 (85)
Using the basis {es}, the unit normal has the form

a ab or 79( ) 3 ﬁ(y)

n=n%, +n’v, n®=—gW_— 2 pd=__L

Oy [N NI

or Or
IN|| = 9(y) 1+gabayaaT/b’ y* =1y )

and the tangent vectors are expressed by

,
¢, =€eq+ —nu.

oy®
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Since the area element is given by
do = || N|dy'dy?,

then, we immediately obtain the conclusion of this lemma.






