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Abstract We give an extension of the G method, with results, the extension and results
being partly suggested by the finite Markov chains and specially by the finite-
time consensus problem for the DeGroot model and that for the DeGroot model
on distributed systems. For the (homogeneous and nonhomogeneous) DeGroot
model, using the G method, a result for reaching a partial or total consensus
in a finite time is given. Further, we consider a special submodel/case of the
DeGroot model, with examples and comments — a subset/subgroup property is
discovered. For the DeGroot model on distributed systems, using theGmethod
too, we have a result for reaching a partial or total (distributed) consensus in a
finite time similar to that for the DeGroot model for reaching a partial or total
consensus in a finite time. Then we show that for any connected graph having
2m vertices, m ≥ 1, and a spanning subgraph isomorphic to the m-cube graph,
distributed averaging is performed in m steps — this result can be extended —
research work — for any graph with n1n2...nt vertices under certain conditions,
where t, n1, n2, ..., nt ≥ 2, and, in this case, distributed averaging is performed
in t steps.
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1. AN EXTENSION OF G METHOD

In this section, we give an extension of the G method [18]-[19], see also
[17] — a good thing both for the forward products of matrices, in particular,
for the finite Markov chains, and for the backwards products of matrices, in
particular, for the DeGroot model and for the DeGroot model on distributed
systems.

Set
Par (E) = {∆ | ∆ is a partition of E } ,

where E is a nonempty set. We shall agree that the partitions do not contain
the empty set. (E) is the improper (degenerate) partition of E — we need
this partition.
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Definition 1.1. Let ∆1,∆2 ∈Par(E) . We say that ∆1 is finer than ∆2 if
∀V ∈ ∆1, ∃W ∈ ∆2 such that V ⊆W.

Write ∆1 ⪯ ∆2 when ∆1 is finer than ∆2.

In this article, a vector is a row vector and a stochastic matrix is a row
stochastic matrix.

Set

⟨m⟩ = {1, 2, ...,m} (m ≥ 1).

Let Z be an m× n matrix. Zij or, if confusion can arise, Zi→j denotes the
entry (i, j) of matrix Z, ∀i ∈ ⟨m⟩ , ∀j ∈ ⟨n⟩ .

Set

Cm,n = {P | P is a complex m× n matrix} ,

Rm,n = {P | P is a real m× n matrix} ,

Nm,n = {P | P is a nonnegative m× n matrix} ,

Sm,n = {P | P is a stochastic m× n matrix}

(...the stochastic matrices are defined in Definition 1.3),

Cn = Cn,n,

Rn = Rn,n,

Nn = Nn,n,

Sn = Sn,n.

Let P = (Pij) ∈ Cm,n. Let ∅ ̸= U ⊆ ⟨m⟩ and ∅ ̸= V ⊆ ⟨n⟩. Set the matrices

PU = (Pij)i∈U,j∈⟨n⟩ , P
V = (Pij)i∈⟨m⟩,j∈V , and P

V
U = (Pij)i∈U,j∈V .

Remark 1.2. (Basic properties of the operators (·)(·) , (·)
(·) , and (·)(·)(·) on

the products of complex matrices.) Let P1 ∈ Cn1,n2 , P2 ∈ Cn2,n3 , ..., Pt ∈
Cnt,nt+1 , where t ≥ 2. Let k ∈ ⟨t− 1⟩ . Let ∅ ̸= U ⊆ ⟨n1⟩ and ∅ ̸= V ⊆ ⟨nt+1⟩.
Obviously, we have

(a)

(P1P2...Pt)U = (P1P2...Pk)U Pk+1Pk+2...Pt;

(b)

(P1P2...Pt)
V = P1P2...Pk (Pk+1Pk+2...Pt)

V ;

(c)

(P1P2...Pt)
V
U = (P1P2...Pk)U (Pk+1Pk+2...Pt)

V ;
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(d)

(P1P2...Pt)
V
U =

∑
W∈∆

(P1P2...Pk)
W
U (Pk+1Pk+2...Pt)

V
W , ∀∆ ∈ Par (⟨nk+1⟩) ;

(e)

(P1P2...Pt)
V
U ≥ (P1P2...Pk)

W
U (Pk+1Pk+2...Pt)

V
W , ∀W, ∅ ̸=W ⊆ ⟨nk+1⟩ .

((c)=⇒(d)=⇒(e))

Let W be a nonempty finite set. Suppose that W = {s1, s2, ..., st}. Set

({i})i∈W ∈ Par (W ) , ({i})i∈W = ({s1} , {s2} , ..., {st}) .

E.g.,

({i})i∈⟨n⟩ = ({1} , {2} , ..., {n}) .

({i})i∈W is the finest partition of W while (W ) is the coarsest partition of W .
Let L ⊂ W . Let K = Lc, Lc is the complement of L — so, ∅ ̸= K ⊆ W.
Suppose that K = {sj1 , sj2 , ..., sju} (1 ≤ u ≤ t). Set

({i}, L)i∈K ∈ Par (W ) , ({i}, L)i∈K =

{
({i})i∈W if |L| = 0,

({sj1}, {sj2}, ...,{sju}, L) if |L| ≥ 1

(|·| is the cardinality). Obviously, ({i}, L)i∈K = ({i})i∈W if |L| = 1. So,

({i}, L)i∈K = ({i})i∈W if |L| ≤ 1.

Further, we suppose that t ≥ 2. Let (L1, L2, ..., Lm) ∈Par(W ), where m ≥ 2
(L1, L2, ..., Lm ̸= ∅; m ≥ 2 =⇒ t ≥ 2). Suppose that L1 = {sl1 , sl2 , ..., slv}
(v ≥ 1). Set

({i} , L2, ..., Lm)i∈L1
∈ Par (W ) ,

({i} , L2, ..., Lm)i∈L1
= ({sl1} , {sl2} , ..., {slv} , L2, ..., Lm) .

E.g.,

({i} , {4, 5} , {6, 7, 8})i∈⟨3⟩ = ({1} , {2} , {3} , {4, 5} , {6, 7, 8}) .

({i} , L)i∈K is the finest partition of W when |L| ≤ 1; ({i} , L)i∈K is the finest
partition (of W ) among the partitions of W which contain L when |L| > 1
while ({i} , L2, ..., Lm)i∈L1

is the finest partition (of W ) among the partitions
of W which contain L2, ..., Lm. Obviously, ({i} , L2, ..., Lm)i∈L1

= ({i})i∈W
when |L2| = ... = |Lm| = 1. Obviously, the partition ({i} , L)i∈K when |L| ≥ 1
is a special one of ({i} , L2, ..., Lm)i∈L1

.
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Definition 1.3. Let P ∈ Cm,n. We say that P is a generalized stochastic
(complex) matrix if ∃a ∈ C (a = 0 or a ̸= 0) such that∑

j∈⟨n⟩

Pij = a, ∀i ∈ ⟨m⟩ .

(We have generalized stochastic complex matrices, generalized stochastic real
matrices, generalized stochastic nonnegative matrices... If P ∈ Nm,n, then P is
a generalized stochastic (nonnegative) matrix if and only if ∃a ≥ 0, ∃Q ∈ Sm,n

such that P = aQ— see, e.g., [17, Definition 1.2].) The generalized stochastic
matrices with row sums equal to 1 are called stochastic complex when the
matrices are complex, stochastic real when the matrices are real, stochastic
nonnegative or, for short, stochastic when the matrices are nonnegative...

Definition 1.4. (A generalization of Definition 1.3 from [17].)
Let P ∈ Cm,n. Let ∆ ∈Par(⟨m⟩) and Σ ∈Par(⟨n⟩). We say that P is a [∆]-
stable matrix on Σ if PL

K is a generalized stochastic matrix, ∀K ∈ ∆, ∀L ∈ Σ.
In particular, a [∆]-stable matrix on ({j})j∈⟨n⟩ is called [∆]-stable for short.

Definition 1.5.(A generalization of Definition 1.4 from [17].)
Let P ∈ Cm,n. Let ∆ ∈Par(⟨m⟩) and Σ ∈Par(⟨n⟩). We say that P is a
∆-stable matrix on Σ if ∆ is the least fine partition for which P is a [∆]-stable
matrix on Σ. In particular, a ∆-stable matrix on ({j})j∈⟨n⟩ is called ∆-stable

while a (⟨m⟩)-stable matrix on Σ is called stable on Σ for short. A stable
matrix on ({j})j∈⟨n⟩ is called stable for short.

For the [∆]- and ∆-stable matrices on Σ, ∆ ∈Par(⟨m⟩), Σ ∈Par(⟨n⟩), we
will use the generic name “generalized stable (complex) matrices” — we have
generalized stable complex matrices, generalized stable real matrices, general-
ized stable nonnegative matrices, generalized stable stochastic matrices...

The stable matrices have a central role in the finite Markov chain theory, in
the DeGroot model theory (see Section 2), in the theory of DeGroot model on
distributed systems (see Section 3)... The stable matrices on Σ are important
for the finite Markov chains (see, e.g., [17, p. 389]), for the partial consen-
suses (see, in Section 2, Theorem 2.5; see also Example 2.8), for the partial
distributed consensuses (see, in Section 3, Remark 3.2(b))...

Example 1.6. Let

P =


2 3 1

2
1
2 0

1 4 0 1
2

1
2

4 6 0 0 7

9 1 1 2 4

 , Q =


1
2 0 0

1
2 0 0

1 2 3

1 2 3

 ,
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T =

(
3 −1

4
1
4

2
4

3 −1
4

3
4 0

)
, and Z =

(
1
4 −3

4

1
4 −3

4

)
.

P is [({1, 2} , {3, 4})]-stable on ({1, 2} , {3, 4, 5}) because PL
K is a generalized

stochastic matrix, ∀K ∈ ({1, 2} , {3, 4}) , ∀L ∈ ({1, 2} , {3, 4, 5}) — indeed,

P
{1,2}
{1,2} =

(
2 3
1 4

)
,

and it is a generalized stochastic matrix because 2 + 3 = 1 + 4,

P
{3,4,5}
{1,2} =

(
1
2

1
2 0

0 1
2

1
2

)
,

and it is a generalized stochastic matrix, etc. Moreover, P is [∆]-stable on
({1, 2} , {3, 4, 5}) , ∀∆ ⪯ ({1, 2} , {3, 4}) . Moreover, P is ({1, 2} , {3, 4})-stable
on ({1, 2} , {3, 4, 5}) . Q is [({1, 2} , {3, 4})]-stable

(Q
{1}
{1,2} =

(
1
2

1
2

)
=

1

2

(
1

1

)
, Q

{2}
{1,2} ≡ Q

{3}
{1,2} =

(
0
0

)
...

— ≡ is the identical sign). Moreover, it is [∆]-stable, ∀∆ ⪯ ({1, 2} , {3, 4}) .
Moreover, it is ({1, 2} , {3, 4})-stable. T is stable on ({1} , {2} , {3, 4}) — it
follows that T ⟨2⟩ is stable (the rows of T ⟨2⟩ are identical — any stable matrix
has the rows identically). Z is stable (the rows of Z are identical).

Let ∆ ∈Par(⟨m⟩) and Σ ∈Par(⟨n⟩). Set (see [17] for G∆,Σ and [18] for
G∆,Σ)

G∆,Σ = G∆,Σ (m,n) = {P | P ∈ Sm,n and P is a [∆] -stable matrix on Σ} ,

G∆,Σ = G∆,Σ (m,n) = {P | P ∈ Nm,n and P is a [∆] -stable matrix on Σ} ,

G̃∆,Σ = G̃∆,Σ (m,n) = {P | P ∈ Rm,n and P is a [∆] -stable matrix on Σ} ,

and

Ĝ∆,Σ = Ĝ∆,Σ (m,n) = {P | P ∈ Cm,n and P is a [∆] -stable matrix on Σ}

(G∆,Σ is a set of generalized stable stochastic matrices, G∆,Σ is a set of gen-
eralized stable nonnegative matrices...).

When we study or even when we construct products of complex matrices
(in particular, products of stochastic matrices) using G∆,Σ, G∆,Σ, G̃∆,Σ, or

Ĝ∆,Σ, we shall refer this as the G method. G comes from the verb to group
and its derivatives.
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The G method can more be extended considering other sets of matrices
besides Sm,n, Nm,n, Rm,n, and Cm,n, then, if necessary, generalizing Definition
1.3...

The G method has serious applications, see, e.g., [20]-[21].

Since G∆,Σ ⊆ G∆,Σ ⊆ G̃∆,Σ ⊆ Ĝ∆,Σ (∆ ∈Par(⟨m⟩) , Σ ∈Par(⟨n⟩)), any
property which holds for Ĝ∆,Σ also holds for G∆,Σ, G∆,Σ, and G̃∆,Σ, any prop-

erty which holds for G̃∆,Σ also holds for G∆,Σ and G∆,Σ... Several properties
of G∆,Σ were given in Remark 2.1 from [17] — some of these properties can

be extended for G∆,Σ, for G̃∆,Σ, or for Ĝ∆,Σ. Below we give a few properties

of G∆,Σ, G∆,Σ, G̃∆,Σ, or Ĝ∆,Σ.

Remark 1.7. (a)

Sm,n = G(⟨m⟩),(⟨n⟩) = G({i})i∈⟨m⟩,Σ
, ∀m,n ≥ 1, ∀Σ ∈ Par (⟨n⟩)

((⟨m⟩) is the improper (degenerate) partition of ⟨m⟩...; Σ can be equal to
({j})j∈⟨n⟩ (so, Sm,n = G({i})i∈⟨m⟩,({j})j∈⟨n⟩

), or, more generally, to ({j} ,Kc)j∈K ,

∅ ̸= K ⊆ ⟨n⟩ , or to...).
(b)

Nm,n ⊃ G(⟨m⟩),(⟨n⟩), Rm,n ⊃ G̃(⟨m⟩),(⟨n⟩), Cm,n ⊃ Ĝ(⟨m⟩),(⟨n⟩), ∀m ≥ 2, ∀n ≥ 1,

and G(⟨m⟩),(⟨n⟩) is equal to the set of generalized stochastic nonnegative m×n

matrices, G̃(⟨m⟩),(⟨n⟩) is equal to the set of generalized stochastic real m × n

matrices, and Ĝ(⟨m⟩),(⟨n⟩) is equal to the set of generalized stochastic complex
m× n matrices;

Nm,n = G({i})i∈⟨m⟩,Σ
, Rm,n = G̃({i})i∈⟨m⟩,Σ

, Cm,n = Ĝ({i})i∈⟨m⟩,Σ
,

∀m ≥ 1, ∀n ≥ 1, ∀Σ ∈Par(⟨n⟩) .
(c) The stable complex m × n matrices on Σ are generalized stochastic,

∀Σ ∈Par(⟨n⟩) (G(⟨m⟩),Σ, G̃(⟨m⟩),Σ, and Ĝ(⟨m⟩),Σ are included in the set of gen-
eralized stochastic nonnegative m× n matrices, that of generalized stochastic
realm×n matrices, and that of generalized stochastic complexm×n matrices,
respectively).

(d)
G(⟨m⟩),({j},L2,L3,...,Lv)j∈L1

⊆ G
(⟨m⟩),

(
{j},

v⋃
b=2

Lb

)
j∈L1

,

∀m, n ≥ 1, ∀(L1,L2,...,Lv)∈Par(⟨n⟩), v ≥ 2 (obviously, ({j}, L2, L3, ..., Lv)j∈L1

∈Par(⟨n⟩)). Similarly for G̃(⟨m⟩),({j},L2,L3,...,Lv)j∈L1
and for

Ĝ(⟨m⟩),({j},L2,L3,...,Lv)j∈L1
.
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Let P ∈ Ĝ∆,Σ. Then (see Definition 1.4) ∀K ∈ ∆, ∀L ∈ Σ,
∃aK,L = aK,L (P ) ∈ C such that∑

j∈L
Pij = aK,L,∀i ∈ K.

Set the matrix (for the case when P ∈ G∆,Σ, see, e.g., also [18])

P−+ =
(
P−+
KL

)
K∈∆,L∈Σ , P

−+
KL = aK,L, ∀K ∈ ∆, ∀L ∈ Σ.

We call the matrix P−+ the (∆,Σ)-grouped matrix (of P ), or, for short, if
no confusion can arise, the grouped matrix (of P ) — in [17] this matrix was
differently called... The labels of rows and columns of P−+ are K, K ∈ ∆,
and L, L ∈ Σ, respectively; P−+

KL , K ∈ ∆, L ∈ Σ, are the entries of matrix
P−+; P−+

KL is the entry (K,L) of matrix P−+, ∀K ∈ ∆, ∀L ∈ Σ. If confusion

can arise, we write P−+(∆,Σ) instead of P−+.

Example 1.8. Consider the matrices P, Q, T, and Z from Example 1.6.
We have

P−+ =

(
5 1
10 7

)
(∆ = ({1, 2} , {3, 4}) , Σ = ({1, 2} , {3, 4, 5}) ),

Q−+ =

(
1
2 0 0
1 2 3

)
(∆ = ({1, 2} , {3, 4}) , Σ = ({j})j∈⟨3⟩ ),

T−+ =
(
3 −1

4
3
4

)
, Z−+ =

(
1
4 −3

4

)
.

T−+ and Z−+ have just one row because T and Z are stable on ({1} , {2} , {3, 4})
and stable, respectively. Moreover, the row of

(
T ⟨2⟩)−+

=
(
T ⟨2⟩)−+((⟨2⟩),({1},{2}))

is identical with any row of T ⟨2⟩ and the row of Z−+ is identical with any row
of Z. Generally speaking, letting A and B, A, B ∈ Cm,n, be a stable matrix
on ({j} ,Kc)j∈K , ∅ ̸= K ⊆ ⟨n⟩ , |Kc| > 1, and a stable matrix, respectively,(
AK
)−+

=
(
AK
)−+((⟨m⟩),({j})j∈K) has just one row and this is identical with

any row of AK and B−+ = B−+((⟨m⟩),({j})j∈⟨n⟩) has just one row and this is
identical with any row of B — do not forget! (see Theorem 1.10...)

Below we give a fundamental result.

Theorem 1.9. (i) (a generalization of Theorem 1.5 from [18])

Let P1 ∈ Ĝ∆1,∆2 ⊆ Cn1,n2 and P2 ∈ Ĝ∆2,∆3 ⊆ Cn2,n3 . Then

P1P2 ∈ Ĝ∆1,∆3 ⊆ Cn1,n3 and (P1P2)
−+ = P−+

1 P−+
2 .

(ii) (a generalization of (i)) Let P1 ∈ Ĝ∆1,∆2 ⊆ Cn1,n2 ,

P2 ∈ Ĝ∆2,∆3 ⊆ Cn2,n3 , ..., Pt ∈ Ĝ∆t,∆t+1 ⊆ Cnt,nt+1 , where t ≥ 2. Then

P1P2...Pt ∈ Ĝ∆1,∆t+1 ⊆ Cn1,nt+1 and (P1P2...Pt)
−+ = P−+

1 P−+
2 ...P−+

t .
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Proof. (i) Similar to the proof of Theorem 1.5 from [18]. Another proof, a
simple one too, of the first part of (i) is as follows. Let U ∈ ∆1 and V ∈ ∆3.
By Remark 1.2(d) we have

(P1P2)
V
U =

∑
W∈∆2

(P1)
W
U (P2)

V
W .

Since (P1)
W
U and (P2)

V
W are generalized stochastic matrices, ∀W ∈ ∆2, it

follows that

(P1)
W
U (P2)

V
W and

∑
W∈∆2

(P1)
W
U (P2)

V
W

are generalized stochastic matrices. So, (P1P2)
V
U is a generalized stochastic

matrix. Therefore, P1P2 ∈ Ĝ∆1,∆3 .
(ii) Induction.

Recall that in this article, a vector is a row vector. Set e = e (n) =
(1, 1, ..., 1) ∈ Rn (e ∈ Cn too), ∀n ≥ 1; e′ is its transpose.

Below we give the best result of this section.

Theorem 1.10. (An extension of Theorem 1.6 from [18].)

Let P1 ∈ Ĝ∆1,∆2 ⊆ Cn1,n2 , P2 ∈ Ĝ∆2,∆3 ⊆ Cn2,n3 , ..., Pt ∈ Ĝ∆t,∆t+1 ⊆
Cnt,nt+1 , where t ≥ 2. Suppose that

∆1 = (⟨n1⟩) and ∆t+1 = ({j} ,Kc)j∈K

(∅ ̸= K ⊆ ⟨nt+1⟩; |Kc| ≤ 1 or |Kc| > 1). Then

(P1P2...Pt)
K

(equivalently, P1P2...Pt−1P
K
t (see Remark 1.2(b)))

is a stable matrix (i.e., a matrix with identical rows, see Definition 1.5 and

Example 1.6; (P1P2...Pt)
K is a submatrix of P1P2...Pt, see the definition of

operator (·)(·) again; if K = ⟨nt+1⟩ , then (P1P2...Pt)
K = P1P2...Pt, and

P1P2...Pt is a stable matrix ),

(P1P2...Pt)
K
{i} =

(
P−+
1 P−+

2 ...P−+
t

) ⋃
j∈K

{{j}}
=

= P−+
1 P−+

2 ...P−+
t−1

(
PK
t

)−+
, ∀i ∈ ⟨n1⟩ ,

where (
PK
t

)−+
=
(
PK
t

)−+(∆t,({j})j∈K)
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((P1P2...Pt)
K
{i} is the row i of matrix (P1P2...Pt)

K ;
(
P−+
1 P−+

2 ...P−+
t

) ⋃
j∈K

{{j}}

is a submatrix of P−+
1 P−+

2 ...P−+
t (see the definition of operator (·)(·)); P−+

b =

P
−+(∆b,∆b+1)
b , ∀b ∈ ⟨t⟩; we used {{j}} because the labels of columns of P−+

1 P−+
2

...P−+
t are, here, {j} , j ∈ ⟨nt+1⟩ , when |Kc| ≤ 1 and {j} , j ∈ K, and Kc

when |Kc| > 1 (see the definition of operator (·)−+ again)), and

(P1P2...Pt)
K = e′

(
P−+
1 P−+

2 ...P−+
t

) ⋃
j∈K

{{j}}
= e′P−+

1 P−+
2 ...P−+

t−1

(
PK
t

)−+
,

where e = e (n1) (if K = ⟨nt+1⟩ , then

(P1P2...Pt){i} = P−+
1 P−+

2 ...P−+
t , ∀i ∈ ⟨n1⟩ ,

and
P1P2...Pt = e′P−+

1 P−+
2 ...P−+

t ).

Proof. Since ∆1 = (⟨n1⟩) and ∆t+1 = ({j} ,Kc)j∈K , by Theorem 1.9(ii) and

Definition 1.5, P1P2...Pt is a stable matrix on ({j} ,Kc)j∈K (|Kc| ≤ 1 or

|Kc| > 1). It follows that (P1P2...Pt)
K is a stable matrix and, consequently,(

(P1P2...Pt)
K
)−+((⟨n1⟩),({j})j∈K)

has only one row — the label of this row is ⟨n1⟩ (see the definition of operator
(·)−+); further, we have

(P1P2...Pt)
K
{i} =

(
P1P2...Pt−1P

K
t

)
{i} =

(due to the partitions (⟨n1⟩) and ({j})j∈K ... — see Example 1.8 again)

=
(
P1P2...Pt−1P

K
t

)−+((⟨n1⟩),({j})j∈K) =

= P−+
1 P−+

2 ...P−+
t−1

(
PK
t

)−+
, ∀i ∈ ⟨n1⟩ .

On the other hand, it is easy to see (see also Example 1.8) that

(P1P2...Pt)
K
{i} =

(
P−+
1 P−+

2 ...P−+
t

) ⋃
j∈K

{{j}}
, ∀i ∈ ⟨n1⟩ .

Finally, we have

(P1P2...Pt)
K = e′

(
P−+
1 P−+

2 ...P−+
t

) ⋃
j∈K

{{j}}
= e′P−+

1 P−+
2 ...P−+

t−1

(
PK
t

)−+
.
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Remark 1.11. On Theorem 1.10, we consider 3 things.

(a) ∆t+1 = ({j})j∈⟨nt+1⟩ both when |Kc| = 0 and when |Kc| = 1 — practi-

cally speaking, we use “|Kc| = 0” because, in this case, K = ⟨nt+1⟩ .
(b) We have, in fact,

(P1P2...Pt)
K
{i} ≡

(
P−+
1 P−+

2 ...P−+
t

) ⋃
j∈K

{{j}}
, ∀i ∈ ⟨n1⟩ ,

because the row matrices

(P1P2...Pt)
K
{i} and

(
P−+
1 P−+

2 ...P−+
t

) ⋃
j∈K

{{j}}

have different labels for rows and, separately, for columns, ∀i ∈ ⟨n1⟩ , but
abusively, for simplification, we used “ = ” instead of “ ≡ ” (≡ is the identical
sign; since the one-to-one correspondence (the bijective function) is column

j 7−→ column (with label) {j} , ∀j ∈ K, obviously,
(
P−+
1 P−+

2 ...P−+
t

) ⋃
j∈K

{{j}}

must have the property: the column {j1} is before the column {j2} if j1 < j2,
∀j1, j2 ∈ K). Also,

(P1P2...Pt)
K
{i} ≡ P−+

1 P−+
2 ...P−+

t−1

(
PK
t

)−+
, ∀i ∈ ⟨n1⟩ ,

but, due to the notion of equal matrices and notation used for the equal
matrices,

(
P−+
1 P−+

2 ...P−+
t

) ⋃
j∈K

{{j}}
= P−+

1 P−+
2 ...P−+

t−1

(
PK
t

)−+
.

Also,

(P1P2...Pt)
K ≡ e′

(
P−+
1 P−+

2 ...P−+
t

) ⋃
j∈K

{{j}}
...

(c) Theorem 1.10 leads to another one if we replace ∆t+1 = ({j} ,Kc)j∈K
with ∆t+1 = ({j} , L2, L3, ..., Lv)j∈L1

, where (L1, L2, L3, ..., Lv) ∈Par(⟨nt+1⟩)
and v ≥ 2. But, by Remark 1.7(d), P1P2...Pt is stable on ({j} , L2, L3, ..., Lv)j∈L1

=⇒ P1P2...Pt is stable on

(
{j} ,

v⋃
b=2

Lb

)
j∈L1

. So, nothing new.

Example 1.12. Let

P1 =


2
4 0 2

4 0
1
4

2
4

1
4 0

0 0 2
4

2
4

0 1
4

1
4

2
4

 , P2 =


1
4

1
4 0 2

4
2
4 0 0 2

4
2
4 0 1

4
1
4

0 2
4

2
4 0

 ,
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P3 =


1
4 0 2

4
1
4

1
4 0 2

4
1
4

0 1
4

3
4 0

0 1
4

3
4 0

 , and P ′
3 =


1
4 0 2

4
1
4

1
4 0 1

4
2
4

0 1
4

2
4

1
4

0 1
4

1
4

2
4

 .

We have P1 ∈ G(⟨4⟩),(⟨4⟩), P2 ∈ G(⟨4⟩),({1,2},{3,4}), P3 ∈ G({1,2},{3,4}),({j})j∈⟨4⟩
,

and P ′
3 ∈ G({1,2},{3,4}),({1},{2},{3,4}). (P1 /∈ G(⟨4⟩),Σ, ∀Σ ∈Par(⟨4⟩) , Σ ̸= (⟨4⟩) —

P1 was deliberately chosen with this property.) So, by Theorem 1.10, P1P2P3

is a stable matrix and

P1P2P3 = e′P−+
1 P−+

2 P−+
3 =


1
1
1
1

 (1)
(

2
4

2
4

)( 1
4 0 2

4
1
4

0 1
4

3
4 0

)
=

=


1
1
1
1

( 2
16

2
16

10
16

2
16

)
=


1
8

1
8

5
8

1
8

1
8

1
8

5
8

1
8

1
8

1
8

5
8

1
8

1
8

1
8

5
8

1
8


while (P1P2P

′
3)

{1,2} is a stable matrix and(
P1P2P

′
3

){1,2}
= e′

(
P−+
1 P−+

2 P ′−+
3

){{1},{2}}
= e′P−+

1 P−+
2

(
P ′−+
3

){{1},{2}}
=

=


1
1
1
1

 (1)
(

2
4

2
4

)( 1
4 0

0 1
4

)
=


1
1
1
1

( 2
16

2
16

)
=


1
8

1
8

1
8

1
8

1
8

1
8

1
8

1
8

 .

These results can also be obtained by direct computation. P2P3 and (P2P
′
3)

{1,2}

are also stable matrices.

To easy recognize when Theorem 1.10 could or cannot be used/applied, see
(i) and (ii) in the next theorem.

Theorem 1.13. Suppose that the conditions of Theorem 1.10 hold.

(i) If n2, n3, ..., nt+1 ≥ 2 (n1 ≥ 1), then ∃u ∈ ⟨t⟩ such that Pu is stable on
∆u+1, and ∆u+1 ̸= (⟨nu+1⟩) (Pu can be “broken” into at least two generalized
stochastic matrices with nu rows).

(ii) If n1, n2, ..., nt ≥ 2 (nt+1 ≥ 1), then ∃w ∈ ⟨t− 1⟩ (t ≥ 2) such that
∆w ̸= ({i})i∈⟨nw⟩ and (Pw)U is a matrix with identical rows, ∀U ∈ ∆w, |U | ≥ 2

(as a result, Pw has at least two identical rows) or (Pt)
K
U is a matrix with
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identical rows, ∀U ∈ ∆t, |U | ≥ 2 (as a result, PK
t has at least two identical

rows (PK
t = Pt when K = ⟨nt+1⟩)).

(iii) P1, P1P2, ..., P1P2...Pt are stable on ∆2, ∆3, ..., ∆t+1

(∆t+1 = ({j} ,Kc)j∈K), respectively, and, as a result, they are generalized
stochastic matrices.

(iv) Pt, Pt−1Pt, ..., P1P2...Pt are [∆t]-, [∆t−1]-, ..., [∆1]-stable on
({j} ,Kc)j∈K , respectively (∆1 = (⟨n1⟩)).

Proof. (i) Since n2, n3, ..., nt+1 ≥ 2, ∆1=(⟨n1⟩) , and ∆t+1=({j} ,Kc)j∈K , it

follows that ∃u ∈ ⟨t⟩ such that ∆1 = (⟨n1⟩), ∆2 = (⟨n2⟩), ..., ∆u = (⟨nu⟩),
and ∆u+1 ̸= (⟨nu+1⟩) (“u = t” leads to “∆t+1 ̸= (⟨nt+1⟩) ”; nt+1 ≥ 2 and
∅ ̸= K ⊆ ⟨nt+1⟩ =⇒ |∆t+1| ≥ 2 (equivalently, ∆t+1 ̸= (⟨nt+1⟩)); so, no
problem). It follows that Pu is stable on ∆u+1, and ∆u+1 ̸= (⟨nu+1⟩).

(ii) Case 1. ∆t ̸= ({i})i∈⟨nt⟩ — this case is possible because nt ≥ 2. In this

case, ∃V ∈ ∆t with |V | ≥ 2. Since Pt ∈ Ĝ∆t,∆t+1 and ∆t+1 = ({j} ,Kc)j∈K ,

it follows that (Pt)
K
U is a (complex) matrix with identical rows, ∀U ∈ ∆t,

|U | ≥ 2.

Case 2. ∆t = ({i})i∈⟨nt⟩ . Since n1, n2, ..., nt−1 ≥ 2 (here, nt−1, not nt),

∆1 = (⟨n1⟩) , and ∆t = ({i})i∈⟨nt⟩ , it follows that ∃w ∈ ⟨t− 1⟩ (t ≥ 2) such

that ∆t = ({i})i∈⟨nt⟩ , ∆t−1 = ({i})i∈⟨nt−1⟩ , ..., ∆w+1 = ({i})i∈⟨nw+1⟩ , and

∆w ̸= ({i})i∈⟨nw⟩ (nw ≥ 2, so, “∆w ̸= ({i})i∈⟨nw⟩ ” is possible). Since Pw ∈
Ĝ∆w,∆w+1 , it follows that (Pw)U is a matrix with identical rows, ∀U ∈ ∆w,
|U | ≥ 2 (∆w ̸= ({i})i∈⟨nw⟩ =⇒ ∃V ∈ ∆w with |V | ≥ 2).

(iii) and (iv) Theorem 1.9.

Theorem 1.10 was illustrated in Example 1.12. To illustrate Theorem
1.13(i)-(ii), considering Example 1.12, the matrix P1 cannot be “broken” into
at least two generalized stochastic matrices with 4 rows, the matrix P2 can be
“broken” into two generalized stochastic (nonnegative) matrices with 4 rows,

namely, P
⟨2⟩
2 and P

{3,4}
2 ,

P
⟨2⟩
2 =


1
4

1
4

2
4 0
2
4 0

0 2
4

 and P
{3,4}
2 =


0 2

4

0 2
4

1
4

1
4

2
4 0

 ,

the matrix P3 is [(⟨2⟩ , {3, 4})]-stable, so, (P3)⟨2⟩ and (P3){3,4} are stable ma-
trices

( (P3)⟨2⟩ =

(
1
4 0 2

4
1
4

1
4 0 2

4
1
4

)
...),



G Method and Finite-Time Consensus 101

and the matrix P
⟨2⟩
3 is [(⟨2⟩ , {3, 4})]-stable, so, (P3)

⟨2⟩
⟨2⟩ and (P3)

⟨2⟩
{3,4} are stable

matrices.

Below we consider a similarity relation, and give a result about it — the re-
lation and result lead, under certain conditions, to a subset/subgroup property
of the DeGroot submodel from Section 2, see Example 2.11.

Definition 1.14. (A generalization of Definition 2.1 from [19].)

Let P,Q ∈ Ĝ∆,Σ ⊆ Cm,n. We say that P is similar to Q (with respect to ∆
and Σ) if

P−+ = Q−+.

Set P ∽ Q when P is similar to Q. Obviously, ∽ is an equivalence relation on
Ĝ∆,Σ.

Example 1.15. (For another example, see Example 1.1 in [21].) Let

P =


1
4 0 2

4
1
4

0 1
4

3
4 0

1
4

1
4

1
4

1
4

1
4

1
4

1
4

1
4

 , Q =


1
4 0 3

4 0
1
4 0 0 3

4
2
4 0 2

4 0

0 2
4

2
4 0

 , and T =


1
4 0 3

4 0
1
4 0 2

4
1
4

0 2
4

2
4 0

2
4 0 1

4
1
4

 .

We have P,Q,R ∈ G∆,Σ ⊆ S4, where ∆ = Σ = ({1, 2} , {3, 4}) , and

P−+ = Q−+ = T−+ =

(
1
4

3
4

2
4

2
4

)
.

So, P ∽ Q ∽ T. Note that: 1) any matrix which is similar to P with respect to
∆ and Σ has at least 8 positive entries; 2) Q has the smallest possible number
of positive entries, i.e., 8, while T has not — the matrices with a small number
of positive entries are important for algorithms (for sampling...).

The next result says, among other things, that under certain conditions a
product of matrices can be replaced with another product of matrices.

Theorem 1.16. (A generalization of Theorem 2.3 from [19].)

Let P1, U1 ∈ Ĝ∆1,∆2 ⊆ Cn1,n2 , P2, U2 ∈ Ĝ∆2,∆3 ⊆ Cn2,n3 , ...,

Pt, Ut ∈ Ĝ∆t,∆t+1 ⊆ Cnt,nt+1 . Suppose that

P1 ∽ U1, P2 ∽ U2, ..., Pt ∽ Ut.

Then
P1P2...Pt ∽ U1U2...Ut.

If, moreover, ∆1 = (⟨n1⟩) and ∆t+1 = ({j} ,Kc)j∈K , where ∅ ̸= K ⊆ ⟨nt+1⟩,
then

(P1P2...Pt)
K = (U1U2...Ut)

K



102 Udrea Păun

— equivalently, P1P2...Pt−1P
K
t = U1U2...Ut−1U

K
t

(therefore, when ∆1 = (⟨n1⟩) and ∆t+1 = ({j} ,Kc)j∈K , a product of n rep-

resentatives, the first of an equivalence class included in Ĝ∆1,∆2 , the second of

an equivalence class included in Ĝ∆2,∆3 , ..., the tth of an equivalence class in-

cluded in Ĝ∆t,({j})j∈K
, does not depend on the choice of representatives — we

can work (this is important) with U1U2...Ut−1U
K
t instead of P1P2...Pt−1P

K
t

and, conversely, with P1P2...Pt−1P
K
t instead of U1U2...Ut−1U

K
t ; due to Theo-

rem 1.10, P1P2...Pt−1P
K
t and U1U2...Ut−1U

K
t are stable matrices;

P1P2...Pt−1P
K
t = P1P2...Pt and U1U2...Ut−1U

K
t = U1U2...Ut when K = ⟨nt+1⟩).

Proof. The first part is similar to the proof of first part of Theorem 2.3 from
[19]. For the second part, we consider two cases.

Case 1. |Kc| ≤ 1. The proof is similar to the proof of second part of
Theorem 2.3 from [19].

Case 2. |Kc| > 1. We have (see Remark 1.2)

(P1P2...Pt)
K = P1P2...Pt−1P

K
t

and

(U1U2...Ut)
K = U1U2...Ut−1U

K
t .

Since Pt, Ut ∈ Ĝ∆t,({j},Kc)j∈K
, we have PK

t , U
K
t ∈ Ĝ∆t,({j})j∈K

. To finish the

proof, we apply Case 1 to the matrices P1, P2, ..., Pt−1, P
K
t and U1, U2, ...,

Ut−1, U
K
t , and obtain

P1P2...Pt−1P
K
t = U1U2...Ut−1U

K
t .

For examples for Theorem 1.16, see Example 1.2 in [21] and, in this article,
Example 2.11 (in Section 2).

Remark 1.17. The equivalence relation ∽ is, in particular, an equivalence
relation on the set of generalized stochastic complex m× n matrices. Indeed,
by Remark 1.7(b) we have that Ĝ(⟨m⟩),(⟨n⟩) is equal to the set of generalized
stochastic complex m × n matrices. Since ∽ is an equivalence relation (with

respect to (⟨m⟩) and (⟨n⟩)) on Ĝ(⟨m⟩),(⟨n⟩), it follows that it is an equivalence
relation (with respect to (⟨m⟩) and (⟨n⟩) — see Definition 1.14 again) on
the set of generalized stochastic complex m × n matrices. Similarly, ∽ is an
equivalence relation on the set of generalized stochastic real m × n matrices
and on that of generalized stochastic nonnegative m× n matrices.
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2. FINITE-TIME CONSENSUS FOR DEGROOT
MODEL

In this section, we consider the (homogeneous and nonhomogeneous) DeG-
root model and the finite-time consensus problem for this model — using the
G method, a result for reaching a partial or total consensus in finite time is
given. Then we consider a special submodel/case of the DeGroot model, and
for it we give two examples, and for the latter example (Example 2.11) we give
certain comments — a subset/subgroup property of the DeGroot submodel is
illustrated in this latter example.

Consider a group (society, team, committee, etc.) of r individuals (experts,
agents, etc.) — formally/mathematically we consider a set with r elements,
r ≥ 2; in this article, we consider the set ⟨r⟩ (⟨r⟩ = {1, 2, ..., r} , r ≥ 2),
and we call it the individual set. Each individual has an estimation/opinion,
an initial one, on a subject (the estimation of a parameter, or of a proba-
bility, or...). The initial estimations/opinions of individuals are represented
by a (row) vector p0 = (p0i)i∈⟨r⟩ = (p01, p02, ..., p0r), p0i is the initial estima-

tion/opinion of individual i, ∀i ∈ ⟨r⟩ , and p0 is a probability (row) vector, or
a nonnegative vector, or a real vector, or a complex vector, or... When the
individuals are made aware of each others’ opinions, they may modify their
own opinion by taking into account the opinion of others, and the modifi-
cations, if any, are done at discrete times 1, 2, ... — formally, we consider a
sequence (pn)n≥0 of (row) vectors and a sequence (Pn)n≥1 of stochastic ma-

trices, pn = (pni)i∈⟨r⟩ = (pn1, pn2, ..., pnr) , ∀n ≥ 0, and Pn =
(
(Pn)ij

)
∈ Sr,

∀n ≥ 1, where pni is the estimation/opinion of individual i at time n, ∀n ≥ 0,
∀i ∈ ⟨r⟩ , and (Pn)ij is the probability which the individual i assigns to the

estimation/opinion pn−1j (warning! not p0j) of individual j at time n (not
n− 1), ∀n ≥ 1, ∀i, j ∈ ⟨r⟩ . We call pn the vector of estimations/opinions (of
individuals) at time n or the value vector at time n, ∀n ≥ 0, and Pn the trust
or weight matrix at time n, ∀n ≥ 1.We also call p0 the initial vector of estima-
tions/opinions (of individuals) or the initial value vector. pn is a probability
(row) vector, or a nonnegative vector, or a real vector, or a complex vector,
or..., ∀n ≥ 0. The above considerations lead to

p′n = Pnp
′
n−1, ∀n ≥ 1

(p′n and p′n−1 are the transposes of pn and pn−1, respectively, ∀n ≥ 1), and, as
a result, to

p′n = PnPn−1...P1p
′
0, ∀n ≥ 1.

The above model [7]... is determined by the set ⟨r⟩ , vector p0, and stochastic
matrices Pn, n ≥ 1. Due this fact, we call this model the DeGroot model on
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(the triple)
(
⟨r⟩ , p0, (Pn)n≥1

)
, and will use the generic name “(the) DeGroot

model”. We say that DeGroot model on
(
⟨r⟩ , p0, (Pn)n≥1

)
is homogeneous

if P1 = P2 = P3 = ... and nonhomogeneous if ∃u, v ≥ 1, u ̸= v, such that
Pu ̸= Pv, and will use the generic names “(the) homogeneous DeGroot model”
and “(the) nonhomogeneous DeGroot model”, respectively.

Definition 2.1. ([7]; see, e.g., also [5].) We say that the individual set
reaches a consensus or that a consensus is reached (for the individual set) if
all r components of pn converge to the same limit as n −→ ∞, and we call
this limit the consensus.

Reaching a consensus for the DeGroot model — this is the consensus prob-
lem for/of the DeGroot model. When a consensus is reached, it is reached in
a finite or infinite time — obviously, the first case is the best.

The DeGroot model and its consensus problem and the consensus prob-
lem in computer science have some things in common with the finite Markov
chains — for the first three, see, e.g., [1, Chapter 5, pp. 91−124], [2]-[3], [5]-
[7], [9], [12, Chapter 8], [15], [22], [26]-[28], and [30], and for the last, see, e.g.,
[10]-[11], [13], [16], and [24]-[26] (all or some of these references could be avail-
able; arXiv and Wikipedia could also be useful... — expressions for search:
DeGroot model, DeGroot learning, DeGroot learning model, consensus (com-
puter science), distributed consensus, distributed averaging, Markov chain,
homogeneous Markov chain, inhomogeneous Markov chain, nonhomogeneous
Markov chain...).

Theorem 2.2. (A simple, important, and known result, see [7], [2]...)

Consider the DeGroot model on
(
⟨r⟩ , p0, (Pn)n≥1

)
. If lim

n→∞
PnPn−1...P1 exists

and is a stable matrix, then a consensus is reached.

Proof. (A known proof, but we give it — the best thing is to give it.) Suppose
that lim

n→∞
PnPn−1...P1 exists and is a stable matrix. In this case, ∃π, π is a

probability (row) vector with r components, such that

lim
n→∞

PnPn−1...P1 = e′π

(recall that e = e (r) = (1, 1, ..., 1)). Further, we have

lim
n→∞

p′n = lim
n→∞

PnPn−1...P1p
′
0 = e′πp′0 = e′

r∑
i=1

πip0i =



r∑
i=1

πip0i

r∑
i=1

πip0i

...
r∑

i=1
πip0i


.
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Therefore, a consensus is reached; the consensus is

r∑
i=1

πip0i.

Remark 2.3. The condition from the above theorem is only a sufficient
condition for reaching a consensus. Indeed, if

p0 = (2, 4, 3) and Pn =


1
2

1
2 0

1
2

1
2 0

0 0 1

 , ∀n ≥ 1

(a homogeneous case), then a consensus is reached at time 1 (a finite-time
consensus), the consensus is 3, but

lim
n→∞

PnPn−1...P1 =


1
2

1
2 0

1
2

1
2 0

0 0 1

 ,

which is not a stable matrix. Another example, a nonhomogeneous case:

p0 =

(
2, 4,

10

3

)
, P1 =


1
3

2
3 0

1
3

2
3 0

0 0 1

 , and Pn =

 Qn
0
0

0 0 1

 , ∀n ≥ 2,

where Qn is a stochastic 2 × 2 matrix, ∀n ≥ 2 — a consensus is reached at
time 1, and this is 10

3 . Note that in the above cases/examples the matrices
are reducible — therefore, a consensus, even a finite-time consensus, can be
reached even when the matrices are reducible.

The above remark is both for Theorem 2.2 and for an incorrect statement
in [7, Sec. 4, p. 119] discovered by R.L. Berger [2].

Remark 2.4. (a) If P ∈ Sm,n and Q ∈ Sn,p, and P is a stable matrix, then
PQ is a stable matrix. More generally, if P ∈ Cm,n and Q ∈ Cn,p, and P is a
stable (complex) matrix, then PQ is a stable matrix.

(b) If P ∈ Sm,n and Q ∈ Cn,p, and Q is a stable matrix, then PQ is a stable
matrix, and, moreover,

PQ = Q.

More generally, if P ∈ Cm,n and Q ∈ Cn,p, P is a generalized stochastic
complex matrix (see Definition 1.3) and Q is a stable (complex) matrix, then
PQ is a stable matrix, and, moreover,

PQ = Q,
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but only when P is a stochastic complex matrix.

(c) (simple and important proprieties of the (homogeneous and nonhomoge-

neous) DeGroot model) Consider the DeGroot model on
(
⟨r⟩ , p0, (Pn)n≥1

)
.

(c1) If PtPt−1...Pm is a stable matrix for some t and m, t ≥ m ≥ 1,
then (see (a) and (b))

PnPn−1...P1

is a stable matrix, ∀n ≥ t, and, moreover,

PnPn−1...P1 = PtPt−1...P1, ∀n ≥ t.

This fact leads to other ones: 1) the sequence of matrices (Pn)n≥t+1 does not
count, it can be replaced with any other infinite sequence of stochastic r × r
matrices; 2) a consensus is reached in a finite time, and it is

r∑
i=1

πip0i,

where π = (π1, π2, ..., πr) , π = (PtPt−1...P1){i} , ∀i ∈ ⟨r⟩ (PtPt−1...P1 is a

stable matrix, i.e., a matrix with identical rows; (PtPt−1...P1){i} is the row i

of PtPt−1...P1, ∀i ∈ ⟨r⟩).
(c2) If (PtPt−1...P1)

K is a stable matrix for some t and K, t ≥ 1 and
∅ ̸= K ⊆ ⟨r⟩ , then (see Remark 1.2(b) and (b))

(PnPn−1...P1)
K

is a stable matrix, ∀n ≥ t, and, moreover,

(PnPn−1...P1)
K = (PtPt−1...P1)

K , ∀n ≥ t

— ∀n ≥ t, PnPn−1...P1 = PtPt−1...P1 and PnPn−1...P1 is a stable matrix when
|Kc| = 0; ∀n ≥ t, (PnPn−1...P1)

K = (PtPt−1...P1)
K and (PnPn−1...P1)

K is
a stable matrix =⇒ PnPn−1...P1 = PtPt−1...P1 and PnPn−1...P1 is a stable
matrix when |Kc| = 1 because the matrices Pb, b ≥ 1, are stochastic; so,
∀n ≥ t, PnPn−1...P1 = PtPt−1...P1 and PnPn−1...P1 is a stable matrix when
|Kc| ≤ 1.

Below we give a fundamental result concerning the finite-time partial and
total consensuses (for reaching a partial or total consensus in a finite time).

Theorem 2.5. Consider the DeGroot model on
(
⟨r⟩ , p0, (Pn)n≥1

)
. If

P1 ∈ G∆2,∆1 ⊆ Sr, P2 ∈ G∆3,∆2 ⊆ Sr ..., Pt ∈ G∆t+1,∆t ⊆ Sr, and
∆t+1 = (⟨r⟩) for some t ≥ 1 and

∆1 = ({j} ,Kc)j∈K (∅ ̸= K ⊆ ⟨r⟩),
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then
(PtPt−1...P1)

K

(equivalently, PtPt−1...P2P
K
1 ) is a stable matrix,

(PtPt−1...P1)
K
{i}=

(
P−+
t P−+

t−1 ...P
−+
1

) ⋃
j∈K

{{j}}
=P−+

t P−+
t−1 ...P

−+
2

(
PK
1

)−+
, ∀i∈⟨r⟩,

where (
PK
1

)−+
=
(
PK
1

)−+(∆2,({j})j∈K)

((PtPt−1...P1)
K
{i} is the row i of matrix (PtPt−1...P1)

K ;
(
P−+
t P−+

t−1 ...P
−+
1

) ⋃
j∈K

{{j}}

is a submatrix of P−+
t P−+

t−1 ...P
−+
1 (see the definition of operator (·)(·) again);

P−+
b = P

−+(∆b+1,∆b)
b , ∀b ∈ ⟨t⟩ ; we used {{j}} because the labels of columns of

P−+
t P−+

t−1 ...P
−+
1 are, here, {j} , j ∈ ⟨r⟩ , when |Kc| ≤ 1 and {j} , j ∈ K, and

Kc when |Kc| > 1 (see the definition of operator (·)−+ again)), and

(PtPt−1...P1)
K = e′

(
P−+
t P−+

t−1 ...P
−+
1

) ⋃
j∈K

{{j}}
=

= e′P−+
t P−+

t−1 ...P
−+
2

(
PK
1

)−+
,

where e = e (r) . Further, since

p′n = PnPn−1...P1p
′
0

and (see Remark 2.4(c2))

(PnPn−1...P1)
K = (PtPt−1...P1)

K , ∀n ≥ t, if |Kc| > 1

and
PnPn−1...P1 = PtPt−1...P1 and..., ∀n ≥ t, if |Kc| ≤ 1,

we have

pnl =



∑
j∈⟨r⟩

(
P−+
t P−+

t−1 ...P
−+
1

)
⟨r⟩{j} p0j

if |Kc| ≤ 1,∑
j∈K

(
P−+
t P−+

t−1 ...P
−+
1

)
⟨r⟩{j} p0j +

∑
u∈Kc

(PnPn−1...P1)lu p0u

if |Kc| > 1,

∀n ≥ t, ∀l ∈ ⟨r⟩ (when |Kc| > 1, we can replace
(
P−+
t P−+

t−1 ...P
−+
1

)
⟨r⟩{j} with(

P−+
t P−+

t−1 ...P
−+
2

(
PK
1

)−+
)
⟨r⟩{j}

; P−+
t P−+

t−1 ...P
−+
1 has just one row, and the

label of this row is ⟨r⟩) — when ∅ ̸= K ⊆ ⟨r⟩ (K = ⟨r⟩ or K ̸= ⟨r⟩), the linear
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combination of p0j , j ∈ K, namely,
∑
j∈K

(
P−+
t P−+

t−1 ...P
−+
1

)
⟨r⟩{j} p0j , does not

depend on n and l when n ≥ t, and, therefore, a partial or total consensus is
reached at time t (the linear combination of p0j , j ∈ K, at time/step t is kept
at any time n > t — the utilization of phrases “partial consensus” and “total
consensus” are thus justified); when |Kc| ≤ 1, a (total) consensus is reached
at time t and this is ∑

j∈⟨r⟩

(
P−+
t P−+

t−1 ...P
−+
1

)
⟨r⟩{j} p0j ;

when |Kc| > 1, ∑
j∈K

(
P−+
t P−+

t−1 ...P
−+
1

)
⟨r⟩{j} p0j

is a partial consensus reached at time t for the initial opinions, p0j , j ∈ K,
of individuals from K and the linear combination of p0u, u ∈ Kc, namely,∑
u∈Kc

(PnPn−1...P1)lu p0u, depends or not on n and l. (See also Remark 1.11.)

Proof. Theorems 1.10 and 2.2 and Remarks 1.2(b) and 2.4, (b) or (c). (Using
Remark 1.2(b), we have

(PnPn−1...P1)
K = PnPn−1...Pt+1 (PtPt−1...P1)

K = (PtPt−1...P1)
K , ∀n ≥ t

— the latter equation follows from the fact that (PtPt−1...P1)
K is a stable

(stochastic) matrix (PnPn−1...Pt+1 vanishes when n= t).)

Remark 2.6. (a) P ∈ G({i})i∈⟨n⟩,({i})i∈⟨n⟩
, ∀P ∈ Sn, where n ≥ 1 (by

Remark 1.7(a)).

(b) A case, an interesting one, of Theorem 2.5 is when ∆1 = ∆2 = ... =
∆u = ({i})i∈⟨r⟩ and ∆u+1 ̸= ({i})i∈⟨r⟩ for some u, 2 ≤ u ≤ t (due to (a),

“P1 ∈ G∆2,∆1 , P2 ∈ G∆3,∆2 , ..., Pu−1 ∈ G∆u,∆u−1” holds without problems).
In this case, a (total) consensus is reached.

(c) On Theorem 2.5, our interest is to have a set K as large as possible
and a natural number t ≥ 1 as small as possible — interesting optimization
problems.

Below we give two examples to illustrate Theorem 2.5; Remark 2.6(b) is
illustrated in the next example.
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Example 2.7. Consider the DeGroot model on
(
⟨r⟩ , p0, (Pn)n≥1

)
, where

r = 4, p0 = (2, 4, 1, 1) , and the first four matrices are

P1 =


1
4 0 1

4
2
4

0 1
4 0 3

4
1
8

1
8

2
4

1
4

3
16

1
16

2
4

1
4

 , P2 =


1
4 0 0 3

4
1
4 0 0 3

4
3
4 0 1

4 0
3
4 0 1

4 0

 ,

P3 =


1
4 0 2

4
1
4

0 1
4

1
4

2
4

1
4 0 0 3

4
1
8

1
8

3
4 0

 , and P4 =


1
8

2
8

3
8

2
8

2
8

3
8

2
8

1
8

0 0 0 1

0 1 0 0

 .

We have P1 ∈ G∆2,∆1 , P2 ∈ G∆3,∆2 , and P3 ∈ G∆4,∆3 , where ∆1 = ∆2 =
({j})j∈⟨4⟩ (see now Remark 2.6(b)), ∆3 = (⟨2⟩ , {3, 4}) , and ∆4 = (⟨4⟩) (P1 ∈
G∆4,∆3 , but this thing does not count here). By Theorem 2.5 (or by Theorem
1.10), P3P2P1 is a stable matrix (P3P2 is also a stable matrix). Further, we
have

P−+
3 P−+

2 P−+
1 =

(
1
4

3
4

)( 1
4 0 0 3

4
3
4 0 1

4 0

)
1
4 0 1

4
2
4

0 1
4 0 3

4
1
8

1
8

2
4

1
4

3
16

1
16

2
4

1
4

 =

=
(

55
256

9
256

88
256

104
256

)
,

so, the consensus is

P−+
3 P−+

2 P−+
1 p′0 =

110 + 36 + 88 + 104

256
=

338

256

(it is reached at time 3). The sequence of matrices (Pn)n≥4 does not count
— this can be replaced with any other infinite sequence of stochastic 4 × 4
matrices (see Remark 2.4(c1)).

Example 2.8. Consider the DeGroot model on
(
⟨r⟩ , p0, (Pn)n≥1

)
, where

r = 4, p0 = (10, 20, 2, 4) , and the first two matrices are

P1 =


2
10

1
10

7
10 0

2
10

1
10

1
10

6
10

0 3
10 0 7

10

0 3
10

2
10

5
10

 and P2 =


4
10 0 0 6

10
1
10

3
10

4
10

2
10

1
10

3
10

1
10

5
10

2
10

2
10

1
10

5
10

 .
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We have P1 ∈ G∆2,∆1 and P2 ∈ G∆3,∆2 , where ∆1 = ({1} , {2} , {3, 4}) ,
∆2 = ({1, 2} , {3, 4}), and ∆3 = (⟨4⟩) . So, by Theorem 2.5 (or by Theorem
1.10),

(P2P1)
{1,2}

is a stable matrix. Further, we have

P−+
2 P−+

1 =
(

4
10

6
10

)( 2
10

1
10

7
10

0 3
10

7
10

)
=
(

8
100

22
100

70
100

)
.

So (see Theorem 2.5),

pnl =
8

100
· 10 + 22

100
· 20 + (PnPn−1‘...P1)l3 · 2 + (PnPn−1‘...P1)l4 · 4 =

= 5.2 + 2 (PnPn−1‘...P1)l3 + 4 (PnPn−1‘...P1)l4 , ∀n ≥ 2, ∀l ∈ ⟨4⟩
— the linear combination,

8

100
· 10 + 22

100
· 20,

for the initial opinions 10 and 20 (of individuals 1 and 2) holds at any time
n ≥ 2; the consensus, this is a partial consensus, for the initial opinions 10
and 20 is 5.2, and is reached at time 2.

Below we consider a possible case of the DeGroot model on
(
⟨r⟩ , p0, (Pn)n≥1

)
— a submodel of the DeGroot model which works from small subsets (sub-
groups of individuals) of ⟨r⟩ to larger and larger subsets of ⟨r⟩ until the whole
set ⟨r⟩ .

Let ∆1,∆2, ...,∆t+1 ∈Par(⟨r⟩) , r ≥ 2, t ≥ 1. Assume that ∆1 ⪯ ∆2 ⪯
... ⪯ ∆t+1, ∆1 = ({j})j∈⟨r⟩ , and ∆t+1 = (⟨r⟩) . Consider the DeGroot model

on
(
⟨r⟩ , p0, (Pn)n≥1

)
, where the matrices P1, P2, ..., Pt−1 (not P1, P2, ..., Pt)

when t ≥ 2 have the property

(Pl)
L
K = 0, ∀l ∈ ⟨t− 1⟩ , ∀K,L ∈ ∆l+1, K ̸= L

(this assumption implies that Pl is a block diagonal matrix, eventually by per-
mutation of rows and columns, and ∆l+1-stable matrix on ∆l+1, ∀l ∈ ⟨t− 1⟩).

Remark 2.9. Theorem 2.5 holds, in particular, for the above DeGroot
submodel when P1 ∈ G∆2,∆1 , P2 ∈ G∆3,∆2 , ..., Pt ∈ G∆t+1,∆t .

To illustrate the DeGroot submodel, we give two examples.

Example 2.10. Consider the DeGroot model on
(
⟨r⟩ , p0, (Pn)n≥1

)
, where

r = 6, p0 =

(
1

10
,
2

10
,
3

10
,
1

10
,
1

10
,
2

10

)
,
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and the first three matrices are

P1 =



1
2

1
2

2
3

1
3

1
4

3
4

2
4

2
4

0 1

1 0


, P2 =



1 0 0 0
1
2 0 1

2 0
1
4

1
4

1
4

1
4

0 1 0 0

1 0
1
10

9
10


,

and

P3 =



1 0 0 0 0 0
1
6

1
6

1
6

1
6

1
6

1
6

0 1 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0
1
6

1
6

1
6

1
6

1
6

1
6


.

Taking ∆1 = ({j})j∈⟨6⟩ , ∆2 = (⟨2⟩ , {3, 4} , {5, 6}) , ∆3 = (⟨4⟩ , {5, 6}) , and
∆4 = (⟨6⟩) , we have ∆1 ⪯ ∆2 ⪯ ∆3 ⪯ ∆4 and

(P1)
{3,4}
⟨2⟩ ≡ (P1)

{5,6}
⟨2⟩ = 0, (P1)

⟨2⟩
{3,4} ≡ (P1)

{5,6}
{3,4} = 0,

(P1)
⟨2⟩
{5,6} ≡ (P1)

{3,4}
{5,6} = 0, (P2)

{5,6}
⟨4⟩ = 0, and (P2)

⟨4⟩
{5,6} = 0

— the conditions of the DeGroot submodel are satisfied, and thus we have an
example for this submodel. Learning begins with the small subsets (subgroups
of individuals) ⟨2⟩ , {3, 4} , and {5, 6} of ⟨6⟩, the larger subsets ⟨4⟩ and {5, 6}
of ⟨6⟩ are then used, then the whole set, ⟨6⟩ , is used. Theorem 2.5 cannot be
applied for ∆1,∆2,∆3, and ∆4 because P1 /∈ G∆2,∆1 (moreover, P2 /∈ G∆3,∆2).

In the next example we show that our DeGroot submodel on
(
⟨r⟩, p0,(Pn)n≥1

)
has a subset/subgroup property when P1 ∈ G∆2,∆1 , P2 ∈ G∆3,∆2 , ...,
Pt ∈ G∆t+1,∆t .

Example 2.11. (The subset/subgroup property illustrated.) Consider the

DeGroot model on
(
⟨r⟩ , p0, (Pn)n≥1

)
, where

r = 6, p0 =

(
1

10
,
2

10
,
3

10
,
1

10
,
1

10
,
2

10

)
,
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and the first four matrices are

P1 =



4
10

6
10

4
10

6
10

1

1
1
10

9
10

1
10

9
10


, P2 =



3
10

4
10

3
10

2
10

5
10

3
10

1
10

6
10

3
10

1
2
10

8
10

4
10

6
10


,

P3 =



3
10

2
10

5
10

2
10

4
10

4
10

1
10

6
10

3
10

1
10

1
10

8
10

1
10

2
10

7
10

1
10

1
10

8
10


, P4 =



2
10

2
10

2
10

1
10

1
10

2
10

1
10

3
10

2
10

1
10

2
10

1
10

1
10

2
10

3
10

2
10

1
10

1
10

3
10

2
10

1
10

1
10

1
10

2
10

1
10

4
10

1
10

2
10

1
10

1
10

1
10

4
10

1
10

1
10

1
10

2
10


.

It is easy to see that this model satisfies the conditions of DeGroot submodel
for ∆1 = ({j})j∈⟨6⟩ , ∆2 = (⟨2⟩ , {3} , {4} , {5, 6}) , ∆3 = (⟨3⟩ , {4} , {5, 6}) ,
∆4 = (⟨3⟩ , {4, 5, 6}) , and ∆5 = (⟨6⟩) . We have P1 ∈ G∆2,∆1 , P2 ∈ G∆3,∆2 ,
P3 ∈ G∆4,∆3 , and P4 ∈ G∆5,∆4 . By Theorem 2.5, P4P3P2P1 is a stable matrix,
so, a consensus is reached at time 4... — the continuation, using Theorem
2.5, is left to the reader (see also Example 2.7). Further, we comment on
the matrices P1, P2, P3, and P4, and use Theorem 1.16. An interpretation
of P1 (at time 1 — see the DeGroot model again): the individuals 1 and 2
negotiate — negotiation, a good idea —, and agree the same probability, 4

10 ,
for the initial opinion/estimation of individual 1, i.e., for p01, and, separately,
the same probability, 6

10 , for the initial opinion of individual 2, i.e., for p02;
the individuals 5 and 6 proceed similarly; the individuals 3 and 4 do not
negotiate... An interpretation of P2 (at time 2): the individuals 1, 2, and 3
negotiate, and agree the same probability, 7

10 ( 7
10 = 3

10+
4
10 = 2

10+
5
10 = 1

10+
6
10),

for the opinions of individuals 1 and 2 at time 1 considered together, i.e., for
p11 and p12 considered together, and, separately, the same probability, 3

10 , for
the opinion of individual 3 at time 1, i.e., for p13; the individuals 5 and 6
renegotiate, and agree the same probability, 1 (1 = 2

10 + 8
10 = 4

10 + 6
10), for

their opinions at time 1 considered together, i.e., for p15 and p16 considered
together; the individual 4 does not negotiate... An interpretation of P3 (at time
3): the individuals 1, 2, and 3 renegotiate, and agree the same probability,
1 (1 = 3

10 + 2
10 + 5

10 = 2
10 + 4

10 + 4
10 = 1

10 + 6
10 + 3

10), for their opinions
at time 2 considered together, i.e., for p21, p22, and p23 considered together;
the individuals 4, 5, and 6 negotiate, and agree the same probability, 1

10 , for
the opinion of individual 4 at time 2, i.e., for p24, and, separately, the same
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probability, 9
10 ( 9

10 = 1
10+

8
10 = 2

10+
7
10 = 1

10+
8
10), for the opinions of individuals

5 and 6 at time 2 considered together, i.e., for p25 and p26 considered together.
An interpretation of P4 (at time 4): all the individuals negotiate, and agree
the same probability, 6

10 ( 6
10 = 2

10 + 2
10 + 2

10 = 1
10 + 3

10 + 2
10 = ...), for the

opinions of individuals 1, 2, and 3 at time 3 considered together, i.e., for p31,
p32, and p33 considered together, and, separately, the same probability, 4

10

( 4
10 = 1

10 + 1
10 + 2

10 = 1
10 + 2

10 + 1
10 = ...), for the opinions of individuals 4,

5, and 6 at time 3 considered together, i.e., for p34, p35, and p36 considered
together. The negotiations and renegotiations took place from small subsets
(of ⟨6⟩)/subgroups to larger and larger subsets/subgroups until to the whole
set/group. By Theorem 1.16, P2 can be replaced with any matrix which is
similar to it, such as, 

3
10

4
10

3
10

3
10

4
10

3
10

3
10

4
10

3
10

1

1 0

0 1


:= P ′

2,

and 

7
10 0 3

10

0 7
10

3
10

7
10 0 3

10

1

0 1

1 0


:= P ′′

2 .

The matrices (P2)
⟨2⟩
⟨3⟩ ,

(P2)
⟨2⟩
⟨3⟩ =


3
10

4
10

2
10

5
10

1
10

6
10

 ,

(P ′
2)

⟨2⟩
⟨3⟩ ,

(
P ′
2

)⟨2⟩
⟨3⟩ =


3
10

4
10

3
10

4
10

3
10

4
10

 ,
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and (P ′′
2 )

⟨2⟩
⟨3⟩ ,

(
P ′′
2

)⟨2⟩
⟨3⟩ =


7
10 0

0 7
10

7
10 0


(each of them has 6 entries,  ⋆ ⋆

⋆ ⋆
⋆ ⋆

 ,

“⋆” stands for a positive or zero entry), have the property, a subset/subgroup
property: the row sums are equal to 7

10 — only the row sums count, not the
positions of positive entries, but at least one entry must be positive in each row
(because 7

10 > 0), only 7
10 counts, 7

10 is the probability... (see above), and this
probability is for the subset ⟨2⟩ of ⟨6⟩. Among P2, P

′
2, and P

′′
2 , P

′′
2 is the best

because it has the smallest number of positive entries — these are the positive
probabilities for the subsets involved here: 7

10 for (the subset) ⟨2⟩ ( 7
10 = the

probability assigned by the individual i for the opinions of individuals 1 and 2
at time 1 considered together, ∀i ∈ ⟨3⟩), 3

10 for {3}, 1 for {4}, and 1 for {5, 6}.
Similarly, P3 and P4 can be replaced with any matrices, Q3 and Q4, which are
similar to P3 and P4, respectively. By Theorem 1.16 we have

P4P3P2P1 = P4P3P
′
2P1 = P4P3P

′′
2 P1 = P4Q3P2P1 = ...

(we can work with P4P3P2P1, or with P4P3P
′
2P1, or with...). Note that P1,

P2, and P3 are reducible while P4 is irreducible (being positive), but the last
matrix can be replaced with any reducible matrix which is similar to it, such
as, 

6
10 0 0 4

10 0 0
6
10 0 0 4

10 0 0
6
10 0 0 4

10 0 0
6
10 0 0 4

10 0 0
6
10 0 0 4

10 0 0
6
10 0 0 4

10 0 0


:= U4

— P1, P2, P3, and U4 are reducible, but, interestingly, U4P3P2P1 is irreducible
(because it is positive — it is also stable).

For other examples for the DeGroot submodel, see, in the next section,
Remark 3.7.
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3. FIINITE-TIME CONSENSUS FOR DEGROOT
MODEL ON DISTRIBUTED SYSTEMS

In this section, we consider the finite-time consensus problem for the DeG-
root model on distributed systems (for these systems, see, e.g., [6], see, e.g.,
also [4]) — this section can also be useful for the study of other systems, such
as, the multi-agent systems (for the multi-agent systems, see, e.g., [14], [23],
and [29]). For the DeGroot model on distributed systems, using the G method
too, we have a result for reaching a partial or total (distributed) consensus in
a finite time similar to that for the DeGroot model for reaching a partial or
total consensus in a finite time (see Remark 3.2(b)). We show that for any
connected graph having 2m vertices, m ≥ 1, and a spanning subgraph isomor-
phic to the m-cube graph, distributed averaging is performed in m steps —
this result can be extended — research work — for any graph with n1n2...nt
vertices under certain conditions, where t, n1, n2, ..., nt ≥ 2, and, in this case,
distributed averaging is performed in t steps.

Let G = (V,E) be a (nondirected simple finite) connected graph, where V is
the vertex/node set and E is the edge set. (A simple graph is a graph without
multiple edges and loops.) Suppose that V = ⟨r⟩ , and that r ≥ 2. The edge
set E is a set of 2-element subsets of ⟨r⟩ , so,

E ⊆ {{i, j} | i, j ∈ ⟨r⟩ , i ̸= j } (E ̸= ∅)

— e.g., E = {{1, 2} , {1, 3} , ..., {1, r}} (r ≥ 2). This graph, on the distributed
systems or not, can be a mathematical model for a network of computers,
processors, or sensors, for a team, when the graphs are involved, of robots,
aircraft, or spacecraft... Set

Ni = {j | j ∈ ⟨r⟩ and {i, j} ∈ E} , ∀i ∈ ⟨r⟩ .

Ni is called the set of neighbors of i, ∀i ∈ ⟨r⟩ . i /∈ Ni, ∀i ∈ ⟨r⟩ . Suppose that
each vertex/node i ∈ ⟨r⟩ holds an initial value, say, q0i, q0i ∈ R, and we call
the vector

q0 = (q0i)i∈⟨r⟩ = (q01, q02, ..., q0r)

the initial value vector. We use homogeneous and nonhomogeneous linear
iterations: at each time n ≥ 1 (n ∈ N∗), each vertex i updates its value as
(see, e.g., [27] and [30] — only the homogeneous linear iterations are considered
in these articles)

qni =
∑

j∈{i}∪Ni

(Wn)ij qn−1j ,

where (Wn)ij ∈ R, ∀j ∈ {i} ∪Ni, (Wn)ij is the weight on qn−1j at vertex i at

time n, ∀j ∈ {i} ∪Ni. Set the (row) vector

qn = (qni)i∈⟨r⟩ = (qn1, qn2, ..., qnr) , ∀n ≥ 0
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— using q0, we obtain q1 (see above), using q1, we obtain q2... We call the
vector qn the value vector at time/step n, ∀n ≥ 0 — the value vector at time
0 is also (see above) called the initial value vector. Set the real r × r matrix

Wn =
(
(Wn)ij

)
i,j∈⟨r⟩

,

(Wn)ij was defined above, ∀i ∈ ⟨r⟩ , ∀j ∈ {i} ∪Ni, and

(Wn)ij = 0 if j /∈ {i} ∪Ni, ∀i ∈ ⟨r⟩

(we can have (Wn)ij = 0 even when j ∈ {i} ∪ Ni, where i ∈ ⟨r⟩ and n ≥ 1),

∀n ≥ 1. We call the matrix Wn the weight matrix at time/step n, ∀n ≥ 1.
Wn, n fixed, is symmetric or not (each (nondirected/undirected) edge can be
considered as two directed edges). Obviously, we have

q′n =Wnq
′
n−1 =WnWn−1...W1q

′
0, ∀n ≥ 1

(q′n is the transpose of qn...).

The above model is a DeGroot-type model — compare this model with the
DeGroot model from Section 2. It is determined by the graph G, real vec-
tor q0, and real matrices Wn, n ≥ 1. Due these facts, we call it the DeGroot

model on (the triple)
(
G, q0, (Wn)n≥1

)
, and will use the generic name “(the)

DeGroot model on distributed systems”. We say that the DeGroot model on(
G, q0, (Wn)n≥1

)
is homogeneous ifW1 =W2 =W3 = ... and nonhomogeneous

if ∃u, v ≥ 1, u ̸= v, such that Wu ̸=Wv, and will use the generic names “(the)
homogeneous DeGroot model on distributed systems” and “(the) nonhomo-
geneous DeGroot model on distributed systems”, respectively.

Note that the DeGroot model on
(
⟨r⟩ , p0, (Pn)n≥1

)
(see Section 2) is triv-

ially identical with the DeGroot model on
(
Kr, p0, (Pn)n≥1

)
, ∀r ≥ 2, ∀p0, p0

is a real vector here, ∀ (Pn)n≥1 , (Pn)n≥1 is a sequence of stochastic matrices
here, where Kr is the complete graph with r vertices, ∀r ≥ 2 — moreover, it

is identical with the DeGroot model on
(
G1, p0, (Pn)n≥1

)
, ∀r ≥ 2, ∀p0, p0 is a

real vector here, ∀ (Pn)n≥1 , (Pn)n≥1 is a sequence of stochastic matrices here,
where G1 = (V1,E1) , V1 = ⟨r⟩ and
E1=

{
{i, j}

∣∣∣ i, j ∈ ⟨r⟩, i ̸= j, and ∃n≥1 such that (Pn)ij>0 or (Pn)ji>0
}
.

Definition 2.1 (from Section 2) and the first part of the next definition are
similar.

Definition 3.1. (See also [27] and [30].) Consider the DeGroot model on(
G, q0, (Wn)n≥1

)
. We say that the graph G reaches a (distributed) consensus
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if lim
n→∞

WnWn−1...W1 exists and is a stable matrix. Set

W∞ = lim
n→∞

WnWn−1...W1

when lim
n→∞

WnWn−1...W1 exists.(W∞ is a real r × r matrix.) In particular, if

W∞ = e′
(
1

r
,
1

r
, ...,

1

r

)
,

we say that the graph G performs distributed averaging (e=e (r)=(1, 1, ..., 1) ;
e′ is its transpose).

Reaching a distributed consensus for the DeGroot model on distributed
systems — this is the (distributed) consensus problem for/of the DeGroot
model on distributed systems, and is similar to the consensus problem for the
DeGroot model. When a distributed consensus is reached, it is reached in a
finite or infinite time — obviously, the first case is the best. When distributed
averaging is performed, it is performed in a finite or infinite time — the first
case is also the best.

When the graph G performs distributed averaging, each vertex holds the

average of initial values, 1
r

r∑
i=1

q0i — an interpretation (see, e.g., [30, p. 65]):

if q0i is the amount of a resource at the vertex i, ∀i ∈ ⟨r⟩ , then the average is
the fair or uniform allocation of the resource across the graph; an application
(see, e.g., [22, p. 228]): clock synchronization (by averaging) in distributed
systems.

For more information concerning the above things, see, e.g., [15], [27], and
[30].

Recall that the DeGroot model and its consensus problem and the con-
sensus problem in computer science have some things in common with the
finite Markov chains — some references are given in the first paragraph before
Theorem 2.2 (in Section 2).

Remark 3.2. (a) Concerning the (total) distributed consensuses, obviously,
we have a theorem similar to Theorem 2.2 and a remark similar to Remark
2.3.

(b) Concerning the finite-time partial and total distributed consensuses (for
reaching a partial or total distributed consensus in a finite time), only when
the matrices at times t+1, t+2, ... are (see Definition 1.3) stochastic real (the
matrices at times 1, 2, ..., t being (stochastic or nonstochastic) real), we have
a theorem similar to Theorem 2.5 and remarks similar to Remarks 2.4(c) and
2.6(b)-(c).
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(c) Concerning distributed averaging, if we construct/find t matrices, W1,
W2, ..., Wt (t ≥ 1), such that

WtWt−1...W1 = e′
(
1

r
,
1

r
, ...,

1

r

)
,

it makes no sense to construct other matrices — however, if the reader wants
to construct a sequence of matrices, (Wn)n≥1 , such that W∞ =WtWt−1...W1,
she/he can take, e.g., Wt+1 =Wt+2 = ... = Ir, where Ir is the identity matrix
of dimension r.

Below we give a result for finite-time (total) distributed averaging — an
application of the G method (more precisely, of Theorem 1.10)...

Theorem 3.3. Let G = (V,E) be a (nondirected simple finite) connected
graph. Suppose that |V| = 2m, m ≥ 1. Suppose that G has a spanning subgraph
isomorphic to the m-cube graph, Qm. Then there exist the weight matrices
W1, W2, ..., Wm such that distributed averaging is performed for G in m steps
(for any initial value vector q0). (See Remark 3.2(c) again.)

Proof. It is sufficient to consider the case when G = Qm — Theorem 3.3 gives
the best possible number of steps, m, for distributed averaging for this graph
because the diameter of Qm is equal to m. Further, we consider this case, and
using the G method, we show that distributed averaging is performed in m
steps.

Consider that V = {0, 1}m and

E = {{x, y} | x, y ∈ {0, 1}m and H (x, y) = 1} ,

where H is the Hamming distance (the edge set E is a set of 2-element sub-
sets of {0, 1}m; x = (x1, x2, ..., xm) ...). Consider the stochastic matrices —
stochastic matrices here! — W1,W2, ...,Wm (see Remark 3.2(c) again),

(Wl)(x1,x2,...,xm)(x1,x2,...,xm) =

= (Wl)(x1,x2,...,xm)(x1,x2,...,xm−l,(xm−l+1+1)mod 2,xm−l+2,...,xm) =
1

2
,

∀l ∈ ⟨m⟩ , ∀ (x1, x2, ..., xm) ∈ {0, 1}m ((Wl)(x1,x2,...,xm)(x1,x2,...,xm) is the entry

((x1, x2, ..., xm) , (x1, x2, ..., xm)) of Wl...; xm−l+2, xm−l+3, , ..., xm vanish when
l = 1; x1, x2, ..., xm−l vanish when l = m; obviously, W1,W2, ...,Wm are sym-
metric matrices). Let

U(x1,x2,...,xv) =

={(y1, y2, ..., ym) | (y1, y2, ..., ym)∈{0, 1}m and y1 = x1, y2 = x2, ..., yv = xv },
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∀v ∈ ⟨m⟩ . Consider the partitions

∆t =
(
U(x1,x2,...,xm−t+1)

)
(x1,x2,...,xm−t+1)∈{0,1}m−t+1 , ∀t ∈ ⟨m⟩ ,

and

∆m+1 = ({0, 1}m)

of {0, 1}m . Obviously,

∆1 =
(
U(x1,x2,...,xm)

)
(x1,x2,...,xm)∈{0,1}m = ({x})x∈{0,1}m .

We have Wl ∈ G∆l+1,∆l
,∀l ∈ ⟨m⟩ — we prove this statement. Let l ∈ ⟨m⟩ and

K ∈ ∆l+1. It follows that

K =

{
{0, 1}m if l = m,

U(x1,x2,...,xm−l) for some (x1, x2, ..., xm−l) ∈ {0, 1}m−l if l ∈ ⟨m− 1⟩ .

Case 1. l = m. In this case, ∆m+1 = ({0, 1}m) and ∆m =
(
U(0), U(1)

)
. Let

(x1, x2, ..., xm) ∈ {0, 1}m . Since {0, 1}m = U(0) ∪ U(1), it follows that

(x1, x2, ..., xm) ∈ U(0) or (x1, x2, ..., xm) ∈ U(1).

If (x1, x2, ..., xm) ∈ U(0), then

((x1 + 1)mod 2, x2, ..., xm) ∈ U(1);

if (x1, x2, ..., xm) ∈ U(1), then

((x1 + 1)mod 2, x2, ..., xm) ∈ U(0).

Further, by the definition of Wm, we have Wm ∈ G∆m+1,∆m .

Case 2. l ∈ ⟨m− 1⟩ . In this case,

K = U(x1,x2,...,xm−l) for some (x1, x2, ..., xm−l) ∈ {0, 1}m−l .

Further, we have K = U(x1,x2,...,xm−l,0) ∪ U(x1,x2,...,xm−l,1), where, obviously,
U(x1,x2,...,xm−l,0), U(x1,x2,...,xm−l,1) ∈ ∆l. Let (x1, x2, ..., xm) ∈ K. It follows that

(x1, x2, ..., xm) ∈ U(x1,x2,...,xm−l,0) or (x1, x2, ..., xm) ∈ U(x1,x2,...,xm−l,1).

If (x1, x2, ..., xm) ∈ U(x1,x2,...,xm−l,0), then

xm−l+1 = 0 and (x1, x2, ..., xm−l, 1, xm−l+2, ..., xm) ∈ U(x1,x2,...,xm−l,1);
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if (x1, x2, ..., xm) ∈ U(x1,x2,...,xm−l,1), then

xm−l+1 = 1 and (x1, x2, ..., xm−l, 0, xm−l+2, ..., xm) ∈ U(x1,x2,...,xm−l,0).

Further, by the definition of Wl, we have Wl ∈ G∆l+1,∆l
. The statement

was proved. Further, since Wl ∈ G∆l+1,∆l
, ∀l ∈ ⟨m⟩ , by Theorem 1.10,

WmWm−1...W1 is a stable matrix and

WmWm−1...W1 = e′W−+
m W−+

m−1...W
−+
1 .

Since
W−+

m W−+
m−1...W

−+
1 =

=
(

1
2

1
2

)( 1
2

1
2

1
2

1
2

)
...


1
2

1
2

1
2

1
2

. . .
1
2

1
2

 =

=
(

1
2m

1
2m ... 1

2m

)
,

we have

qm =
(
WmWm−1...W1q

′
0

)′
=
(q0(0,0,...,0)

2m
,
q0(0,0,...,0,1)

2m
, ...,

q0(1,1,...,1)

2m

)
(V = {0, 1}m , so, |V| = 2m; q0(0,0,...,0) is the component (0, 0, ..., 0) of (initial
value vector) q0...). So, distributed averaging is performed in m steps.

Example 3.4. To illustrate Theorem 3.3, we consider the 3-cube graph,
Q3. In this case, we have V = {0, 1}3 and

E =
{
{x, y}

∣∣∣ x, y ∈ {0, 1}3 and H (x, y) = 1
}
=

= {{(0, 0, 0) , (0, 0, 1)} , {(0, 0, 0) , (0, 1, 0)} , ..., {(1, 1, 0) , (1, 1, 1)}} .
Further, we have

W1 =

(0, 0, 0)

(0, 0, 1)

(0, 1, 0)

(0, 1, 1)

(1, 0, 0)

(1, 0, 1)

(1, 1, 0)

(1, 1, 1)



1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2


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(the columns are labeled similarly, i.e., using the lexicographic order from left
to right),

W2 =

(0, 0, 0)

(0, 0, 1)

(0, 1, 0)

(0, 1, 1)

(1, 0, 0)

(1, 0, 1)

(1, 1, 0)

(1, 1, 1)



1
2 0 1

2 0

0 1
2 0 1

2
1
2 0 1

2 0

0 1
2 0 1

2
1
2 0 1

2 0

0 1
2 0 1

2
1
2 0 1

2 0

0 1
2 0 1

2


,

W3 =

(0, 0, 0)

(0, 0, 1)

(0, 1, 0)

(0, 1, 1)

(1, 0, 0)

(1, 0, 1)

(1, 1, 0)

(1, 1, 1)



1
2 0 0 0 1

2 0 0 0

0 1
2 0 0 0 1

2 0 0

0 0 1
2 0 0 0 1

2 0

0 0 0 1
2 0 0 0 1

2
1
2 0 0 0 1

2 0 0 0

0 1
2 0 0 0 1

2 0 0

0 0 1
2 0 0 0 1

2 0

0 0 0 1
2 0 0 0 1

2


.

Further, we have

U(x1,x2,x3) = {(x1, x2, x3)} , ∀ (x1, x2, x3) ∈ {0, 1}3 ,

U(0,0) = {(0, 0, 0) , (0, 0, 1)} , U(0,1) = {(0, 1, 0) , (0, 1, 1)} ,

U(1,0) = {(1, 0, 0) , (1, 0, 1)} , U(1,1) = {(1, 1, 0) , (1, 1, 1)} ,

U(0) = U(0,0) ∪ U(0,1) = {(0, 0, 0) , (0, 0, 1) , (0, 1, 0) , (0, 1, 1)} ,

U(1) = U(1,0) ∪ U(1,1) = {(1, 0, 0) , (1, 0, 1) , (1, 1, 0) , (1, 1, 1)} .

Further, we have

∆1 = ({(x1, x2, x3)})(x1,x2,x3)∈{0,1}3 = ({(0, 0, 0)} , {(0, 0, 1)} , ..., {(1, 1, 1)}) ,

∆2 =
(
U(0,0), U(0,1), U(1,0), U(1,1)

)
,

∆3 =
(
U(0), U(1)

)
,

∆4 =
(
{0, 1}3

)
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(∆4 is the improper (degenerate) partition of {0, 1}3 — ∆4 has only one set).
Further, we have W1 ∈ G∆2,∆1 , W2 ∈ G∆3,∆2 , W3 ∈ G∆4,∆3 ; further, we have

W−+
3 W−+

2 W−+
1 =

=
(

1
2

1
2

)( 1
2

1
2

1
2

1
2

)
1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

 =

=
(

1
23

1
23

· · · 1
23

)
.

By Theorem 1.10 (W3W2W1 = e′W−+
3 W−+

2 W−+
1 ) or by direct computation,

W3W2W1 =


1
23

1
23

· · · 1
23

1
23

1
23

· · · 1
23

...
... · · ·

...
1
23

1
23

· · · 1
23

 .

Finally, we have (V = {0, 1}3 , so, |V| = 23; q0(0,0,0) is the component (0, 0, 0)
of q0...)

q3 =
(
W3W2W1q

′
0

)′
=
(q0(0,0,0)

23
,
q0(0,0,1)

23
, ...,

q0(1,1,1)

23

)
— distributed averaging is performed at time/step 3 (for any initial value
vector q0). To understand Theorem 3.3 and this example better, the reader,
if she/he wants, can compute the value vectors q1 and q2. Note that the
matrices W1,W2, and W3 are symmetric, but by Theorem 1.16, W2 and W3

can be replaced with nonsymmetric ones.

Remark 3.5. (Research work — find the graphs.) Theorem 3.3 can be
extended for any connected graph with n1n2...nt vertices, where n1, n2, ...,
nt ≥ 2 (preferably prime numbers), and having a spanning subgraph for which
Theorem 1.10 can be applied for t stochastic matrices... — we will perform
distributed averaging in t steps.

For the above remark, we consider the next example.

Example 3.6. (Suggested by Example 2.11 from [17], which refers to
the uniform generation of permutations of order n.) Consider the graph
G3 = (V3,E3) , where V3 = S3, S3 = the set of permutations of order 3,
and E3 = the union of edge sets of nondirected graphs of matricesW1 andW2,
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where

W1 =

(123)

(132)

(213)

(231)

(321)

(312)



1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2


,

W2 =

(123)

(132)

(213)

(231)

(321)

(312)



1
3 0 1

3 0 1
3 0

0 1
3 0 1

3 0 1
3

1
3 0 1

3 0 0 1
3

0 1
3 0 1

3
1
3 0

1
3 0 0 1

3
1
3 0

0 1
3

1
3 0 0 1

3


.

The matrices W1 and W2 were obtained by the swapping method — for this
method, see, e.g., [8, pp. 645−646]. By Theorem 1.10 (W1 ∈ G∆2,∆1 , W2 ∈
G∆3,∆2 , where...) or by direct computation,

W2W1 =


1
6

1
6 · · · 1

6
1
6

1
6 · · · 1

6

...
... · · ·

...
1
6

1
6 · · · 1

6

 ,

so, distributed averaging is performed, in this case, at time 2 (3! = 6 = 2 · 3).
Note that the graph G3 is a 3-regular graph and is not isomorphic to the
triangular prism graph, which is also a 3-regular graph — G3 can be replaced
with any graph with 3! vertices which has a spanning subgraph isomorphic to
G3. For the triangular prism graph, using the G method, distributed averaging
can also be performed at time 2 — an exercise for the reader.

The above example can be generalized for Gn = (Vn,En) , Vn = Sn,
Sn = the set of permutations of order n... Due to the swapping method,

this graph must be an n(n−1)
2 - regular graph — a necessary but not sufficient

condition (see the above example).

Remark 3.7. (a) For the DeGroot model on distributed systems, labelling
the vertices of (involved) graphs is an important problem — a good/suitable
labelling can lead to a good/fast algorithm (see Theorem 3.3 and its proof and
Examples 3.4 and 3.6).

(b) Theorem 3.3 and its proof and Example 3.6 (see also Remark 3.5) lead to
possible cases for the DeGroot submodel (from Section 2) on graphs/networks,
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in each case, a consensus being reached in a finite time — for the DeGroot
model on graphs, see, e.g., [9] and [12].

For the distributed consensuses (in particular, for distributed averaging),
we could combine the G method with other methods, obtaining certain hybrid
methods: we could use the G method for subgraphs, we could use the G
method together with the flooding (for this method, see, e.g. [30, p. 65], see,
e.g., also [22, p. 228]), we could use a leader vertex or more... This idea can
be developed — another research work —, but we give only an example, the
next example.

Example 3.8. Consider the graph from Fig. 1 in [30] (this graph is also
considered in [27, Fig. 1]) — the weights from there are not taken into account.
This graph, say, G, can be obtained from the wheel graph W5 and complete
graph K5 by edge merging. Consider that the vertices of K5 are 1, 2, 3, 4, 5
and the vertices of W5 are 1, 2, 6, 7, 8, and that 8 is the universal vertex of
W5, 6 is adjacent to 1 (6 is also adjacent to 8), and 7 is adjacent to 2 (7 is
also adjacent to 6 and 8)— {1, 2} is the common edge of W5 and K5. Consider
that the initial value vector is q0. First, we consider the subgraph W5 of G. For

this subgraph, we consider that the initial value vector is q
(1)
0 = q0 |{1,2,6,7,8},

q0 |{1,2,6,7,8}= the restriction of q0 to {1, 2, 6, 7, 8} . Consider the matrix W
(1)
1

with rows and columns 1, 2, 6, 7, 8,

W
(1)
1 =


1
5

1
5 · · · 1

5
1
5

1
5 · · · 1

5

...
... · · ·

...
1
5

1
5 · · · 1

5

 .

W
(1)
1 is a stable matrix, and, therefore, W

(1)
1 ∈ G

∆
(1)
2 ,∆

(1)
1

, where

∆
(1)
1 = ({1} , {2} , {6} , {7} , {8}) and ∆

(1)
2 = ({1, 2, 6, 7, 8}) — a trivial case

for the G method, more exactly, for Theorem 1.10. Further, from(
q
(1)
1

)′
=W

(1)
1

(
q
(1)
0

)′
=W

(1)
1

(
q0 |{1,2,6,7,8}

)′
,

we obtain

q
(1)
1 =

1

5

∑
i∈{1,2,6,7,8}

q0i,
1

5

∑
i∈{1,2,6,7,8}

q0i, ...,
1

5

∑
i∈{1,2,6,7,8}

q0i

 ,

q
(1)
1 is the value vector at time 1 for the subgraph W5. Second, we consider the
subgraph of G with vertices 1, 3, 4, 5 and isomorphic to the complete graph
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K4. For this subgraph, we consider that the initial value vector is1

5

∑
i∈{1,2,6,7,8}

q0i, q03, q04, q05

 := q
(2)
0 .

Consider the matrix W
(2)
1 with rows and columns 1, 3, 4, 5,

W
(2)
1 =


5
8

1
8

1
8

1
8

5
8

1
8

1
8

1
8

5
8

1
8

1
8

1
8

5
8

1
8

1
8

1
8

 .

W
(2)
1 is also a stable matrix. Further, from(

q
(2)
1

)′
=W

(2)
1

(
q
(2)
0

)′
,

we obtain

q
(2)
1 =

1

8

∑
i∈⟨8⟩

q0i,
1

8

∑
i∈⟨8⟩

q0i,
1

8

∑
i∈⟨8⟩

q0i,
1

8

∑
i∈⟨8⟩

q0i

 ,

q
(2)
1 is the value vector at time 1 for the above subgraph. Consider that the
vertex 1 (it can be a leader) transmits the average 1

8

∑
i∈⟨8⟩

q0i to the vertices 2, 6,

and 8 and, further, that the vertex 2 (this can also be a leader) or 6 transmits
the above average to 7 — and thus distributed averaging is performed. Note
that we can use K5 instead of the subgraph of G with vertices 1, 3, 4, 5 and
isomorphic to K4...; finally, the vertices 1 and 2 (these can be leaders) will
transmit the average 1

8

∑
i∈⟨8⟩

q0i to the vertices 6, 7, and 8. The study of this

alternative way is left to the reader.

For the (nondirected simple finite) connected graphs with at least two ver-
tices, distributed averaging based on the DeGroot model on distributed sys-
tems and the uniform (random) generation based on Markov chains of the
vertices of a graph taking its edge set into account (when {i, j} (i ̸= j) is
not a edge of the graph, any transition matrix we use has the entries (i, j)
and (j, i) equal to 0) are related problems/topics (...the stochastic matrices
from Example 3.4 can be used to construct a Markov chain for the uniform
generation of vertices of 3-cube graph...)

— which of them is harder?...
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In this article, the framework for the DeGroot model and that for the De-
Groot model on distributed systems we used are general, i.e., homogeneous
(when we use just one matrix at any time/step) and nonhomogeneous (when
we use at least two different matrices at least two different times)

— which of them are better?

We believe that the nonhomogeneous frameworks are better — these frame-
works are supported, among other things, by the DeGroot submodel, Theorem
3.3 (Example 3.4 is for m = 3), and Example 3.6 (we used nonhomogeneous
products of matrices in these three places). For the homogeneous frameworks,
see, e.g., [7], [27], and [30].
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