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Abstract  We give an extension of the G method, with results, the extension and results
being partly suggested by the finite Markov chains and specially by the finite-
time consensus problem for the DeGroot model and that for the DeGroot model
on distributed systems. For the (homogeneous and nonhomogeneous) DeGroot
model, using the G method, a result for reaching a partial or total consensus
in a finite time is given. Further, we consider a special submodel/case of the
DeGroot model, with examples and comments — a subset /subgroup property is
discovered. For the DeGroot model on distributed systems, using the G method
too, we have a result for reaching a partial or total (distributed) consensus in a
finite time similar to that for the DeGroot model for reaching a partial or total
consensus in a finite time. Then we show that for any connected graph having
2™ vertices, m > 1, and a spanning subgraph isomorphic to the m-cube graph,
distributed averaging is performed in m steps — this result can be extended —
research work — for any graph with nins...n; vertices under certain conditions,
where t, n1,n2,...,n: > 2, and, in this case, distributed averaging is performed
in ¢ steps.
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1. AN EXTENSION OF G METHOD

In this section, we give an extension of the G method [18]-[19], see also
[17] — a good thing both for the forward products of matrices, in particular,
for the finite Markov chains, and for the backwards products of matrices, in
particular, for the DeGroot model and for the DeGroot model on distributed
systems.

Set

Par (E) = {A| A is a partition of E'},

where E is a nonempty set. We shall agree that the partitions do not contain
the empty set. (E) is the improper (degenerate) partition of E — we need
this partition.
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Definition 1.1. Let Ay, Ay €Par(E). We say that Ay is finer than Ag if
VYV € Ay, AW € Ag such that V C W.
Write A1 =< Ay when A1 is finer than As.

In this article, a vector is a row vector and a stochastic matrix is a row
stochastic matrix.

Set
(m)y ={1,2,....,m} (m>1).

Let Z be an m X n matrix. Z;; or, if confusion can arise, Z;_.; denotes the
entry (i,7) of matrix Z, Vi € (m), Vj € (n).
Set
Crmn =A{P]| P is a complex m X n matrix},

Ry n={P| P is areal m x n matrix},
Ny = {P| P is a nonnegative m X n matrix},
Smn = {P| P is a stochastic m x n matrix }

(...the stochastic matrices are defined in Definition 1.3),

Cn = Unmn,
Rn = Rn,na
Nn = Nn,na
Sn: n,n-.

Let P = (P;j) € Cpyn. Let 0 £ U C (m) and 0 # V C (n). Set the matrices

_ Vv _ vV _
Py = (Pij)ieU,je(n) , P = (Pij)z‘e<m),jev’ and Py = (Pij)z‘eU,jeV‘

~—
&
=
(oW

—

L
o
=

Remark 1.2. (Basic properties of the operators (-),.

(
the products of complex matrices.) Let P € Cy, pny, Po € Crgngs - Pr €
Chymeers Wwhere t > 2. Let ke (t —1). Let 0 £ U C (my
Obviously, we have

(a)

<
]
(oW
=
<
N
El
+
<

(PLPy...P)y = (PiPy...P)y Pey1 Pryo-.. P

(b)
(PLPy...P)Y = P\Py...Py (Pyi1 Pryo... P ;

(c)
(PiPy...P)}; = (PiPa... By (Pros1 Prgo P)Y
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(d)

(PP Pl = Y (PPa.P)[] (Peg1 Py Py, VA € Par ((ngg1)) ;
WeA

(e)

(P\Py...P) > (PP P)}Y (Pos1Prio Py s YW, 0 # W C (ngy).
(e

((c)=(d)==(e))
Let W be a nonempty finite set. Suppose that W = {s1, s9, ..., s¢}. Set
({i})iew € Par (W), ({i})iew = ({s1} {s2}, - {s:})-
E.g.,
(i Dicy = ({1342} ().
({#});ew is the finest partition of W while (W) is the coarsest partition of W.
Let L ¢ W. Let K = L€, L¢ is the complement of L — so, § # K C W.
Suppose that K = {sj,,5j,,...,55,} (1 <u <t). Set
({iDiew if [L] =0,
({Sjl}J {8j2}7 "'7{8ju}7L) lf |L’ Z 1

(|| is the cardinality). Obviously, ({i}, L);cx = ({i});ep if |L| = 1. So,
({i}, L)ier = ({i)sew if L] < 1.

Further, we suppose that ¢ > 2. Let (L1, Lo, ..., L) €Par(W), where m > 2
(L1,Lay..c; Ly, # 0; m > 2 = t > 2). Suppose that L1 = {s;,,s1,,..., 51, }
(v>1). Set

({1}, L)jex € Par (W), ({i},L);cre = {

({1}, L2, s Lim) e, € Par (W),

({7} Loy ooy Lim)ier, = ({8} {81} s {81, 1 L2, ooy Lim) -
FE.q.,

({1} {4,5},{6,7,8})ic(s) = ({1}, {2}, {3}, {4,5},{6,7,8}).

({#}, L);c is the finest partition of W when |L| < 1; ({i}, L),cj is the finest
partition (of W) among the partitions of W which contain L when |L| > 1
while ({i}, Lo, ..., L)y, is the finest partition (of W) among the partitions
of W which contain Ls, ..., L. Obviously, ({i},La,..., Lm)icr, = ({i})iew
when |La| = ... = |L;,| = 1. Obviously, the partition ({i},L),c; when [L| > 1
is a special one of ({i}, L, ..., Lm);cp, -
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Definition 1.3. Let P € Cy,,. We say that P is a generalized stochastic
(complex) matriz if 3a € C (a =0 or a # 0) such that

ZPij:m Vi e (m).

jel{n)

(We have generalized stochastic complex matrices, generalized stochastic real
matrices, generalized stochastic nonnegative matrices... If P € Ny, 5, then P is
a generalized stochastic (nonnegative) matrix if and only if 3a > 0, 3Q € S, ,
such that P = a@Q) — see, e.g., [17, Definition 1.2].) The generalized stochastic
matrices with row sums equal to 1 are called stochastic complex when the
matrices are complex, stochastic real when the matrices are real, stochastic
nonnegative or, for short, stochastic when the matrices are nonnegative...

Definition 1.4. (A generalization of Definition 1.3 from [17].)
Let P € Cpyp. Let A €Par((m)) and X €Par((n)). We say that P is a [A]-
stable matriz on % if PI% is a generalized stochastic matriz, VK € A, VL € 3.
In particular, a [A]-stable matriz on ({j}) e, is called [A]-stable for short.

Definition 1.5.(A generalization of Definition 1.4 from [17].)
Let P € Cpyp. Let A €Par((m)) and ¥ €Par((n)). We say that P is a
A-stable matriz on X if A is the least fine partition for which P is a [A]-stable
matriz on 3. In particular, a A-stable matriz on ({j}) ;e s called A-stable
while a ({(m))-stable matriz on ¥ is called stable on ¥ for short. A stable
matriz on ({j});e(ny 15 called stable for short.

For the [A]- and A-stable matrices on ¥, A €Par((m)), ¥ €Par((n)), we
will use the generic name “generalized stable (complex) matrices” — we have
generalized stable complex matrices, generalized stable real matrices, general-
ized stable nonnegative matrices, generalized stable stochastic matrices...

The stable matrices have a central role in the finite Markov chain theory, in
the DeGroot model theory (see Section 2), in the theory of DeGroot model on
distributed systems (see Section 3)... The stable matrices on ¥ are important
for the finite Markov chains (see, e.g., [17, p. 389]), for the partial consen-
suses (see, in Section 2, Theorem 2.5; see also Example 2.8), for the partial
distributed consensuses (see, in Section 3, Remark 3.2(b))...

Example 1.6. Let

1 1 1
2 3 1 10 oo
1 1 1
P:140§§ inoo
46 00 7| 1 2 3|’
9 1 1 2 4 1 23
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e (2 ) (1)

P is [({1,2},{3,4})]-stable on ({1,2},{3,4,5}) because Pk is a generalized
stochastic matrix, VK € ({1,2},{3,4}), VL € ({1,2},{3,4,5}) — indeed,

{12y (2 3
P{1,2}—<1 4)7

and it is a generalized stochastic matrix because 24+ 3 =1+ 4,

{3,4,5} 3 0
P{I;QI; - ( ) ’

0
and it is a generalized stochastic matrix, etc. Moreover, P is [A]-stable on
({1,2},{3,4,5}), VA < ({1,2},4{3,4}) . Moreover, P is ({1,2},{3,4})-stable
on ({17 2} ) {37 47 5}) : Q is [({17 2} ) {37 4})]_Stable

1
{1} 1 2} _ i3} 0
(Q{LQ} = ( ) =3 ( . > » QUi = Qi = < 0 >

— = is the identical sign). Moreover, it is [A]-stable, VA < ({1,2},{3,4}).
Moreover, it is ({1,2},{3,4})-stable. T is stable on ({1},{2},{3,4}) — it
follows that T is stable (the rows of 7% are identical — any stable matrix
has the rows identically). Z is stable (the rows of Z are identical).

_ Let A €Par((m)) and ¥ €Par((n)). Set (see [17] for Gax and [18] for
Gax)

Gay =Gax(m,n)={P| P €Sy, and P is a [A]-stable matrix on ¥},

NN
NS [GCRNE

LN
NN
N [JURETNIV]

NI D=
DN|—

N—= D=

Gax =Gax (m,n)={P| P € Ny, and P is a [A]-stable matrix on X},
GA,E = GA,E (m,n) ={P| P € Ry,,, and P is a [A]-stable matrix on X},

and
@A,E = aA,E (m,n) ={P| P € Cy,y and P is a [A]-stable matrix on X}

(Gax is a set of generalized stable stochastic matrices, @A,g is a set of gen-
eralized stable nonnegative matrices...).

When we study or even when we construct products of complex matrices
(in particular, products of stochastic matrices) using Ga s, Gay, Gax, or

@A,g, we shall refer this as the G method. G comes from the verb to group
and its derivatives.
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The G method can more be extended considering other sets of matrices
besides Sy ny Ny Bmn, and Cy, 5, then, if necessary, generalizing Definition
1.3...

The G method has serious applications, see, e.g., [20]-[21].
Since Gay € Gay C Gax C Gax (A €Par((m)), ¥ €Par((n))), any
property which holds for G A,z also holds for Ga 5, Ga s, and Ga 5, any prop-

erty which holds for G A,x also holds for G » and GA,E--- Several properties
of Gax were given in Remark 2.1 from [17] — some of these properties can

be extended for Ga 5, for G A, or for G A,x. Below we give a few properties
of Gax, Gax, Gax, or Gax.
Remark 1.7. (a)

S = G(<m>)7(<n>) = G({i})iam)’z, Vm,n > 1, V¥ € Par ((n))

<m>) is the improper (degenerate) partition of (m)...; ¥ can be equal to
JDjemny (80, Smn = Gy })i€<m>’({]})j€<n)) or, more generally, to ({j}, K€);cx »
#K C < ), or to...).

(b)

N D G () Bonan D Gimy),(my)s Coman D Gy, (@) Y 2 2, ¥n 2 1,

((
S
0

and é“m»,«n» is equal to the set of generalized stochastic nonnegative m x n
matrices, é«m))’((n)) is equal to the set of generalized stochastic real m x n

matrices, and G (,)),((n)) 18 equal to the set of generalized stochastic complex
m X n matrices;

n =GP imy s Bmn =G}, 20 Cmn = Gy,

i€ m)’

VYm > 1, ¥n > 1, VX €Par((n)).

(c) The stable complex m x m matrices on ¥ are generalized stochastic,
V3 €Par((n)) (é((m»,Ev é(<m>)72, and @(<m>)72 are included in the set of gen-
eralized stochastic nonnegative m X n matrices, that of generalized stochastic
real m xn matrices, and that of generalized stochastic complex m X n matrices,
respectively).

(d)

Clom b tastonsuyer, S G<<m>>7({j}, Om)
JjeLq

b=2
Vm, n > 1,V(L1,La,...,Ly,) EPar((n)), v Z~2 (obviously, ({j} L2, L3, ..., Lv) jer,
EPar((n))). Similarly for G(<m>)’({j}’L2?L37"'7LU)jEL1 and for

G (). (41, L2, Lo L),
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Let P € GM. Then (see Definition 14) VK € A, VL € %,
Jdak 1, = ax 1, (P) € C such that

Y Pj=agLVieK.
JEL

Set the matrix (for the case when P € Ga x, see, e.g., also [18])

P~ = (Pgf) kenres Pri =axp, VK €A, VLEX.

We call the matrix P~ the (A, X)-grouped matriz (of P), or, for short, if
no confusion can arise, the grouped matriz (of P) — in [17] this matrix was
differently called... The labels of rows and columns of P~ are K, K € A,
and L, L € X, respectively; PI}X, K € A, L € %, are the entries of matrix
P~T; P is the entry (K, L) of matrix P~+, VK € A, VL € X. If confusion

can arise, we write P~ (&%) instead of P~.

Example 1.8. Consider the matrices P, @, T, and Z from Example 1.6.
We have

pt— ( 150 ; > (A =({1,2},{3,4}), ¥ =({1,2},{3,4,5})),

@ =(155) @=L G, = Uem)
rr=(s -4 1), 27 =(4 ),

T~* and Z~ have just one row because T and Z are stable on ({1}, {2}
)

) 37 4})
* (e e

and stable, respectively. Moreover, the row of (T<2> ) B A2))
is identical with any row of T2 and the row of Z~7 is identical with any row
of Z. Generally speaking, letting A and B, A, B € C), »,, be a stable matrix

on ({5} ,Kc)jeK, 0 # K C (n), |K° > 1, and a stable matrix, respectively,

(AK)_Jr = (AK)_+((<m>)’({j})jEK) has just one row and this is identical with

any row of AX and B~ = B_+((<m>)’({j})i€<">) has just one row and this is
identical with any row of B — do not forget! (see Theorem 1.10...)

Below we give a fundamental result.

Theorem 1.9. (i) (a generalization of Theorem 1.5 from [18])
Let P, € @ALAQ C Chyimy and Py € CA;A%AR) C Chyny- Then

PPy € Gayny € Coyms and (PPt = Pt Py

(ii) (a generalization of (i)) Let P; € @A17A2 C Chymos
Py € Gayns € Crgngs o0 Pr € Gapagy € Cnyng,q, where t > 2. Then

P\Py..P € Gayayy € Cnymeyy and (PP )t = P7H Pyt PTT
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Proof. (i) Similar to the proof of Theorem 1.5 from [18]. Another proof, a
simple one too, of the first part of (i) is as follows. Let U € Ay and V € As.
By Remark 1.2(d) we have

(PP); = D (PO)y (P
WeAq

Since (Pl)EV and (P2)I‘//V are generalized stochastic matrices, VIW € A, it
follows that

(PO (P2)yy and >~ (P (Pa)yy
WelAs

are generalized stochastic matrices. So, (PlPQ)‘[j is a generalized stochastic

matrix. Therefore, P; P, € @ALAs-
(ii) Induction. 1

Recall that in this article, a vector is a row vector. Set e = e(n) =
(1,1,...,1) e R (e € C" too), Vn > 1; € is its transpose.

Below we give the best result of this section.

Theorem 1.10. (An extension of Theorem 1.6 from [18].)

Let Pi € Gayny C Cryngy Po € Gagng C Crpingy o P € Gagny,y C
Chyngsrs where t > 2. Suppose that
Ay =((n1)) and Ay = ({5}, K) ek
(0 # K C (ng+1); |[K¢| <1 or|K¢ >1). Then
(PLP,..P)"

(equivalently, P1Py...P;_1 PE (see Remark 1.2(b)))

is a stable matriz (i.e., a matriz with identical rows, see Definition 1.5 and
Example 1.6; (Png...Pt)K is a submatrixz of PiP>...P;, see the definition of
operator (-)(') again; if K = (ng1), then (P1P2...Pt)K = P P,..P;, and
Py P,...P,; is a stable matriz),

U {73}
(P1Py.. Py = (Prrpytprtyss T =

— — — —+ .
=P Pyt P (PF) T Vie (na),

where
(PtK) -+ _ (PtK) —+(A6,({iDjex)
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U {1}
((P1P2...Pt)g} is the row 1 of matrix (P1P2...Pt)K; (Pf+P27+...Pt’+)j€K

is a submatriz of P TPy T...P; 1 (see the definition of operator (-)(')); Pt =

Pb_+(A”’A”+1), Vb € (t); we used {{j}} because the labels of columns of P TPy +
P77 are, here, {j}, j € (ni41), when |K¢| < 1 and {j}, j € K, and K¢
when | K¢ > 1 (see the definition of operator (1)~ again)), and

U {1} _
(PP P)E = ¢ (PyTPy+. Prt)ies = Prtpyt Pt (PE) T

where e = e (ny) (if K = (ngg1), then
(PP Py = Py TPy TP, Vi€ (),
and

PPy...P=c P TPy TP,

Proof. Since Ay = ((n1)) and A1 = ({j}, K€) ¢ g, by Theorem 1.9(ii) and
Definition 1.5, P1P,...P; is a stable matrix on ({j}, K);cx (|K] < 1 or
|K¢| > 1). It follows that (P, P,...P,)" is a stable matrix and, consequently,

—+ (),
((PlPQ...Pt)K> ( ex)

has only one row — the label of this row is (n;) (see the definition of operator
()~ 1); further, we have

(P1Py..P)y = (PrPe Py PF) ) =
due to the partitions ({(n1)) and ({j}).-x ... — see Example 1.8 again
JEK
— (PlPQ...PtflptK)_+((<n1>)7({j})j€K) —

— PPyt PT (PE) T Yie ().
On the other hand, it is easy to see (see also Example 1.8) that

U (U
(PLPy.P)gy = (PP TPy T P )ss 0 Vi (na).
Finally, we have
U (i _
(PP B)K = ¢ (PyTPy . Pr)ies = Prtpy L Pt (PE) T
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Remark 1.11. On Theorem 1.10, we consider 3 things.

(@) Atr1 = ({7})je(n,,,) Poth when [K¢| = 0 and when |K¢[ =1 — practi-
cally speaking, we use “|K°¢| = 0” because, in this case, K = (ns11) .

(b) We have, in fact,

U {7}
(PLPy. Py = (PP TPy TP h)ss Vi (),
because the row matrices
U {1}

(PLPy...P)py and (PyH Pyt prt)sex

have different labels for rows and, separately, for columns, Vi € (n;), but
abusively, for simplification, we used “ =" instead of “ =" (= is the identical

sign; since the one-to-one correspondence (the bijective function) is column

U {1
j — column (with label) {j}, Vj € K, obviously, (P * Py "..P 1)K

must have the property: the column {j;} is before the column {js} if j1 < ja,
Vi1, j2 € K) Also,

_ _ _ —+ .
(PLPy Py = Pr PPyt P (PR) T e (m),

but, due to the notion of equal matrices and notation used for the equal
matrices,

U (U .
(PPt prt)ex = Pyt Pt (PR) T

Also,

U {{s}}
(P1P2...Pt)K =¢ (Pf+P2*+mPt*+)j€K

(c) Theorem 1.10 leads to another one if we replace Apy1 = ({j}, K°),cp
with AtJrl = ({]} , Lo, Ls, ..., Lv)jeh , where (Ll, Lo, Ls, ..., L@) EPar((nt+1>)

and v > 2. But, by Remark 1.7(d), P, P;...P; is stableon ({j}, L2, Ls, ..., Lv)jeL1

v
= P P,...P, is stable on <{j}, U Lb> . So, nothing new.
b:2 jELl
Example 1.12. Let

2 2 1 1 2
10310 11 0 %

1 2 1 2 2
p_| 1110 p_| 1901

=100 2 2|27 2 ¢ 1 L [
4 4 4 4 4
1 1 2 2 2
0 7 1 1 0 7 10



G Method and Finite-Time Consensus 99

e BN

P = , and Py =

O O BRI
== O O
IN[SUINTIURN] SN V)
@)

O O BIE R
== O O
TSN N RN
NN O

We have P1 € Gy, ), P2 € Gay,1.21,034) B3 € G1,21,{34).(31); ey
and Py € G((19},(3.4)), ({1}, 421, (3.4 (P1 Gz, VE €Par({4)), 5 # ((4)) —
Py was deliberately chosen with this property.) So, by Theorem 1.10, P, P, P
is a stable matrix and

1
1 10 %3
St et e 2 2
PiP,Py =€ P PPy = 1 (1)(1 Z) o L 3 o]~
i 4
1

(15

—_ = = =
OOl 0Ol 0Ol 0ol
ool Ut 0olut 0olUt ColUT
Ol Col— 0ol 0ol

Sl
—
[«
Sl
S—
|
0ol 0ol 0ol 0ol

while (PlPQP:,’,){l’z} is a stable matrix and

(P Pyl ) = ¢ (Pt Py ) BT = opr pe (o) TR

11
1 1 8 8
1 11
(o (g )= a-] 1
— |1 1 1 o L] 7|1 6 16 /)| 1 1
1 8 8
1 1 11
8 8
These results can also be obtained by direct computation. P, Ps and (PgPé){l’Q}

are also stable matrices.

To easy recognize when Theorem 1.10 could or cannot be used/applied, see
(i) and (ii) in the next theorem.

Theorem 1.13. Suppose that the conditions of Theorem 1.10 hold.

(i) If n2,ng,....,ni41 > 2 (ng > 1), then Ju € (t) such that P, is stable on
Ayit, and Ayt1 # ((nut1)) (Pu can be “broken” into at least two generalized
stochastic matrices with n, rows).

(i) If ni,no,...ng > 2 (nyy1 > 1), then Jw € (t —1) (t > 2) such that
Aw # ({i})ie(n,) and (Puw)y is a matriz with identical rows, VU € Ay, [U] = 2

(as a result, P, has at least two identical rows) or (Pt)IU( is a matriz with
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identical rows, YU € Ay, |U| > 2 (as a result, PX has at least two identical
rows (PE = P, when K = (niy1))).

(ii) P, PP, .., PiPy..P, are stable on Ag, Az, .., Ay
(At = ({j},Kc)jeK), respectively, and, as a result, they are generalized
stochastic matrices.

(iV) Pt, Ptflpt, ceey P1P2...Pt are [At]-, [Atfl]-, ceey [Al]-stable on
{5} ,Kc)jeK, respectively (A1 = ((n1))).

Proof. (i) Since ng,ng, ..., 41 > 2, Ay =((m)), and Ay =({j}, K°) e it
follows that Ju € (¢) such that Ay = ((n1)), A2 = ((n2)), ..., Ay = ((nw)),
and Ayt1 # ((nu41)) (“u = 17 leads to “Apyp1 # ((ng+1))”; mep1 > 2 and
0 # K C (nes1) = |Apa| > 2 (equivalently, A1 # ((ne41))); so, no
problem). It follows that P, is stable on Ay 41, and Ayi1 # ((Nyt1)).

(ii) Case 1. Ay # ({1});e(,,) — this case is possible because ny > 2. In this
case, AV € A with |V| > 2. Since P, € G\AtyAtJrl and Appr = ({7}, K ek
it follows that (Pt)[U( is a (complex) matrix with identical rows, YU € Ay,
\U| > 2.

Case 2. Ay = ({i});c(p,) - Since ny,ng,...,ny—1 > 2 (here, ny_1, not ny),
Ay = ((n1)), and Ay = ({i});,y - it follows that Jw € (¢t —1) (¢ > 2) such
that At = ({l})z€<nt>, At_l = ({Z‘})i€<nt,1>7 veey Aw+1 = ({i})i€<nw+1>7 and
Aw # ({1} i,y (Mw = 2, 50, “Ay # ({i});e(n,,) " is possible). Since P, €
G\AwyAw +1» it follows that (P, );; is a matrix with identical rows, YU € A,
Ul 22 (Aw # ({i})ie(n,) = IV € Ay with [V] > 2).

(iii) and (iv) Theorem 1.9.

Theorem 1.10 was illustrated in Example 1.12. To illustrate Theorem
1.13(i)-(ii), considering Example 1.12, the matrix P; cannot be “broken” into
at least two generalized stochastic matrices with 4 rows, the matrix P, can be
“broken” into two generalized stochastic (nonnegative) matrices with 4 rows,

namely, P2<2> and P2{3’4},

I U
2 2
2 0 2
P2<2> = ;1 and P2{3’4} =1, 111 )
i 0 i1
0 % 0
the matrix P3 is [((2), {3,4})]-stable, so, (P3) and (P3); 4, are stable ma-

trices

0

s

NNV
NN

) 0

((P3)9y = <
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and the matrix P3<2> is [((2), {3,4})]-stable, so, (Pg)gi and (Pg)g>4} are stable

matrices.

Below we consider a similarity relation, and give a result about it — the re-
lation and result lead, under certain conditions, to a subset/subgroup property
of the DeGroot submodel from Section 2, see Example 2.11.

Definition 1.14. (A generalization of Definition 2.1 from [19].)

Let P,(Q) € éAg C Cmn- We say that P is similar to Q (with respect to A
and %) if
P tT=Q".
Set P~ () when P is similar to Q). Obviously, «~ is an equivalence relation on
Gay.
Example 1.15. (For another example, see Example 1.1 in [21].) Let

)

, Q= , and T =

W= = O =
L LN LN [V )
== O =
[ IINNTCINTENPN
B ©O O O
BN RN O W
S O kw

BN O R =
O R O O
ENENT NN
ENE N e N e

ISP )

We have P,Q, R € Gay, C Sy, where A =3 = ({1,2},{3,4}), and

P—+ — Q—-‘r — T—+ — (

TN
NN
~—

So, P «~ @ «~ T. Note that: 1) any matrix which is similar to P with respect to
A and ¥ has at least 8 positive entries; 2) @ has the smallest possible number
of positive entries, i.e., 8, while T has not — the matrices with a small number
of positive entries are important for algorithms (for sampling...).
The next result says, among other things, that under certain conditions a
product of matrices can be replaced with another product of matrices.
Theorem 1.16. (A generalization of Theorem 2.3 from [19].)
Let Pi,Ur € Gayas € Crynay PosUs € Gagng € Cingng, oo
P, U; € Gayay € Cryngyr - Suppose that

P-Uy, Pob U, ...,P U,
Then
P P...P U Us...Us.

If, moreover, Ay = ((n1)) and Ay = ({j}, K€);cx » where 0 # K C (ngy1),
then
(PLPy..P)K = (U1U,...U)K
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— equivalently, P1P2...Pt_1PtK = U1U2...Ut_1UtK

(therefore, when Ay = ((n1)) and Ay = ({7} ,Kc)jeK, a product of n rep-
resentatives, the first of an equivalence class included in G, a,, the second of
an equivalence class included in Ga, Ay, -, the tth of an equivalence class in-

cluded in aAt7({j})jEK7 does not depend on the choice of representatives — we

can work (this is important) with UyUs...U; UK instead of PyPy...P,_1PK
and, conversely, with PlPQ...Pt_IPtK instead of U1U2...Ut_1UtK; due to Theo-
rem 1.10, P1P2...Pt,1PtK and U1U2...Ut,1UtK are stable matrices;
PyPs..P, 1 PE = P\ P5...P, and U Us...Uy UK = UyUs...U; when K = (ng11)).

Proof. The first part is similar to the proof of first part of Theorem 2.3 from
[19]. For the second part, we consider two cases.

Case 1. |K¢ < 1. The proof is similar to the proof of second part of
Theorem 2.3 from [19].

Case 2. |K¢| > 1. We have (see Remark 1.2)

(PLPy..P)" = P P,...P, 1 PK

and
(U1 Uy...U)E = 01 U,...U; UK.

> we have PEUEK ¢ éAt,({j}) . To finish the

J€ jEK
proof, we apply Case 1 to the matrices Pi, P, ..., P,_1, P and Uy, Us, ...,
Ui_1, UtK, and obtain

Since Py, U; € G, (().6°)

P\Py..P, P = U U,...U_ UE.

For examples for Theorem 1.16, see Example 1.2 in [21] and, in this article,
Example 2.11 (in Section 2).

Remark 1.17. The equivalence relation « is, in particular, an equivalence
relation on the set of generalized stochastic complex m x n matrices. Indeed,
by Remark 1.7(b) we have that G () ny) 18 equal to the set of generalized
stochastic complex m x n matrices. Since « is an equivalence relation (with
respect to ((m)) and ({(n))) on @(<m>),(<n>), it follows that it is an equivalence
relation (with respect to ((m)) and ((n)) — see Definition 1.14 again) on
the set of generalized stochastic complex m x n matrices. Similarly, -~ is an
equivalence relation on the set of generalized stochastic real m x n matrices
and on that of generalized stochastic nonnegative m x n matrices.



G Method and Finite- Time Consensus 103

2. FINITE-TIME CONSENSUS FOR DEGROOT
MODEL

In this section, we consider the (homogeneous and nonhomogeneous) DeG-
root model and the finite-time consensus problem for this model — using the
G method, a result for reaching a partial or total consensus in finite time is
given. Then we consider a special submodel/case of the DeGroot model, and
for it we give two examples, and for the latter example (Example 2.11) we give
certain comments — a subset /subgroup property of the DeGroot submodel is
illustrated in this latter example.

Consider a group (society, team, committee, etc.) of r individuals (experts,
agents, etc.) — formally/mathematically we consider a set with r elements,
r > 2; in this article, we consider the set (r) ((r) = {1,2,...,r}, r > 2),
and we call it the individual set. Each individual has an estimation/opinion,
an initial one, on a subject (the estimation of a parameter, or of a proba-
bility, or...). The initial estimations/opinions of individuals are represented
by a (row) vector py = (pOi)ie<r) = (po1, P02, ---» Por ), Poi is the initial estima-
tion/opinion of individual 7, Vi € (r), and pg is a probability (row) vector, or
a nonnegative vector, or a real vector, or a complex vector, or... When the
individuals are made aware of each others’ opinions, they may modify their
own opinion by taking into account the opinion of others, and the modifi-
cations, if any, are done at discrete times 1,2,... — formally, we consider a
sequence (pp),~o of (row) vectors and a sequence (P,),~, of stochastic ma-

trices, p, = (pm')ie<7«> = (Pn1,Pn2s -2 Pnr) » Y0 > 0, and P, = ((Pn)z]> € S,
Vn > 1, where py,; is the estimation/opinion of individual i at time n, ¥Yn > 0,
Vi € (r), and (P,),; is the probability which the individual i assigns to the
estimation/opinion p,_i; (warning! not pg;) of individual j at time n (not
n—1),Vn > 1, Vi, j € (r). We call p, the vector of estimations/opinions (of
individuals) at time n or the value vector at time n, ¥n > 0, and P, the trust
or weight matriz at time n, Yn > 1. We also call pg the initial vector of estima-
tions/opinions (of individuals) or the initial value vector. py, is a probability
(row) vector, or a nonnegative vector, or a real vector, or a complex vector,
or..., Yn > 0. The above considerations lead to

pil = np;l_l, Vn >1

(p), and p!,_, are the transposes of p,, and p,_1, respectively, Vn > 1), and, as
a result, to
p;l = PnPn,l...Plpf), Vn > 1.

The above model [7]... is determined by the set (r) , vector pg, and stochastic
matrices P,, n > 1. Due this fact, we call this model the DeGroot model on
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(the triple) ((r) , DO, (Pn)n21> , and will use the generic name “(the) DeGroot

model”. We say that DeGroot model on ((r) , D0, (Pn)n>1) is homogeneous
if P = P, = P3 = ... and nonhomogeneous if Ju,v > 1, u # v, such that
P, # P,, and will use the generic names “(the) homogeneous DeGroot model”
and “(the) nonhomogeneous DeGroot model”, respectively.

Definition 2.1. ([7]; see, e.g., also [5].) We say that the individual set
reaches a consensus or that a consensus is reached (for the individual set) if
all v components of p, converge to the same limit as n —> oo, and we call
this limat the consensus.

Reaching a consensus for the DeGroot model — this is the consensus prob-
lem for/of the DeGroot model. When a consensus is reached, it is reached in
a finite or infinite time — obviously, the first case is the best.

The DeGroot model and its consensus problem and the consensus prob-
lem in computer science have some things in common with the finite Markov
chains — for the first three, see, e.g., [1, Chapter 5, pp. 91—124], [2]-[3], [5]-
(7], [9], [12, Chapter 8], [15], [22], [26]-[28], and [30], and for the last, see, e.g.,
[10]-[11], [13], [16], and [24]-[26] (all or some of these references could be avail-
able; arXiv and Wikipedia could also be useful... — expressions for search:
DeGroot model, DeGroot learning, DeGroot learning model, consensus (com-
puter science), distributed consensus, distributed averaging, Markov chain,
homogeneous Markov chain, inhomogeneous Markov chain, nonhomogeneous
Markov chain...).

Theorem 2.2. (A simple, important, and known result, see [7], [2]...)
Consider the DeGroot model on (<r> , Do, (P")nzl) f ILm P,P,_1...P) exists

and is a stable matriz, then a consensus is reached.

Proof. (A known proof, but we give it — the best thing is to give it.) Suppose
that lim F,P,_1...P; exists and is a stable matrix. In this case, d7, 7 is a
n—oo

probability (row) vector with r components, such that

lim PnPn_l...Pl = 6/7'('
n—00

(recall that e = e (r) = (1,1,...,1)). Further, we have

T
> TiPoi
i=1
>
! TiP0i
lim p), = nh_g)lo PP, _1..Pipy = e'mp =€ g mipoi = | i=1

n—00 4
=1

T
Z TiP0s
i=1
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Therefore, a consensus is reached; the consensus is

IS
E TiP0s -
i=1

Remark 2.3. The condition from the above theorem is only a sufficient
condition for reaching a consensus. Indeed, if

po = (2,4,3) and P, = ¥n>1

O NI N
O NI= D=

(a homogeneous case), then a consensus is reached at time 1 (a finite-time
consensus), the consensus is 3, but

11
2 2
lim P,P,1..Pr=| 3 % o[,
n—oo
0 0 1
which is not a stable matrix. Another example, a nonhomogeneous case:
12
10 3 30 0 0
p0:<2,4,),P1: 120 |,and P, = " 0 |,vn>2,
3
0 0 1 00 1

where @, is a stochastic 2 x 2 matrix, Vn > 2 — a consensus is reached at

time 1, and this is %. Note that in the above cases/examples the matrices
are reducible — therefore, a consensus, even a finite-time consensus, can be

reached even when the matrices are reducible.

The above remark is both for Theorem 2.2 and for an incorrect statement
in [7, Sec. 4, p. 119] discovered by R.L. Berger [2].

Remark 2.4. (a) If P € S, , and Q € S, p, and P is a stable matrix, then
PQ is a stable matrix. More generally, if P € Cy, , and @ € Cy,, and P is a
stable (complex) matrix, then P(Q is a stable matrix.

(b) If P € Sy, and Q € Cy, 5, and @ is a stable matrix, then PQ) is a stable
matrix, and, moreover,

PQ=Q.
More generally, if P € Cy,, and Q € C,,, P is a generalized stochastic

complex matrix (see Definition 1.3) and @ is a stable (complex) matrix, then
PQ is a stable matrix, and, moreover,

PQ=Q,
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but only when P is a stochastic complex matrix.
(¢) (simple and important proprieties of the (homogeneous and nonhomoge-
neous) DeGroot model) Consider the DeGroot model on <<r> , Do, (Pn)n>1> .
(cl) If P,P;,_4...P,, is a stable matrix for some t and m, t > m > 1,
then (see (a) and (b))
P,Pyy...P,

is a stable matrix, Vn > ¢, and, moreover,
PnPn_l...Pl = ]Dt]Dt—lu-Pl, Vn Z t.

This fact leads to other ones: 1) the sequence of matrices (F,),,>;,; does not
count, it can be replaced with any other infinite sequence of stochastic r x r
matrices; 2) a consensus is reached in a finite time, and it is

I8
E TiP0i»
i=1

where m = (7T1,7T2,...,7T7«), ™ = (PtPt—l-"Pl){i}a Vi € <7“> (PtPt—l---Pl is a
stable matrix, i.e., a matrix with identical rows; (PtPt_l...Pl){i} is the row ¢
of PP _1..P, Vi€ <’I”>)

(¢2) If (PP,_y...P1)" is a stable matrix for some ¢ and K, ¢ > 1 and
) # K C (r), then (see Remark 1.2(b) and (b))

(PyP_y..P)"
is a stable matrix, Vn > t, and, moreover,
(PPy_y1..P)S = (PP_1..P)" W >t

—vVn >t PP, 1..PL=PP_4..P; and P, P,_1...P; is a stable matrix when
|K¢| = 0; Vn > t, (PyPu1..P)* = (PP_1..P)" and (P,P,_1..P)" is
a stable matrix — P,P,_1..Pi = P,P;_1...P; and P,P,_1...P; is a stable
matrix when |K¢| = 1 because the matrices Py, b > 1, are stochastic; so,
Yn >t, PP, 1..Ph = PP;_1..P, and P,P,_1...P; is a stable matrix when
|K¢| < 1.

Below we give a fundamental result concerning the finite-time partial and
total consensuses (for reaching a partial or total consensus in a finite time).

Theorem 2.5. Consider the DeGroot model on ((r} ,po,(Pn)n21). If

P € Gaony € Sr, Po € Gagno, € Sr o, P € Gagyn, © Sr, and
A¢y1 = ((r)) for some t > 1 and

AL = ({5} K9 e (04 K C (1),
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then
(P,Pi_y..P)%
(equivalently, P;P,_1...PoP{) is a stable matriz,

U {1 _
(PPr—1.. Py = (PP PH)es T = Pt PPy (PE) T Vi (r),

where
(PlK) -+ _ (PlK) —+(22,({1});ex)

U {{7}}
((PtPt,l...Pl)g} is the row © of matriz (PtPt,l...Pl)K; (E7+PtiJ{...Pf+)J€K

is a submatriz of P, TP T..P[ " (see the definition of operator (')(') again);

Pt = Pb_+(Ab+1’Ab), Vb € (t); we used {{j}} because the labels of columns of
PP P are, here, {j}, j € (r), when |K¢| <1 and {j}, j € K, and
K¢ when |K¢| > 1 (see the definition of operator (-)~ " again)), and

U {71}
(PP P)N = (PP Py t)es =

— P PPyt (PE) T,
where e = e (r). Further, since
p;L = PnPn—1mP1p6
and (see Remark 2.4(c2))

(PuPy_1...P)S = (PP_..P)" , Yn>t, if |[K°>1

and
Pnpnfl...Pl = PtPtfl...Pl and..., Vn 2 t, Zf |Kc| S 1,
we have
—+ p— —+
Z (Pt +Pt:{'~P1 )<r>{j}p0j
JEr)
if K¢ <1,
Pnl = _ _ -~
> (BTTR P iy Poi + X (PuPa1eP)y, Pou
JEK ucKe
if |K€¢ > 1,
Vn > t, VI € (r) (when |K¢| > 1, we can replace (Pt_+Pt__J{...P1_+)<T>{j} with

(P{JFP[_}L...PQ_JF (PlK)_Jr)( >{.}; P TP ...P[ " has just one row, and the
)4
label of this row is (r)) — when O # K C (r) (K = (r) or K # (r)), the linear
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combination of po;, j € K, namely, > (Pt_+Pt__*1'...P1_+)<r>{
€K

depend on n and | when n > t, and, Jtherefare, a partial or total consensus is

reached at time t (the linear combination of poj, j € K, at time/step t is kept

at any time n >t — the utilization of phrases “partial consensus” and “total

consensus” are thus justified); when |K¢| < 1, a (total) consensus is reached

at time t and this is

i) Poj does not

Yo (BTPILPTY) gy pos
JE(r)

when |K€¢ > 1,

;{ (Pt_+Pt_—J1r--~P1_+) ({5} P03
je

is a partial consensus reached at time t for the initial opinions, poj, j € K,
of individuals from K and the linear combination of pou, u € K¢ namely,

> (PyPy—1...P1);, Pou, depends or not on n and l. (See also Remark 1.11.)
ucKe

Proof. Theorems 1.10 and 2.2 and Remarks 1.2(b) and 2.4, (b) or (c). (Using
Remark 1.2(b), we have

(PyPy_1..P)" = PPy 1..Piy1 (PP1..P)" = (P,P_1..P)" , Vn >t

— the latter equation follows from the fact that (PtPt_l...Pl)K is a stable
(stochastic) matrix (P, P,—1...P;+1 vanishes when n=t).) 1

Remark 2.6. (a) P € G({i})i€<n>,({i})ie<n
Remark 1.7(a)).

(b) A case, an interesting one, of Theorem 2.5 is when A} = Ay = ... =
Au = ({i});eqy and Aupr # ({1});e(y for some u, 2 < u < ¢ (due to (a),
“Pr € Gayn,, Po € Gagngy -y Pu—1 € Ga, A, ;" holds without problems).
In this case, a (total) consensus is reached.

. VP € S,, where n > 1 (by

(c) On Theorem 2.5, our interest is to have a set K as large as possible
and a natural number ¢ > 1 as small as possible — interesting optimization
problems.

Below we give two examples to illustrate Theorem 2.5; Remark 2.6(b) is
illustrated in the next example.
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Example 2.7. Consider the DeGroot model on <<7‘> , PO, (Pn)n21>, where

r=4,p=(2,4,1,1
1

4

0
=\,
8
3
16

1

4

0

Py=| |
4

1

8

o= O k= O

S= ol mim O

Bl O il N

B0 RN O

W00 N W[

o

2
1
3
4
1 7P2:
4
1
4
, and Py =

NSV SN LN

O o0l ool

)

), and the first four matrices are

o O o O

— O oolw ool

B R= O O

O O hlw W

S O ool ojwe

= 0ol 0oIN

0

We have P € Ga,a,, Po € Gagn,, and P3 € Ga,a,, where Ap = Ay =
({7})je(a) (see now Remark 2.6(b)), Az = ((2),{3,4}), and Ay = ((4)) (P1 €
GA,.A4, but this thing does not count here). By Theorem 2.5 (or by Theorem
1.10), P3P, P; is a stable matrix (P3P» is also a stable matrix). Further, we

have

Pytpy Pt = (

so, the consensus is

[N

1
4

o

i

55
256

Pyt Py Py =

1 3
4004>
3 1

1030

9 88 104
256 256 256

)

Sfe ol O i

Sl= o= aim O

110 + 36 + 88 + 104 338

256

"~ 256

BN RN O e

L i N GRS ]

(it is reached at time 3). The sequence of matrices (FP,),~, does not count
— this can be replaced with any other infinite sequence of stochastic 4 x 4
matrices (see Remark 2.4(cl)).

Example 2.8. Consider the DeGroot model on ((r) , D0, (Pn)n21) , where
r =4, pp = (10,20,2,4), and the first two matrices are

Py

o o geg

Slegl~gle ©

and P, =

Sho Sl S5l

Sk gleegles ©

S=gl=gls <

Sl Sler S Sl
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We have P € Ga,a, and Py € Gayn,, where Ay = ({1},{2},{3,4}),
Ay = ({1,2},{3,4}), and Az = ((4)). So, by Theorem 2.5 (or by Theorem
1.10),

(PgPl){l’Q}

is a stable matrix. Further, we have

2 1 7
—+p—+_ (4 6 0 10 10 | _( 8 22 170
Py P = (1 1())(037)_(100100100)'
10 10
So (see Theorem 2.5),
8 22
Pnl = m -10 + m -20 + (Pnpnfl‘---Pl)lg -2+ (PnPnfl‘---Pl)M -4 =

=52+4+2(P,Py1..Pr);g + 4 (PuPy_1...Pr)y, Yn>2, Vi€ (4)
— the linear combination,

8 22
ﬁ-10+m-20,

for the initial opinions 10 and 20 (of individuals 1 and 2) holds at any time
n > 2; the consensus, this is a partial consensus, for the initial opinions 10
and 20 is 5.2, and is reached at time 2.

Below we consider a possible case of the DeGroot model on ((7"> , 00, (Pr) n21)
— a submodel of the DeGroot model which works from small subsets (sub-
groups of individuals) of (r) to larger and larger subsets of (r) until the whole
set (r).

Let Ay, Ag,...;,Ary1 €Par((r)), » > 2, t > 1. Assume that A; < Ay =<
e DAy, Ay = ({j})j€<r>, and A.y; = ((r)). Consider the DeGroot model
on ((r} , PO, (Pn)n21> , where the matrices Pi, P, ..., P._1 (not Pi, Ps,..., P;)
when t > 2 have the property

(P =0, Vie(t-1),VK,L e Ajyy, K#L
(this assumption implies that P is a block diagonal matrix, eventually by per-

mutation of rows and columns, and A ;-stable matrix on A q, VI € (t — 1)).

Remark 2.9. Theorem 2.5 holds, in particular, for the above DeGroot
submodel when Py € Ga,a,, P2 € Gagngs oo P € Gapy A,

To illustrate the DeGroot submodel, we give two examples.

Example 2.10. Consider the DeGroot model on <<r> , Do, (Pn)nzl) , where

e, (123112
T PT 1010107107107 10 )
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and the first three matrices are

1 1
11 1000
2 1 1 1
3 3 3 030
103 111 1
j 11 R 7
2 01 00
0 1 1 0
10 L 2
and
10 0 0 0 O
1101 1 1 1
6 6 6 6 6 6
01000 0
Py =
01000 0
001 0 0 O
1101 1 1 1
6 6 6 6 6 6

Taking Ay = ({j})j€<6)7 Az = ((2),{3,4},{5,6}), Az = ((4),{5,6}), and
A4 = (<6>) , We have Al j AQ j Ag j A4 and

3,4} __ ,6 2 _ s
(P1)§2> b= (Pl)‘<{25> — (P1)§3{4} = (Pl)gﬁ — 0,

2 3,4 6 4
(Pl)gﬁ} = (Pl)}w{ —0, (PZ)g’> Y —0, and (P2)§5{6} -0

— the conditions of the DeGroot submodel are satisfied, and thus we have an
example for this submodel. Learning begins with the small subsets (subgroups
of individuals) (2), {3,4}, and {5,6} of (6), the larger subsets (4) and {5,6}
of (6) are then used, then the whole set, (6), is used. Theorem 2.5 cannot be
applied for Ay, Ag, Ag, and Ay because Py ¢ Ga, A, (moreover, Py & Ga, a,)-

In the next example we show that our DeGroot submodel on <<r> , po,(Pn)n21>

has a subset/subgroup property when Pi € Ga, A, P2 € Gagng, -
P e GAH—hAt'

Example 2.11. (The subset/subgroup property illustrated.) Consider the
DeGroot model on ((r} , Do, (Pn)n21> , where

e, (123112
TP T 1010107107107 10 )
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and the first four matrices are

4 6 3 4 3
10 10 10 10 10
4 6 2 5 3
10 10 10 10 10
1 1 6 3
P = . . Py = 10 10 101 :
1 9 2 8
10 10 10 10
1 9 4 6
10 10 10 10
3 2 5 2 2 2 1 1 2
10 10 10 10 10 10 10 10 10
2 4 4 1 3 2 1 2 1
10 10 10 10 10 10 10 10 10
1 6 3 1 2 3 2 1 1
10 10 10 10 10 10 10 10 10
Py = 118 |PPA= s 2 11 1 2
10 10 10 10 10 10 10 10 10
1 2 7 1 4 1 2 1 1
10 10 10 10 10 10 10 10 10
1 1 8 1 4 1 1 1 2
10 10 10 10 10 10 10 10 10

It is easy to see that this model satisfies the conditions of DeGroot submodel
for Ay = ({j})j€<6> s A = (<2> 7{3} ) {4} ) {57 6}) ; Ag = (<3> 7{4} ) {576}) ’
Ay = ((3),{4,5,6}), and As = ((6)). We have P, € Ga,a,, P» € Gay.n,,
P; € Ga,ny, and Py € Gaga,- By Theorem 2.5, Py P3P P is a stable matrix,
so, a consensus is reached at time 4... — the continuation, using Theorem
2.5, is left to the reader (see also Example 2.7). Further, we comment on
the matrices P, P», P3, and P,, and use Theorem 1.16. An interpretation
of P, (at time 1 — see the DeGroot model again): the individuals 1 and 2
negotiate — negotiation, a good idea —, and agree the same probability, 1%,
for the initial opinion/estimation of individual 1, i.e., for po1, and, separately,
the same probability, 1%, for the initial opinion of individual 2, i.e., for pgo;
the individuals 5 and 6 proceed similarly; the individuals 3 and 4 do not
negotiate... An interpretation of P» (at time 2): the individuals 1, 2, and 3
negotiate, and agree the same probability, % (% = %—1—14—0 = 1%4—1% = %—i—%),
for the opinions of individuals 1 and 2 at time 1 considered together, i.e., for
p11 and p1o considered together, and, separately, the same probability, %, for
the opinion of individual 3 at time 1, i.e., for pi3; the individuals 5 and 6
renegotiate, and agree the same probability, 1 (1 = 1—20 + % = % + %), for
their opinions at time 1 considered together, i.e., for p;5 and pig considered
together; the individual 4 does not negotiate... An interpretation of P; (at time
3): the individuals 1, 2, and 3 renegotiate, and agree the same probability,
1 (1= %+%+% = %+%+14—0 = 1—10+%+1%), for their opinions
at time 2 considered together, i.e., for po1, pog, and po3 considered together;
the individuals 4, 5, and 6 negotiate, and agree the same probability, %, for
the opinion of individual 4 at time 2, i.e., for pa4, and, separately, the same
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probability, 1% (1% = %O—i-% = I%—FI% = 1—10—1—18—0), for the opinions of individuals
5 and 6 at time 2 considered together, i.e., for pas and pog considered together.
An interpretation of P, (at time 4): all the individuals negotiate, and agree
the same probability, 1% (1% = % + % + % = % + 1% + 1% = ...), for the
opinions of individuals 1, 2, and 3 at time 3 considered together, i.e., for psi,
p32, and ps3 considered together, and, separately, the same probability, 1%
(% = % + % + % = %0 + 1% + %0 = ...), for the opinions of individuals 4,
5, and 6 at time 3 considered together, i.e., for ps4, pss, and psg considered
together. The negotiations and renegotiations took place from small subsets
(of (6))/subgroups to larger and larger subsets/subgroups until to the whole
set/group. By Theorem 1.16, P, can be replaced with any matrix which is
similar to it, such as,

3 4 3
10 10 10
3 4 3
10 10 10
3 4 3
10 10 10 — p!
1 B
1 0
01
and
7 3
v 0 1
7 3
0 1% 10
7 3
E 0 TO _ /!
1 -« 2-
01
1 0
. (2)
The matrices (P2)<3> ;
3 4
o 120 150
(P2)<3>: 0 10 ’
1 6
10 10

—~
&

Slee Bles Zles
[
o
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and (P§)(3)

—
g
S—
—
\"2
Il
SEESESS
o BN o

(each of them has 6 entries,

* %
* %
* %

Y

“x” stands for a positive or zero entry), have the property, a subset/subgroup
property: the row sums are equal to % — only the row sums count, not the
positions of positive entries, but at least one entry must be positive in each row
(because % > 0), only 1—70 counts, % is the probability... (see above), and this
probability is for the subset (2) of (6). Among P», P}, and Pj, PJ is the best
because it has the smallest number of positive entries — these are the positive
probabilities for the subsets involved here: {5 for (the subset) (2) (15 = the
probability assigned by the individual ¢ for the opinions of individuals 1 and 2
at time 1 considered together, Vi € (3)), i for {3}, 1 for {4}, and 1 for {5,6}.
Similarly, P; and Py can be replaced with any matrices, Q3 and (4, which are

similar to P3 and Py, respectively. By Theorem 1.16 we have
PyP3sPyPy = PyP3PiPy = PyP3P) P = PyQ3Po P = ...

(we can work with PyPsPyPy, or with PyP3P,P;, or with...). Note that P,
Py, and P5 are reducible while Py is irreducible (being positive), but the last
matrix can be replaced with any reducible matrix which is similar to it, such
as,

L 00+ 00
4
L 00+ 00
5 00 f 00|
6 4 =Us
L 00 F4 00
6 4
L 00 & 00
6 4
L 00 4 00

— Py, P, P3, and Uy are reducible, but, interestingly, Uy P3 P> P; is irreducible
(because it is positive — it is also stable).

For other examples for the DeGroot submodel, see, in the next section,
Remark 3.7.
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3. FIINITE-TIME CONSENSUS FOR DEGROOT
MODEL ON DISTRIBUTED SYSTEMS

In this section, we consider the finite-time consensus problem for the DeG-
root model on distributed systems (for these systems, see, e.g., [6], see, e.g.,
also [4]) — this section can also be useful for the study of other systems, such
as, the multi-agent systems (for the multi-agent systems, see, e.g., [14], [23],
and [29]). For the DeGroot model on distributed systems, using the G method
too, we have a result for reaching a partial or total (distributed) consensus in
a finite time similar to that for the DeGroot model for reaching a partial or
total consensus in a finite time (see Remark 3.2(b)). We show that for any
connected graph having 2™ vertices, m > 1, and a spanning subgraph isomor-
phic to the m-cube graph, distributed averaging is performed in m steps —
this result can be extended — research work — for any graph with nins...n;
vertices under certain conditions, where ¢, ni,ns,...,n; > 2, and, in this case,
distributed averaging is performed in t steps.

Let § = (V, &) be a (nondirected simple finite) connected graph, where V is
the vertex/node set and & is the edge set. (A simple graph is a graph without
multiple edges and loops.) Suppose that V = (r), and that » > 2. The edge
set € is a set of 2-element subsets of (r), so,

Ec{{ijtlijer), i#j} (E#0)

—e.g., € =4{{1,2},{1,3},...,{1,7}} (r > 2). This graph, on the distributed
systems or not, can be a mathematical model for a network of computers,
processors, or sensors, for a team, when the graphs are involved, of robots,
aircraft, or spacecraft... Set

N;={j|je(r) and {i,j} €&}, Vie (r).

N; is called the set of neighbors of i, Vi € (r). i ¢ N;, Vi € (r). Suppose that
each vertex/node i € (r) holds an initial value, say, qo;, goi € R, and we call
the vector
qo = (QOi)Z‘E<T> = (QOLQO% -~-7€I0r)
the initial value vector. We use homogeneous and nonhomogeneous linear
iterations: at each time n > 1 (n € N*), each vertex ¢ updates its value as
(see, e.g., [27] and [30] — only the homogeneous linear iterations are considered
in these articles)
gni = Z (Wn)w Gn—1j,
Je{ituN;
where (W,);; € R, Vj € {i} UN;, (Wy),; is the weight on g,—1; at vertex i at
time n, Vj € {i} UN;. Set the (row) vector

dn = (Q'rli)7;€<r> = (QTL17Q7127 '-‘7Qnr) P Vn 2 0
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— using go, we obtain ¢q; (see above), using ¢1, we obtain g2... We call the
vector g, the value vector at time/step n, Yn > 0 — the value vector at time
0 is also (see above) called the initial value vector. Set the real r x r matrix

W = ((Wn)ij)i,je(r> ’

;; was defined above, Vi € (r), Vj € {i} UN;, and

(Wh);; =0if j & {i} UN;, Vi€ (r)

(we can have (Wp);; = 0 even when j € {i} UN;, where i € (r) and n > 1),
VYn > 1. We call the matrix W,, the weight matriz at time/step n, Vn > 1.
W, n fixed, is symmetric or not (each (nondirected/undirected) edge can be
considered as two directed edges). Obviously, we have

Gy = Wndy—y = WaW,_1.. Wigy, VYn > 1

(¢}, is the transpose of ¢...).

The above model is a DeGroot-type model — compare this model with the
DeGroot model from Section 2. It is determined by the graph G, real vec-
tor qg, and real matrices W, n > 1. Due these facts, we call it the DeGroot

model on (the triple) (9, qo, (Wn)n21> , and will use the generic name “(the)
DeGroot model on distributed systems”. We say that the DeGroot model on
(9, Qo, (Wn)n21) is homogeneous if W1 = Wy = W3 = ... and nonhomogeneous

if Ju,v > 1, u # v, such that W,, # W,,, and will use the generic names “(the)
homogeneous DeGroot model on distributed systems” and “(the) nonhomo-
geneous DeGroot model on distributed systems”, respectively.

Note that the DeGroot model on ((r) , D0, (Pn)nZI) (see Section 2) is triv-

ially identical with the DeGroot model on (Kr,pg, (Pn)n21) , Vr > 2, Vpo, po

is a real vector here, ¥ (Pp),,~1, (Pn),>; is a sequence of stochastic matrices
here, where X, is the complete graph with r vertices, Vr > 2 — moreover, it

is identical with the DeGroot model on <91,p0, (Pn)n21> ,Vr > 2, Vpg, po is a

real vector here, V (P,),> , (Pn),> is a sequence of stochastic matrices here,
where G = (V1,&1), V1 = (r) and

81:{{2',]'} ’ i,j € (r), i # j, and In>1 such that (P,);;>0 or (Pn)ji>0}.

Definition 2.1 (from Section 2) and the first part of the next definition are
similar.

Definition 3.1. (See also [27] and [30].) Consider the DeGroot model on
(S,qo, (Wn)n21> . We say that the graph G reaches a (distributed) consensus
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if im W,W, _1...W7 exists and is a stable matriz. Set
n—oo
Ws = lim W, W, _1..W
n—oo

when lim W, W,,_1.. W7 exists.(Wx is a real r X r matrixz.) In particular, if
n—oo

we say that the graph G performs distributed averaging (e=e (r)=(1,1,...,1);
e’ is its transpose).

Reaching a distributed consensus for the DeGroot model on distributed
systems — this is the (distributed) consensus problem for/of the DeGroot
model on distributed systems, and is similar to the consensus problem for the
DeGroot model. When a distributed consensus is reached, it is reached in a
finite or infinite time — obviously, the first case is the best. When distributed
averaging is performed, it is performed in a finite or infinite time — the first
case is also the best.

When the graph G performs distributed averaging, each vertex holds the

T
average of initial values, % >~ qoi — an interpretation (see, e.g., [30, p. 65]):
i=1
if qo; is the amount of a resource at the vertex i, Vi € (r), then the average is
the fair or uniform allocation of the resource across the graph; an application
(see, e.g., [22, p. 228]): clock synchronization (by averaging) in distributed
systems.

For more information concerning the above things, see, e.g., [15], [27], and
[30].

Recall that the DeGroot model and its consensus problem and the con-
sensus problem in computer science have some things in common with the

finite Markov chains — some references are given in the first paragraph before
Theorem 2.2 (in Section 2).

Remark 3.2. (a) Concerning the (total) distributed consensuses, obviously,
we have a theorem similar to Theorem 2.2 and a remark similar to Remark
2.3.

(b) Concerning the finite-time partial and total distributed consensuses (for
reaching a partial or total distributed consensus in a finite time), only when
the matrices at times ¢t +1, t+2, ... are (see Definition 1.3) stochastic real (the
matrices at times 1, 2, ..., t being (stochastic or nonstochastic) real), we have
a theorem similar to Theorem 2.5 and remarks similar to Remarks 2.4(c) and
2.6(b)-(c).
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(c) Concerning distributed averaging, if we construct/find ¢ matrices, Wy,
W, ..., Wy (t > 1), such that

WtWtfl...Wl = 6/ <1, 1, ceey 1> 5
rr r
it makes no sense to construct other matrices — however, if the reader wants
to construct a sequence of matrices, (W), <, , such that Wo = W, W;_;...W7q,
she/he can take, e.g., Wyi1 = Wyio = ... = I., where I, is the identity matrix
of dimension 7.

Below we give a result for finite-time (total) distributed averaging — an
application of the G method (more precisely, of Theorem 1.10)...

Theorem 3.3. Let § = (V,€) be a (nondirected simple finite) connected
graph. Suppose that |V| = 2™, m > 1. Suppose that G has a spanning subgraph
isomorphic to the m-cube graph, Q,,. Then there exist the weight matrices
Wi, Wa, ..., Wy, such that distributed averaging is performed for G in m steps
(for any initial value vector qp). (See Remark 3.2(c) again.)

Proof. It is sufficient to consider the case when § = Q,,, — Theorem 3.3 gives
the best possible number of steps, m, for distributed averaging for this graph
because the diameter of Q,, is equal to m. Further, we consider this case, and
using the G method, we show that distributed averaging is performed in m
steps.

Consider that V = {0,1}"™ and

€={{z,y}| 2,y € {0,1}"™ and H (2,y) =1},

where H is the Hamming distance (the edge set & is a set of 2-element sub-
sets of {0,1}"™; © = (x1,22,...,2m)...). Consider the stochastic matrices —
stochastic matrices here! — Wi, Wy, ..., W,,, (see Remark 3.2(c) again),

(W) =

(1,22, sTm ) (21,22, Tm)

- (VI/Z)(xl7x27"'7z777«)(xl7x27“'7x7n—l7($m—l+1+1) m0d27x7n—l+27"'7$m) - 57
m
vi e <m>7 V(l’l,l’g,...,l’m) € {07 1} ((Wl)(xl,mg,...,mm)(zl,mg,...,zm)
(21,22, ey ) 5 (X1, X2, ooy T ) ) Of Wieits Tin—1425 Tin—i43, 5 --es Ty, Vanish when
[ =1; 1,29, ..., Ty vanish when | = m; obviously, Wy, Ws, ..., W,,, are sym-
metric matrices). Let

is the entry

U(x17x27~--azv) =
:{(y17y27 ceey ym) ‘ (yla Y2, )ym) S {07 1}m and Y = T1,Y2 = T2, .., Yp = Ty }7
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Vv € (m) . Consider the partitions
A= (U

961’962""’96“””_“'1))(961,362,~~~,90m7t+1)E{Ovl}m_w1 , VEE <m>’

and
Ami1 = ({0,1}™)
of {0,1}™ . Obviously,
A1 = (Uaraseewn)) orms, . aomyetony = {8eeqonym -

We have W; € Ga,,, A, VI € (m) — we prove this statement. Let [ € (m) and
K € A4, It follows that

. { {0, 1} if [ =m,

Utsr 30,2, ) fOr some (x1, 22, ..., 2m—1) € {0, 1}m7l ifle(m—1).
Case 1. | = m. In this case, Apy1 = ({0,1}") and Ay, = (Uyg), Ufyy) - Let
(x1, 22, ..., Tp) € {0,1}™ . Since {0,1}™ = Ug) U Uy, it follows that
(71,2, s Tm) € Uy or (w1, T2, ..., Tmm) € Upy).
If (z1,22, ..., 7m) € U), then
((x1 + 1) mod 2, z2, ..., zm) € Uy;
if (z1,2,...,zm) € Uy, then
((z1 + 1) mod 2, z2, ..., zm) € U(g).

Further, by the definition of W,,, we have W,, € Ga

m+17Am'
Case 2. 1 € (m — 1) . In this case,
K =Ug, 9,2, for some (z1,22,..., 2m—) € {0, 1}m_l.

Further, we have K = Uy g, 21,00 Y Utzy 2o, .20_1,1)» Where, obviously,
Ular,wssm1,0) Ul oz 1,1) € A Let (x1,22, ..., Tm) € K. It follows that

('1"17 L2, ..y CL’m) € U(ml,mg,..@m_l,()) or (l’l, L2, ... l’m) € U(x1,1’2 ..... Tm—1,1)°
If (1,29, ..., Tm) € Ulzy,za,w_1,0)5 then

Tm—141 = 0 and (xlv L2y ooy Tm—1, 1) Tm—1+425 -+ xm) € U(ml,mg,‘..,mm,l,l);
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if (x1,22,...,2m) € Uty wo,som_1,1)> then

Tm—14+1 = 1 and (.Tl,fL'Q, ...,wm,l707$m,l+2, 7$m) € U(;EL:CQ,...,‘Z‘m,l,O)'

Further, by the definition of W;, we have W; € Ga, , A, The statement
was proved. Further, since W; € Ga,,,a,, VI € (m), by Theorem 1.10,
Wi Wim—1...W1 is a stable matrix and

W W1 Wy = W, YW, * W .

Since
41—+ -+ _
W, "W T W =
1 1
2 32
1 1 1 1
—(L 1)z 2 2 2 _
—\2 2 1 1 -
2 32
1 1
2 32
_ 1 1 1
=( o o= a7 )
we have

o = (Wme_1---W1q6)l _ (%(0,0,...,0) d0(0,0,...,0,1) %(1,1,...,1))

om om s een om

-----

value vector) qp...). So, distributed averaging is performed in m steps. I

Example 3.4. To illustrate Theorem 3.3, we consider the 3-cube graph,
Q3. In this case, we have V = {0,1}” and

8:{{56,3/}‘ z,y € {0,1}° andH(x,y)zl} =

= {{(0,0,0),(0,0,1)},{(0,0,0),(0,1,0)},...,{(1,1,0),(1,1,1)}}.

Further, we have

(0,0,0) i 3
(0,0,1) i3
(0,1,0) i3
1 1

le (0,1,1) 2 2 L
(1,0,0) 11
(1,0,1) 11
(1,1,0) 11
(1,1,1) 11
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(the columns are labeled similarly, i.e., using the lexicographic order from left
to right),

(0,000 (3 0 3 0

(0,0,1) 0 3 0 3

(0,1,0) 3 030

1 1

W, — (0,1,1) 0101

1 1 )
(1,0,0) 1010
1 1
(1,0,1) 010 3
(1,1,0) 1ot
(1,1,1) 0o io0!
(0,0,0) 0003000
(0,0,1) 0 0003 00
(0,1,0) 003100010
1 1
e LD 000320003
3 1 1

(1,0,0) 10003000
(1,0,1) 03 000300
(1,1,0) 00io0004%0
(1,1,1) 000340001

Further, we have
U(:m,m,acg) = {($17$2>$3)}7 v($17$2ax3) € {07 1}37
U(O,O) = {(07 0, 0) ’ (07 0, 1)} ) U(O,l) = {(O 1 0) ’ ( L 1)} )
U(l,O) = {(17 0, 0) ) (17 0, 1)} ) U(l,l) - {(17 170> ; ( ) 1)} )
U(O) = U(O,O) U U(O,l) = {(07 07 O) ) (Oa Oa 1) s (07 17 )
Uy = Uao YUan =1{(1,0,0),(1,0.1),(1,1,0) 3

Further, we have

Ay = ({(1‘1, 2, x3)})(;¢1,$2@3)6{071}3 = ({(07 0, 0)} ) {(O> 0, 1)} PR {(17 1, 1)}) )

Ag = (U0,0):U0.1), U0 Ut ny)
Az = (U, Un)) »

As= ({0,15)
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(A4 is the improper (degenerate) partition of {0,1}® — A4 has only one set).
Further, we have W1 € Ga, A, Wa € Gayn,, W3 € Gay ay; further, we have

W tWy Tt =

NI
N[

(3 1)

N[ —

N[ =
N[ =
NI
N—

[N

[N
D[
D[

Il

NI~
N[ —

(5 o %)

By Theorem 1.10 (WsWoW; = /W5 "W, "W, ™) or by direct computation,

1 1 1
1 1 0 1
23 23 23
WsWoWy = |
111

3 3

23

N
N

Finally, we have (V = {0, 1}3, so, |V| = 23; 0(0,0,0) 1s the component (0,0, 0)
of qp...)

q q q
g = (WaWaWagp)' = (Fog2, 200 202

93 93 T o3

— distributed averaging is performed at time/step 3 (for any initial value
vector ¢p). To understand Theorem 3.3 and this example better, the reader,
if she/he wants, can compute the value vectors ¢; and ¢2. Note that the
matrices W1, Wy, and W3 are symmetric, but by Theorem 1.16, W and Wj
can be replaced with nonsymmetric ones.

Remark 3.5. (Research work — find the graphs.) Theorem 3.3 can be
extended for any connected graph with nins...n; vertices, where ny, ns, ...,
ny > 2 (preferably prime numbers), and having a spanning subgraph for which
Theorem 1.10 can be applied for ¢ stochastic matrices... — we will perform
distributed averaging in ¢ steps.

For the above remark, we consider the next example.

Example 3.6. (Suggested by Example 2.11 from [17], which refers to
the uniform generation of permutations of order m.) Consider the graph
Gs = (V3,€3), where V3 = S3, S3 = the set of permutations of order 3,
and €3 = the union of edge sets of nondirected graphs of matrices W7 and Wa,
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where L
(123) 7 2
1 1
(132) 2 2
1 1
- (213) i3
1= 1 1 )
(231) 11
1 1
(321) 11
(312) 11
(123) 10 20 %0
(132) 0203 0 3
1 1 1
W (213) 03100 %
2= 1 11
(231) 0 3 0% 20
(321) 00 % 10
1 1 1
(312) 0 5 5 00 3

The matrices Wi and Ws were obtained by the swapping method — for this
method, see, e.g., [8, pp. 645—646]. By Theorem 1.10 (W; € Ga,a,, W2 €
GAs,A,, Where...) or by direct computation,

11 1

6 6 6

11 01

6 6 6
WoWr =1 . .

11 1

6 6 6

so, distributed averaging is performed, in this case, at time 2 (3! =6 =2 - 3).
Note that the graph Gs is a 3-regular graph and is not isomorphic to the
triangular prism graph, which is also a 3-regular graph — G3 can be replaced
with any graph with 3! vertices which has a spanning subgraph isomorphic to
G3. For the triangular prism graph, using the G method, distributed averaging
can also be performed at time 2 — an exercise for the reader.

The above example can be generalized for G, = (V,&n), Vi = Sy,
S, = the set of permutations of order n... Due to the swapping method,
n(n—1)

this graph must be an ——— - regular graph — a necessary but not sufficient

condition (see the above example).

Remark 3.7. (a) For the DeGroot model on distributed systems, labelling
the vertices of (involved) graphs is an important problem — a good/suitable
labelling can lead to a good/fast algorithm (see Theorem 3.3 and its proof and
Examples 3.4 and 3.6).

(b) Theorem 3.3 and its proof and Example 3.6 (see also Remark 3.5) lead to
possible cases for the DeGroot submodel (from Section 2) on graphs/networks,
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in each case, a consensus being reached in a finite time — for the DeGroot
model on graphs, see, e.g., [9] and [12].

For the distributed consensuses (in particular, for distributed averaging),
we could combine the G method with other methods, obtaining certain hybrid
methods: we could use the G method for subgraphs, we could use the G
method together with the flooding (for this method, see, e.g. [30, p. 65], see,
e.g., also [22, p. 228]), we could use a leader vertex or more... This idea can
be developed — another research work —, but we give only an example, the
next example.

Example 3.8. Consider the graph from Fig. 1 in [30] (this graph is also
considered in [27, Fig. 1]) — the weights from there are not taken into account.
This graph, say, G, can be obtained from the wheel graph Wg and complete
graph X5 by edge merging. Consider that the vertices of K5 are 1, 2, 3,4, 5
and the vertices of Wy are 1, 2, 6, 7, 8, and that 8 is the universal vertex of
Ws, 6 is adjacent to 1 (6 is also adjacent to 8), and 7 is adjacent to 2 (7 is
also adjacent to 6 and 8)— {1, 2} is the common edge of W5 and X5. Consider
that the initial value vector is gg. First, we consider the subgraph W5 of G. For
this subgraph, we consider that the initial value vector is q(()l) = qo |{1,2,6,7,8}»

o |11,2,6,7,81= the restriction of go to {1,2,6,7,8}. Consider the matrix Wl(l)
with rows and columns 1, 2, 6, 7, 8,

11 1

5 5 5

11 1

a 5 5 5
Wy = .

1 1 1

5 5 5

Wl(l) is a stable matrix, and, therefore, Wl(l) e G where

INOUNGE
A = ({1} {2} ,{6},{7}.{8}) and ALY = ({1,2,6,7,8}) — a trivial case
for the G method, more exactly, for Theorem 1.10. Further, from

<q§1)>/ = Wl(l) (Q(()l)), = Wl(l) (QO ’{1,2,6,7,8})/7

we obtain

q§1): é Z (Ioué Z qu,u-,% Z qoi | >

i€{1,2,6,7,8} i€{1,2,6,7,8} i€{1,2,6,7,8}

qil) is the value vector at time 1 for the subgraph Ws. Second, we consider the

subgraph of § with vertices 1, 3, 4, 5 and isomorphic to the complete graph
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X4. For this subgraph, we consider that the initial value vector is

- . — (2
q0i, 903,904,905 | ‘= 4y -
i€{1,2,6,7,8}

(G20

Consider the matrix Wl(z) with rows and columns 1, 3, 4, 5,

W =

00| Ut 0olUT OOt OOl
0ol ol 0ol 0ol
0ol OOl 0ol 0ol
00| 00— o] Co|—

W1(2) is also a stable matrix. Further, from

(A7) = (7).

we obtain

@ _ (1 1 1 1 .
q, " = g Z q0i, g Z q0i, g Z q0i, g Z qoi )
1€(8) 1€(8) 1€(8) 1€(8)

q§2) is the value vector at time 1 for the above subgraph. Consider that the

vertex 1 (it can be a leader) transmits the average § > qo; to the vertices 2, 6,
1€(8)
and 8 and, further, that the vertex 2 (this can also be a leader) or 6 transmits
the above average to 7 — and thus distributed averaging is performed. Note
that we can use K5 instead of the subgraph of § with vertices 1, 3, 4, 5 and
isomorphic to XKjy...; finally, the vertices 1 and 2 (these can be leaders) will
transmit the average % >~ qoi to the vertices 6, 7, and 8. The study of this
1€(8)
alternative way is left to the reader.

For the (nondirected simple finite) connected graphs with at least two ver-
tices, distributed averaging based on the DeGroot model on distributed sys-
tems and the uniform (random) generation based on Markov chains of the
vertices of a graph taking its edge set into account (when {i,j} (i # j) is
not a edge of the graph, any transition matrix we use has the entries (i, )
and (j,7) equal to 0) are related problems/topics (...the stochastic matrices
from Example 3.4 can be used to construct a Markov chain for the uniform
generation of vertices of 3-cube graph...)

— which of them is harder?...
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In this article, the framework for the DeGroot model and that for the De-
Groot model on distributed systems we used are general, i.e., homogeneous
(when we use just one matrix at any time/step) and nonhomogeneous (when
we use at least two different matrices at least two different times)

— which of them are better?

We believe that the nonhomogeneous frameworks are better — these frame-
works are supported, among other things, by the DeGroot submodel, Theorem
3.3 (Example 3.4 is for m = 3), and Example 3.6 (we used nonhomogeneous
products of matrices in these three places). For the homogeneous frameworks,
see, e.g., [7], [27], and [30].
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